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14.

Compton Scattering for Massless Electrouns

We ehall find twistor diagrams representing the
amplitude for the Compton scaittering process. Twistor
,diagrams‘are gauge=-invariant, because they represent the
ingoing or outcoming photons in terms of fields ¢mg
and noet in terms of a potential A . This means that there
is no way of representing the slngle Feynman &iagrgm

“ 3 '

»E\ywwnw<\\ because this is not gauge-invariant.

But we can translate the gaugeminvariant sum of the two diagrams

I, 54 ‘
-3\NS}MMW“W ke . . Only this sum is
P ' physically significaut,
55 2 ‘ anyway

‘Particle 1 is an ingoing "electron” with wave function

whose Fourier transform is ’gﬁkik,)%+(kf?

Particle 3 is an outgoing "electron” of the ﬂa@g'helieity
vhose complex. conjugaste has Fourier 4ransform “%C,Ck3}§‘ikgmﬁ

Particle 2 is an ingoing ph@ton represanted by a pct&mtla?
whose Fourier transform is ng%,ﬁk&)g*“Lk 5

This photon is not assumed to be in & helkity state, and
the potential is not assumed to be in ‘any partienlar gauge.

similarly for partele 4, the outgoing photon.

Writing down the Feymnman rules in d=spiner form, one- objains
Tor the sum:

. ety o vy
a“f;k d\l{k A‘{k o\‘ft‘(* g{‘{k c 2 w\m{\) \}/P\(Ak\)Agﬁka }'\%} (,q,;} ér\. {k)

L\{{") S’" Uc IVSTUN 70 |
y | Y

Ola-kSy " B b B
U‘:; - E%)g 2 . {le,+ kzy

Purely algehraie manipulation of the large bracket
expresslon, making use of the relations

? % T 2 o
k! “ \(rgw “"," k'§ = \:‘e{ - Q

g

L

v
- <Y
"C;.‘&Mc-’ Y c’(”k‘\} = . {<x N’ QFA U‘fs)

produces the following gange~invariant expression:



R )
5&%0\%@“&30\"’!{@%0« ¥y ke «!-:3 ST t\% (6,5 §7 Gy )%,Uc)

Vale) e ld ¥ ) Fe Pk 1%
- m‘“ﬁ“‘ ) ‘Ptﬂﬁlka) P‘}’ “‘0 ‘EF?’ 'Uc ) k' Fl}
(}{ A’k\) L\\l""“’&%j)

' ~ B e . .
where ('})é'cf (.k’.a,,\ = ky (er F\Q e u:z,) e,

Thus the amplitude splits into two gauge~invariant paris,
gecording to the two helicity parte of the photon. Helleity
of the photon is conserved in each part.

' buppoae now the incomlﬂg photon ig of defiunite helicity,
of opposite fype to the incemzng electron (so0 the :e(and
part of the amplitude vanishes)

The in- and out-states now translate into twistors as follows:
Yaln) > § AN | 5§ homogenerty aegrer (- 3)
O (LMY o fa o degees €O

) £ () K 0§y of degeee (~3)

Do M) 4 (27) bﬂb;&j s fu of degres (O)

The integral §m 2%, 4k, ey %C\cmk,,wk k) 70,98 kz)

$ Uty s U )
‘translates into X | ] .
&mwv Z o \u .

&ﬂé iinally |

\<,§ W’*?‘ 7‘;\ BL_J | |

G T = 300 W% b
[k )7 = DRy J [tz o

Hence, doing all the contractions correctly, we obtain



1§'§3wa12 PS‘LWW:»,L‘(W@("M‘*UZ> . - 1 1 LN Ve
RN VAN

- 'é‘;mwz POVRCOLe(2)

IN

f2

a2 . '(finite; gauge~invariant and
conformally invariant)

A
S

Similarly we can deal with the annihilation-creation |
channel, i.e. ;?wwﬁr -+ . and obtain

We can if we like put these results into another form
by usirng only functions of homogeneity degrees -3 or -4,
Using twistor transforms the first result gives us

(for the annihiletion.
- =creation channel)




It will be noticed that many of the lines in these diagrams 1'7
are beundary«prescriptions and not singular factors.
Amazingly, all three diagrame reduce to & single integrand:

H @ ‘F»s(w 5 %vu—(\(x h- 3'(-\’(\ 5)«,4 (2) ’DW\(X XUMY

o 8) X

\

‘ VAL X

different choices of (boundary) contours supplying the
different channel amplitudes. Moreover, this form is

the same as that derived by R.P. in Physics Keports from
a quite different point of vigw!

Unfortunately the third channel (same-helicity Gompton)
does not fit into this neat schewe. It can only be
trangated into

L ki T s (B0 R A B D WS kD

with ite two "1 lines"
meeting at a corner?

The answer iz then independent of Q,
and it also agrees with' e

X



: i 89 Cohomological wave functions

Waveutunctions in space~time are H18 in twistor space.

Just for fun, we can write down a converse relaticn:
funcﬁians in twistor sEpace are Hia in apacewtime.

In faet, we can consider the simplest passible
function of degree (~2),

gc\’\h = ( \) Whet does this carrespmd to in M

‘The only sensible int@rpretaticn is that it cerrésponds to

pix) =

* N

whert ‘%*Zj( M X" MV\_

(-

e ﬂ% Foem
(x- 1)1"”""3

L.
oase (gt D= = 0

This is an H' on {M w (p‘lane defined by U‘)‘l\.

A cohomological wave-function!

Formally, the scalar product of suah a "state" with
a dual one is o o -2
UmkQ=2mger V= (u\)

- It's harder to see what to wrike dewn for homogeneities ;a 0.

ugyestive, halfmbaked ideas: : |
(1) They are something to do with "eollapsing wave-functions?
(2) They are a bridge between the classical photen being

& twistor, and the quantam photsn being an H1 in ﬁ?ﬂ'%e
”?il (%) They form a 3~ccmplﬁx dlmaneionai basis for estates =

in a caﬁonical way - ﬂeueasary for "secand quanti atien?“

"oiv\tezal“ out ‘
ky cm. Pe:s&ten

Andrew Hodges (inoorporating remarks by R P )

V\'i&’sfﬂw e S N KR o '_-, N e e e S

'I‘BIL 2y corregtiont "'I‘wi.ﬁstor cohomology without she:wes“ 1n the ‘Line fcllow:mg
&gn (5), replace "2-sphere" by "hemisphere" snd replace the next paragx*a;:h by

1) The integral is contour independent: By lemma (1),

Y3 (W wow T oA®) w 0 o TAA(Wy, o0y Wy waB)  (6)

Algo, YJa(®kA®) = 0 = YA d(®A®), Henve the integrand in eqn (5) projects

onto & well defined form on the complex projsotive space corresponding to X"
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~ In the twistor perticle classification scheme , hadvroms are
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has. been estimated  im seme specific wodlels | end the mass
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We create a massless particle 'localized' (in some appropriate
sense) on a geodesic, and annihilate it on another geodesic.
Reversing the two geodesicsg gives a sign change (or not)
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“ Sheaf Cohomolaogy and Twistor Didgrams

First, we shall identify the cohomological features involved
in the diagrams themaelwss; following this, we will jook for
cohomological analogs to the calculations they entail,

I. The ears of twistor diagrams, . d

We first sxamine the single line ﬁ ¢ Teprasenting the
function (woﬂ)"q. This is an slement of
WORM - gw Axcl; 000}
We can generalize this somewhat, Lst ¥ be a T codimen-
sional spbvgriaty In ®F, and denote mpeay by,Xqv(ar by X if
V is k codimensional), Ws shall drop the @ in the above, for
notational convenience, and write
: e {)“ - "‘)
as the generalized single line, (KP has pointed out that to
treat all functions whose singularities areg of the sams type
as § we shail have to generalize thasse domains sbtill further, )
Next, ws consider

) B |
A = 3 A ‘“—‘l‘“’c Q‘f\ﬁ\ A *“"‘%“"“"‘*ff .

b
For the first, we use a two set covering of part of B9,
namely, ®¥-A and R®-B, to obtain an alemant of
WRT- (ang),o(=2)
which we generalize to
W (x13“23~ 5 ‘
Similarly, three lines represant an H (x3;~3), and four,
. 3 ;
an H(X,1-4),
11, The multiply map.
Let us return to the H*(ngyZ) for a momant, As a function,
it is the product of two H'(X,1~1)'s. We can formalize this
Suppose Fgﬁp(xr;«m), raepresented by CLNL?“ on uhnmﬁu@d
where fui},eovars Xr, and géHq(ngun}, represented similazly,
Now, the covers for Xr and XS together form a covaer for xgzxa,
Oriﬂ'w((Wmer)ﬂ(mW~XE)). Since the intersection of subvaristies
~of codimension r and s ig generally a subvariety of codimension
r+s (this is, sasentially a "general position" raquir@mant),‘wa

thusg have X;lxs = xr+9‘ ‘ ‘



Now take the disjoint union of th? two covers for x and

res’ On the iﬂtaraactLun of

p+q+2 ofthese sets, define a function &,

X$, and use it as & vover for X
e ‘(’*4\(}*941 ' "mq’.;,z_w L4
precisely whers n@? of the sets come from the X cover, and
q+1 from the x cover (otherwise, take 0), sultamly symmetrized
for sign, Bacauae our cover is the disjoint union of the
individual covers, tha cocyele and toboundary conditions are
satisfied trivially, and we have a map f
mul s WP (v W) & WY (Kg v MW"“(Kws s,
In a specific case, this gives a map
Wl D @ WO (3, ) o 1 (g -2),
Just as we had expectad,
ME has suggestad that thi% map can be described as follows:

He (xr;‘m\‘ﬁ \Jeq’(‘lg M“ﬁr ‘v‘ﬁ)(‘ﬂfﬂ\iﬁ cey o WY (X ) PR

= WY (5 g jomen) T WPV (4 ¥g ) W-w).
Here i% (Functiunal restriction) is the dual of the natural
injection, g is cup product, and a* is the Mayasr-vietoris
coboundary,

111, Etvaluation of the diagram

8
L
b L

This diagram represents am slement of H (X4;~4)§ We
have X = RT # X, and, from Sa8rre duality,

We(%, -a) = We (x,00% =
as required,

v, . " This sitaatian, involving two
k twistors, is somewhat more
¢ A complicated., What we are looking
b - & Far is a map

‘ 43!%,@3@ W iw%}wqy
(whare X+ isg Lhe dual of X),

The first thing we congider is: how EQML MEPs are we
looking for? A homalagv calculation shows that thare are
8ix linearly independant contours fop the diagram above; we
can sketch them as follows:

(‘)QG\’% 0£ J((aeea.e %}ﬂmj
Yne ‘%ﬁh{:“ tontoye Lor




34,

(bﬁe,couﬁeur ; , , |
4; | _ and a final one, \%lx/
v § ) | | |

this being the opnly contour with ennugh sTs to separate all
of the "ears"” aof the above diagram, In othar words, it is the
only contour which respects ths "szngaa" of the incomipg
states, Thus, we are looking for a single map of ths abova
type, '

Now, the integration procedure involves multiplying the
two HZ g together with the "bracket Factmr" to get an integrand
defined on the product space Y 2 X » X*, (WB will denote the
result of cutting a aubvariaty of codimension k out of Y by
Yk’ as usual,) The bracket factor, then, appears to be giving
us @ map ‘

bEs WECty s a) @ WK 5 -3) — oYy oy o).
We can formalize this, realizing that Lha bldeBﬁ factor
b o= (We /)k 1 ig, for k0, an slement of HE (Y1;~k&awk), whgre
=z Y &y »Z=0}, We now perform two "multiply"” operations, asu
lelawa: (Note first that X_ x X¥ = (X A RT*)ﬂ{“ﬁW&X*};

P XRF = ¥ and W X¥ o= ¥, Thug (x ;‘M‘*)U(%ﬁg x*) Vous®

5’“‘ (wawﬁ 3 "\%(‘ﬂ«g i o) m"“’: %3\? % (jgr % Y*‘ ; »mlww)

o
Y g 41

— \7'{? 1 (‘7‘ vy ) "”“""p AR (\(W&fg 3 "’f:) go 1 ° (‘4 , ke »L,g)

uﬂ% \"‘%%‘{.%*\ (W‘.*s n\’ﬁ '“M k Al i) ""k& v’§ Hv’b%*z‘ (Yr-*s&&' " 'V!\"k '“"'m\
Here w» is the cohomolegical crose product, i 1s the natural
injection corresponding to the choice of the bracket factor
function b, and the other maps are ae in the multiply construction,

We define the domposite map to be the bracket factor

Wl Wt s e whHix,, -w) -3 ng"m(‘frmﬂ j M, *““’W‘)

(far k»0), Using it, we can ava1udta this diagram, Fmr wa have

W20 -390 W (o 5oz B S UC{Yq, <H wa) =g
by 5§rre duaiity. as Y7 =Y and,Y ig compact,

Ve The final diagram'wa consider is
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This involves a brackst factor type map for keil (k=U, in this
case), We could, of course, rapeat the construction of the
last section, but since the bracket factor b extends to all af
Y, we would have

¥ (%riﬂ'ﬁ‘) %‘V’\%(""é Ny 5\?%“ L\!msl wr, ) © WY ) "k'*k})

e R .
When we apply the * map to this, we will get 0, as the layer=-

Vistoris sequence is sexact, and Hp+q*1gY joii=b, »nmk) is in

the imags of the preceding map, \Equivai;itly, the valus of
the contour integral is zaro,)

The solution to this is to do an integration with
bhoundary on 3 = iw-z:n}, To understend this cohomologically,
consider the following sxact sequence of shoaves

Ot © G, e ) ) O o, o) = g€ (= wam ) =0 ©,

where a@(um,wn} is the sheaf of germs of homogeneodus functions
on the subvaristy B, The associatad long exact segusnce is, in
part, ;
o e 4B ("@;;w,-n\«?aw}\" (4 - mimt, = a=0) = WL, L ) 2 o
The map ? can be described as follows: If x is a closed
S-form on #, extend it to a S-form (also called %) on Y, e
still have dx=0 on 8, so dx = (WeZ)y; y = dx/{u-<4) is the
b~form on Y (homogensous of degres =me1,-n~1) given ny the
map 3. ‘ ,

Also, since the bracket factor maps ars, sssentially,
just multiplication by (w«z)““, the following diagram commutes:

%
%) (ﬁb}¢q<dg ~
. iﬂ‘b‘_ 7
l‘: '
ng“%@me(Y& 25} o WSO, ik, )
if FéHﬁ(Yﬁgm&pwﬁ) is thas function we are*tfying to integrata,

bfy(F)=0, so bFi(?) is in the image of ¥y say bf, () = dlg).
In terms of functions, :

XL dg
w =

so f=dg,
The value we are looking for is

%gg @dﬁé éﬁ)



‘by the divergence theorem,

Having found g cohomologically, all that remains is to
integrate it, derre duality does not apply in this situation,
8s Hm(ua,na) is not a line bundle over 4, but we can still
integrate the S5-form g over the S-~dimensional compact complex
manifold B to gst a map (no longer an isomorphism)

\’\"' (% cenvd e tf) wﬂb(% ™ w}i"
or, in this case, {
W3 (g, 4, ) = €.

Higher order internal lines can be hmndlad almlldllv. tfar

wg have that

? éﬁ » droce gku £.

The taking of the trace can thus be thought of as a map
Eeo W08, ® m)* - W0 (B wet, m-0F

We therefore handle the general boundary contour as
follows: -

’%“’(“h'em-q vwan’*ﬂ “’““?’ \'\k(\f -G wm&";) il 3 \%-’(ﬁe«m» mmm&:)
&
=2 W(R, w, m \* 63

The work presentad hare is certainly incomplete in mEry
waysy among the more looming geps is the fact that we have not
Justified the assumad correspondsnce between integrating a
function along a contour (as in & twistor diagram, and

integrating a form over a manifold las In serre duality),
In addition, it is po %lblﬂ, for axampls, Foz an HTQWW+-»m)
to be inpxtqnd‘ble to an M ((zswm) rzﬁally, the natural
extensions of our technigues to more complicated twistor
diagrams have yet to he achieved, we hope in the future to
be able to deal with thess pninc5,
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