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Twist | Minimal Surfaces.

It has been known since the work of Weierstrass (1866) that the
equations of a minimal surface in R3 can be solved in terms of a single
holomorphic function of a single variable. This can be cast into a result
from twistor theory in three dimensions (Hitchin, 1982), since a minimal
surface in R3 corresponds to the real part of a null holomorphic curve in
€3, which corresponds to a holomorphic curve in TP!, the twistor space
associated with R3 or €3. One can re-derive these results in a simple way
by considering the problem of finding minimal 2-surfaces in four
dimensions, using "normal” twistor theory. One can solve the minimal
2-surface equations in four dimensions in terms of two holomorphic
functions of one compiex variable. Looking for solutions confined to a "t=0"
hyperplane leads immediately to the Weierstrass construction.

As usual, let projective twistor space be given homogeneous
coordinates

2%=[wh, m,] (N

and consider the curve in P2 defined by
wh=Aml, (2)

where f is homogeneous of degree +1 in T, . Now consider the
space-time points satisfying

M, = A M = -jarh/am,, (3a,b)

Note that this oniy makes sense if f is homogeneous of degree +1.
Also, by taking the exterior derivative of

TrA.af"‘/a'rrA. = fA (4)
we see that
22fA dmg. = mhwh (S)
aﬂA'aﬂB‘

for some differential form ¥A. On taking the derivative of (3b) and
using (5) it follows that x3(w) is a null curve. If we introduce a coordinate

{ =T/, (6)

then we see that x2({) is also holomorphic in £ Thus the curve xX{) =
X8 + 1¥8 is a complex null holomorphic curve in €4 Its real part X8 Is
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therefore a minimal 2-surface S in Minkowski space-time. (see, eg
Lawson, 1980: the real part of a null holomorphic curve is a minimal
2-surface in all dimensions). The coordinate { is related to isothermal
coordinates (u,v) for S by { = u+iv, and the metric of S is in the form
ds? = f(u,v)[du? + av?] . - (7.
Now consider explicit coordinates, Let

tAmg.) =, FAIC) (8)
where FAIZ] = fA(L,1) = [£(),g(0)). The conditions (3a,b) become

A0 =FA, (9)

b= FA - gFA, : (10)

In terms of the usual vector-spinor correspondence, this becomes
(with ' denoting = a/3)

J2t=-if - ig + ilg (1)
J2% = ~ig' - if + iLf | (12)
J2y=-g+f-(f (13)
Y22z =-if +ig - ilg (14)

The real parts of (11) - (14) define the minimal 2-surface in
Minkowski space-time. The variables X® satisfy

X * Koy =0, (15)
Xa,uxﬂ,u = Xa,vxa,v > ( l 6)
X8, e = O (17)

with respect to the Minkowski metric Mgy = DIAG(+1,-1,~1,-1). Now |
since x¥¢) is null with respect to T, then p¥Z) = (it, x, y, 2) is null with

respect to the Euclidean metric on R®. Therefore the imaginary part of
(11) and the real parts of (12)-(14) define a minimal 2-surface in
Euclidean 4-space.

Now consider a surface confined to the hypersurface t = 0. Then we
must impose the additional condition:

f'={g-gq. , (18)

Write g = G, so that f = {G' - 2G. Then (12)-(14) reduce to
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iX/¥2 = 1/2(1-{2)G" + {G' - G (19)
ty/42 = ~17201+2)6" + I{G - |G (20)
iz/¥2= (G"-G 21

giving the Weierstrass representation of a minimal surface in
Euclidean 3-space. Minimal surfaces in Minkowskian 3-space can be
obtained by taking the real part of two of (19)-(21) and the imaginary part
of the third.

Two other special cases are obtained by taking either f or g to be zero
in (11)-(14). In the Minkowskian case taking f=0 leads to a surface
confined to the null hyperplane T+Z = 0, while g=0 generates a surface in
the null hyperplane T-Z = 0.

It is straightforward to show that any null holomorphic curve in €M
can be parametrized by (9)-(10). Firstly, let xX&) be the given curve,
parametrized by & Since xX¥) is null,

XXE), ¢ = MEBN &) (22)

for some spinors o), pM(E) holomorphic in & Now define { as a
holomerphic function of & by

L =-po/g" | (23)
Now define FA (up to an arbitrary constant) by |

-iFA = XA D (24)
Then (22) implies

AL = ilgrh, - FA), | (25).

integration of which gives (10) with the arbitrary constant in FA
fixed. It follows that null holomorphic curves in CM are in 1-1
correspondence with holomorphic curves on Twistor space defined by (2).

Refs. '
Hitchin, N.,1982. Monopoles and Geodesics, Comm. Math. Phys. 83, 579.

Lawson, H.B., 1980. Lectures on Minimal Submanifolds. Berkeley:

Publish or Perish.
Weierstrass, K., 1866. Monatsberichte der Berliner Akademie, 612.

William Shaw.
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H-Space from a Different Direction

by
C.N. Kozameh * and E.T. Newman #*%
Fachbereich Maschinenbau/Mathematik Department of Physics and Astronomy
Universitdt der Bundeswehr Hamburg University of Pittsburgh
2000 Hamburg 70, Fed.Rep.of Germany Pittsburgh, PA 15260, U.S.A. .

It is the purpose of this note to point out an approach alternative to the use of

the "good cut" equation, in order to study and obtain H-spaces [1].

We remind the reader that the conventional method of obtaining an H-space is by

solving the "good cut" equation
872 = o%(z2,5,0). (1)

. 0 . " .
Provided ¢ 1is mot too 1argét the deformation theory of complex structures en-

sures a solution of the form
a ~
z = 2(2",z,0) . (2)

where z® (the H-space coordinates) are four complex constants of integration and
Z is regular in the neighborhood of the real sphere = L The H—space metric can
be obtained directly in terms of gradients (with respect to z ) and ¥ and 5

derivatives of 2 [1,2]. -

The alternative method is based on an "intrinsic" coordinate system or rather a

family (S?) of intrinsic coordinate systems. If we define, from (2],

u = 2(2%,z,8)
w = 82¢2%,2,0)
§ = #20:°,0,D (32)
= 892(2%,z,0)
or : 4
ol = ol(2®,0,0) with 6 = (u,u,8,5) (3b)

% Alexander von Humboldt fellow
%% Partially supported by a Grant from N.S.F.

d

- ) .
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i . . . . . .
then the 07 are the intrinsic coordinates with (3) being the coordinate trans-
formation (parametrized by r,I) between 6* and z°. Using the inversion of (3)

namely
2 = 2%(8%,2,2),

we can calculate -

~

¥z = 323,00 = iel,L,2). (4)

It turnsout that from knowledge of N(6%,7,f) one can calculate [3] directly

(and easily) the H-space metric in the 6% coordinate system without any use

Y —

or need of (2). The idea, then, is to find a differential equation for the
direct determination of A without using the 'good cut" equation. We claim [4]

this equation to be
Fa'd -~
2h= 8 o0, (5)

The ¥ and ¥ operators on this equation are to be understood as total derivatives

! in the semse that for #(8',r,%) we have

gip . 20, L 00 0 30 30 50
I = ' + AWt o0 F e (30 ~2w) (6)

where we have used
u=w, Jw=3u=0,8W= 8 =1r, I =§‘00- 2w

and &' is the partial derivative with respect to {. In other words, (5) is a
second order partial differential equation in the six variables Gl,g,Z)being

~~
"driven". by the free data ﬁzoo.

SN S

We conclude with three final comments,

(1) Note the different meanings of Ao 1t describes the "acceleration" of the
cut Z(za,g,i) in the I direction rather than in the [ direction of the

"good cut" equation. In addition it is the asymptotic (right) shear of the

light cone from z8 [3]. T4 is also closely related to the infinitesimal

)

holonomy operator of the H-space [h].
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(2) Equation (5) is (mildly) analogous to an alternative description of the

Sparling equation

18

- GA. (7

1-§G we have

Letting H ='G-
31 + [H,A] + ¥ = 0. (8)

Directly and simply fromlﬁ, the self-dual Yang-Mills fields can be obtained

[5].

(3) The "good cut" equations and Eq. (4) can be generalized to real space-times,
The problem is then to find generalizations of (5) equivalent to the real
Einstein equations.
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C A oy 0@ !
" cé:xufflm’l MJZ cor‘(‘aéis/?owa@zﬁ@& ¢ CHNTYi v Ti6ms fg Hrese 7'“419««/(’5’,
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/4) %M Pr‘aa{ a‘F /?oél'uSon's 7—/&07"@”(
‘ [731 L.F //(72!5‘1:07( ‘

In 19%  F Sommers PMA/;M an t/fjﬂm;t— yim//zjé"zz /ﬂnoa-F ot
Hobinson's theoresn (1451) on shearfree congruLces. In 432:&@ 347/0«1:
I 27,.,// outline  a proof avan  more srra{ﬂr-_;grmwé than.  Somumers’ .
, Theorem (RoLth). Suppose W{ s a com/»/e« 'mqn%// of Ltension
zﬁm" wWith a ﬁo/omor/mc et Jab. - Let % be a spinor f@ég %J
oM an  opam st Uc /4 sa'rl'sj'/:]inj
; K k® Vig kg = 0. w
Then »ﬂm xaih  point. pe U there 2aists a 72&311701"140& Ve lh  suen

4’1:&6 thene axists  a sm(m /)U* on VYV with %‘A¢AG =0 ; whene

SRV (D

?roaf. Note *{Aa&: V/\'A ;2{"8 = 0 s :zzm‘m(a_nt,) b:j (2D , To
h KEKAP Vit + KBV Kk + KAV kB = 0.
St () s o,zw‘m(u& i Ma existone a€ a  sfinor Ay suth ﬂi
. K* Viw k8 = 20 kB | )
At ’61(0405 b:] insehtion a'(: @w)v in G) —H«c&' we smk a scqlqr "r
such thal '

KRVAA//\{A + VAAIKA + :IA/ = O’ § C_S)
‘Now  cousidert  an aguation of  the Aform ‘
VY + &y = o, @

- whee KA sqttsﬁzs “). As a lemma we mzvﬁm the ffac-t_ that-

_‘uf oAa! s s,oec}{th then  theone  exist  solutions of (6D Iocqu,:]

i andl O"Q'] £ ey sa-tt;-ﬁe_s

. KA Vw o™ = Ay, on

The pr{ o€ wlis  (emoma {L((oms as  an arpérmttow o€ e

Frobenius  theorom, ( To see how (¥) avises as a ngeessany covdition

WL tensvect (6)  with KBVgA“to‘ sbtain

. PPV ) + Vi =0

Kheme | .
(Tt v VIVt = € Vo o
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i
i{&ua‘ "’f) +) ives ARIKAVA'A’Y” = K* Vau oc”/, WAITh bj use  of
F) gives (7). Fribenius’ theorem shews thed (1) 15 dlso s«{Qcient.>
: We wih Ty detwoming  ohethar thow salsts a  scalar Y sun
;-rblfzt CB) 15 m‘Ctsgp.Q. Thus we wust.  sxamine the M‘pnession .
; I = "V o - AA'ddl
;a,o‘n’k LRI v A A,
1“& (/MVL : , , ‘ A A
LT = KV (VAT - A (Ve «3%)
: - VAA'V?; Kg + ~(KnvAA,gA‘+ A,AIVQ’A K4> -
, = —KAVMVQ‘ K& + ZKAV,\f(AV';)KB*; (V,;A’.KAQA>
= 2L (VA KD = (Ve K(VAKED]
| kAT KB+ Yy kAN
But KA DAS KB Vamis hes {o,r anM KA since EMKB = "S.A. Ka .
Farthorwote (Vo K*I(VAKE) = 0 Hr any K. Thes
I = -Vew (KPVA S + Gy WA

= -V (kB Vo k¥
s = 0O - : | ,
Sine L vanishas  tla ‘mmémto}l?*ﬁ wmoait?w )Qr /\{A is
és«ﬁs‘ﬁtﬂ R MQ e  thasreen s frmmﬁ, | ’
S T___l‘\g!i_@_”'t‘k_ C Sommenrs — Bell- Szekev‘es thiz-qtim o{ ?abmsam‘g
mesale ). Suppose , in e venneas above, K% satisfies ) . Fartletmore
l&% KA ke a P-‘fc:lﬂ Poimci’m( srino\(‘ (»(J>/l> a-(: a  moassless
DC:L(zQ ok valence P, Then -
C (-2-3) Yaer KUKPKE =0,
M %ec.p s Ha ‘/L)L:)l spinor
, The PWQ »G((ou)s z,ssamuauj He  conme (ine a€ Tmsomiu\l& as
7\‘.&&. List. theotun, The Gcnw%— Sachs  theorow §l(ows i we wote .
%"\ 5]9"“0‘/‘ 5"\*:'9%7’5 ) s qutomamca(g a l-:@‘»@ f%‘mcifm( 5f‘mov\ a{ tlae
Woﬂ\ sf‘mow) mwQ H«\AQZ i o vacuuen Abse b\)&\ sr‘mo\/‘ Scrt‘mgd e

1]

|

ettt aaih 2 oam et

%em ~ 125€ ~ amass ejmﬁws ,

| Rakerances

| T. Robinsom 1259 . Mach. Pls,
T. Sommars 1276 Troc. %ﬂ Sec. 3471 y 309

z , 2%

—
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B Twigor Descaphon of Null %e\ﬁ_~0uo~\ Moxwell Fields

Lobiasor’s, Yeocemn 127 V\?‘ru coMp\QX'\%'\w\"\OQ, Rooinson’s Yueorewt (oan imporrank
wokivakioa in Yae Wictn of fwiskoss ) shakes Yok § M s o compley  conforwaal
wanifold and B TM s an \\’\\'egvm\o\‘i digvrioution 08- o(-\)\(mes , Yuen & wosy ‘oo
\ocally  defined by a closed sel§-dual 2-Norm de. a sof-dudl Woswell feld. Tws
is often proved with We aid of spinoss (Q.%. t3). © woy oo defined by a
splaer feld o("" omé m\caro\\o'x\i\g is Wae condilon o(A'o(B'VAA:o(B: =0 or,
cquivalemkly o(A'VAAlo(BI = ’)\Ao(gl_ A curvature computolion Yea Mows “Yuak
o(AIVAA‘yb + VAAlo(A' + /)\A= 0 way be \ocally solwed For ¢ wheace

Vi (e ¥arx®) - O, as requiced. Wilour spinors, however, Yue Macorem is
imwrediole S(com ¥ mbeaiug? ia¥egrq\oi\i\3 crfecion oo Simpe 1~§mm dw,%c\‘mg a
diskdboudion &f  ol-planes ie, oy definiton | wecessacily  self-dual and WYae
inregradaiii o & is equivalea¥ Yo being akle Yo chroose Wuis Form Yo ‘e closed.
Tu fodr, wore precisely, suppose B (s iavegrolle and W S deacre Wue
spoce oﬁ \eoves (\oca\\g). Then  “Maece i@ o\~ cosrespondence berween L-foowrs
o S and closed ‘1~%ocvv«s on ™M d\Q%ﬂiﬂg =3 (%ivm \'J\\j pull-baek under
Mo g). Fiaally | siace o aull (= s\mq\Q) '1.-%0\-‘/\/\ defines oo pane
diskiourion & Yolows Waat o aull 2o f-dunad Waxwell Kidd s exact\y apeci fied
‘03 E , a congruence & of-sufoces | and a 9.-%0\%« W oon S, Ve A-dimensional
pocawmeres space for We congrueace,

A Ywishoc descigion s Suppose aow Waoxr M is conformolly clowv flakr so Wmak it
o o B-dimeasiona\ dwistes space T pacawmererizing “Yae o= gucoces, Then o
sf - duol rull Wiaxwell fie\d gives S as albove | a suamanifold of T

The direckion Wrough 7 e M ok W o-suctace defined loy &
As rored above, Wue Woxwell fie\d speaties o 2-form w ont . The usual
Penrose ‘ronsterm, Wowever, ideakities Wae spoce of ol se§-dual Wanwell ields
with Yue  cooundiogy WHT %) where % is Yue canonical bunde . Wente
Waere should bow o makucal  Wounowro spaism

TS, 0N — Wit (#), /

T s sowewha¥r easier Yo see wha¥ s going on in "rea\" Ywishor "\J\A'eora‘.

"Qou\“ dwishors:  The usua)  Swishor correspoadence oekween C{vm UE“) and Q‘\%

Yoe o ceal *%mv\, nawmeluy Yue correspondence ‘oevween R = G, (R*) and

Re = RV\% RM s o c,cm%)cmo.\ waek e 09( signakuce (—\-)—\-)——) =) and RP
6 We spoce X one Family of Yovally aull 2-planes in R™ | Yhae "ot-places |
Vidor GruMlewin \as vecea¥y  \oeen ~\qves\‘(ga\'tn3 Wis " blodk-and -whire version

& twiskee Yooy and F seems Yok wost Awishes coastrudions Wave an
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‘ (o?(\ev\ %\MP\QT) W\adk - and - white aT\O-\O%wL. The Peasose \'C&(\ngm s «'Q)Q\QCQA
by We Géfand - Rador Vranstocm <.q.

TIRP, w) = lwe TIRM, 0% ) s¥ dw = of
whidh is simpler it Mok fuactoas Wave ceglaced cdrowrology. Afrough Yue
‘roashorwn cam e defined Votally (e, o weigWoourhsod ok o e in
RW)) T ois Wew wever an ‘sowosphism, VG \as shewn | however, Waak
Qloloalhy W& is an \somorphism (G a\ Melulies ond so M) and %ugaes\s
Waak Whe crucial propecly of RM (s Wuar % is o Zoll wanifold (ol e aul)
; gqoc\wzs'\cs ose closed ). Swppose cow Yok w oie o aull sd%-dual Wexwdk Seld
“ o M Uk will Wowe s'\c\su\ad\-‘\% buk ignore such ‘echaicallbies). Taew, as
1“ %.'U(\m, Woloworphic case , one octaias oo sw%acg Qs RP aad a Q-%owv\ o
l ‘ i, whidn woy olso ‘oe dewdred by w. The analogue & @) s Yuus
| TS, 08 —TIRP, %) R,
A Sundrion Q on. R way be iwvegra¥ed oves S ogainey Ww. The \ineac
I g guv\c\-(ona\
L § — Sgfw
‘ ‘\\m«-&wq AQ%(\\QS o distaburoa-valued 3-%0vw\ %upgo&{d m S, Ws e VGs
il Wdeark@eakion of RGK). S dekermines e staguladlies of w.

‘ Qsdinaay wistos: As a d\xviso(;) S gives dse Yo o \ne ‘oundle S over V|
" a secion se \ (T) %) dQ%ﬂ\ﬂg S, aad %uzﬁwve_ an exatr sequence :
i 0—%¥* = — 0 —o (k%) .
| Woreover, Llg = N Whe aormal bundle o S ia T and ‘Yue seouence w
! \\’\Auqd’%m% \0% cewnMen :
l j‘j,f} ‘:'ma\hg» noing  Yuak N e "’t\s\= Q7 e S, iF woy ‘oe sewntea
: O—> %K —» KO S —> ﬂls—>0

i 1’ ond 'UK\ s given by We canedhing Momoworphism o Yuwe cosresponding \oag
il oxode Seguence :

I S, AN — WIT %) BT, we E),

i Noe ddso Yok e aul Fidds odrained w Wuis way are exadly Wese

i onaiilaked by xs : o an \avadaak way of Saying ok We  cowowology class has
o Msimge po\\e,“ m\§n5 S (RPs original deaificakon o aull ie\ds (]

i‘ (X o0g\n \‘3\'\0\0(1?,'- Te usual improved woy Yo vegasd a  Woxwell Lield is as
) a connecion on a \ine-loundle. A aul sef-dual  Whaxwel Hed s Yaen Tlak
iy adoaq an iavegrable distiouRon of d-planes and Wae covadant conskank

Secnens &\0(\5 Q@w& \mVQS %‘we Se \‘o oo \i(\e-\vunc\\ﬂ onn S. T\Ne residumal

whoc makion & Wae orginal connecton (formal Yo Yue \eaves) cquips Huis
e bundle o S wit o connedion of s own. TThis is suceuy e googly
proton for @ aul sof dual eld. Twis may give dues o *o whak Yo de
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abour Yue general googly phetea ond also suggests Ying Yo combine
WMis coastackion wita Wue usual Ward dwisted phovon washruckon e

an altempt Yo descibe ' Walf algeloraically  speual Y Waxwell %ie\ds.

A similar  coaskudRon %N‘ Wne won-\inear version (i Yang - Wi\s \oundles)
gives veckoe Youmdles witw wanedRor ‘J(\a,\v olong a congruence o?( o-sucSaces,

These are veqy spedal wdeed (s\congw Waan aull acd m\%—&ka\).

\ﬂi%\/\er dimeagions: twe Frobeaius ovpproact do Wue Revinson “aeorem 4
evideutyy exreads Yo \Aig\r\ev levea) dumensions, L PH \hos also shewn
(\ectuse, Ox§ord 20/4135) Mow a spinor wdtwod ‘wodks in dimension b and

presumaloly a geaeral spinos ‘:voo@ e availalde. Tu any case, a simple
dosed 2§ - duak rv%uvw\ on o condorwal  Qu-Sd gives dse Yo a
congruence of ol n-folds Loy defiaiion oMfuogonal 4o se\§ - dual q_%mms)
parawmekerized by an a-dimeasional space S, and am a-form w o S.
Convesselyy , eveqy such ddses in Yuis wan. \kﬁ\/\ec dimeasional fwiskoss only
oxgt in an dovious way %N Cor\%otma\kﬁ flar space Ran , Yae cowaplen
quadsic % dimeasion A, This Mas a twishor space 4, consistiag o one
sg,a‘rew\ o% V. 0s \\A'\ﬂg Wnecein,  (Kue o= BRs). Zn Was dimeasion nlwe\d/2 .
\__e\-kv\ﬂ M dendre an opea sulese & Qu and T Wae corcesponding  sulosekr 2,
Yo (sw\o;\u)' Yo wild Yopological vestrichons ow \\’\) WMFA \as shewn (\edure, |

Oxfocd, 7/M/F3) Yook o .
W (T,w) &, 2 W e’Y‘(M)D.J k. dw =o§.

The Woumoukorphiswm

win-1)2

TS, 0" — o (7, %)
\s given \o& Composing o seq.es 8?( canwec,\‘{c\\cs \r\owuoxwaw\\'\sms o¢ \0& a
speckral sequence  Constaadtion \aduced \03 Yue oppropsioxe \<055w\
cowplex  \wsread 0*): (%%). There s a corresponding \odr-and- whikre
VETSIoW va veal split quadrics. Woke ‘Yhak win-12 s Yue codimecsion
gﬁ_ S i U as owe would wxpedt.

“\om& Yuamks o \/Gr %or ucn '\V\‘mses\-'m& convessaXion.

‘RQ&QX eALRS ~

|, R. Pearose : Lolukone o\% e 2000 - ek - WSS equakions , J. WMa¥a. Phys.
10 (\469) , 2%-39, |

2. 1. Robiasoa: Null Q\ec\mmc\gr@dc ‘%Q\c\s, IJ. WMot Phys. 2 \\0\6\), 2940~ 24\.

3. P.D. Sowwers :  Propesties of shear-free congrueaces & aul\ geodesics.
roc . Qog. Soc . Lond. A?)f&q (\o\—l 6) 209 - 3\3.

mit)r\ad Fashwood.
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\\\'\‘Q {Y\DQX\XOSQ T\' Qﬂsg()“‘f\ S20\' CO(Y\D\Q,X \(‘\\O\‘(\()QQR&O2§ i_)DOLCQS
~J

Tokcodudion: e od%‘mo.\ ‘“\QQ‘Q\ gomm\o& gov wosS eSS i've\c\% OKe oW Seert
s past of o general wadhine ksown as Wue Pensose \coastorm  leq, D, Ths

wmadhine Nas undesgone  sevesal modilicakons and cefinemenys. e oim of Yhis
nove is Yo povide o user’s guide Yo a Fake-of-Wne-ack  madume Sor comghex
homogenesus spages. Thus, e emphasis is on how Yo petecwn cospuralions
tfuer Wraa e nesry ((bosed on e representakion “¥neocy b complex e groups
%ov which (%) is aa excelleak r&evence\). A aew aspeck s Yne systemalic use &
Ye BGG (Becasvein- Gofond- Gofand) resolukion £2,41 ia diffeceatal operalor
rom L71. Tis ceplaces e cdokive deRnam comglex used n LT Tb
?\-Qv'\ous\\\ﬁ ou??emed. \Qu U;] (& [BX) \mw\' AL O %?Qc{.oX ?—ocm w\\Q(‘Q W\ was Aescived
Qcom We celakive deRvmam complex Q"t’) oL Protess now mco%“'\svzd 71 o We
Tou\c?)ea-Zuc\{evm&m Yrans\oMorn %\mc_\mc [_\\-X),

Complex \*omog@x\{ous Spaces s Lk & be o imply connedved  complax
semi-simple  Lie group (Q.%. Sv4, §) ?(oc ordinany fwiskor Yweory (= %?'\r\(é,‘tm.
'Rou\c_x)\t\g speaking ;| o complex swogroup P& (K s colled pasoleolic X Gy s e
compack. One can dees&y as Solows. Replace \ie group by Lie algeoro and
cecoll 131 Cocvaas cassificodon & Qe simele ones: ?(\x a. Cocvan sueolgdosa

ond o Bocel ('—1 minimal ?o.rq\ou\'mB suoalgeeca con\fo.kning &t (ro \oss stnce

Mres droices are dovained loy suwivalle cnni\ugm\\'on). e Wsuu\\-i,ng simple
\Jos'\\"\vo. vooks *og@“@\er with Wae Cackon wakrix d\Q.Scd\of\f\S celave a“a\\ts oMow
one Yo teconstardky Wi \ie a\gewra . This s corwen'\»er\\\g cephrosed by
\is\in& Wae allowed *Dg\’r\\('\c\ d\&%(ams (Aﬂ_, %ﬂ) Cl)vl s \:6, E-,, EB ) Fq_, Gp_)
w\wr\e Qo.c.\\ \'\.oc\Q Qcm'espo“és Yo oo s\mv\w_ ?os'\\dw cook. ‘E;% s,‘L UI-,C\= o——

A aimilas s\o% app\ies Qo'(' “AI\‘L'\VQCOC(‘QSQO(‘L&'\QS \ie Qroups. A pam.\oo\ic P< G
WO now be spcv‘&i@& \;3 ac\c\ins Yo o wmiaima) sudn (ie. o Eove\) o Wae
\ie algelota \evel o %n\\'t collecon 09( simple teot gpoces and g%om\'\n& Yoe
\a'\'o., S\L\oo.\sq.\occx so S'QQQ\'Q\‘QCL. —S.:(‘L. %uW\VV\o,\'b, Q«/\Q \)a\‘a,\oo\'\c su\ogrowps P< G(
o e c\qss\?('\‘ec\ on Yae 'Dgn\Q'\rx c\'\cxg)vo.w\ 9(0“ G\‘ \o\\_») LroSsSes %voucs\m some
o% e nodes; namew Yose for whidk Yoo cowesponding qeaakive voot space. is woy Yo

be added Yo Yme \&R&Q(\ﬂ'\ﬂg Borel. \ese crosses WG \oe. ?\aceé\ o<\o'\\¢ac'\\i,3
(Ex. 16.5.6 of T3V). We adopr e same aokakion gcc Wae \r\owgmeous space G/¥.
Exomples: Com\mdﬁ%iu\ comp\e,x\?(\eA Tinkowsk spoce. = ™ = |, = «¥—

Projective twiskor spoce = P = T = X, Dual projective twishr space = P*e = X
Ambitwiskor space = ¥k | Projeckive primed spin bundle oves M= W=y

\Fa.,s,s (€7) = =¥ ¥= aad slac advalon %m’ We %\qg W\ac\'@o\&s w L4
30(m+2, £) ads o MMy, Wre complex won-singulor quadsic o dimensiony In
ie. Qn-dimensional ’ Wawkeweks sput‘t\\ (or €£8*). Man = ¥oe v o (e nodes)
T\ ”\w'\s\oc s?aoe,\\ (f'\:a. e spoce o?( ol - \P“ s i Mogw (\q&uw_ MrA O)&o\m\ 7/ \\/63)
e We woniko\d & puce sqinors Lol) s 2, = '—'—°>—4 - Simidady , ibs Awal
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fwishor space s Dy = '—‘<y . Nokee () \\'i&\'\\b %7\’ n=3 (\\"\6225))
@) redmckon Yo ovc\'\nag YwisYors \%or a= 2. Ambihwishos = ._.~.._<’: \3_«_@_\‘ %x‘
az3 Me spore o% aull gecdesics e My, is Ko | As usual, SO(QmwY, ¢)
is ‘oest ceploced \"3 Spia (QurQ, €) ks universod  (2-sheeked) cover. Similos\y,
QSQ'M\ * Mown = ¥=— - —  (at) nodes) wila dwishos = e—e—e o e
Cocmspomkm\ms This aotaRon is e\nfkeﬂ\\g well swiled Yo c\Qsc\x\mug costespondences
»/ \p— (see 141) geaecared oy dwo poraloolics o G. Typical exomples -
—xX

X 2 | Fo

AR = By B

[T general, Yue %\oms ore given by ecasing from e Magram For Wne correspondence
Spaee e \'\oé\cs which hove crosces o&\qx Pragednion (nove = X = sk = o= )()]

Y
— 4 » T e A e b/ /v 'A—\l?v\

I Mo 1,

\\owqecueou.s RBoundles: We holowerphic \'\ov«ko&eueou&s veckor ‘oundles on Cx/? are,

I

*5 ckw_%\m\-\on nduced \o Qinire dimrensionol comelex tepresentalions 0?( P. We shal
now descrioe Yae \<m&uu.\o\~o_ sudn representoons s\'m-\—mg with W case P= G
(ogouvx £Lg) m\l\dﬂs on exceleay N&wzx\cz buk our péeseniroXion i S\‘&\“\'\Qﬁ R -
Srondosd), A w weighk %o(‘ o simple \ie dgebra is an assignmeak o} om inhegec
Yo eadh aode o\} Wae c.mwsx?ond,\\g (D&n\qm Mogrom, ¢.q. A t—{, o Lek
A= Yae sor of weights. The cose where eadn iakeges s 1 \as a s?eo:q\ ¢d\e : dendhe
Yais weighy o 8. Theorem (_Cox\om—\t\/e;a\ Yeorews o} Wigesy weighy M The eedualole
represeatakions of G are dessfied oy e dominaal welawrs (Wose warghrs Sor
which o\l Yue inkegers ase non-n:gaa‘civt) | [0% cwusse e ceal conVeqk of Ye
Weocewn i in saning Wow Yo dbfain Wwe wekgWr & o given represeatakion and,

convessely | \ow o construeky o cepreseataiion wit prescalbed waa\;\‘r] Examphes:

.’SLUJ-,C) S SR (0, v, g+v, p+g+c )i Yue acvakion oﬁ— T4l (wore Wk siace we '

are considedas SLU,E) calfuec Wman GL U4, E) Wae %‘ws\ eney o% U\,\oJcﬁ” for
as<hb<ced wmoy e nocealizged Yo ) \33 \—Qﬂsor'\ns wita (—a,—o.)—q)-a) = det ™%
1]

e

 f on YO\.\.C\S Yado\ean. %Q\ﬂ* VQ,‘)A 3 "——f—:’ ~
1 2, AAL'\o'\w‘c (Q‘)&'- 2

SO(QM*—Q.&\ \/\‘&3 i Se\@ (\Q,P\A . L—:——: g_‘,(o , Ad\‘\o‘\q\ cq\é 1 2_‘._(: :—Ko
o opl oo o0 o op°
A spinoe ceg® s S22u0 L The otmer spinor represenloion ¢ e—e o

1 2 o0 ©o o o

Q‘e_'- %Q\% mvmsen\a\—(om: L ety , A().&u'\vx\ m?ﬂ: - e

Thece ate wiore ndes Sor Yalring e dused & o vepresenioXion and so ont. Lrreduadole
cepresedtoons of posalolics are simidody deserloed by Wacse dements ot A
whidn Wawe wow-wegakive iwvegess for Wuose nodes whidh do nov Mowve crosses Yuroygh
Wem. Use e samgqovakion for Wwe comresponding howmogeaeous bundle. Examples:

o o igl., l
=X - R} on ‘P = - (}‘(I\a%..‘vw(e'v'...m(\’*Z”) - (P TER “( ) wm M,
e A I Wy, o N

P "+ con}ocm\a.\ wu%\«\'
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\ © o 1\ o o v -2

. —\'omgm.h bundle o ‘\Pq_. ——A = cdrangenr ‘bundle on v,

HER DAL S S Vangeak ‘oundie on Gr, (D) = covangenk bundie on Gy (&)

'y ‘:‘f‘_x_.t S . (Ou, lerulsebrw, v*s*\:*%\i*v*s"h’“> Y’;l*c*s*\c*‘*) on W@Suﬂ (vokalkon OVV UA)
)2—1—::"(: \aﬂ&en} bundle on Ma,n . Y L:(Z = wh“ﬁq'w\' Sundle o My,
)E"i—f"'e_z‘ = dua ?nqu Spin busdle b“ on Mgq. “ nis e s U = ¥t ‘,’_‘< '1 swop Yuese & n odd,
Yoo

o 0o | -2 1 0

'Y

o

=50 W), e Ve buadle & cnformial densdies’ & weighe e on My,
-’E‘j—zo Sllp S Yue bundle 0% sz\g dual A4~ QW‘“*S o Mg (ndve Yok '0‘* + Uy "‘(3)
Puk s calfuec L\\A\Q highest wu%\»\ pask "Mm*: c\\w«D.q' =35 Ak dwm G ey - 3) « 26),
2_2__2’2_’4: 2 00 e Aa . LMY= % | Yhe canonical bundle m A,

o -5

e - cosonical buadle on  e==X | ;%; = *a.c\sm)c buadie ow Ns-

Even for waaxioal posaloclics  (owe cross on Wue Dynkin disgram) | Wae (co)vongenk ‘oundle wmay boe redudble

bk v decemposaloe), .y =X has Yaageak buadhe ‘E)E; + ::—*,a* -\-;E)Esi‘ {novt oﬁ— T41). For non-moawimal P
g i "rﬁ

Ywis dlways happens , ¢.q. covangear .\MQA‘\Q & amolrwishos = 'Te—?—i’ PRk (see TAT). Buk, dis is .g\ﬂma:
We BGG tesolubon. will dwivare Yae need Yo considec cokangeny bumdbes, Trreduodole bumdles
ace wore aatural e.q. H = (}(j,ﬂ o ambiYwiskor space,

Co\\omo\ogg) and Yue WQQ\'\ G;roudg_‘- Fix o 'Dav\\q’m dxagcam wita we)ua\n\— \oliee A, Yor eadn
aode define O | o pesmubokion & A os %&\\ows. Case og— o ghok cook (Waere i an awow
i e Dynkin diagroum ?okw“wg ‘owasds s t\odv_)% Revesse Yne sign o% Yae inkeges
oded do Yne node and, Yo neighbousing nodes , add Yhe inkegec %or Yue dnoseq node.,
Case o% a \ong soot (ol &’(\Aus) Revecse sign. and add -\-o adghbours with mulkiplicily corresponding

g v s b, g t+s -5 bts
Yo e aumper 0% COW“-QQ‘“C"s \lnes . Mﬁ Shockr H**——ﬁ"t—v%—o—-lﬁ s .
4 9. o Pt b 3 'R +3¢ -q < nede
> 6 loag o I et ¢ 1" AR 5 % g .5 o P gtr -T SEp
—

s

Lehosen node \c.\-wstr\ node. ’ -5
t ¢ ¢ s ¢ o tosen od@ Lehosen node

m‘«‘;ﬁ’ ‘;—g::—ff;_‘k . Nove Yuak cu\wo-as o*=1. Dud permutakons ase called
cimphe cefleckigas. The \M&a\ group s Ye group & pesmulalions 3( A gymera\»e& \03) adk
Yese o, Tk is a Hale group and will Yoo c\gno\‘et\ \a:) W. An dewenk & W conjugolre
ww W do o swpe cfladion is called a cfledion (ond will aso sa.\\'s% o= 1). Tkis
oﬁ\-@m convenieay Yo w\odu.h Yue adkon R— W m A \93 \mus\m\—'mg Ye origin Yo -$
w.h 5 wll+8) -9, Twe & calhed Wne mﬁggng adion & Wae \A/ua\ group  aad Qeu\ums
s‘«ons\g v Yo BRW: (Bott-Bord-Warl) “wescemn : %w‘)posq given o pocaloslic sulgroup
P< G ond an iredumelole copresentalion & P owita waghe X oe A, Vb N dso
a\*e(xo\t Kue s\;\v,c& R— Sew\,\s & \Ao\owu)c?\mc S‘ec)r\ou.s ose( Yne CochS\'Jo\»\AMS \mw.osac&ous
bumdle on Q/\) and euqxu,we, as Yo \‘\ (G(/? r)\) Tece are dwo cases: ) Yuese s
on dewent we W sudn Maak w.h is dowimonk (v wwdh case w ois umquw.),

) Yhece s wo sudn w. Case () s u.sua\ \-&etwé\ Lo as N\ \o\emcz egular | case (B

os siagulaf, Foo we W d\‘&%\ﬂ( Wie \‘Q_ﬂg& % w, Liw) = \east aumloer o‘ simple

ve?(\o.c,\-\oas needed Yo wite w as o groduck “(\m.veo%-. e BBRW Waworewr avokes Yok
e U cequhac uW)(.G(/? V)= w.h os a vepreseayakion of G whae w is Yuwe
Wk que oMoy S‘% W %N‘ Wit wh ie dominaat  and oM SYwer Co\noum\ozu voRieTes
whereas :%or o) singulac  all QO\LG\ALO\OC\\& vanighes. Ta e Pensose ranstorm Wwe BRW

‘U{V\*@omm \s used a\or\5 Wae %\\vves 6% » 3m c.ompu)cq disreds twages Mue %\oces ase Yaemseives

compex \A,omoc\))mmus spaces and e cocccs?on.t.\\\lg qu\ group  acks in Yue obvious monnes
os i Ywe Solowing examples: Consider »: ¥ L (usval twidroe exowmgle ) ; BBW =

)



. ‘ﬁ(,‘r,w_ N

3”/
/
v - P gArEl -r-
v*(‘i_j'(—;()-‘:——%l——- ‘\Y— vz 0 \);K'\:—i—*)()=‘—?;(—*2'& c€-2 owd alh Maec divedr

wages vomish B N= Yor c4-2 P Al = RS 5 ) TN (Whese

el -1
—F— " ge.d. Ln mote usual

5\ cvf%\ec\im wek. Yue dcg\)& Vond wode ) = .\ = o () 3)-3 = F

hemogeneilyy - conformal welghk  —¢-2

" aoromown Wuis tesult  ceads 3)3;; U(Ag,_,y)kr,ﬁ) = (M as.. DIEF W) (9_"). Ae o wore exevric examv\g

cnrls;%sev_: v:_‘)f—o—*—*—'—&_—-& )(——*—:—*—'—{ ond t\\)\l \)’;M’\A\Q, ;(—E—H—E—Qu: . BBW Gives:

L 2 -3 ‘“fz"g oz :Lostfa AT 1;1:(3 . 1‘143‘“5:*") P z-'z.-\q.fj\
L wl‘ = :—“—M‘I where eadn srep is \°5 using o simpr \;&\‘Qédom withe
\eagk bokal numloer. Sublvaciiag 3 gives v ( )\(—w:\ = %—‘LL&’*—-"—Z,O-’ Muams vosish.
\Q@‘iws\v\\\},’s %G((':g Resdulion: This s usuolly ‘g\\msed o berms ‘RY Veswoo wodudes  buk s
eguivaleay  Ldually ) Yo e %\\owiﬂg conshrucion wil homogeaeous diffeseatial opesakars.
Quppose ¥ € G as usual and e A dommonk. Then A desciloes o Hiaike diwensional
ireedudlole  represeavaion & G. Lk £(N) deade We coashank et o G/P whose
%\om s Ywis %n‘\‘w_ diweasionad veckor space. Oa Wae otuwes Wamd N descriloes a
%n'\\m diwensiona\  vepresearokion X © ond Weace o Mowsgeaeous veckr bundve on G/P
whose S\AQOX' (K, secons moy ‘e duen.o\'ed GF(N). Thece ‘e on oovious indwsion :
CN)>— G(0) . e BGG condrucion extends Whis 4o o cescluloa \73 cow\p\M\g
vedudlole Nowogearous \sunddes  \ialked \n\») \V\omaaeneous &&%vxec\\du\ operaors.  \e¥ W
ack offiney o %, OfF We cesulhng weighrs , some will descioe  sepreseaalions
og— = (& “(\mﬂ are won-negakive on Wne nodes wi¥uook crosses on Mae Dyakin d\logmm},
These ore Ywe  tequired  owwgeaeous bundles., Ocdec Yhem \73 \engta o} Yue
coscesponding Weyl group Qewment : dwo sudn & adjocenk \eagtus ase joined oy an
wvadaar  dffeceaRol ogerator & omd oWy & Wue Way\ group <\ewnents a&Ker by o
ceflecrion (mo¥ wecessacy s(mp\w). This s ‘oest illushraved by some wxamples:
‘\E\_——-___Z . O— ‘E('\‘Q) — ()'(\&)_* (7(_\‘;(1) —+ O more oQ(\'%m weiken as

00— O/ - (J‘(\«)’-‘ﬂ Ol-%-2) 50 . Whe =0 Wuis s O E > Q> >0 U
holomorgnic deRham sequence. M= +%— . For ony ¢,9,5 7 O dbvaia

2 ik AARE S
1 o ) v P
oo LEE) = ) s o (BN 7 e T Rk A R e o SRl
1 Y 0/("&:&2*__} ) - 2 3

_.q_.. -3

A%Qm) %« p=g=c=0 Yuis s Mre holowrorghic deRwow complem  wit \'WO-%(\MS oL
wo Lo.n‘r\—)sd?«ckuu)\ pocys : O & —>0° an'::%; :_ﬂs > 0%s0. For v=9= 0 s
is NP®>s geaecalized deRuom seaueace [2), Tk relakes Yue ?(\Q\& vessus

poveatial /module gouge descripWon X waosshess Xee\ds o M and s Waeceloce ok
%uﬂo\ana\'m\ impocranece i \wishor Yneoty, e E‘)Qf\{ra\ cose s used wxhensively in
e %o( Wae sowme ceosor. WNoXee Yok Wae ?o&wxn & W V&E resoluMon

R T TP independenk ot odginal dnoice & . T Kok, Wais goresn wowy
e recognized as descaloing Wae srandocd cell evanchure cﬁ; ™M (dovs represeatag

cels o\’( evea diwensions | \ines (qctm.\'mg a‘é\o\c\\‘m& MQQS). This s no¥ o cotnadence ¥
This olwoys \oppeas and ‘e kwown as Wue Banak decowposivion, Whea A= 0 (e
WYhe resowon evosks wid £) We BGE cesoluMon wowy be ceoliged \o& Wroae
Woworphic fprms ofrogonal o sudn 393?'\(0,\ cls, he BGE reecduRown is o¥ren
§{o.c WAGSQ w&?dc'\‘m.\' Waow We deRuom cesolaon, Consides , %(K‘ exomphe Wae cose
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This 18 Wae cossical BEG case whea P e miaima) (e, o Bocel) : Yae gdzr\eccx\
Q\_Q\:ows\v.\xp case  Waow oo dedumced gmw\‘\\»-s ond Wae RBW Yaeotem %W i~ Grp.
T Wis cose alk iereduadole bundles ace \ine doundes so Wae dimension patresa Rec
)\ We BGGE cescukaw s V 36 65 3\ (%W= 2% (’4-”) so o.\\'vakéﬁ mudh moce
\’” w&%uw\.\‘ WMo We deRuomn resolulion 0‘— § whee Wae diwmensions oce \ 6 15 20 15 6\,
Whan e ‘mﬂ%%\' bundle . G/p s icednalole, We BGGE resolukion g £ cotnaides with We

i deRhawm resolubion, so for genecal L o sudn a P one way veasocoldly waiavein

e kecwinalogy & '”3Q“Qca\\3Qd deRuom seo\u\ence“ . Ac o Hinal wxample one can wedve
1‘}" AOWV\ QAA'( C\QR\AO.W\ SQC\\.LQ(‘\ce, on \M‘ = X—< oS %o\\ows:

‘j‘*|41‘

MM} o 04° _1‘9 _ H\ - ‘0 -6 ¢ ,°

b R S e ) e

L The Penrose Transform: We ossume Rosiliosihy  with Wue geaecal oppreadn o

A cou.s\mdr‘\c\\% Wae Pensose \'m“s\mw\ ?gvr o. givea o csespondence Son J?" \

a5 descrbed, for example, i LA, Thus, one supposes U % X %2 ,

1“ boo o suikaldy thoped open subses ok X ond Me Penrose ‘ranstoomn inrecprdrs

‘i! Uy colnouro\ogy \'\KL\L\\’"&U‘)\ (}'(V» tn beows OQ &W@:Qq‘na\ equakions ot \S

I‘ ddkrecmimed by droice ée( Wre vedwr ounde V on 4, Yo S\W\p\ag\s norokoa we Shol\

| cemove \J  Srowm exphay  wearon Yacouglnouk . There  ase %m.c BYeps iw comsraerng
| | We ‘roastoem () we (2 , BV = \‘\'\"(\/, pt V) (Yechnica\ condilions \rese) 5

| @) Use W cdakive deRwown cowplexy O - (V) = .Q...P,KV) A compule

| \‘\kb', p B w Verws o% wm%c conowro\ogu Wiy, .Q.\;L(V\) 5 3) Use Wue BRW
g Waeorews (om& usually degenesake | \ecom speckcal su\ueqce_) Yo inkerpeetr

i nt <, Q? (V) doww ow X 3 ; &\Qﬂ_ Wis s Wue end fesult buk somekmunes ¢

;‘; ) (Q\\A\W.C‘Qf{}( Wae eouakions ow X (e. 9. poearial [qowge = f(&\@ For coM\e\‘QX

‘ \lxowmguveous spoces 05 dMscussed eos\Mer one way ceglace () by @)’ Us-t
1 T e BGG cesoluliow along Ywe %\m«es ot— po.o Srep B) s Waen easier in
‘7‘ | cdemexoa\ Drep (4) aow waes Wae BEE segueates ont X. Wus appmmc\w \s
i ATYS uswz%.u\ i W tuved cose (c% ) ond MGE ia Hus TR, Tk s oouk

Huwve Yo see Wis waochiae i odvon s

1l Cxomoes: WL=F) (This s H(G{41-10,0) discussed in 151): e BGG

il L -5 2 -3 -3 Vo4 -2
3“3 resolubion. along e fores & K-> s X > K > Taking,

diceck woges wnder T ¥ using RRW gives o s\mc\'rm\ Sequeace  oavergiag Yo

“" ' T - % -5\ VS0 ! " Ve Vul
i W= whese Ei-level 16 ¢ ;'? : * * e, Oweer " Uiy (1) = 04
. o ° o— 0— o o —

iif,s Tha \‘\l(: =) { S o% V V Yfﬂt;c 0 %“ ¢asc"¢(ﬁsc) of weigk zeroS as in 5],
\r\’ﬂg‘.—»ﬂ: BGG vesolukion: K — S 5 > s BBW gives
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! However, Yhe BGE resobukion & DV P

Ei-led:  © o ° . ——
\ . -2 o \ © o '&——1|/7°"4‘3\)|-52 o -5 1
L LV R v——¥—o—> —Y —y e —N— — —N—s

\3-30/’
o & -3

Qo W(HT¥) = e :1__5 i :,j(_,:' = ke (55 -.“\%f(vﬁvg" gy — UE:A's-)(”’))
Tw Stuer words, Wis ie o poteakial /3%0. descripton & Wae dual field o} \'\\(,g—‘*—.g).
Twe we Wave Yue dwishor \'mus‘{-orm Lo ) =\ (o : 5)

WD) Bag . WL RYTL R oy 3T 0 o o

Thus Hg(o"% ~ ker: .;:{o ’L< of , using dovious ' ° ‘k—°<': 0 Eilewl
nokakion, WL GA) = {Sol*s of Qg0 o g ¢ T(ora)f, <‘> o 6 o Erlwe
T genoral HENZ, F(2-24) = 1 Sats of Tg = O where S 0 —o0 _o__:,ﬁ
F e T (Mg, U0-a)E (see LPW i TN 4,140,417 ) Again Ware e Yae dwishor
\m.qs%xm 50 {0g =01 cam also \:e ceq\ssed 2o Ly (L‘Q’ ) [m» W (*—{, )1 .
) mag s R EOH *”48 LR
s \_\3(2_{‘0 = Aev . 3‘“——°<° ’n——(_

)
7 ©  Ei-leve
ous voslies .‘AQ“H%WH‘M 3( e deRuawm %Qq\-\.euot g Z z Z -

s way e rephrased W Q°) = Aeev: 02 —*-Q. e, anki-sef-dual Woxwell %ields
\%‘(—4_) sag - R AL wwe o |

and frown e deRuoun sequence ow Mg i+ Gollows e 2 °
Yok (&%)—M.”’_g;,«q«ﬁ-»n“ W~ ¥ - *(
Cmuww T s e S R RV “~i<‘n\ Wil siilax \ba\’(vxr\s
in Wighes diureasions (as indicaked in WAFA \edwse T[W[R3), No\r\m Yok \'\“ \(ZMJ(Y)
olwoys represeals aaki- sof-dual Woxwel fidds  whereas u )KZ.\, %wes se\{ - duad
filds Sor v even owd auki-seb-dudd §ieMs Sor o odd Consequently Wae wistor

\mc\sﬁ-m-m \s ?-mw‘ ZV, \\'se\g- ﬁ—w a odd  (Yuee ase %ood teasons Roc Yais ).

E fewel

RESK) BGG : ek Fwd >R oh . S B> Kt Fere  Fwm

Thus \'\%(C' - b = hev: o s e or , W OYer words, (\‘) © © Etevel
H%(s’—zcx") {wewms,m . dw = o, °__° c

W (5K) BGG ek > K S Rw . S RRWS c:> 0 o
R = . i T S S S
2. Yuia s o poteatial /3‘”*3‘1 descnpion o?. TweTI) o). dw = 0% . Thuy Wiere ‘o o

e b o usuol \—\(2—33,:?)—%\—\(0——@:9()

I, RIB: Wowogeneous bundles and LeBeuws 'Tinsten buadle . TN, 2. TN Renehein
T.M. Geond, o« ST.Gelond : Di{ereakial operolos on princioal ofine spaces ond an invedrigoion %
A-modules, Ta: \e ApS. o Tees, \3(\\3« 15, 3. WP Budndanl: A gec\eca\\ged deRham sequence. TN0

4. MGE: e Qc\e:a\\ged Dencose-Ward tanstorw. Mot Roc. Can. A Soc. 470085) WS-187. 5. MGE:
e Renvese \mﬂ&o(w ng \Aowogecteous bundhes, TN, €. NGE: A &\mh\& S Wowogeneous bundles on
hwishor opace. Jour. \ NS | soon, 7 MEE « IW. Rice: CU“\)V"W\\*\’; wvosiony d&Rerediol operoturs on Mindrowdi
space. Trepauk. B 1%, \\ump\(«%s ko Yo Wi dlgehms and vegreserkalion ey . GIM A, Spdeger IR
4.3, \opowsky: A geaesoligeiow R Ve B-GGE resoudion. J. Ag. 44 (\77) 496901, 10. 8. Pehrodk : the
warfold & puse spinots is o owogeneous spoce. TINAS. W DA, Vogon « Represenivaions of real

VQAM&\VQ \NQ amu{ss ’%\\'\R\\Mw \Q®\. //2 @b I"bﬂvOTGW &ﬂd “\\\QQ EQSXV\NOOCX
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Cor&oxma\\u Tavodoak Diffeeakial ng‘mvs oA g\:'\m Yundies
Ve M e a 4: dimensional comgex Riewonniost mm‘&u\d. Wil ugual convealions, '&-

o

Q‘s’@% fvw = Plag.puelrlnn as corfprmal W“*%\’k 4 Yen [4d:
%ot

A Ql
\V/ wld-m-n) Vo Fae vy + (m-d-ynYoe ,
Vgﬁgg;;ﬁ = Ve Bag, 3, { w‘“’,, 88, \ T;)rY(P oner PEENg

m ““:'é%b\ ?v't““dg"&'.v)s') +L$*1\QTE}%%TQQ;N“ o’ 9{%’_‘,‘2?‘)')%, ‘
The wual fodors & L Wave been dosodoed inko We dekinion & 4. “This Seemiagyy
complicaked %ocmu,\a \s o consequence o o rifes waoce deqask Rorvda v Gr = e Aokal
space & Hue Carvesion produdr & Wwe projeckive spin-bundes over M. The wdvic coneckion
Vo v ™M can e Wodzontally Lfved Yo Gr. Lok B dendre e \ine \oundle over
G dekiaed by (%) b = %(%;\()\"[mr“‘»\') =\ MV%\K,’VAF‘IA’) and § Was
co\@mma.\ weight 9. \W\fﬂ, %0\' sudn ‘?%[VOX = Vag x ’7;\«\3/5\'%};7&*‘ TlAmAg'S%B'+ 9_“\,& ]
e previous %om\u\q woy be induced \;3 disedr imoge undes »: G->M. Ia Maer
wods , oF § s glooally dined i 7 and Auen & e necessasiy pounomiak :
%(x,‘qﬁ,'ﬂ/\') = 525;&%3%"{',&"7#’78“"’70“5'“F""“H’ . mom3 coladokons and constuckons
ose wAore easily ?u%ovmed o G( T Yue Rla¥ cose (M=™ = F (T G is Yue space G
o% ?‘u,\\ eg\o.gs F\,z,s (M) ond a \r\omoSmwa spoce ot Wne S)goswx sem‘\—s'\m‘:\w./ Rorel . Sucn
ace generally easier o dead Wit aed, for example, Bl G show 121 Yok all Momogencous
A&{m(\m opsakors gn % are cowmposifions & ones in e BGE reso\ubons (i [2) wity
Wis novaiton). Atfoughh Yae Womogencous operatoss for ™M (extdoived in T4 cannok ol e
deecived diceckiy gmm Yuose o @( %&5 ace cesvaialy relaked (and can ‘oo decived
'\q&imc\\g). Jusk as in 471 whee Yuere U??XQ.\'NS "?w' ™M Wave cor&uvw\(x\\g iavadoak
ano&ogums , % appeass Yok all \Aomog@x&ous A% ereaia\ operauts on K}r Wave cot&_v(w\(ﬂ)ﬂ
inwdawk onalggues on G . Mese adse by adding cuvokuce correckion Yerms.
Exomg\w.s: (\) __/K\:(L\‘(OALLC*Q, V= ﬁnﬂHlVﬁﬁ‘/ : ()(E_ﬁ‘:() - ()‘(w‘;ﬂ) ad ok {r‘___”ﬁﬂal "
\\\AQR,J \05 ¥, Vﬁ- = V\:- ¥ ZT% so | i Po.r\&cu.\ur) V: (f(;—;—;) —>0(mﬂ) (1-3 cm/\%<mo.u5
wwvadank. (2) 1\@:&\&(\5 5 %c- g=1 gives 62‘} = V[VF* 'f\ﬂ “'N.W *W\ﬂ = Vl% ff‘_V‘Y\"'\"L“
buk, \ehng € = @“fyﬂ%n“ms' e G(HEX) , a = B VP s VR () —
O] i cnbocmally iovodank (@mse p=c=0 151 1), (3) V2 + 43V +2(75): O(-5) >
GEEER®) s avosaak, (E) T8 fe 0 afee BLe ) by 3% = W g
aod sdlady B A —~ FEEEES) G aqy pro. (A) 7L Vaa O Gk ) —
(Y(FM)', A vesion 83 Wi o jusk owe SPW bualle s o cuwved qhkw\s\:c operaket  L5J.
(Racosﬂ'\'s\ﬂg ¥V as e aull gRodesiC Sprony and ?qo\\ow'm& RIB i L) 6._&3_(\_{_ \)’G—-’;—; m A , Ly
Space 5‘{ ) gwwdees‘\cs &3 \f‘(}’(m) = Jeor: U’(i;—)?—;() — &(Mﬂ) ) \A.‘-Cx = A. Now
Yadk 97 0 oy defjnkion. The acvakion is assanged Yo geneadize T2 and i is dear Wow Yo Rencose.
Yconform in Wis curved case ¢ answer eraddy ao Yoe Yok cose buk using Ywe w%:mm\ VRSSA0NS
4l n{]g \(\owogec\eous operakors, Queestion © RA> Yo Cacvon conneckion and teceny wosR & RIB.
Refs: 1] R.3. Boskon . Momagereous bundles and LeBrunls "Einstein bundle®, THIA, 121 R, T. Baston and
AR SO PRI louk sbigt Wi ror IR o oW i e

e groups and Whelr representations, Wilaar W15 . L41 MGE and 3.W. Rjce: Conformally invanont dkesenkiol
o?wv(sx\'ovs onu Tinkows\i space . Peegsal. SLSJ R.O.L\-3‘03s£5-. Aniiwishoc -“{unc\-'\ous , TINTZ., C61 R Cenvose ond

W. Rindler = Spinors and space-fime, Vol. \ . C.U.P. {a%4. —
m‘\c\’\o&\ \CI.OS\'WOOd.
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ConrFormply  Invaeisnt  Direerental OrerATors For Corver SPRce

Mike. Goctivood 0sd Jotuy Rics, in D, Sukline ow elagont algaloraiic fedurigpe for Bo Comshruckan o con ;
dwariont drfaetid steralovs ow COMFOIVWC\MS flar Spawo . This exleds, via He local Yusiobor comnechion (ot Cortouds
conformol tomnedion) o e cuned cate. The reallung smdthod. 4o entvdy conshudive, %duam% He
MaasoaMy curvaue werechon terms e)p\;huﬂj s Mote seoioes T @o& S\:a& coaskudlion, 1431 cales A
Cuvalie ,w\oaf%coh ons 1 frovides severad txasaplas. o o wbositian o thocafion, Baory U7 cf T,

CONFORMPLLY FLAT INVARIANT OPERRATORS (The ides i the llowing ore due fo MEE 9 IR, dek G be o cowplex, sot-punple
1o Qroup, 3 P o simply comnected Ppasatrolic sulogroub, sofhat the quotient M= G/ i d@,“(y.e& . uom%gm@ Lumdles
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wugmbiw M)Woh,éwl ML}J* (Y& duol widuchion is Simply w amaltey Bg convemejA&). Associaled o
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e obuiondly Aﬁowo%nnmus Lwsdles, amder Ha bbisus achicn 5 4 siued ow guwms ‘b‘d Hao achan, ﬂ- 7 oon
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Bo Bolhowing dule s uemssary B suffuddt o (047, [aTconze)
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waght vedor dn Miyry mabs, wader dhe Ducf syl % To o weight vector, B say, i YTQ). I fhe
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There are severol other obblications of the Abo\wq ewd Cartom Commedhion o, Gre may ask G ow oaxbends oo
homomorplism of fio Mgebros on. farekolics other than sx—, T alesoys does for xex, for example. Whew, -
nis Mathens (mmq_\swoow«ﬁ & the onjim ) te OOI’W\S{XJV'AI;’I\S growb acts og 13 and the quo'h'evvl' spaw@ is keg«v;eal
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On the fopoley sf familres of

manifolds and ﬂw{pu“backmedmnhm,

Ilet f:Y—>»7Z be a differentiable map between paracompact dif-
ferentiable manifolds; let f have maximal rank and let 7 be
connected, Then for each point z in Z, f"l(z) is a differ—
entiable manifold of fixed dimension n say, and we can regard

(f_l(z))zéz as a smooth family of such manifolds, In this

article, I &fscuss notions of homology and cohomology for a
family of differentiable manifolds defined in the above way.

A natural notion of de Rham cohomology of the family, for

example, is provided by the cohomology of the f-relative dif-
ferential forms on Y in the following way. We have, on Y, the

exact sequence of sheaves of f-relétive differential forms:
A S Y
s ‘? gf —p f ‘—-—, f -_’ it

(see refs. % or 4 for definitions) which gives rise to the

complex of gz -modules:

B p+!
“’;ﬂ,g;’——-’ :f;g; — ;f;gf > -

where 5z denotes the sheaf of smooth functions on Z. Define
the p-th de Rham c)ohomology sheaf of the family f as %f’(’:):
%P.G*S}.).Note that when Z is a one-point space, ﬂ(r(f)is
identical to the p-th de Rham cohomology group of Y.

Next we shall define the singular homology sheaves of

the family f. Let APC IRF be the standard geometric sim—

plex of dimension p, A differentiable f-relative singular

p-simplex in Y is a map s:UXA'ﬂ where U is an open subset

of 7, s(z, AP ) & f—l(z) for each point z in U and s is the
restriction of a differentiable map defined on the pfoduct of
U with some neighbourhood of ﬂp in ‘R‘, . Now if V is an open
subset of 2, we let cf’ (£)(V) be the gz(V)-module of

locally finite linear combinations ZQ“S“, where sk:UkXAp-’



f—l(V) is an f-relative p-simplex in V and U_ is an open sub-
set of V, a being a smooth function on V w'nic;h is identicale
1y zero on some neighbourhood in V of V-—Uk for each k. Taking
into account the obvious restriction maps, we see that ep(f)(V)
is the group of sections over V of a sheaf to be denoted er(f)

and called the sheaf of f-relative p-cnains in Y. Now it is

possible to define, just as in singular homology theory, a

boundary operator b, with the property that bf2 = 0, Thus we

{
have a complex of sheaves of fz -modules on 7:

b b
Cu(f) 2 G (5) = Gy (F] > -

Define the p-th singular homology sheaf of the family f as
7[’, (f):‘,},(e,(ﬂ If Z is a one-point space then 4(,({) is
identical to the p-th singular homology group of Y (with real
coefficients), :

To derive relations betweenfk’(f‘) and %P‘{) (which one
hopes would be analogous to the duality between Hp and Hp for
a single differentiable ma.nifold) it is possible to adapt the
beautiful arguments of Weil (ref. 7 or 2). Thus one shows that
Y admits an f-simple cover U= (Ui)ieI; that is,ﬂ is a
locally finite cover of Y by relatively compact open sets such
that for each non-empty intersection U_ =ﬂi€¢ Ui’ there is a
diffeomorphism U_ —  Z_x V,. where Z, 1is an open subset of

Zy V.

'~ 18 a contractable space and the following diagram is

commutative:

uc- I —— Zo-xvc‘

f\ projecton.  (Z,V) > Z
.



Iet N be the merve of ‘U ,i.e. the set of all (necessarily
finite) subsets ¢ of I for which Ud,:f: & . The dimension of ¢~
is p if @~ contains p+l elements of I, The homology over 2

of N is defined as follows, Let

where the sum is over the p-dimensional ¢-'s in N and 2’, is
the extension by zero of the sheaf E,’,_IZ, .[Thus a section
of 80_(\[) is a smooth function on V which is identically zero

on some neighbourhood in V of V—Zb.] As in simplicial homology
Z
theory, there is a map O: C},(N) —'3’6;,.,(?\9 such that @ =0
which enables eme to define the simplicial homology sheaves
of the nerve of the cover 7(;, (N):},P ((?, (N)). One also defines

SP(N) = Ftom, (€, (), 52} = T om (€5 E2).

Note that 8:2 %"l(?c‘,g) is not equal to & . Rather, it

is 1*(82120.) where 1:Z, > is the inclusion, [S:‘o a

section u of &Y (V) fs a function on V such that u | V-Z,

is zero and such that u |24 is smoot‘n.] There is an induced

map 5. SP(N) "’SP”(N)which enables one to define the sim-

plicial cohomology sheaves of the nerve of the cover,?(P(N)=hP(g2
Now one can prove that | :

(1) Cf]{"’(f) is canonicaliy isomorphic to ‘?(P(N);

(ii) ?{P(f) is canonically isomorphic to ‘j-{p (N).

(See refs. 7 or 2.) Next, if 94, is the family of open sub-

sets U, N f—l(z) of f_l(z) (z being any point of Z) we write N,

for the nerve of the cover GUZ ., Then we have that

(iii) fﬂ%fp(N)z is canonically isomorphic to Hp(NZ, £, )

where gz denotes the ring of germs of smooth functions at 2.

Since ¢, is a simple cover of f_l(z), we have, from (ii)

and (iii), our first main result,

Theorem A The stalk %;(f)z of the p-th singular homology sheaf

of the family at the point z in % is canonically isomorphic

to the homology Hp(f—l(z), £,) of the fibre of f at z.
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Furthermore,'lf‘ 55 and f? ey are sheaves on 7 defined
by the ex’actness of the sequence Ovzr,-—)ep—? »- ., —> 0O, then
(iv) ‘:EP(N)5 GP(N) and gp-,(N) are projective ‘\:2 —modules.

This technical condition enables one to follow through the
standard wniversal coefficient theorem.argument (ref.6) to
prove the following,

Theorem B The duality between 5Hf (f) and ihfp(f) is ex-
pressed by the exactness of the follow1ng sequence of E}

—modules:

0= E(TC (£) 6,) > H ) > Hom [H, (), E:) >0

With these results, we can construct a useful generaliz-
ation of the pullback mechanism of twistor theory. For this,
we suppose that f, Y and Z are as above and additionally f}is
a holomorphic map between the complex manifolds Y and Z., Let
F be a holomorphic vector bundle on Z. We want to know the
relationship between Hp(Y, f—l{D (E)) and the analytic co-
homology of E. As one might expect, the answer is in general

a spectral sequence
29 LT (2, 9C% (1) €0 P (@) > HUY, O )

where the differential EF'? — En+l,q is induced from the

1 1
bE operator of the Dolbeault resolution of E, 0~ (D(E)—?»‘Z ()

" Pheorems A and. B are useful in the calculation of the El term
of this spectral sequence in terms of the homology of the
-fibres of f,
Applications includé the twistor transform (ref. 5),
sourced massless .fields (ref. 1) and (in priciple) the twistor
description of massless fields on peculiarly shaped regioﬁs

of Minkowski space.
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Super Yang-Mills

by Alex Pilato

Define a d-operator on functions on super Minkowski space by

]
d} = d=DF 4 det2F 4+ dEIE
JQ. dxaagam"" s Sehs B )

and consider the following "supersymmetry transformations"
x> - EJﬁézd +9“kgﬂlk, 6% > 0% + €%, CLAT-LLIN -l
where &% and g are constant anticommuting spinors satisfying

"l =0 arid & "€rk=0 respectively.

Although 4 is invariant under these transformations, the differential

operators 9% %54 and 3pgitare not., However, it is easy to rearrange
terms and rewrite d as

d.= (dar+0?dE™ 187 dol) 3a +de¥3a + & Dk
where the differential operators, - ‘
Bo = x> , 2% = S/C;eg -+ é“@@u}’- ., Opk = %59"‘ ~+ 613/93’:0“ — ()
4

are now indeed invariant under the above transformations. They also
satisfy the following (anti-)commutation relations which define a

superalgebra : ~
(24,253 = [Suj, Swh =0 -
{8%,39']2} = 28k Pa
where [, ] and { , ] denote a commutator and anticommutator respectively.
Consider now a l-form or ‘potential® . n
0= (dot+etdE™ 186 e W Ea + ot v + d&" Tk
= de*t P where {4 -= Cﬁ‘im, Yal, qjﬂ’g
and define a connection V:oh—cp and a curvature or ‘'field strength’
D

F=(v,V where - (A, B}= AR - DB gR
We can }vrite the curvature mc‘;rekexplicitly as F=dz*Jz® Fae where
. : OB 1:0._@ k
F?‘*D = F‘A‘1 '3 Fp“‘ [5"“ F‘:A‘x 5‘ kL .
Fajb  Fage Fayek

(Note that the definition of the wedge ',' should be clear from that of ',3.)

In Minkowski space, a connection is automatically integrable on null
lines. In super Minkowski space, integrability on the (1/N-dimensional)
super null lines (see[l] and[5]) imposes differential equations on the
potentials (P* . Such equations demand that F takes the form

Ear e’ + Ente’ Sap @qewa’k Ea'm! Wak
Fap = |EaaWg! E s Wik o —®)
i Ea'n’ VB C . Ea' 3 WSk
where WJk:_WH s \'J"\]d =,,WkJ 3 ‘}HB"; ;?'&q ) gﬂ’&' ::?B/n;'

Note that F automatically splits Fis = I’:&,)Ar@ . F—Q;%B’ —@

P ~.k
) :f e, Wﬂ/'L o > , az  © Wik
F a8 = Eae Wed ®dE o & Fap= & o o o©
(] (o] O \l\}el" Io) W&‘,k y

where

so that we cam define a e -operator by _
xF = FP_F, —(®)

Not all the components of F are independent. Equations between them are
imposed by the super Bianchi identities[4#]. We denote them by (V, Fi=o
?
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because they are just the super Jacobl identities for V.

We now define the super Yang-Mills equations by [S7,*‘:}—w3 where F
is of the form (3) and satisfies the super Bianchi identities. By
virtue of (&), this is equivalent to either [V, FPlwor [V, F9}=0.

In this latter form, for N=1 it can be shown (rewriting the Bianchi
identities of Sahnius w1th F‘rep1301ngf:)that our definition agrees
with that in[3, {VA w'}=o , arrived at by physical considerations,

We can also define A.S.D.Yang-Mills by F 2o, For N=1 this is
equivalent to Wh=o. 4

Theorems:
(Take N=1 throughout.)

(i) The general solution of Witten's (integrability on super null lines)

equations

SCRWB) +‘L{\'|Jﬂg Yei=o

3w Pe +5 G, Pei=0o

DaPa +3p Wa + [(Va, Py} = 204
with the gauge condition

QHLIJF, +§H¢Jg/ =0,
is given by
\Vg =6 § +___f_> 595W5 _e Wg - éle“(aﬁﬂg&%g) +_@ VHC/W
‘f)ﬂ/ © 595~9;8 Enls’Wp\ -—9 \Nﬂ - __,Q (;fﬁ e,’+8msf}> +97'éZVn’c,
énq"’ §aq - eG Ea'n’ Wa —~9‘5895\Nﬂ’+859'y[§nsﬁnry—-}n/ Eq%"‘ERBE—nsj]
+ oi5® [5 eaw (8ao'W +[$, o, \3V°J) -1 Sac W)
+ e [5« En&(@nQW +[§nc W_D - A Ow(a W@l
©*5* (89 aenﬁ +{§ﬂ’ 39&]) +‘ (8 ?ne:’ '*'[@9 c?ﬂ'G’D]
i T 2 (W, Ww} +2[8am, §]
where ;Fn = ZBGCQ’§B) + [§cca s @B)] % fap=2 9«,’@&3) +[§ ’(m§53]
(ii)Wa = Ona’ Yo 4 ’an'igp. +E§nn, HJ
is glven by
Wa =Wh + © (2§g5+£g332 — of&® [g%(asow +[§ao,\/\l :D Ve,oqwg)]
- 97-@9;,/\/\/ +[§na/,w"])
+91~E, aB :?n& [§‘5':32nﬁ3 + '58“8“,:;—%5[@“ JQHB]J
”“(3n63+[§n&,3;‘)‘+ {We WB’}
so that the A.S. D. equations. are
boco 2 W "+, R =0 .
(iii) The full super Yang-Mills equations are
§=o
anq'QV +'[$ﬂw W =o
oqw K"+ [iga,w J=o
D %k Fab + [ % Fal] ={Wa, Wi}
where #*Fal = Eas pe T Eqel Jan .

(Proof omitted for obvious reasons.)
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For N>1, it is still possible to obtain, without much effort, classical
field equations implied by the super Yang-Mills (super) field
equations., To obtain an equivalence the algebra gets out of hand and
some clever inductive method is required. Using recursive relations
generated by a kind of Euler homogeneity operator H,H, &S [2] showed that
1ntegrab111ty on super null lines for N=3 is equlvalent to a system of
equations which they claim are the super Yang—Mllls equatlons. Adopting
our definition of super Yang-Mills the claim is indeed true in the
abelian Sase. But in the general non-abelian case [V, F™}=0 1mp11es
the vanishing of certain (anti-)commutators of the equations in (2],
i.e. it implies stronger equations.
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On a different approach to supermanifolds

by Alex Pilato
60 Tntroduction y a

hostant's supermanifolds [B] consist of an underlying manifold together
with an enlarged sheaf of functions. Locually it is required to have the
form /YR so that we have the following terminating series for a super

inction :
PIRCEEET G, 99) = G LS (e3=0 ors)

where jj, J=4,..., N are anticommuting labels, Since the coefficients in
the above series are classical functions there is nothing mysterious
here. The only problem with this approach is that it does not seem to
do what physicists want.

An alternative approach to supermanifolds was stanted by Rogers (12, Here
one considers functions on Super tuclidean space EV"= (A" (AD" (of
dimension (m+m2™) where A, and A, are respectively the even and odd
parts of A:=A"R"-., Further one requires that these functions take N
values on a Z,-graded Grassmann algebra NP AN/ Tw  where Tu=A%. . +N\

ig an ideal in_ A= N+N+..+A"; and the grading of A% is given by
cetting NO=% N and A2Z A" | There iz then an algebraic isomorphism

7] be unctions on Ucgmn ing values i minCk,n o -
] between functions nu‘ gmn taking values in N® an 'Z= /\P%\/)@ﬁ @@,/ﬁu p))
where V is an n-dimensional vector space and € is thb augmentation map
E:EP"—» R™ : .

There are many disadvantages to Rogers' approach. The arbitrariness in
the choice of the number L (ussually taken to be very large or even infinite]
is one of them. Another disadvantage is that the coefficients in the
expansion of a superfunction are not classical functions since they take
values in either the even or the odd part of the Grassmann algebra. The
argument in .favour of this approach would be that it is supposed to
provide a framework for "doing supersymmetry".

we will suggest a third approach motivated by certain observations
concerning supertwistor and superambitwistor functions and by the work
of A. Kock on 'Synthetic Differential Geometry'[7).

<ock considers the real line segment, R, with its commutative ring
structure relative to a fixed choice of end points, and observes that
this basic structure does not depend on having the real numbers, R, as a
mathematical model for R . He then considers RI[E]I/€* = { Rx R

with the ‘ring of dual numbers multiplication (#4,¥)-($:,%)= (4%, du+a¥)}
and notes that this ring structure is that of functions with unique
power series cxpansion on a set D={€€Rs.t. & =03cR , Starting from
these axioms he develops a 'synthetic theory of differential geometry'.

we define a third type of superfunction so that locally it looks like
RLe,...e) /e7,... €5 . Tor N=1, the ring structure of the above functions
agrees with that of Kostant and Rogers (on EM™') superfunctions. However
it is easy to check that in general the ring structures wixl not agree.
The resulting supermanifold may be thought of as a sort of generalization
of a thickened manifold (3.

Bl Supertwistors

Clearly in the new approach we can no longer have anticommuting coordinates.
However we can still have nilpotent ones-i,e., quantities with the

property that their squares vanish —in the superspaces. We claim that

only the latter are needed and appear naturally in the various

superspaces of "physical" interest.
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Contact with the superfields in physics is established by writing the
nilpotent coordinates as a product of two anticommuting ‘quantities’,
say € = a8 , and grouping the «-labels together in the coefficients
in an appropiate order. These anticommuting quantities must be regarded
as markers or formal devices useful for doing calculations of interest
in physics.

Denote, using abstract indices[¥] arbitrary elements of super Minkowski
space Mg, supertwistor space Twn and dual supertwistor space M
respectively by (=%, e}, %Y, =4 35D ang We, Yo, 6%, 8% and 4, WYk
must not be thought of as anticommuting coordinatess but as the . fermion
part of a supervector, supertwistor and dual supertwistor respectively
with the property, indicated by a hidden label, that they anticommute.
If one now wants to choose a frame and represent the above elements in
coordinates with respect to this frame we need a different notation for
the indices. For example, in the classical twistor case it is customary
to choose a frame A., B., Cu,D. for T™* and to define coordinates on T
@R =AZ", ZY=B.Z%, Z3=C.Z% Z2 =DuZ~) = Z%
Analogously, by choosing a frame with N fermion anticommuting elements
Asy Bey Cay Des 0, ..., by for Toy; one can define coordinates on Ty by )
(Z2=AZ7, 70 =B.Z, 72 =CuZ”, 2307 = g8, hig)= (2%, 39).
Note that all the actual coordinates above are "perfectly
commuting quantities”. However, the last N .coordinates have the property
that their squares vanish. One can carry out a similar formal construction
for super Minkowski space and denote the coordinates by the 4/4N-tuple
(x'%3 eg’ ° eﬂ'v g) hd
We will write the new type of super functions onTt,; and Ty, as

l'?" CZ%; f:l_) = 'j:a‘..v.. o CZM>(£")°T- .- CSE)U‘N . (GS——‘ O or D - )
J CW@"*’Q = Jpiee o (MR) A ()™ (M=o or 1) - @)

The supertwistor contour integral formulae of Ferber [5] remain essentially
unchanged by the new definition. We will briefly recall them below.

The incidence‘relatiqns are o - o~ B
co'e MoohEr] g i% - e ed-e‘)%}
N ~nt! A ) ﬂ
T = @H‘)Tr;\’ Y = ekV/n
Supertwistors and dual supertwistors satisfying the above incidence

relations for fixed>,e® ,d& form a surface denoted by L,e,5 and Lﬁ%g,g
respectively

Let $& £ ve 'homogeneous of degree -n-2°'. By this we mean ‘take dw. .., (Z9
in > to be homogeneous of degree -n-2-ls| where |o= _ o3 ' Then the-
following contour integral formula over any closed curve T on l_uﬁe,é,
Tl Tk, - (cob, Ty, $6) | e s

gives rise to an antichiral superfield mg;f'A% = P, ..o (M0
Similarly, take g9(Wa¥)to be homogeneous of degree -n-2 to mean that

... ua@p) 1s homogeneous of degree -n-2-)4l where lfq==EEth + One then
gets a chiral superfield = '

. E |
Ba,. . a oot 028 08 = §T§(§5,7ﬂ, V)|, Ted —w)

Substituting ) and @ in the integralsyand <) one obtains the expansion
of an antichiral and chiral superfield respectively in terms of the
nilpotent coordinates €%} and p%*, For example, ignoring the external
indices we have for N=1~ . ot 6 N2
P BY) = PEE) + Yy(xx) BF 4 ¥ &) B

=AY "’—Ssz
pBe, &T5)

where oc? = ol ;9%,5&'&.
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If one now w1shes to return to the antlcommutlng physics notation, set
B7- 86" ana &° = &8 6 a8 = 8 & yw 66" so that
P g+ 173 8“’ é“— % e &W 5
=@ + Ya S~ ¥y '49"'55'

1 4
where Y= YKER and Yuyp = e = BEL 6w
Thus we see that the new definition of a superfunction fixes a unique
way of writing a superfield using anticommuting labels which agrees
with that used in physics. Rogers’ superfunetn.ons do not fix the order

of the Grassmann algebra generators in the coefficients, and therefore
there is an arbitrariness in the sign of each tern.

One can also rewrite the superambitwistor correspondence in terms of
nilpotent (homogeneous) coordinates;
[Z%, 85, Wa, ¥5) o, €. Z*We=2 8% 2 (31)=0 ,(¥E) =0, b
Let F be a *'function' on the flag c:upersnanc:e with coordlnates e, "‘)5,1'5:)
It can be shown that F= fG*ote) & My, - A A Y %,9%%) iff
7oy F=o ' A3 F-o , TESHF =0

where abA’_a/axﬁhj xOf = Voeh -\—e“'da/axw, 9 b= %e“ﬁ—eia/a:cﬂ“
The operators :)AA,Qa & QF\'h sa.tlsfy the follcwung “commutation relations

(3a4, 4] =0 =Tpw, Iwk] , [3a,3p]=[24,3%5]= By 5> SEKl=0 & {ab’gu] -2349.\;
(c.f. (1) and (2) in[10])

62 Elementary States and the Scalar Product

P: ' — HDLNJ:

Elementary states based on the thickened line [ are a typical example
of this new type of superfunction. In fact in either Kostant or Rogers
superfunction formalism it is not possible to give a suitable definition
‘of super elementary states.consistent with certain properties.

Analogously to the classical case [4) a choice of U(2)xU(2/N)<cU(2, Z{N)
stabilizes L°?. It is convenient to choose coordlnates so that
{29-f— =0 7_~~§—~o} and to expand each elementary state, for example

I 2

g R '%_.__
Z fn>(2,, _ gz) 4 ez~ ng)’-(z.~) @Q 7 & 057-(2 Hz *

Then it it is easy to check, by discarding coboundary terms, that the

action of X ! Y
9-3&;9}
0 | s

In the supersymmetry literature (see for example [ll]) it is often stated
that Berezin Integra‘blon [

ju. 43 = o, If Fg="b (a,b=non-zero *'constants*)

can be derived by imposing linearity and invariance under the following
so-called 'supersymmetry transformation' © +—> © + &, where © and & are
said to be 'anticommuting' but the relation between them is normally left

unexplaingd,
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In fact whether & is anticommuting or nqt is irrelevant to the
derivation. What is essential is that © =o0.

Let & ¢ D={xeRst.=x*=5}cR where R is some commutative ring (e.g.
R v{nilpotent quantities}). Then ©+eeD iff 6-&-o[7]

We shall retain Berezin's notation and impose linearity to get

[{edo= L+ do =T, +T,. | (5)
If one then equates the r.,h.s. of (5) with

[+ dE+d = f(&.+e§.+£&.)a\’e = To+I, +&I,

one- sees that I,is forced to vanish. Defining I,= 4, 'Berezin Integration*
then agrees with Kock's definition of derivatives in synthetic -
differential geometry.

We are now able to write a neat formula for the scalar product of
superfields.

<algy = PAZW 39@;503%,%) Zhwe— 2O, I Ay, (6)
| :
= ,%:SD §AZW 385;_‘_5'4(2“) 3/*' W/W(Wp) g{; (wax_,)gn“r‘ (64)

+1 M My
where X =f£%4 (so that xN =0), So = 56‘.---5'/;:“ AZW =d*Z A d*W and
( )., is the well known propagator (see, for example, [f] for definition),

The proof is simply by substitution of (1) and (2) in (6) above. The crucial
pdint is that once Berezin Integration (i.e. synthetic differentiation)
is performed, a large number of terms vanish after the Z and W
integrations essentially because they are of the wrong homogeneity.

This can be seen by expanding (Z*Wy—2), as a terminating power series
in X and thus transforming all integrals into projeetive ones.

If we write_j*a,n,fﬂand‘ﬁ,".w; as products of anticommuting quantities,
e.g. $l=cd;jgl, Wk=pRys , 1t can be shown, taking great care with signs,
that the above formula holds.

Note that (6%) is the sum of N+1 ordinary twistor scalar products with
inhomogeneous propagators. Clearly the extension of complicated twistor
diagrams to super elementary states leads naturally to the use of
inhomogeneous twistor integrals. The properties of our nilpotent
coordinates are not incompatible with those of the quantities appearing
in recent work by Andrew Hodges 6] on twistor diagrams. The use of
inhomogeneous twistor integrals allows him to eliminate the infrared
divergence of the Mfller seattering problem. This is reminiscent of the
fact that super Feynman diagrams are 'more finite®' than the conventional
ones.

Many thanks to Mike Eastwood who suggested looking at Kock's papers.
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Quaternionic Geometry & The Future Tube

It is hardly traditional in twistor theory to think of the
future tube CM+ as a Riemannian manifold. But, as I shall point
out here, itvhas an absolutely natural quaternionic Kahler metric
associated with the conformal geometry of real Minkowski space.
Moreover, this phenomenon is not an isolated accident; any real-
analytic Lorentzian 4-manifold is the special boundary of a
quaternionic Kahler 8-manifold.

First, let's recall that the future tube is the set of
complex linear 2-planes in T such that the restriction of a
hermitian form of signature ++-- is positive definite, while real
compactified Minkowski space consists of those 2-planes which are
totally null. This arrangement is totally natural in that évery local
conformal transformation of real Minkowski space corresponds to
an element of SU(2,2). But this makes CM+ into the Riemannian
symmetric space SU(2,2)/S(U(2)xU(2)); the Riemannian metric is
precisely the one corresponding to the norm

I 1%: Hom (P,Pl) » R
defined by

HAH2:= - tr A*A,
where the 2-plane P€T is positive definite with respect to the
twistor inner product, and we remember tha£ the tangent space of

GZ(T) at P is precisely Hom (P,T/P). Thus , any local confomal

transformation of M extends to CM+ as a Riemannian isometry.
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Now U(2,2)/0(2)xU(2) isn't just any old symmetric space; it
is a quaternionic Kahler manifold |1],[2]. This means that the
holonomy group is a subgroup of sp(k)xsp(l)/zz; i.e parallel
transport around any loop induces a linear transformation that
amounts to left multiplication by a quaternionic matrix followed
by right multiplicatioﬁ by a quaternionic scalar--which is
somewhat weaker than being quaternionic linear precisely because
the quaternions aren't commutative. Manifolds satisfying this
condition are always Einstein; the scalar curvature is -1,

(CM+ also happens to be a Kahler manifold--its holonomy is
contained in SU(4). This will not concern us here; suffice
it to say that this property is not generally a consequence of
being quaternionic Kahler.)

One of the most compelling properties of quaternionic
Kahler manifolds is the fact that they have twistor spaces
|1]; these arise as sphere bundles over them and generalize
the Hopf map CP,y.q HPk, the quaternionic projective spaces being
the quintessential examples of quaternionic Kahler manifolds when
equipped with metrics analogous to the Fubini~-study metric on

CPm.

The punch-line is that the twistor space of cut is ambi-

twistor space! More precisely, it is

at = {(|z], W] e PTXPT* |z W=0,2Z>0,W*Ww>0},

——

which fibres non-holomorphically over cemt by (lz ], W) » span {z,wW}.
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("Complex conjugation" here is, as usual, via the ++--hermitian
inner product on T.) Geometrically, A't is the set of null lines
avoiding the closure of cM™ U cm™.

Now the above picture has an immediate generalization. Suppose
that M is any real-analytic Lorentzian 4-manifold with civilized
complexification ﬁ; let ﬁ be the ambitwistor space of’ﬁ. Complex
conjugation'ﬁ +'ﬁ induces an anti-holomorphic involution c:'ﬁ +Jﬁ
whose fixed-point set is the real 5-fold N of Lorentzian null
geodesics in M. For each xéﬁ, the sky Qxég is a copy of Plel, and
contains a 3-parameter family of Pl's near the diagonal. As x varies,
this sweeps out a 7-complex-parameter family of curves. But this
family is notvcomplete; it consists of Pl's with normal bundle
20(1)+0+#(2), which has ul = 0, dim H® = 8. Hence the complete
analytic family generated by these curves has dimension 8. I claim
that the generic element of this complete family is transverse
to the contact form of‘ﬁ aﬂg has normal bundle 4{¥(1); for in the
flat case the family consists of sections of ACP3XP3* by quadrics

P xPlcP3xP3* in general position, from which the assertion follows

1
by stability arguments. Let & be the family of these generic

curves in N, and let ng be the real 8-manifold of curves fixed by
6. The subset of curves avoiding the fixed-point set N will ébnsist
of two connected components x* and X", which are the analogues of
cM™ and ¢cM”. A converse of Salamon's twistor construction then

builds quaternionic Kahler metrics on xt by utilizing the contact

~
form of N.
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Wwhat is not completely clear is the role to be played by X+
in the study of curved space-time. One application might be an

approximate notion of positive frequency; for although x* is not
generally a complex manifold, there is (via Penrose transforms
M ~~~r N~~~ x7) nonetheless a well-defined notion of analytic
continuation to x". There may also be a place for Q in the theory
of formal neighbourhoods of N, since in the flat case'Q is
constructed from P3X?3*.

The present construction. is not,‘it would seem, a creature

of only one dimension and signature, but rather has kindred in every

swamp and hidey-hole. Details will appear elsewhere.
Claude LeBrun
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A Note on Background-Coupled Massless Fields: Formal Neighborhoods,

a Contour Integral, and the Fierz-Pauli and Buchdahl Conditions

Recall that if an anti-self-dual electromagnetic field is described by
a Ward line bundle &£ over a region U in PT, the. space of massless fields of
charge q and helicity s over the corresponding region in CM is

9., H (U, £ e 0ca-29).

It is known that, if s 0 and f is a representative twistor function in the
group on the right, the massless field is given by an integral of the form

) e ﬂ (x/ ﬁfl‘]

P
e F Ta Ve

£lexmw, o) atc.  (F)
Two questions arise:
1) Give a contour integral for s = -% -
2) How does the twistor description have anything to do with the
Fierz-Pauli conditions?
In this note, we give an answer to the first, and show that it seems
to have something to do with the second, the link being the insidious and ever-
more-pervasive theory of formal neighborhoods in twistor theory. Similar P
analyses will hold for Yang-Mills fields and the non-linear graviton. The
idea is as follows.
To evaluate the field due to an element f of H
we do the following:
1) Restrict f to the line LX in PT
2) Trivialize £ over Lx. (This amounts to choosing a gauge at xa.)

3) Use this trivialization~to regard f]L as an element of H1(Lx,0(-2—25))
X

4) Do the usual contour integral (Serre duality) on Lx = P1 to get
the field.
As we shall seg, this agrees with (*).
For s = -%, replace the above with:
1') Restrict f to the first formal neighborhood of Lx (call this FX)
2') Trivialize £ over the first formal neighborhood (F,)
3') Use this trivialization to regard fl as an element of

1(...) at xa for s> 0,

F
X
"H1(FX,O(—1))” (the quote marks are because this is unorthodox notation)
4') Do the usual integral with one 29/903A derivative.
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I will be very informal with formal neighborhoods. (See MGE's previous
TN articles and Griffiths & Harris for a rigorous treatment.) For the present
purposes, it suffices to know that a function defined on the first formal neigh-
borhood F of L is a Taylor series in a neighborhood of L in which one
sets to zero all terms of higher than first order off L That is, if
G ()= w* - Lt
then the functions are of the form

<

ﬁ(*ﬁA/) + »A ﬁ; (4740 ) -F\AO+L:MSIe()€ .

Geometry of the Bundles

We call the line bundle on CM for whlch the electromagnetlc potentlal is
a connection the em bundle; its fibre at x? the em space at x%.  The Ward bundle
L is the em bundle translated into twistor terms, and elements of the em space
at x2 are sections of the Ward bundle over LX-
To derive some formulae from this, let U = U1u U2, and the fibre coordinate
of £ over U be [j‘ The patching is

f - [2 QJCf’LQ FC-Z")

[

where e is the unit of electric charge and F is the twistor function represent-
ing the electromagnetic field.

We know there are splitting functions gj(xa, ,1) holomorphic over U

J
with
F(oxm, )= g, (5.7 - g (x,7) .

The splitting functions are unique up to

; + X (= 4 £)
3] (x,m) —> g; (x,m) + ) (
and satisfy , ,

w4 Vial 9 = 7t (e B, ). (“’f «#)

Note that the effect of (**) on (***) is a gauge transformation. The choice
of splitting is the choice of gauge at xa.

Let a section 1'j( xt) of X over L, be given. Then

- o ( - Ca<,7r)f
f, (TTac ) = f? (Tg) @c/ﬂ ~c€ (J,U‘I”) NE )

whence
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f, ez;r’ ié:j] (x., ) = 'Cl 4;(,’0 2932 (Df.ﬂ’).

The left-hand side is holomorphic over U,, the right-hand side over U,, and
poth are homogeneous of degree zero. Therefore both must be equal to some
constant, say 4, . Then

5/_/’ (1‘%) — ((‘7/ /ﬁ"l)

provides a trivialization of £ over LX and [, is the point in the em space
at X2 corresponding to the section j'j(vrA,). Note again that the freedom (**)
leads to a gauge transform, i.e.

?o — (o \-QX—F € (7((1],
. s . th .
similarly, a trivialization of the @~ power of L is

[. (Z(WA/) —7 ((oCL) 77/4')»

J
Now let

£z = 8,02 exp-een’

represent an element of H1(U,,t5q a 0(-2-2s)) (fj with respect to the bundle
coordinate [ J.). Then (1-4) amount to
L e ie1 9t ™)
am: Wk'"mk' e : {:(lxﬁﬁﬁ)Aﬂf
as promised. This is the usual formula. J

v

The Case s = =%

Let ;’j( auA,‘w;,) be a section of o over FX which we wish to trivialize,
SO
(.QJA = 6144'7\[’4: +7«Z:4
~ where we keep no terms of order ’ZZ or higher. Choose an arbitrary C{ﬁr.
Then ¢ !
| VM‘ = ™, Aot Lo

is a line through (@*, 17,,), infinitesimally separated from L
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L=
. a
L’7 i Y
x
(CQ]A’/'I?’A/ )
«

P
We know that, for fixed ;z"‘

4

is a complex number which is an element of the em space at ya. We may use
the connection €, on CM to move this element to xa, and we get

exp Cea,(y,’n’) =7, exp Eeﬂa(y,n“)

]

[ 4; ecp ceqynmILi-ce o Tl

This is holomorphic on FX/\Uj. To see this, expand in ?z4

. AO(AI . . L€ ’)Z/‘ o
EZJ. eLr) ce 35 (x,‘ﬂ') 4 ?—;TTUAJ‘, f’j(x,ﬂ‘)]% [ (e O qre ot @,@4 ]

-—

This is clearly holomorphic over UJ. so long as Wy# Ay . As G -7 A
however, (***) insures it is regular. Thus we may take

A

[J,[ngoée ‘jj(ilf‘r)][(-FE@ — (vA'AIjJ.(D[’ﬁ)F@'A—A/J]

and similarly for £ 9.
Then (1'-4') give

(4

l ?Z | _ leq q; =™
— ivfﬁw,t YLv+ieq % (V,M»jj-”iw)]e aw

ATe 9&)/4
L

One can verify directly that this satisfies the correct field equation, and
agrees with the evaluation of the field by potentials as in Eastwood, Penrose &
Wells.

. : ' 4(
-[IJ- @cp Ceq; (x W)][ | + e % (Yo, jj(:z,/rr)f Q‘F/M,))u
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Discussion

The motivation for the form of this construction was to reduce the problem
to something we know how to solve: evaluation of s = -% fields when no electro-
magnetic field is present, i.e. when £ is trivial. Trivializing £ over FX
gives us enough of the usual structure to do this: we need one 2rw*
derivative, which points off LX; we can compute it in Fx'

£ does not trivialize to second order off L, This seems to be a
reflection of the Fierz-Pauli conditions, as it is what prevents one from
finding s = -1 massless charged fields.

In the gravitational case, one can trivialize the curved twistor space
to second order off the line in question, in the following sense. There is
a formal-neighborhood biholomorphism between the second formal neighborhood

-of a line in curved twistor space and that of a line in flat twistor space.
One can then get formulae for s = -% (one 9/0w )and s = -1 (two /9@ 's)
fields. The obstruction to trivialization to third order would seem to be the
Buchdahl conditions..

Roughly speaking, the order to which one can trivialize comes about in
the following way. The line bundle is given by a cohomology element with
coefficients in 0, and the non-linear graviton by one with coefficients in
® . In order to "detect" the line -bundle or the deformation near a line,
one must be able to take enough 2/ derivatives of 0 or @ to construct

the field
Yac °C YWazco
a

at x”: two for 0, three for @ .
That this seems to fit in, in at least a general sense, with the pattern
of extensions to formal neighborhoods in other twistor and related work is

remarkable but not wholly understood (by me).
- Ao{w He{]ﬂerh
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The Structure and Evolution of
Fly[jEEF'SIJF'fERCIE Twistor Spaces .

Iin the last Twistor NMewsletter (TR 19) I promised that I
would show how the ideas for deforming ambitwistor space led to a
description of the structure and evolution of hypersurface twistor
Epaces that generalize from the linearized theory, as discussed in
that article, to curved space.

Recap. of article in 'TH19:

Infinitesimal deformations of 4, ambitwistor space, are
represented by HV (A, TA , TA representing the sheaf of sections of
the tangent bundle of A. Those that lead to M with linearized
metric and no torsion are obtained from h ¢ HY(A,0¢(1,1)) by taking
the hamiltonian vector field of h, X _, w.r.t. the standard
gymplectic structure on A, dZ dW, to obtain an element of
H1 (A, TA) . The deformations that give rise to a space—time M whose
conformal metric is conformal to one satisfying the linearized
field equations are obtained from hamiltonians h of the form:

h o= z“"aﬁaq,aw[ + W 1""‘ag/'e,zf1 (%)
o - ' . A7 ~f” o

; = Ag + Xg where X = Z Laﬂa/aw = 90 D/DW s T's and
w'es are the uwusual spinorial twistor” cmoédlnate& and the MY~"
denotes the corresponding dual twistor guantities. ¥is similarly
detinead. q = g(W) and g = g(Z), and g{(Z) is pulled back to 4
from FT and is the element of HY(FT,0(2)) corresponding to the
A.65.D. part of the linearized field, similarly for gy . I is
the infinity twistor. , *f

‘ A point not mentioned is that the information of the’
(infinitesimally) deformed conformal factor is contained in  the

formss

' 51 = £, 1 , where 1 = z%1_ dzf

Xh ®A
P o o f

and 31 = iX 1, where 1 w 77 dW

h ~ #
These forms have the status of cohomblogy classes in
HT (A,01). The condition that h is of the form %, is that the

first of these forms vanish moduleo dW, and the second modulo dZ.
Unfortunately this condition cannot be implemented For finite
deformations as we will no longer know owr dZ's from our diW's

It is interesting to note, however, that this implies that
the form 1 survives to first order modulo dW, and 1 modulo dZ, so

that 1 and 1 are well defined as Fforms modulo dW  and dZ
respectively on A deformed to first order.

Furthermore, when g\N) varlgheq, then 1 is preserved to all
orders, and becomes the form x Lsand the form 1 survives to

all orders modulo dZ and when one @akeg its exterior derivative
and convert it from a d—form to a bivector using the symplectic
structuwre on A, it becomes the poisson bivector on the fibres of
the nonlipear graviton: '

BABW  BSBW, .

Fear qeneral vacuum space—times we will have to resort to
hypersurface twistors in order to be  able to distinguish ow diI's
from owr d " s.
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Hypersurface twistors in linearized theory:

I shall use the preceding ideas to derive a formula for the
evolution of hypersurface twistors in linearized theory where the
hypersuwfaces are flat. the formula generalizes in sactly the
same form to non flat hypersurfaces, but the proof is somewhat
more lengthy {(although more rigorous and useful).

So foliate M with surfaces of constant time t, and consider
the hypersurface twistor spaces infinitesimally deformed by a
linearized gravitational field whose A.5.D. and 8.D. parts are
given by the cohomology classes g and g as above.

When the hypersurface is flat, the hypersurface twistor space
at time t, PTt, is the space of null geodesics lying in the
hypersurface. 80 for each t, PFT,_ is a subset of A, and is a
section of the fibration 4 - FT. "This section can be described
eagsily by use of the conjugation *"* on # which takes a null
geodesic n to the null geodesic n" reflected in the hypersurface
Under such a reflection a twistor 2 turns into a dual twistor
W = Z" and two conjugations give the (~D)xidentity. Clearly ‘the
null geodesics in the hypersurface, ie the hypersurface twistors,
are left invariant by this conjugation. So the section of 4 - PT
is given by ambitwistors (Z,W) = (Z,Z"). Note that this section
and conjugation are time dependant.

To find the infinitesimal deformation of Fv,_, we can restrict
the deforming vector field, X_, to the section, Alwzzn, and push
it down to PT. This gives an element of HV(FT,TFM £6r each t,
corresponding to the infinitesimal deformation of each PTt due to
the linearized field. ,

Differentiating this family with respect to t vyields the
evolution at each t, €(T), which is an element of HV(FT,TF'T for
each t. Using the above ideas we obtain the formula:

o —

[ “andy ]ﬁa]lcw - 20157

_ o raxEg 3
zviazy  ~ [awa Jl[w = 7"187

”

£(t) =

I (2 y
L bW,
A4

In this formula, we have taken a hamiltonian h* on 4 where,
h* ¢ HU(A,0(2,0)) is given by: h* = (z“Iaﬂa/awﬁ>ﬂ§ = XEQ

Then we take the hamiltonian vector field, Xh”’
to W = 2", and then push down to FT.

Remarks: 1. The evolution of the C-str. is caused by the 8.D.
part of the field, ie the googly part, and if this vanishes, the
C-str doesnt evolve and all the pr are the same and are a
linearized nonlinear graviton. i

restrict it

2. The form of the hamiltonian h” is that of the self-dual
part of h above in (%) except in that h” is the derivative of h
along the integral curves of the vector field Xy din Fact h” = Xh.

The X derivative corresponds to the time derivative of h.

. I' have been a little sloppy about the identitication of
the FT "s at different times, this is, however, correct up to
infinitesimal ambiguities which are inessential here as they do
not  aftfect the cohomology class of £ (4). In the Ffull nonlinear
theory it is however important, and we shall reguire not just a
cohomology olass but also a fixed Dolbeault representative since
the identification between the Pft's at different times is fixed.
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e - 5 L -urved hypersurface twistor Spaces:
Gtructures QN EHEVE _sp o o
~ 7o test to see whether the formula above works 1n +u}1
relativity we need a little more structure than 1s

apparent. The conjugation is relativ§1y,
bove, ie reflection

general

immediately . ‘
straightforward being precisely the same as &

of the null geodesic in the hypersurface. It is not, .ﬁ?wevez’
antiholomorphic in general in the sense that f (W) restrlapedt ?
W= " will rnow be a function of both Z and W ra@her than gqs )
as it would be above. In fact it is not antiholomorphic tor
extrinsically curved hypersurfaces inh flat space, but ”EVEFFh91?5?
the derivation above can be performed, at least for special
Dolbeault representatives for h™. Further we know thét for the
v full theory we will require fixed representatives for g(t).

i . Consider the complexification of a real Lmrentzlan space-
time M, €M, foliated by hypersurfaceg of constant time, E,.where
i t has been chosen such that: (v £) (v3t) = 2, 80 that la = Vat is
the timelike normal of length Vi .

The space of scaled complex null geodesics @N CAan pe
identified with the direct sum of the primed and unprimed cospin
bundles restricted to CH_, the complexified hypergurfacg aﬁ time
~ t. The real slice is thé hypersurface twistor C.H. maﬁ1fmid, N,
\ . which is similarly identified with the primed cospin bundle
restricted to the hypersurface H, . ,

One can pull back all the spinor and tensor bundles to EH&N.
“gince the spin bundle is pulled back to itself it has & canon1ca;

section, .. which at a point n ¢ N or CN takes on the value-o+
the spinor aligned along the null geodesic N and the phase qf zﬁ,
corresponds to that of n. Denote the canonical Sectlgn D+' F =)
unprimed spin bundle by w,. This can, of cOWSE, be‘ldent1¥%ed
with . on N since we are working on a Lorentzian manifold. Using
the cohnection on M we can extend the ordinary de Rham operator,
d, to act on indexed quantities. This wi&&,also be denoted by d.

Denote the solder form by du® = dx and define the spinor
valued vector field d/%z,. by:
. d”BB” = 0 a/,"A y 3 Al 4 B/bE JdW. = O,
: LA,J P =0, ,dLQ,JdLB, —bEB~ y an “A" ] =
Similarly v_ is defined by: v adx” = 3b, vaszA. = 0= VaJdNQ'
The tdistor distributiofi is then®defined an the spin  bundle
by D = T Vppe 1 3/BE, L3, and the C.R. structure on N is given by

the intersection of this with the tangent pundle of N. ‘
We then have the following twistorial structures canonically
defined on A and N3

Euler vector field: Y = zA,B/BEﬁ.' = ZQB/BZ“"
Symplectic potential: B = zA.wAdx AT = Zazwa'
Symplectic form: & = df = dZ Adwa'
"Infinity" formss: 1= zgﬁdzg. = zalaﬁdzﬁ'
v= az? ae,. = 1,42 a2’

The entries on the right are the correapoﬁéing objects on
flat twistor space. We also have the comple conjugates of the
forms 1 and T and the vector field Y. . I

We can also construct an analog of the vector field X
by detining it so that: X 4 @ = 1.

above
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The forms 1 and « contain the information of the conformal
factor and are analogous to Dolbeault representatives for the §.D.
part of the Weyl curvature. This analogy can only be made precise
in linearized theory, where:

A B*_C° &
z dLA, + raE‘C”z = dx

aBr L is the 5.D. part of the variation of the connection.
If the "linearized +ield satisfies the field equations then
descends to A and defines a Dolbeault form in the equivalence
class defined by the evolution hamiltonian h* discussed above.

In the full theory 1 and v have various nice properties

1=

cconnected with the field equations. In A.5.D. spacetimes they play

well known important reles, as mentioned above and in Lorentz real
space-times, di1 restricted to the complex conjugate twistor
distribution, D, vanishes iff & y the trace free Ricci tensor,
vanishes. Unfortunately since B is not integrable in the $ull
theory it is not entirely clear what this means. Furthermore it
can  be seen that it bears a close relationship to the structures
Claude LeBrun introduces in order to have a condition +for %,b = 0
on A. This is not straightforward but I shall not go into i€ here.
The conjugation *"* is given by: '
(m,zg,,wﬁ) -4 (H,TQ,BwB,TQ zE,).

When combined with the lorentzian conjugation this vields
the standard euclidean conjugation *~" as defined below.

Evolution in the full theory:

We now have nearly all the ingredients regquired to check to
see  if the formula derived in linearized theory will generalize.
That is: the conjugation, the eveolution hamiltonian h" given by 1,
the symplectic structuwre @. There is however an extra subtlety.
The symplectic structure used in the derivation above was that on
TX W%, this is essentially because h” has homogeneity degree (0,2)
and  so0 can only be represented as a function on WKW%|7_W - not
on the 0«(1,1) bundle over A which is a factor spacé and  one
cannot take the hamiltonian vector field of a section of a line
bundle. All we have here is the reduced one on the 0(1,1) bundle
over A, This introduces extra complications and we must use a
Foisson bivector produced by analogy from:

b/oz% /oW, = o/80” 3k, 4 asam . 880"
a/d7, . can be modelled by &/8z .. and B/BwH by
A A" . Ak~ K
8/dw = g m e Ew Ehvo
SRCTESF T Vaar T G eTa VeR- . A
Where = ., is the euclidean conjugate of =,_,, = = T . &

A further irritation is that using & form as ﬁamiltgniaﬁ to
pbtain a form valued vector field is not in general a well defined
procedure.  However, in this situation we are ok, since it is well
defined in the presence of a compley structure if one ig only
interested in taking an antiholomorphic form  and aobtaining an
antiholomorphic form valued holomorphic vector field.

We haves - . - e
2oy = LY + AL € }*H dﬁvL D + & 2P dﬁvLU
AN TATRTCTD D"(A""R O " ATBCDT -

And when restricted to a hypersurface:
- o : . : . N S U &1
RAEE o= {2 o Ao .E8 o LB el R I s =3V o
U5 = Eamep * 3Beof By 5B (40 Epe E/x00 (gp) Eppted




Usirng the fact that: dEHA BT o TA ATH Hd”HAB
L AR A R =12 T, Y A R =
Where: dx i gy el » Sapcp © Yemcp C.%Armcor' ol D
and:  BGoo = G_ T, G, = G TeTH
ands= "o ab ! (AR) cB* (A E)

With all the above ingredients the over eager student can
find: ©(t) = r%: ATR- C'D'EA zB dtC C"Cé/b*D,

Whereas lie dragging the %_ operator on N along the null
geodesic spray yields the actual éevolution as:

by m e A° BT _CT L EET . . .

B0 = e tarpegrpe® T O Tp.Ep/RE,.

It can be seen that, as Dolbeault representatives, the two
expressions above for £ differ in that the expression calculated
from the formula depends on =2, which can be calculated from
initial data on the hypersurface, whereas the actual evolution
depends on . If we demand that the two expressions are equal
then wa must put: SATBTC DT iA'E'C'D" A a

However, this then forces: @AB(A'E'j C,T Dy = 0.

These are precisely the Einstein evolution equations.

S0 if we are presented with a hypersurface ambitwistor space
with its twistorial structures and conjugation corresponding to a
hypersurface with initial data satisfying the constraint
equations, then with purely twistorial manipulations we can
evolve the twistor structuwes such that the Einstein eguations
are satisfied. Note that dilz = O tells us how to propagate 1. If
the constraints are not catisfied we will not be able to
propagate 1 consistently.

Remarks:

The above calculations do not rely on analyticity, and can
be performed when the complexifications do not exist.

There are several features in the above calculations - that
are not entirely satisfactory, the use of the non antiholomorphic
conjugation *"", the obscure status of the forms 1 andT, and the
need to use the symplectic structure on THT*| = 0 It appears,
however , that when one comes to consider fifite evolutions the
conjugation "7 will not play such a prominent role.

Two generalizations seem particularly desirable, firstly to
finite evolutions, and secondly to fields with souwrces, ie
electrovac. Only then will hypersurface twistors become a useful
technique for studying G.R.. There are some indications that the
first of these will be somewhat more elegant, however the work on
this is far from complete.

I would like to thank my supervisor N.M.J. Woodhouse for
his continuous attention, valuable criticism and comments.
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