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The Grgin-Maslov index.

In compavctified Minkowski space, a global solution of the wave equation
Bu = 0 must be discontintous scross § by a facktor of ~1. (see [1] snd refer-
ences oi‘bed there), For gome time, ﬁhis; discontinuity hee been jokingly referred
to as the "Grgin-faslov index”j my purpose here is to spoil the joke by explaine
ing it,

In the high frequency limit, thé waYe sguation im molved looally by wu =
Aexp(-13/t) where + is small end, if K° = V28,

Ke’Ka a0 (1) and K’*VaAf%A‘V&xﬁm o (2)

It follows from (1) +that

]

K*V K, = k(Y K - V) =0 (3)
end thus that XK is tangent to a rotation free null geodelic scongruence .

In general, Y' will have caustic singularities where A becomes infinite.
However, it is still possible to make senss of the soluticn even at these singu~
lar points by reinterpreting w as a distribution dual to the space of osoillae~
tory test functions of the form f = P exp(ioc/4) (¢ and o are emooth and
real and ¢ hes compaot gupport)e Away from the oaustios, u(f) is defined
by an integral |



9

u(f) « (2w4)? 'gﬁﬁ’axp(i{é{mﬁ}/t) ﬁ.4>§c, (4)

the asymptotic behaviour of which ap 4 -v 0 onn be found by the method of stat~
ionary phase (see [2]). The result is

4

o

w(t) = = {Ae\deW\”%exptiiw sig;nJ’] exp (’i(ﬂi-ﬁ)/ﬁﬂzm (l + 0{t)) (5)
m

where J is the Hepsian matrix V vb(m ag) and the summation is over the oriti-
oal points m of (& -3) in 2upp £ .

The critical poi,nts carrespcnd to the intergections in the sotengent bundle
of space-time of the purfaces /\S = ,(x,dﬁx)g and Ay = t(xy000 )] ond the
leading term in eq. 5 ocan be evaluated mimply by exemining the reletive orisn-
tations of As and I\M at these pointe. This geometric technique is uged

to make gense of wm{f) when u iteelf is undefined. However, if u(f) is to
be continuous as o function of £, +then the phase function 8/t must be made

to jump by #W timesthe multiplicity across any caustic € (the maltipliodty
¢f C is the number of independent Jacobi fislds which vanish on ). This dig-
continuity originates in the faotor exp(diwaignl) in eq, 5.

a)"l and 9 = %(xbxb/ paxa‘) whers
p* iz a constant aull vector. Theny not only do A and § sotisfy (1) and
(2), but also u satisfies the wave squation axactly (u igy in Tacty a Gon-

Now consider an example: put A e (pax

formally transformed plane wave)s In this case, I oconsiste of all “the xml"l lineg
intersecting the fixed null line ¢ through O in the direction of p « It is
easy to see that € is a caustic singularity of multiplicity: 2. Thus, bhinkmg
of u as a high fraquanoy approxim&“te aolu’cmn, we must introdues a discontinuity
U~ -u across O and, g w 1ig to be aﬁn@rla valued in +the 1arge9 we must tm.t
in a compensmating dicontinuity at infinity. Hence ‘che Grgin phenamemn.

More gensrally, if K is tsngent to » closed null geodetic gongruence in
an arbitrary space~tima, then we pick up 4 total phage jump of fm®  in passing
once around the congruence; here m is the Morse index of the olosed geodesios.
For higher order operators and operators involving externsl potentisle K will
not be geodevic. In these csases, the toial number of causties (counted according
to multiplicity) encountered in passing round a ecloged integral curve of XK ig
called the Maglov index‘(denot@d M), Again, by & simple extensgion of the argu~
ment describsd above, oiw obtains a totel phase jump Mg and this must be taken
into account in. constructing global solutions. '

1, D.Lerners TNL 3, 7 (1976)
2, V. Guillemin and S, Mernbérigt Geometrie Asymptotics: AMS surveys, 14 (1977),

Nicholass Woodhousa,
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Barvon Magnetic Moments

Introductory Remarks

Measurements have been made for the magnetic moments of several members
of the spin %" baryon octet.  The magnetic moments of the pvoton and

nentron in particular, are known %o great accuracy.
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Magnetic moments of &

members (in units of

ef Zmc )

In the following discusmion we shall show how, within

twistor theory, considerable information can be gained concerning the values
of these magnetic moments,  Although we are not able to predict precise '

nunerical values, we can with fair accuracy calculate the ratios of the

various maghetic moments,

Notation, Triplets of twistors will be denoted 2% , Wwith +=1,2,3,
The conjugate operators ~ Faz® 9 Will be denoted f’:”,( o
{function 5’(2’.";) we mean a cocycle representing a cohnmology class in a
suitable cohomology group, When f CZA) is specified aSVSatisfying sOme
differential equation we mean (usually) that the cocycle "weakly"VSaﬁisfies
the differential equation, i.e. the cocycle satisfies the equation module the

production of coboundary terms. We write Efj - (ﬁu‘s)wwa) for the spinor

“

parts of ZJ « We say that Zj im "restricted %o the spacetime point x%

By a twistor

the framework of

Al AR V L € . O\, A ;
it W’ AT o For any function F(ZT)  we shall write g F(2])= Flix TYA').JTMQ

for F'(Zi> restricted to the spacetime point x™ »,

that we have the identity

'tvm S F (qu = /Ox PAA' F(Z‘E{) °

‘Note, for example,

wvhere Py - T, fld 18 the momentun operator. (i%AJ: -*3/auy4>@
’ 3

Baryon States. The low=lying baryon slates can be represented in terme
of holomorphic functions {(2?1) of three twistors,
required to be in suitable eigenstates of mass, spin, baryon number, electric

charge, hypercharge, isogpin and the two

By means of a,contour’integral
twistor function a spacetime field,
formula is a certain combination of
gtructure being wnigquely determined

characteristica of the baryon state

formula we can associate with each

Incorporsted in each contour integral

Thegse functions are

S0(3)  Casimir operators.

spinors, this spinor coefficient

by the state of the baryon; thus the

are coded in a "dual" way into the spinor

v N # oL
coefficient structure. If we denote our three twistors U s D and



letting Uy , JA: and 5 denote thz respective Tl wparis of these twiators,
then the expressions for the spacetime fields associated with preton and

neutron states, for example, are as followss ,
# . 3 ,
¢ g . ) A A ! ol )
(ﬂ?ﬂ = ffu’*u e’ ][(A'i)&ﬂ A A 3;0{ uw® dg 3(&;)AT1 'y

where jf@ﬂ) and :)(Zf)ara twistor functions appropriate to a proton state
and a neutron state, respectively,

2o 'The Centre~of-Mass Twistor

An?’masSive system has asgssociated with it a complex cenlre of mass,
For svst@mﬂ of three twistors the complex centre of mass is specified by the
skew-symmetrio twistor

x"(@ = 2”7‘-’227 Z,f? MLJ .

The tensor MY iy defined to be z“' ), TF . Using the Fact that
mt Fi NlJ we easily varlfy that X PI« =7 . Fhrthermorglwe ﬁave‘
the reldtlons RKIP ¥ 20, The twistor X*F represents a cértain point
on nhe‘centre-of nass line,  The remaining points are obiained by vropagating
from that point in the direction of the momentum of the gystom,
In what follows we will require the operstor ,§Z%ﬁ formed from X“P by

standard twistor quantization (27 -» 2e) « In particular the following
result is useds

Propogition 1.  If f(Z7) is in a mass eigenstabe with eigenvalue m ,
thens

P o oeon o D o
‘ op N . .
where P ig the skew twistor representing the point P o
Proof. Firgt note that if P%e’ represents the Wepart 6f PNP with

. W &'
respect to one of ite indices then we have the relation P F= Pa PP

-
P . . ; , e
Furthermore, if 2% is restricted to the point g ,then it must be of the
LY o . - . ‘
form P UTig for some spinor triplet T@q «  Thus, we have

/7 XWPJ[(ZP{) L v Lo, M‘J ‘f@ )

= .2411-.'1. P‘(A P’!'B;OP TTA‘L ﬂB’J‘ Mkj F (Z‘f)

BY

ppe’ 48 Al
2 P /pp Tumﬂijﬁ\J}(Zi>

e *“"“’3/% M f(z4)

g

’

where M = T@.TY ﬁ4 Y ois the mass-gquared operator, ond the desived
result jmmediately follows.
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The Magnetic Moment Operator

The magnetic moment of a baryon can be calculated by taking the expectation

value of a certain component of the operator
op . ?)F"L
’m = ,)0 ELJ L—-J x Z“b’ 9

where &d is the matrix d.i.ag.( s, =y o),
The component of TP we require is the operator given by ,u = Oa Am
where O4Wp is a constant symmetric twistor satisfying O'up I?

We require the following rexzaul't'

Propogition 2, if \)(7 (z )j 8 in a mage eigemstate with eigenvalue m

thens
% A, '
S P f(z*) B p‘ﬁ /DP:{‘CZ?’> .
where /:'\n is the operator deilned by

}j\" - o Pﬁ g T AOO 6 E ,
")The,'

and Opg'is the only non-vanishing spinor part of G"afg, ¢

Proof. Ye have ¢

}?ﬂ /e f@?)

n

A7, AL
Pn j"( PO T ﬂﬂ"i.)
~
Pa E‘_ TE A' C) B 'a,“\ y (5 P‘&Aﬂ/\'i/ T‘"“t) .

a'n,‘g'

i

i

“‘[Jn ngTl r{'O"A,B' " Bfﬁ) a\g R Q’A‘Bl Q;
o " P /Paw% /%BTusz

#

p¥
“pe & o “p ?
t ezg. /o,, a_ﬁ 3

oo Ea‘j Oj‘"?fp Zf“ef( ?)?2{( ﬁ(?%)

by

o f{ezs)

where in going from the fourth line to the fifth lins we have used wf}?’rapr::si‘Lion 1.

I

The Proton=Neutron Magnetic Moment Ratic

Although we do not know from first principles what the value of Jo Llg,
we note that in a ratio such as

Pfm = <f’p‘FZ/églP\g> )

where if? is a proton state and!9? is a neutron stute, the value of M cancels
out. Thus, we can calculate ;Ue/pw exactly,

If | §) corresponds to a particular proton state, then /i?]{’ 7 corresponds

to a superposition of that proton state with a certain A decuplet state 1717%?;

e



i.6, we have p({;’ = f)o“'vf? +poF!{*,>(wi"z,h e =1 and {EF[L*> 1)
for some values of the coefficients « and B Inasmuch as {{ \p*;) = O
(since [£P and | [¥> have distinct quantum numbers) we have <Ffﬁ;(F;> o P
Similarly, for the neutron, we obtain (|47 = pox’[g5 + pop’ 1q*> )
where (‘3*>’is a certain A® decuplet state, and where « and @’ are distinct
from « and p . The ratio Nﬂﬂhn accordingly, 1s given by the number “ytg’,
The numbers s Py o' and p'oan all be readily caleulated., To see this

we obwserve that 4
§ (o8 D pfetyan = §Lfn (D g Lt am

which follows from Proposition 2, integration by parts and making use of the
fact that we lg symmetric, (Thus fj and /Oﬂ are adjoint with respect
to the inner product operation which the contour integral defines between the
twistor function and the spinor coefficients,) If we now take jT<Z“:>
to be in a definite eigenstate then there will be a.unique spinor coefficient
gtructure {11;; for which the contour integral ig nonwvéhishing* In thig
sense {H;} can also be considered to be in an eigenstate, 1f for example,

| fE&%) > represents a proton state and {Tif isthe coefficient structure
appropriate to that proton state, then § imip f @,’f) FaYal gvaes the
"proton component' of the superpositiou of states represented by ip?\F@?9)> ¢
Using the relation above we have that:

Sl pfE)an = §fpamal e an .

S . e
Nowy, PMPu [T§f§ = o [n¥§ + ji where o ig a number and >  denoles
the sum of the spinor coefficient structures associsted with states digtinet

from the original proton state, Thus we may write

Ll g fe)an = «§lm} f(z¢) an

This gives ug 2 general method for caleulating the various vumerical
coefficients «, o B, ﬁ' 81, If we apply the procedure outlined sbove to &
state if;> representing & proton in a spin { ¥ ,% /", ) state and a atate [377
representing & spin (2, '4 ) neutron and where ;3 is taken am the ‘27
component of magnetic moment then we obtain for the raiie F@@Ml the value “g .
This result is in wreasonably close agreement with the dats in the table in
section 1,

~In & forthcoming article we shall give the details of the csloulation
desceribed above, and discuss & number of related matters,

L.P.Hughston'&'M,Sheﬁpard



An Example of an Hespace L 7;
" Y witsh to describe an’ exampla of an }{-spscs dus chiefly to Sparling.

The good=cut squetion [17] is ’5 ? = (R %, £) and was solved by.

Sparling wheno’ has the form »W(%)(w“&“&) wd e c,
where { . is & quartic polynemial in "S Bo that o ° 1 purelyf.az apherieal
harmonics.Th ¢ sisplest case (leading to & type ¥ M~space)is vhen { has
the form of a fourth power and wlog we can take it to be ome, A solution can
also be found when ? is a perfect square (typs D) or simply when £ has a -
repeated root. ; '

To solve & 2= A4 33) vz « (1} we make the eansatz 2 e %;ﬂd' AsT o (2)
vhere 4« & ,2% G = g‘%@a" £ = (n‘%i)"‘(\s s, 5 '""?i) s e Cw XY, v),
Then the solution depends on the four paramatara '{, and (1) serves to fiz % .
In fact , sincel, 1s null in the flat mewicm,the quantity M 4, (4 4% 4 s* 5 *)
is undetermined in (2), We fix it,end thereby §" by requiring $*to be nuil
with respect tof),, . Substituting (2) in (1) new leads to $*= (uv~x¥)"" (Y, 0, 0)

Twistor wethods can be used to find the metric of M -spece. Fivat the
diapl‘aoementdg; ie null if di0Z,  1s zero for mowe fix@dg and 118 ,[2].. .
With an cbvious notetion this mesns ’bdg ki Aﬁcis =0 (%) for all Lat f’ixede o
The left hand sidi of (3) 18 quadratic in % 5o this gives three conditions
involvingtf de*and § WThe aim is to eliminate % from these leaving & quadratic
relation betwsen the dg) swhich 1s the conformsl metric, The result its

3 dudy ~2AXAY = QA [y -n¥) (Ydv-vdY)re
To fix the conformel factor it is necassary to use Penross’s conmruc‘tiom (2]
for the contraction of two null vectors, The result for the whole metric is
= QAwdy ~AAINAY - A (v X)) (Ydv~ v AY)™ (1)

This 18 in Kerr-Schild form snd corresponds in lineer theory to a type N
elementary state,[3]. Tt is regulsr everywhere except on the light-cone of.
the origin. It is possible to displace this sﬁ.ngu}.arity to the light-—ocone
(1n the background flat-space} of the point il ,so that the }(wapac‘:e is regular
on the (background) future tubs, by the translationwer -1 & o (5.3) of W
where ’E&:i.a time-like and future-pointing. This translation mekes & @pceitive
frequency, and is an indication of how the two notions of posltive frequency
shoulé be connected, |

Finally the ansatz (2) can be vsed when ¥ ise perfect sguare to obtain
& type D elementary state for the M-space,

1:Newman GRG 7 (1976) 107
23Penvose GRG 7 (1976) 3
BsPenrose and MacGallum Phys. Rep. 6¢ (1973) 242 : V.Y \E?Gi
#H - e d the fivst ¢ te o b
ere YL“ %(ggﬂ ;\ and the first twe terma £ (4) are P’?.,%délﬁ'ﬁ '
6~y o ’
o

\
Voo 0



8.

~Plebanski~ising the Self-duel Yane-¥ille Boustions .
In » suitable gauge, the melf-dual Yanp~Mills eyuations in & right«ﬂat Bpace

can be written in terns of a multiplet of scalsr potentiale. The equatioms then
simplify and bear a stvong relsamblanqe to Plebanskits © =formulation of the general
right-flat metric, [17]. | :

The self-dual Yangamlla pntentziala p\ﬂg i aatiai‘y

o |
vﬂ(ﬂ ﬂg) \ +‘g«'ch ‘:k A 6)\3"’-"9 )

And the fields are %hen 8 3
(%?ﬁ.&' \ VG(& Q &y i QMA v Q 8 ‘e (2)
For a conmstant spinwr O itia poseible to find & gauge such thet |
of ﬂna' =0 ' ‘ {(3)
( since if QM i 18 in & general gauge, (3) requires & gauga tranafomation
with matrix 4. such that

” O Pgey ; “f %: . OQVM‘%;} 2O (4)

The integrability condition for (4) ia just (1 o)
Thus ~ fae'i? = On et | ()
Substituting ( 5) in (1) and transveet:lng with 0 gives 8 ﬁs" cO,%a'2 O AChal
J
80 Em = Sa B, 3 for sealar potentiels &, . ~ (g)
The remainder of (1) is . ﬁ‘ . . |
| 062+ 280" %0} =0 (0
which 16 Just the Yang-Mills weve~equstion . . " ' o
: . "y ae.
(970« N8 V54 65,70, =
Bquation (7) is to be compared with Pl@banﬁki'a swimd Heavenly equatiem»
DO + S0 $' B O (8
where © ig the potential, detarnﬁ.ning the right~TRat apace,, {?’] ’
Introducing Herte p@tenti&},a %a by .
A8 ¢+ 4 A
E) i = 0 9& .
. . 3
we have v Qm - v@ﬁ, éﬂﬂ ) N .09%"‘ 85‘“
‘ 4
(Pﬂ& L& - vﬂ&ﬁ A 2 gg‘%ﬁ‘ Qi,

80 that the fields have a simple expremsion in terms of thé_ goalay pﬁtenmale{
The anelogues of thesme equations are the sxpressions for metric, econnection
and eurvature of a right-flat space, [2]
ad ) & )
W - POt LaSe O ; M ane = Toe W' = OFSa%e 620
~ -
Yanew = Um'fﬂﬁﬂ‘&“-’ = aw e Be %"ﬁ’@

s L
'I‘he analogy goes’further in the *514(& ,&) eass when we cén identtify @‘ with
%a% k: ( 4in Plebanski's coordinates this mesns O° (‘9@‘3 Qmm’) )
sinso (8) gives M ~ Oy
' A g . , .3 g
0% @+ 2676850 %" D=0 »
whigh 38 just (7). K.V . Tod

,
§

f1] Jo F. Plebanski J, Math, Phys. 16 (1975) 2395.°

a

¥o, Ludvigser, Newman and Tod 'THe Theory of J—{-space’ Pittsburgh preprint

Fom 3
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12” A Z=TVISTOR FUNCTION FOR THE BLECTROMAGNITIC DIPOL
We can write the field due to an electromagnetic dipole in ihe

foriu &Ag z/a:ﬁf y ¥ VA;‘V.%Q’ (‘r‘:‘w) . (' )

Our purpose here is to show how to describe such a dipole by means of

a 2~twistor function., The following twistor prescription for the

electromagnetic potential ‘P,ml and the {ield &Ag is used;
fm’! agﬂ:‘)*f (zﬁ"'j%ﬂ - Xﬁ’é%ﬂ) D(,Z‘, ){) A‘Z,. d* X (2)

: 5% i ‘ <
e o 5 GErasE e P NEL LA, (5)

Here D(%; X) is homogeneous of degree (-2,-2) and the contour of
3 [ el ) ¥

integration in (2) and (3) is 8%3', 1t follows from (%) that

Maxwell's equations amount to ;o . .
Aa, oy d dz 4 : 2Zad® X =0 (L)
§ (2"~ XR) B B 0 00 ) 420K 2 0, (1)

The twistor functions

\ A~
7 : , ﬁ 3
ﬁ‘ /fi}( ,fza ; (mcl Vz'} ﬁ
(a} F? :(;:z;) Fﬁls f’; ; (P‘s’a; (mrp‘?/‘?r g)) is an inverse

N L
angular momentum twistor ( see TNA ) and (b) ﬁ satisfies lﬁj" o .

can be shown to satisfy (4). Now consgider the function

. 2 _fo rz¥
D.; (Z,X)Bﬁ/ﬂg( where f}"’ (b”ts 0 )

Substituting this into (2) we obtain a (oneesided) potential, which

where

[

can be written in the fTorm

£ ] c “i“'
Pt * %("ﬂs”"ﬂe)f’w’ Va 7).
This gives @Rﬂ 2V§'§7M; 0 (Q}Q}V"'%}O 4 Vgl Pup is awtoma‘;iaélly
symmetric and choosging g . 8 (.2 - 3P #
Pa " ta® e ()& 77 po

we have o A .
Duo =0 I = Z"98 Vo Uiy (+).

To obtain the ﬁﬂB part of the field, consider the twistor function

Y 4 £ ﬁ o 03, ﬁ- 0 ¥
”: e J 3 & 4 z y “

%)= where e ”g Ay and arnl

DR TR O w E's

This gives rise, vin (2), to a potential which we can write in the

. ‘ ‘. pf o/ / / rl .
tarm ¢Rﬂ’ - ;% P’m,/“& ?jﬁ " ég_;(mc - t‘.f;y ¢ ) éﬁ' p]fﬂ’ Vg:ﬁ’ (,,?7&&} '
Now (:hoosg ?:,’q e E/,q ¢ . (;{f) Pﬂz’,/’t’yvg,
'
then _éﬁ'ﬂ' = 0 ant _%”B = /“'ﬁ 7’3 Vt{ﬁ/ Véﬁ’ (?VLW)'
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We therefore have shown that the twistor function

o i | . . o
D (Z2,X) = Dy (Z,X) + Dy (%,X) will generate the dipole fields

- Tlicholss F. Fek,
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