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A BRIEF OUTLINE OF TWISTORS AND MULTIPOLE MOMENTS

$

It has been known for some time how to construct charge and angular

momentum twistor integrals for the sources of massless gpin 1 and 2 fiolép.

It 1a'intarestinq.to'a6k if thevre is a simlilar formulation for the

multipole moments. In fact, there is one for stationary massless spin l}‘
fields on Minkowski space. It may be possible to extend this t6 nons

stationary flields and asymptotically flat space times.

Foi simplicity we deal only with a spin 2 field "'maco" A field is
stationary if there is a timelike, constant vector t® with tata = 1 and

t V‘ Vapep = O It follows from the work of Geroch and Bramson (1,3]
that multipoles may be described by a set of symmetric spinor fields
A' LN 'A.

w 1 2? on Minkowski space whic¢h satisfy

EE IJ. A'a'anA'n ’ L' (A' A'oan ‘A. ) '
oowl MalZagn-ne W2l W (1)
The mass m is %-1w. These are related to the (essentially 3-d1ménuional)

trace~£free, uymmetric'multipéle tangors by

‘ A‘ A A' ..QA' :
B_cos .
1 an é-;. T 1 fs00 t W 1 2n ° . (2)
Q B A' ' {
2 Ol 2n
10 . o& a K .
'l‘hey also have t, Q" = 0. The @ ° are complex quantities and
1 N

contain information about both the electric and magnetic momaents. "

LIPS (L' Aj.eedy )
From (1) w gatisfies the twistor equation VL" w ®» 0

~ and so may be used to construct a 2n index symmetric twistor

. By virtue ofb(l)‘these satisfy the algebraic

. constraints ' ’ ' S o =



2,

" 34(2n ~ 2)¢ ¢ (3)

.
o ¢t
8 &> ' .
0o O

| ’ ¢ \ a ’ a
" -In particular, for n = 1 we see ?J il | -ﬂgr\ . The momentum n. is mt .,

We shall give a construction for a set of twistors satisfyinq (3).

They are obtained by constructing iteratively a sequence of spin 1

]

fields and looking at the corresponding charge integrals, It is a

generalisation of the method usad by Penrose [5] for the angular momentum

twistor. We first construct the higher spin fields

] .
J =t VA - N ) 0> .2 ,
(n) Alcntﬂzn A Al Az (n l) A3aooA2n 1. . '
. ‘ - {4)
2)¥ascp ™ Yasep * '
Alo o,qun ‘A Alo o‘Azn) .
Then, for a solution of the twistor eqqation VA'l o -30.]
(n) . ﬂ“‘l A PR ¥ |
' - 4w L 1 2n o
bpp -3 o (n+1) ¥an Al...AZn? nl ‘5?

.ia a spin 1 field. We lat fntwa) be the twistor function corresponding

A6 Avo.D
L]

€0 1y Va,,.x A4 A by the symmetric twistor corresponding to a

The twistor charge integrals for (5) are [6]

G, ool n-1 Beveolh :
120 2n Sl o1 1 o \
-0 )=y ) ﬁﬁ"'wa F N £y (WA, (6)
2n .
The maps ¢ define twistors Q . dual to the Aa...d by
' G, oealt
a=Q, ., A M. ' | | | oy
1'.. zn . “
Al‘. cAzn

There are (Btfn)'independaht solutions for o . , 80 we will obtain
this number of conserved (complex) quantities. However, this reduces . to

2(n? + 2n + 2) real quantities for stationary fields [cf. 6J.

It follows from (4) that




' @wf _ o
Ear = 4 S | (8)

for an arbitrary twistor R,. Hence from (6) and (B) the Qu .6 aatisfy

(3). Hence they are multipole twistors. Q B is just ‘the. usual angular

momentum twistor [5].

On integrating by parts (n -« 1) times

m >y |yttt 2 gy (9)
PN 4n% (n+1) 3 R S )
_ . (Ty)
: : TRV
It ie possible to put thid in a rather nice form. We set
! Bi .
‘ (o) mt& ‘
ap al A'B! ' : H
nt. 2in
B
and let 898 be the simple skew twistor defining the complex centre of
a 2 ,A A'n! n
mags p = E»t B'" with normalisation 8 = 2. By making the choice
R=Q W where ’ - |y
) I\S/ | ?’Q ‘ Gt R T3
cCan Yy L 0™ ey n-l W : Y 2 T a'W, (11)
. ., an? (n+1) ! o
. ‘d’
It is paséible to rewrite'(ﬁ) as an integral on cuts of 5 for
A"toA' . '
wt 2“. This agrees with the work of Bramson [1] for n = 1,2, The
integrands contain wlo,wao,wol. .+ s Buccessively which are intuitively
‘ A anA
1

the pleces containing the relevant multipole information., The w zf

are naturally defined on the space H of shear free cuts of st for Minkowski
space. H is just a copy of Minkowski space and has the usual twistor
space T associated with it. The multipole twistors may be considered to

be elements of T". By working in H it is possible to show (1) directly [2]

It i8 possible to put a Lie algebra structure on the space J of
, : 1 ‘ :
symmetric twistors R. This turns out to be the Lie algebra of S0(5,C)
and is semi-simple. Hence there is a natural way of raising and lowering

the ‘indices of the multipole twistors by using the non-singular Killing




4.

form as metric,

As an example we look at linearised Kerr type solutions [6]. We
- 3 .
i — 1}
take fz(wu) u (Xﬁ) with A‘ = ﬁj « A is symmetric with inverse

B . Wa set A » (det ﬁ )g and then Q @ —w—mp , On using (6) we find

i i Bip 0
S -1
' * 1 {2n) !
0 m Yy (=) ) o) (12)
dl"’GZn 6 n! (Qlaz... azn_lazn)

Using this formula the elactric and magnetic parts for linearised Kery

agree with the results of Hansen [4].

The very natural algebrasic structure of twistor multipoles suggests
that these should be regarded sz the more basic objects. The expression
(9 cantaina'no explicit refevence to tha atationarity condition and 80
perhaps should b= ué@ﬂ in tho non-stationary cage However this may lead
to contour problems. The sr inox version can be directly extended to
asymptotically flat station.ry space times [1]. 'The problem of how to
extend the definiticas to ganeval ssymptotically flaﬁ sp&ce times is

8till opan.
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¥~ Space = A New Approach.
This note 1s intended ap a sequel to the article "Local Metric Properties of
Y -space™ by Richard Hansen inTH! end sets out new expressions for the metric and
curva‘t.ure tengors of ¥ -space which do not involve the use of integrals. :
As in the previous article, we start with the hybrid object Z oW, 'S’f) in X-spa.ce

satisfying the equation 52 Z. = ¢ Ea. ) - )

For fixed ¥ and S , Zamay be regarded as & vector fleld in W -#pace and we define
i g

three other vector fields as §%a % Za and %% Zo. at the same values of ¥ and %.

Thestare found from the integrel form of the metric in Hansen's article to have the

normalisations gog o zxz =2 ¥z, = 32§20 =42V Y24 = O,
242, » =¥ F 20 = |,
Introducing the quantity F vy 32" % 2o = —2 F,
we obserge ‘3% 55&& 2 0= -3,
3528 ¥¥2a m —2€ = —2(1-F 41 §°F),
go that the following four vestors form a null tetrgd with the usual normalisation.

La = Za Mo = ~4 D32 m3$£¢+§z

M B j'é.ﬁ, N 2. gz{ ‘%.,, + ,
The met‘;ic is then simpl? " z D ¥2a §§E‘~

Job = Lo Np 4+ Ly Mo = Mafy — Mo My

zzz(mgg%&;“?;ﬁ%cwé g)+2®£(a)‘2L)
2 TELEL F Z'E’éﬁaﬁz& . _ "—-‘(Z.)

N The circularity in the definition of ‘3 may be avolded by expanding the vector
%1}“ 89 %1ZA = A‘ %a, 4 /\;; %%"& ‘ﬁ’ [\3%’ Zia. + Aq. Xi %a. ) ‘
g0 that the A, may be found elgebreically, end observing that A, = 2 F.

The covariant, derivative Z,. b may be found by observing that it satisfies the
following equation, obtained from (1),

" 2ash = & Zagp + 6" Za Byt
We find a particular intsgml of thia,
Pogh = ol BaBp T 20 B Y2y + ¥ §a ¥ 24,

with
§=2% 3
p=-kbY
' %3 ' ..
- L ¥y -LY¥o
The general solution is obtained by adding the complementary function Xcab Ze to

this, and the demand that the covarient derivative of the metric vanish leeds to
the requirement that ¥ al be zerc, ‘

The Riemann tensor may be oalculated from the second derivative of Z,\ using the

defini '
efinition za,) [bey = g, R. abe Zo
and % >5 and M applied to thigs,

It 18 seen to haye



It is seen to have vaniahing traces and be left flat, and may be expressed in

terms of its components, ’\k, Rabed LM M® L© ﬁd'. eto. as ¢° = 7% Y,gx_
from which the other componants are determined by '

’5("{,’0 = 4—{‘)'!
P, = 3G, + &,
¢, = 2§, +26 ¢,
5¢3 = (Fu “*36“’(1‘7:
5(4’”\. = LG-& EFa .
A natural choice of coordinates in )} ~space is
- '
g=-72
= J§r+ &
y= T2

for some fixed values of % and 3. The metric then takes the "already linearised"

forn - Qup, 43" A3t = 2dpdx + 2dqdy + 2Fdg —2.0dpdg + 2(€—t>»q>
It 18 then found that

2 =(¥*2) x|
(ng) ] “( éml'z)x
Q(ﬂ-‘” = (’5’“5:) Moy

so that there exiats a function @G’,‘L, ,3) with
1
33

o B = T2, Oy -i3¥2
Gus = —20,x
Tpa = 2 Ohxy
e = ~2 Oy

The metric is now in Plebanski's second form for the W ~gpace metric, and the
remaining equation whioh he requires to satisfy 1s for us an identity:

@Xx @&M “(@xg)l"’ @xk 4 @«31, = 0.

The work described here is due to M.Ko, E.T,Newman and K.P.Tod and further
details may be found in "X -space - A New Approach" in the proceedings of SOASST at
Cincinatti, June 1976, to be published by Plenum Press.
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