
Journal of Theoretical Biology 267 (2010) 461–470
Contents lists available at ScienceDirect
Journal of Theoretical Biology
0022-51

doi:10.1

� Corr

Canyng

Tel.: +4

E-m
journal homepage: www.elsevier.com/locate/yjtbi
Tumour–stromal interactions in acid-mediated invasion:
A mathematical model
Natasha K. Martin a,b,�, Eamonn A. Gaffney a, Robert A. Gatenby c, Philip K. Maini a,d

a Centre for Mathematical Biology, Mathematical Institute, Oxford University, 24-29 St Giles’, Oxford OX1 3LB, UK
b Department of Social Medicine, University of Bristol, Canynge Hall, 39 Whatley Road, Bristol BS8 2PS, UK
c H. Lee Moffitt Cancer Center and Research Institute, 12902 Magnolia Drive, Tampa, FL 33612, USA
d Oxford Centre for Integrative Systems Biology, Department of Biochemistry, Oxford University, South Parks Road, Oxford OX1 3QU, UK
a r t i c l e i n f o

Available online 8 September 2010

Keywords:

Cancer

pH

Acidity

Proteases

Microenvironment
93/$ - see front matter & 2010 Elsevier Ltd. A

016/j.jtbi.2010.08.028

esponding author at: Department of Social M

e Hall, 39 Whatley Road, Bristol BS8 2PS, UK.

4 7817 286755; fax: +44 1865 283882.

ail address: natasha.martin@bristol.ac.uk (N.K
a b s t r a c t

It is well established that the tumour microenvironment can both promote and suppress tumour

growth and invasion, however, most mathematical models of invasion view the normal tissue as

inhibiting tumour progression via immune modulation or spatial constraint. In particular, the

production of acid by tumour cells and the subsequent creation of a low extracellular pH environment

has been explored in several ‘acid-mediated tumour invasion’ models where the acidic environment

facilitates normal cell death and permits tumour invasion. In this paper, we extend the acid-invasion

model developed by Gatenby and Gawlinski (1996) to include both the competitive and cooperative

interactions between tumour and normal cells, by incorporating the influence of extracellular matrix

and protease production at the tumour–stroma interface. Our model predicts an optimal level of

tumour acidity which produces both cell death and matrix degradation. Additionally, very aggressive

tumours prevent protease production and matrix degradation by excessive normal cell destruction,

leading to an acellular (but matrix filled) gap between the tumour and normal tissue, a feature seen in

encapsulated tumours. These results sugest, counterintuitively, that increasing tumour acidity may, in

some cases, prevent tumour invasion.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Cancer progression involves intimate interactions and signal-
ling between tumour cells and the stroma, the host cells and
tissues. Initial research viewed cancer as a linear progression of
genetic mutations independent of the surrounding environment,
and saw the tumour stroma as providing a suppressive environ-
ment through immune system screening (Mueller and Fusenig,
2004).

However, there is overwhelming evidence showing that the
tumour microenvironment can play a key role in promoting
tumour progression and invasion (Liotta and Kohn, 2001; Shekhar
et al., 2003; DeWever and Mareel, 2003; Wernert, 1997; Bissell
and Radisky, 2001; Coussens and Werb, 2002; Mueller and
Fusenig, 2004). An example of this is the discovery that the
majority of proteases responsible for extracellular matrix (ECM)
degradation, and thus tumour invasion, in epithelial tumours are
made by the stromal cells, not the tumour cells themselves
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(Chang and Werb, 2001; Pupa et al., 2002; Werb, 1997; Wernert,
1997). Understanding these specific interactions between tumour
and stroma is important, especially because experiments which
have attempted to normalise the reactive stroma have succeeded
in reversing malignancy (Kenny and Bissell, 2003; Mueller and
Fusenig, 2004). Hence, this study aims to examine the competitive
and cooperative interactions between the tumour cells and
stroma.

One aspect of the microenvironment of particular interest to
cancer researchers is the low extracellular pH (pHe) produced by
invasive tumours. Malignant tumours uptake significantly higher
amounts of glucose (approximately one order of magnitude more)
than normal tissues or benign tumours (Gatenby and Gillies,
2004; Gillies et al., 2008). The high levels of glycolysis followed by
conversion to lactic acid lead to an excess of H+ ions, acidifying
the surrounding tumour environment. This has been supported by
experiments showing that tumour pHe is usually 0.5–1 units
lower than normal tissue (tumour pHe of 6.5–7 versus a normal
tissue pHe of 7.4) (Helmlinger et al., 1997; Schornack and Gillies,
2003; Tannock and Rotin, 1989).

In a series of papers, Gatenby and co-workers introduced the
‘acid-mediated invasion hypothesis’, proposing that tumour acid-
ification confers an advantage to the tumour cells, by producing a
harsh environment which facilitates tumour proliferation and
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invasion by promoting normal cell death and matrix degradation
(Gatenby and Gawlinski, 1996, 2003; Gatenby et al., 2006; Gatenby
and Gillies, 2004, 2007; Gillies et al., 2008).

They proposed a series of mathematical models illustrating the
process of acid invasion, which included tumour cells, ‘normal’
cells, and excess tumour derived acid (Gatenby and Gawlinski,
1996; Gatenby et al., 2006). The underlying assumption of these
models is that the tumour cells create an acidic environment in
which normal cells cannot survive. The normal cells subsequently
die, and the tumour cells, which can survive in this altered
environment, migrate into the free space, a process manifesting
itself clinically as tumour invasion.

However, the ‘normal cells’ in a tumour microenvironment are
of varied types, and acellular elements such as extracellular
matrix and proteases, which are key elements in tumour invasion,
are also present. As the tumour microenvironment is comprised of
many different cell types, as well as non-cellular components
such as extracellular matrix, a reasonable question, given
this heterogeneity, is ‘How does acid-invasion work in vivo?’.
Furthermore, by incorporating other elements into the model
(such as ECM or different cell types), does this add to our
understanding of tumour dynamics and suggest new or alternate
treatments?

This paper aims to extend the Gatenby and Gawlinski (1996)
acid invasion model in order to examine the competitive and

cooperative interactions between the tumour cells and stromal
cells needed to facilitate invasion. In doing so, we aim to present a
model which effectively captures ways in which the stroma can
facilitate or prevent malignant progression. We incorporate these
complex interactions by separating the cellular and acellular
(extracellular matrix) tissue components. Not only do the tumour
cells need to degrade the matrix to create space, but actual
structural changes are required in the ECM to facilitate cell
migration during invasion (Giannelli et al., 1997; Stetler-Steven-
son et al., 1993). Each of these components (cells versus

extracellular matrix) is ‘removed’ by the tumour by a different
mechanism. Normal cells are killed by the acid produced by the
tumour, and ECM is degraded or remodelled by the action of
active matrix metalloproteinases (MMPs) which are produced
when tumour and normal cells come into contact (see Fig. 1)
(Sameni et al., 2003).
2. Mathematical model

The mathematical model presented in this paper is an
extension of the acid-invasion model introduced in Gatenby and
Fig. 1. Imaging used in vitro to identify active proteolysis (green) at the interface

between the tumour cells (light gray sphere in lower middle of frame, extending to

the upper left) and fibroblasts (red). Highest levels of degradation (yellow) occur at

the direct contact points between tumour cells and fibroblasts. Image reproduced

with permission from BC Decker: Molecular Imaging (Sameni et al., 2003). (For

interpretation of the references to color in this figure legend, the reader is referred

to the web version of this article.)
Gawlinski (1996). The original model included the following
components:
�
 Tumour cells produce excess acid, which diffuses into the
surrounding tissue via mobile buffering species.

�
 Acidification of the environment causes normal cell death.

�
 Death of normal cells produces potential space into which the

tumour cells may proliferate.

Importantly, our extended model incorporates two key additions:
�
 In order to invade, the tumour cells must kill normal cells (as
before) and remodel/degrade the extracellular matrix (ECM).

�
 The ECM is remodelled/degraded by active matrix metallopro-

teinases (MMPs), which are formed at the interface between
tumour and normal cells, as motivated below when the
equations for the MMPs are discussed in detail.

The mathematical model is therefore as follows, where N1 is
normal cell density (in cells/cm3), N2 is the tumour cell density (in
cells/cm3), L is excess H+ ion concentration (in mol/cm3), N3 is the
ECM density (in g/cm3), and A is active MMP density (in mol/cm3):
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As in the Gatenby-Gawlinski (1996) model, Eq. (1) describes
the change in density of the normal cells. The first term describes
the normal cell proliferation, with growth rate r1 and carrying
capacity K1. For simplicity and because it is not the focus of our
investigation nor does it alter the qualitative results found in this
study, we invoke the assumption made in Gatenby and Gawlinski
(1996) that the carrying capacities of the tumour and normal cells
are uncoupled. The normal cells die in proportion to the excess
acid produced by the tumour, at a rate of d1. As the normal tissue
is assumed to be well regulated, it does not diffuse in space.

Eq. (2) details the tumour cell dynamics. The tumour cells
grow at a rate r2 with a carrying capacity of K2. As tumour cells are
more resilient to low pHe than normal cells, and no decline in
growth rate of tumour cells is observed at the pHe in our
simulations, we neglect tumour cell death from acidification
(Gatenby and Gawlinski, 1996). As in the Gatenby and Gawlinski
(1996) model, the tumour cells are assumed to diffuse into free
space with a rate of D2, and are confined by the presence of
normal cells.

Crucially, in Eq. (2), the tumour movement has been altered by
the addition of a diffusion limiting ECM component. In the
original Gatenby–Gawlinski model, tumour cell diffusion is
dependent on the creation of space by normal cell death via
acidification. We expand this cell motility term, including the
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constraints of the ECM, making the tumour diffusion also
dependent on the degradation or remodelling of the matrix. The
tumour cells must facilitate movement both by killing the normal
cells for space, and also by degrading/remodelling the ECM for
motility (Giannelli et al., 1997; Stetler-Stevenson et al., 1993).
This is more realistic, as the tumour cells would need to do both to
migrate into the surrounding tissue. Here, the ECM has a density
of N3, and the tumour must degrade or remodel the ECM in
addition to killing the normal tissue in order to invade.

Eq. (3) describes excess tumour H+ ions, which are produced
by the tumour at a rate r3. The excess acid is evacuated from the
tissue via buffers and the vasculature, at a rate d3, which is
proportional to the acid concentration. The acid diffuses in the
tissue with diffusion rate of D3. To maintain electroneutrality, the
diffusion of protons occurs in association with mobile buffer
species, and D3 is calculated from an effective diffusion coefficient
(Gatenby and Gawlinski, 1996).

Eq. (4) represents the ECM, which is present initially at its
normal density, K3, and can only be degraded or remodelled.
Although matrix elements can be created by the normal cells the
regulation of this process is not well understood, and as we are
only interested in the net degradation via proteolysis, and not the
actual turnover, we neglect that aspect in this model, as has been
implemented in previous similar models (Perumpanani and
Byrne, 1999; Webb et al., 1999). The ECM is degraded at a rate
d4, and is proportional to the level of active MMPs.

Eq. (5) models the active MMPs. Recent experimental evidence
and imaging has shown that in tumours, the majority of active
proteases are produced via the interaction of tumour cells and
immune system cells such as fibroblasts and macrophages
(Zigrino et al., 2005; Chang and Werb, 2001; Sameni et al.,
2003; Coussens and Werb, 2002; Rha et al., 1997). By far the
largest part of active MMPs in tumours are produced in the
inactive (pro-MMP) form by the stromal elements (Chang and
Werb, 2001; Pupa et al., 2002; Rha et al., 1997; Stamenkovic,
2000; Wernert, 1997). These pro-MMPs diffuse in the tissue, bind
to tumour cells, are cleaved, and activated at the tumour cell
surface (Zigrino et al., 2005; Rha et al., 1997). Therefore, in reality
the majority of active MMPs can only be made when normal and
tumour cells come into contact. Indeed, imaging of active MMPs
clearly shows activity only at the contact points of stromal and
tumour cells, as shown in Fig. 1 (Sameni et al., 2003).

Therefore, in line with these experimental results, we model the
production of active proteases at the contact sites between the
tumour and the normal cells using a mass action term, r5N1N2.
Hence, the active MMP is created at a rate r5, and is proportional to
the interaction between the normal and tumour cells. The MMPs
decay at a rate d5, and diffuse with a diffusion coefficient of D5.

Using the nondimensionalisation Z1 ¼N1=K1, Z2 ¼N2=K2, Z3 ¼

N3=K3, L¼ ðd3=r3K2ÞL, x¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r1=D3

p
x, G¼ ðd4=r1ÞA, and t¼ r1t, this

system becomes
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where g1 ¼ d1r3K2=d3r1, d2 ¼ r2=r1, a2 ¼D2=D3, d3 ¼ d3=r1,
d5 ¼ r5K1K2d4=r2

1, g5 ¼ d5=r1, and a5 ¼D5=D3.
The system is solved on a 1-D domain 0rxr2 with initial
conditions:
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1 if 0:04rx
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0 if 0:04rx

(
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Lð0Þ ¼ 0 ð13Þ

Z3ð0Þ ¼ 1 ð14Þ

Gð0Þ ¼ 0: ð15Þ

The initial conditions are chosen such that there is no acid or
proteases, and the ECM is distributed across the domain at its
baseline level. We assume there are no normal cells inside the
tumour boundary, and outside the tumour the normal cells are at
their carrying capacity. The boundary conditions are either no flux
conditions or selected from the appropriate equilibrium values of
interest, and detailed in the numerical results section. There are
four spatially uniform equilibrium points associated with the
system:
�
 ð ~Z1,1, ~Z2,1, ~L1, ~Z3,1, ~G1Þ ¼ ð0,0,0,Z3ð0Þ,0Þ, which is the trivial state
with ECM present but no tissue, excess acid, or proteases.

�
 ð ~Z1,2, ~Z2,2, ~L2, ~Z3,2, ~G2Þ ¼ ð1,0,0,Z3ð0Þ,0Þ, which is the healthy

state of normal tissue at the carrying capacity with ECM
present but no tumour, excess acid, or active MMP.

�
 ð ~Z1,3, ~Z2,3, ~L3, ~Z3,3, ~G3Þ ¼ ð1�g1,1,1,0,d5ð1�g1Þ=g5Þ, which is the

coexistence of the tumour tissue at its carrying capacity with
normal tissue at a lower level and the presence of proteases
but no unremodelled matrix. The presence of no unremodelled
matrix could indicate either full matrix degradation, or simply
the presence of matrix which has been remodelled by the
tumour.

�
 ð ~Z1,4, ~Z2,4, ~L4, ~Z3,4, ~G4Þ ¼ ð0,1,1,Z3ð0Þ,0Þ, which is the tumour

tissue at its carrying capacity and no normal tissue. This state
has no active proteases, and the ECM is at a normal level.
3. Results

3.1. Numerical simulations

In this section we present numerical results for Eqs. (6)–(10).
The system is solved on a 1-D domain 0rxr2 and the
parameters as in Table 1 using the Method of Lines with finite
difference grid spacing of 0.01. The boundary conditions imposed
were Neumann (no-flux) at x¼ 0 (representing the centre of the
tumour), and Z1 ¼ 1, Z2 ¼ 0, L¼ 0, Z3 ¼ 1, and G¼ 0 at x¼ 2
corresponding to the tumour-free state.

In the Gatenby and Gawlinski (1996) model, the tumour cells
produce acid which subsequently diffuses into the normal tissue,
resulting in normal cell death and enabling tumour invasion.
Increasing the tumour acid aggression parameter (by increasing
acid production or normal cell sensitivity to acid) resulted in a
monotonic increase in tumour invasion wavespeed. Following the
simulations in Gatenby and Gawlinski (1996), we vary the tumour
acid aggression parameter, g1, and identify the resulting change in
model behaviour. In our model, g1 is proportional to acid
production (r3) and normal cell sensitivity to acid (d1) so that
increases in these parameters correspond to enhanced tumour
aggression.



Table 1
Parameters used in the simulations of Eqs. (6)–(10).

Parameter Definition Value Reference

g1 d1r3K2

d3r1

1–100 Gatenby and Gawlinski (1996)

d2 r2/r1 1 Gatenby and Gawlinski (1996)

a2 D2/D3 4�10�5 Gatenby and Gawlinski (1996)

d3 d3/r1 70 Gatenby and Gawlinski (1996)

d5 r5K1K2d4

r2
1

100 Estimated

g5 d5/r1 50 Estimated

a5 D5/D3 0.1 Estimated

The carrying capacities of normal and tumour cells (K1,2, respectively), growth

rates (r1,2), tumour diffusion (D2), acid diffusion (D3), and vascular evacuation (d3)

parameters were taken from a previous acid-invasion modelling and experimental

study by Gatenby and Gawlinski (1996). The diffusion of protons occurs in

association with mobile buffer species to ensure charge balance, and the effective

diffusion coefficient value used was estimated in Gatenby and Gawlinski (1996).

From these values, Gatenby and Gawlinski (1996) calculate the tumour acid

production rate (r3), and a range of values for the normal cell death rate from acid

(d1) from which we select. Due to the large size of the MMP molecule, we assume

that the diffusion of the active MMPs (D5) is 1/10th that of acid. We assume the

rate of loss of the MMPs (d5) is the same order of magnitude as the excess acid

(due to vascular evacuation), but reduced by about 1/3 as the MMPs are not locally

buffered as is the case with the protons.

Fig. 2. An encapsulated hepatocellular carcinoma. Arrows point to the encapsu-

lated acellular tumour boundary. Figure reprinted with permission from Springer

Science+Business Media (Ros et al., 1990).
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Fig. 3 shows the results for a low value of the tumour acid
aggression parameter, g1 ¼ 0:5. In this case, corresponding to a
tumour which is relatively unaggressive, there is coexistence
between the tumour and normal cells, which slows the advancing
tumour front. However, coexistence also produces a large amount
of active protease, which effectively degrades the ECM. In Fig. 4,
g1 ¼ 1:5, which increases the aggressivity of the tumour by killing
more of the normal cells, but there is still enough contact to allow
production of proteases and ECM remodelling and the travelling
wave still invades.

By contrast, in Fig. 5, with a high tumour acid aggression
parameter, g1 ¼ 12:5, the high tumour aggressivity which pro-
duced the aforementioned ‘gap’ between the normal and tumour
tissue now introduces a situation where no active proteases are
made. As the stromal cells are particularly sensitive to the tumour
derived acidity, they die close to the tumour front and the lack
of contact between tumour and normal cells inhibits protease
production. With no proteases, the tumour cannot remodel the
matrix and proceed with invasion. As a result, the tumour front is
slowed (shown in Fig. 5 until t¼ 180) and eventually halted (by
t¼ 200) as no movement can occur due to a fully intact ECM.
Interestingly, the late time cell profiles in Fig. 5 indicate a
noninvasive tumour separated from the normal cells by a gap
filled with ECM. This picture is similar to what is seen in the
phenomenon known as tumour encapsulation, where a tumour is
surrounded by a ring of acellular matrix (Fig. 2).

Somewhat counterintuitively, however, this model predicts
that tumours with very low tumour acid aggression parameter
(translating to a very small g1) and hence which have a large
density of normal cells inside the tumour boundary, produce large
amounts of active proteases throughout the tumour and at the
boundary. Imaging of in vitro cocultures of tumour spheroids with
large numbers of macrophages inside the tumour do show
significant proteolysis throughout the interior of the tumour
(Fig. 6). However, although this might be the case for some types
of tumours, it is unlikely to be true for all of them as the degree of
stromal infiltrate varies widely between tumour types.

3.2. Wavespeed of invasion

We would like to compare how the tumour invasion travelling
wavespeed changes with the tumour acid aggression parameter,
g1 using Eqs. (6)–(10), as compared to the original model in
Gatenby and Gawlinski (1996). In Gatenby and Gawlinski (1996),
the wavespeed increases monotonically with increasing g1, and is
calculated analytically in Fasano et al. (2009).

One important prediction from the Gatenby–Gawlinski model
is that increased acid production by the tumour (leading to an
increased tumour acid aggression parameter, g1) would correlate
with increased invasion (Gatenby and Gawlinski, 1996). In this
model, the more acid a tumour produces, the larger the gap
between the normal and tumour tissue, and the faster the
invasion until it reaches a constant maximum invasion speed.

Fig. 7 presents the differences in late-time tumour invasion
travelling wavespeed between the Gatenby and Gawlinski (1996)
model and our extended model (Eqs. (6)–(10)). Importantly, Fig. 7
shows that increasing the tumour acid aggression parameter, g1,
in our model can actually slow invasion, instead of increasing it.
The Gatenby–Gawlinski model exhibits monotonically increasing
tumour invasion speed with increasing g1. This implies that any
increases in tumour acidity will never have a detrimental effect
on tumour invasion speed. In contrast, our model shows a clear
biphasic dependence on g1. With low values of g1, the tumour is
not effective at killing the normal tissue and cannot invade
quickly. With high values of g1, however, the tumour kills the
normal tissue so effectively that it creates an acellular gap
separating the two cell populations. This separation inhibits the
formation of MMPs, which in turn prevents the degradation of the
ECM. The failure to degrade the ECM prevents the tumour from
invading, despite its efficacy at killing the normal cells. With
intermediate values of g1, there is a balance between cell kill and
matrix degradation to cause the fastest invasion.

3.3. Initial conditions

Extensive numerical simulations show that varying initial
conditions of overlap between tumour and normal cells do not
affect the final travelling wavespeed of the front as long as the
tumour profile is semi-compact, but do alter the initiation and
progression of the wave for a high tumour acid aggression
parameter, g1b1. In the previous simulations the tumour cells
had semi-compact initial conditions, and only a small overlap
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initial conditions as in Eqs. (11)–(15), boundary conditions as detailed in the text, with the simulations run up to t¼ 200. (For interpretation of the references to color in

this figure legend, the reader is referred to the web version of this article.)
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with the normal cells. The degree of initial overlap between
normal and tumour cell densities alters the initial rate of invasion,
due to the immediate production of active MMPs. When g1b1,
the tumour cells will initiate a gap between tumour and normal
stroma. This gap will inhibit the formation of MMPs, which in turn
stops remodelling of the extracellular matrix. Therefore, in this
scenario the invasion wave will cease. However, the degree of
initial overlap between tumour and normal tissue will create a
transient burst of MMP production which immediately degrades
the matrix in the area of MMP production. Therefore, this initial
degradation will allow the invasion wave to progress until it is
eventually stopped by the lack of any further protease production.
3.4. Sensitivity analysis

In order to explore the sensitivity of the tumour invasion
wavespeed to the other parameters in our system, we plot the
wavespeed as a function of each individual parameter versus a
range of values for the tumour aggression parameter, g1. The
results of this sensitivity analysis are shown in Fig. 8. Notably, the
presence of a unimodal wavespeed is robust to the wide range of
parameter values sampled (spanning several orders of magni-
tude). All figures show an ‘optimal’ tumour aggression parameter
value approximately 1rg1r2 where the wavespeed is max-
imised for a given choice of parameter. For low or high values of
g1 the wavespeed is reduced.

As expected, increases in tumour and MMP diffusion constants
(a2 and a5, respectively), as well as MMP production ðd5Þ and
tumour proliferation ðd2Þ increase wavespeed. Increases in MMP
or acid decay/evacuation (parameters g5 and d3, respectively)
reduce the tumour wavespeed. Our analysis indicates that the
wavespeed is most sensitive to changes in tumour proliferation
d2.
3.5. Model extensions

Growth competition: The model formulation in Gatenby and
Gawlinski (1996) included growth competition terms between
tumour and normal cells, representing competition for space or
nutrients. However, the authors subsequently set the competition
parameters to zero and drop these terms from the model analysis
and results. To examine if the inclusion of competition and space
limitation alters the previous results, we include competition in
our extended model, making each growth term dependent on the
other population size as originally presented in the Gatenby and
Gawlinski (1996) paper. The full nondimensionalised set of
equations are
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@Z2

@t ¼ d2Z2ð1�Z2�b2Z1Þþrx � ½a2ð1�Z1Þð1�Z3ÞrxZ2� ð17Þ

@L
@t ¼ d3ðZ2�LÞþr

2
xL ð18Þ

@Z3

@t
¼�GZ3 ð19Þ
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(middle right), and active MMP (lower left). The waves are moving from left to right in time, with t¼ 160 (green dash), t¼ 180 (yellow dash-dot), and t¼ 200 (blue line).
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(15), boundary conditions as detailed in the text, with the simulations run up to t¼ 200. (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of this article.)
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@G
@t ¼ d5Z1Z2�g5Gþa5r

2
xG ð20Þ

where b1 ¼ b12K2=r1 and b2 ¼ b21K1=r1.
In these equations, the competition terms are represented by

b1 and b2. The inclusion of competition limits total cell density
when the tumour aggression parameter ðg1Þ is small (Fig. 1,
supplementary information). For large g1 the results are un-
changed from the previous model, as the high tumour aggression
leads to total normal cell destruction within the tumour
boundary. Supplementary Fig. 2 shows the competition effect on
wavespeed, with the addition of competition slowing the
wavespeed for small g1 as lower total cell densities result in less
production of MMP, preventing the matrix degradation. However,
the qualitative results found with varying g1 remain unchanged.
Hence, there still exists an optimal level of tumour aggression (at
a lower level than without competition) whereby above this level
invasion slows due to low production of MMPs through the lack of
contact between normal and tumour cells.

ECM turnover: The basic model neglects ECM turnover
(production and degradation by specific cell types such as
myofibroblasts), instead representing net degradation/remodel-
ling of the matrix by tumour and stromal derived proteases. The
complex dynamics of matrix turnover in tumour development are
not well understood, preventing a full characterisation of this
process. Nevertheless, we explore the impact of including a
general saturating ECM production term which is dependent on
the presence of normal cells. The full model and simulations are
presented in the supplementary information (Fig. 3, supplemen-
tary information). Our analysis indicates that including high rates
of ECM turnover can slow tumour invasion as ECM replacement
negates degradation by MMPs. However, it cannot completely
halt invasion within the wide range of parameter values sampled
(varying by several orders of magnitude). Therefore, the inclusion
of ECM turnover does not qualitatively alter the results presented
by the basic model.
4. Discussion and conclusions

4.1. Discussion: invasion speed

In contrast to the Gatenby–Gawlinski model, the model
presented in this paper predicts that the speed of invasion does
not increase monotonically with an increasing tumour acid aggres-
sion parameter, g1 (a parameter which incorporates acid production,
or sensitivity of normal cells to acid death). Similar to the Gatenby–
Gawlinski model, there is an initial increase in invasion speed with
increasing g1o1. However, as g1 increases to such a size where
there is a distinct gap between tumour and normal tissue ðg1b1Þ,
there is no active MMP production and ECM degradation. This
causes a slowing, and eventual stopping of tumour invasion.

The clinical implications of the importance of initial conditions
are intriguing, particularly when considering the phenotypic
evolution of the tumour cells. As the tumour phenotype evolves
during the progression of invasion, acid production may increase
or decrease. Tumours which begin with very low excess H+ ion
production may infiltrate widely into the surrounding normal
tissue without completely destroying it. Through tumour evolu-
tion, there may be an increase in acid production which could
push the tumour into the parameter regime where a gap forms,
proteases cannot be created, and invasion stops. However, if the
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Fig. 6. Images of in vitro cocultures of a tumour spheroid (white) which contains

fibroblasts (blue). Active proteolysis (green) is shown throughout the tumour, and

at the lower left tumour boundary. Image reproduced with permission from BC

Decker: Molecular Imaging. (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article.)
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tumour has disseminated widely throughout the surrounding
tissue, the wave propagation may not terminate in the clinical
setting, as enough of the tissue has been previously remodelled to
facilitate the invasion wave.

In contrast, a tumour which remains homogeneous and
compact, with little contact with the normal tissue, would have
less initial matrix remodelling. Therefore, if that tumour type had
a large increase in acid production, the halting of the wave would
be seen essentially immediately.

During tumour development, it is likely that tumour aggres-
sion ðg1Þwill vary through time. For example, this change could be
mediated through increases or decreases in tumour acid produc-
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tion levels. Additionally, it is likely that changes in vascularisation
(and hence, acid evacuation) will occur as the tumour increases in
size. In the initial stages of tumour formation, vascularisation may
be low (and hence g1 may be small). Cellular mutations and
phenotypic evolution during tumour progression may serve to
increase acid venting through the production of pro-angiogenic
factors which induce blood vessel formation, thereby increasing
the tumour aggression parameter, g1. Therefore, although it is
unlikely that tumour aggressiveness will be fixed, this manuscript
explores the possible changes in vascularity or acid production by
simulating scenarios with various values of g1.
4.2. Discussion: tumour encapsulation

The ECM model presented also exhibited a phenomenon not
shown by the Gatenby and Gawlinski (1996) model: tumour
encapsulation. Encapsulated tumours have low, or zero, invasion
rates, and are characterised by an acellular gap between the tumour
and the normal cells, filled with extracellular matrix which acts to
contain the tumour (Fig. 2). Importantly, there are several types of
carcinomas (such as hepatocellular and Hurthle cell) which exhibit
encapsulation (Ghossein et al., 2006; Ros et al., 1990). Although
encapsulation does tend to correlate with a better prognosis, there
is evidence of metastatic, reoccurring encapsulated carcinomas
(Ghossein et al., 2006). Our MMP model is able to exhibit the
phenomenon of a malignant, but encapsulated tumour. With a large
tumour acid aggression parameter, g1, the tumour is so aggressive
that it kills the normal tissue and cannot produce MMPs to remodel
the matrix for invasion, creating a ‘gap’ between the tumour and
the normal tissue that is completely filled with ECM, which
subsequently blocks tumour invasion.

Several mathematical models have been developed to study
the phenomenon of tumour encapsulation (Perumpanani and
Byrne, 1999; Sherratt, 1999; Jackson and Byrne, 2002). Most of
these papers have either utilised the ‘foreign body hypothesis’ or
the ‘expansive growth hypothesis’ (Barr et al., 1988; Barr, 1989).
Neither hypothesis has fully explained all the clinical observa-
tions, which are detailed and compared in Table 2. The foreign
body hypothesis proposes that the formation of the capsule is an



Table 2
The correct prediction (denoted by +) and incorrect prediction (denoted by �) of various clinical characteristics of encapsulated tumours with varying hypotheses (the

expansive growth hypothesis, foreign body hypothesis, and acid-invasion hypothesis).

Expansive growth Hypothesis foreign body Acid invasion

Characteristic

Low invasion + + +

Presence not correlated with tumour size � + +

Capsule thickness not correlated with tumour size � + +

Increased numbers of myofibroblasts in stroma � + �

Inflammatory infiltrate mild + ? +

Some very small tumours have very thick capsules � + +

Capsule not associated with increase in peritumoural fibrosis + � +

Dense matrix in capsule (observation of Gulubova, 1997) + + �

Absence of dense matrix in capsule (observation of Lockwood et al., 2003) � � +

If a hypothesis does not generate any prediction it is denoted by a question mark. Clinical predictions taken from Ng et al. (1992), Ros et al. (1990), Lockwood et al. (2003),

and Gulubova (1997).
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active process undertaken by overactive fibroblasts, which
deposit the ECM to form the capsule. The expansive growth
hypothesis proposes that the capsule is a result of growth of the
tumour and subsequent compression of the surrounding ECM.

The expansive growth hypotheses predicts that the presence
and thickness of the capsule would correlate with tumour size (as
the tumour grows bigger it exerts more force on the ECM).
However, clinical evidence shows there is no association between
tumour size and encapsulation (either thickness or presence) (Ros
et al., 1990; Ng et al., 1992). Our model supports that finding, as
encapsulation would not correlate with size, but instead with the
magnitude of tumour acid aggression, g1. Biological aspects which
would change this parameter are: acid production, acid loss (such
as degree of vascularisation), and tumour carrying capacity
(which could also be linked to vascularisation).

The foreign body hypothesis would predict that the highest
concentration of ECM would be near the normal tissue boundary,
as it is being produced there by the fibroblasts. Also, as fibroblasts
are present inside tumours, this hypothesis would predict that
there would be extra ECM deposition within encapsulated
tumours. However, encapsulated tumours have little amounts of
ECM, even less than in normal tissue (Lockwood et al., 2003).

The mathematical models of the expansive growth and foreign
body hypotheses show a distinct peak of dense ECM forming the
capsule (Perumpanani and Byrne, 1999; Sherratt, 1999; Jackson
and Byrne, 2002). Our model, however, predicts that the ECM
concentration is normal around the tumour, and that
it is simply an acellular gap comprised of ECM. Although dense
matrix does sometimes occur, Lockwood et al. (2003) carried
out collagen I staining in non-encapsulated and encapsulated
tumours and found little staining inside the tumour, and fairly
uniform staining in the capsule and normal tissue, supporting our
model predictions.
4.3. Conclusions

We have proposed an extension to the Gatenby and Gawlinski
(1996) acid-mediated invasion model by incorporating the
production of proteases and the degradation of the extracellular
matrix, and their subsequent importance in tumour invasion.
With addition of the degradation of ECM by MMPs produced at
the tumour/normal tissue interface, we have explored the
complex relationship of competition and dependence the tumour
exhibits with the normal tissue.

By explicitly modelling the production of active MMPs at the
tumour/normal tissue interface, we obtain a strikingly different
wavespeed profile than the one found in Gatenby and Gawlinski
(1996). Instead of a monotonically increasing wavespeed with
increasing tumour acid aggression, g1, we find a unimodal
invasion speed, which is slow for very small and very large
values of g1, peaking around g1 ¼ 1:5. This result is important,
because it suggests a counter-intuitive conclusion: that decreas-
ing the tumour ‘aggressiveness’, may in fact increase the rate of
tumour invasion. For example, if the tumour was so acidic that it
killed off all the surrounding normal tissue and could not create
MMPs to invade, then decreasing the tumour acidity might push it
back into a region where it could destroy enough of the tissue and
matrix for faster invasion. More generally, the model predicts that
although the tumour may kill the stromal cells via acid-mediated
tumour invasion, the tumour may also rely on the normal cells for
continued invasion.

These results suggest an interesting nonintuitive and potential
treatment: that increasing the acidity of a tumour could
encapsulate some types of tumours and prevent invasion.
Alternatively, it also predicts that decreased intratumoural
vascularisation, which would lead to acid accumulation could
also have the same effect. Interestingly, decreased vascularisation
would also cause tumour hypoxia, which tends to cause an
upregulation of anaerobic glycolysis and increased acid produc-
tion. Therefore, loss of vasculature can act in a double manner,
preventing acid evacuation and potentially increasing tumour
aggressivity, which could cause result in encapsulation.

This model can be validated by measuring the invasion rates
and the presence of ECM with tumours exhibiting varying acid
production rates, if characteristics such as vascularity could be
kept constant. If a unimodal invasion speed is found, it would be
an important verification of the model. Furthermore, pHe
measurements of encapsulated tumours would indicate if the
phenomenon is acidity dependent.

This is a basic model which can be built upon with several
extensions. As noted, we have neglected to include detailed
turnover dynamics of the ECM, which could be included if
biologically characterised. Importantly, if specific cell types
regulating ECM turnover in tumours are separate to those which
create proteases to facilitate tumour invasion, interesting dy-
namics could occur. Furthermore, we have simplified the MMP
production dynamics. Although a more detailed model of inactive
pro-MMP production and activation produced qualitatively
similar results (not shown), such studies could suggest alternate
interventions to prevent the production of active proteases. Most
importantly, however, the model only addresses MMPs, and not
the other classes of proteases which can be present in tumours.
Although the majority of proteases are MMPs, other proteases
such as cathepsins and urokinase-type Plasminogen Activator can
play a role in matrix degradation (Bissell and Radisky, 2001).
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Hence, although this model raises intriguing questions about
acidity, its main focus is the conceptual inclusion of the tumour
cell competition and dependence on the stromal cells. Under
different conditions stromal cells can either prevent or aid tumour
invasion, perhaps alternating between these roles in time
and space. Our model is a first attempt at capturing this
complexity, and future mathematical models of tumour invasion
will undoubtedly need to address these types of interactions
to capture the full picture of malignancy in an effort to best
prevent it.

It is important to note that the mechanism behind MMP
activation and regulation is much more complex than in our
simplified model, and is still being elucidated experimentally.
However, we believe that the strength of the ECM model is that it
captures an aspect of stromal dependence that is a fundamental
aspect of tumour growth and invasion. Tumour cells rely on many
different types of cells which they ultimately compete against.
Not only do stromal cells produce growth factors, but they can
also aid in cell migration, matrix remodelling, and nutrient
delivery. Mathematical models which only include the competi-
tion side of tumour/stromal interactions fail to include the full
complexity of the relationship. This model illustrates the potential
importance of examining these interactions, particularly when
considering possible therapies which target the tumour micro-
environment.
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