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ABSTRACT. Swarming, schooling, flocking and herding
are all names given to the wide variety of collective behaviours
exhibited by groups of animals, bacteria and even individual
cells. More generally, the term swarming describes the be-
haviour of an aggregate of agents (not necessarily biological) of
similar size and shape which exhibit some emergent property
such as directed migration or group cohesion. In this paper we
review various individual-based models of collective behaviour
and discuss their merits and drawbacks. We further analyse
some one-dimensional models in the context of locust swarm-
ing. In specific models, in both one and two dimensions, we
demonstrate how varying parameters relating to how much at-
tention individuals pay to their neighbours can dramatically
change the behaviour of the group. We also introduce leader
individuals to these models. Leader individuals have the ability
to guide the swarm to a greater or lesser degree as we vary the
parameters of the model. Finally, we consider evolutionary sce-

narios for models with leaders in which individuals are allowed
to evolve the degree of influence neighbouring individuals have
on their subsequent motion.

1 Introduction Often we need only look out of the window to see
the principles of collective behaviour at work; in a flock of birds for
example. Other collective behaviours which capture our imaginations
are those of fish schools, locust plagues and bee swarms. Sometimes
we almost forget that, as humans in crowded environments, we exhibit
some of the most interesting collective behaviours of any species [14]. As
well as the aesthetically pleasing aspect of watching a swarm in motion,
studying collective behaviour has practical applications: understand-
ing fish schooling can lead to more well developed fishing strategies;
a knowledge of the way locusts interact and stay together in devastat-
ingly large, coherent groups may shed light on potential strategies which

Copyright c©Applied Mathematics Institute, University of Alberta.

299



300 C. A. YATES ET AL.

may be used to disrupt these groups and halt the swarm’s destructive
progress [8, 72]; studying how humans interact in crowds can be key
in devising and implementing efficient and safe crowd control policies,
which will help to avoid fatalities in possibly overcrowded situations such
as football grounds, music concerts and shopping centres [14].

Over the course of the last twenty-five years several so called ‘self-
propelled particle’ (SPP) models (a specific class of individual-based
model (IBM)) have been introduced and analysed, in one dimension
[22], in higher dimensions [15, 19, 69], both without and with leaders
[16, 41, 61], with and without internally or externally generated noise
and incorporating more biologically realistic interaction rules [2, 15,

31, 39, 49, 60]. These models attempt to replicate naturally observed
phenomena from not only animal groups but other self-propelled inter-
acting groups of individuals such as robots. Several attempts have been
made to evolve the characteristics of such models [63] and to compare
the evolved characteristics with those of actual animal swarms [71] in
order to understand better the possible mechanisms by which these char-
acteristics may have evolved. Many of the models have been found, at
least qualitatively, to replicate some of the complex emergent behaviours
exhibited by these groups.

In this paper we aim to give a brief overview of some of the above
classes of SPP models or IBM. We will discuss a paradigmatic example
of each in more detail, illustrating the highlights and pitfalls. For some
of the most important and seminal models [22, 69] we derive novel re-
sults pertaining to phase transitions as parameters of the model vary
(see Sections 2 and 3). We also consider the effects of evolving these
SPP models in the presence of an ‘informed individual’ allowing param-
eters to change in subsequent generations of particles in order to find
stable parameter values in a manner analogous to [71]. The overview we
give is by no means an exhaustive review of SPP models or IBMs. We
have selected a variety of archetypal models which cover a wide range
of biological situations and modelling regimes but there are, of course,
several areas which we will not have space to discuss. These include
traffic [36, 37] and human crowd modelling [38, 68] to name but two.

The remainder of this paper is structured as follows. In Section 2
we discuss the most basic SPP model, formulated in one dimension by
Czirók et al. [22]. After discussing alterations to the model we go on
to consider suitable application areas in the specific context of locust
swarming. We present higher dimensional models in Section 3. We be-
gin by discussing the simple model proposed by Vicsek et al. [69] and
show that complex emergent behaviours are possible given even the sim-
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plest of interaction rules in two dimensions. We consider alterations to
the model and summarise the analysis of the potential convergence of the
individuals in the model to a common direction. We also consider the
archetypal model of [19] in both a discrete and continuous formulation
and the biologically motivated model of [15]. In Section 4 we introduce
the concept of leadership in SPP models. We analyse three different
types of leadership in the three paradigmatic models previously intro-
duced and discuss possible effects these leader particles can have upon
the behaviour of the group as a whole. Finally we discuss the concept of
evolving SPP models in order to test theories about the selective pres-
sures acting on individuals which give rise to specific behavioural types.
We combine the work of previous sections by introducing evolvable pa-
rameters to SPP models in one and two dimensions, studying how the
parameters vary as a result of each individual’s ability to follow an in-
formed leader. We conclude with a short discussion of the current status
of SPP modelling and possible avenues for further research.

2 One-dimensional models The simplest case of a SPP model is
the Czirók model in one dimension. The system studied by Czirók et al.
[22], for example, consists of N autonomous agents on a line of length
L with periodic boundary conditions. The ith particle, with lateral po-
sition xi moves in one direction or the other along the line with variable
speed ui. The velocity of each agent is updated by considering an av-
erage of its own velocity and those of its ‘neighbours’. The neighbours
of agent i are those particles which lie within a distance r of agent i’s
position, xi. The interaction radius, r, is a predefined constant which,
in the original model, was chosen to be the same for each particle in the
simulation. We use J r

i to denote the set of neighbours of particle i, ex-
cluding itself, and ni(t) = |J r

i | is the number of these neighbours. The
particles are initialised with a random initial position, xi ∈ [0, L), and
a random initial velocity, ui ∈ {−1, 1}. Their positions and nondimen-
sionalised velocities are evolved using the following two rules, identical
for each particle, i = 1, 2, . . . , N ,

xi(t+ 1) = xi(t) + v0ui(t),(2.1)

ui(t+ 1) = {G(〈u(t)〉i)} + ∆Qi,(2.2)
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and

(2.3) 〈u〉i =
1

ni + 1

(

ui +
∑

j∈J r
i

uj

)

.

〈u〉i is the mean of the nondimensionalised velocity of the particles in the
interaction radius of particle i and v0 is a velocity scaling necessitated
by choosing a specific time-step. The role of the function G is to scale
the average nondimensional velocity measured by each particle towards
unity. A generalisation of the odd function, G, representing this velocity
adjustment, is as follows:

(2.4) G(z) =
z + β sign(z)

1 + β
,

where

sign(z) =











1, for z > 0;

0, for z = 0;

−1, for z < 0,

and in [22] β is taken to be 1. ∆Qi represents noise drawn from a
uniform distribution with support [−η/2, η/2] where η will be referred
to as the amplitude of the noise. In this, original, statement of the Czirók
model (or adapted versions thereof) the time-step is simply taken to be
unity, which avoids the necessity of scaling the noise with the time-
step, but leaves the model with one fewer degree of freedom. When
recapitulating the models we prefer to state them with generality and
consistency, which necessitates, in some cases, the introduction of an
arbitrary time-step, ∆t:

xi(t+ ∆t) = xi(t) + ∆tvi(t)(2.5)

vi(t+ ∆t) = vi(t) + ∆t {G(〈v(t)〉i) − vi(t)} + ∆Qi.(2.6)

Note that vi now represents the dimensional velocity of particle i. The
noise parameter η should scale with the square root of the time-step,
∆t. We note that the choice of distribution from which the noise is
drawn is perhaps less than optimal. Mathematically, at least, it would
make more sense to consider normal distributions, especially when con-
sidering ensemble properties of the group, such as the average velocity.
In order to obtain an update equation for the average velocity of the
group, we must sum equation (2.6) over all individuals. Normal noise
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has the convenient property that the sum of two (or more) normal dis-
tributions is still normal, whereas the sum of two uniform distributions
gives the nonstandard, nondifferentiable triangle distribution. We must
sum a large number of uniform random variables in order to be able
to invoke the Central Limit Theorem and obtain an accessible (normal)
distribution. It is pertinent to suggest that noise should be chosen with
a specific context in mind. For example, the appropriate noise could be
chosen in line with the experimental situation we are trying to model.
Often, however, in biological situations it is difficult to determine the
nature of the noise and a simple, mathematically tractable, distribution
is used to approximate the actual noise distribution.

Figure 1 displays the typical behaviour of particles in the Czirók
model over a short time period. Alignment is reached in the absence
of underlying or external group coordination although individual parti-
cles can sporadically break away from the group. Once the group has
formed, its direction is not fixed in time. Given sufficient random par-
ticle turning events, due to noise, the direction of the group may be
reversed (see Figure 1 (c)).

Czirók et al. [22] present a continuum analogue of their discrete,
one-dimensional model:

∂U

∂t
= f(U) + µ2 ∂

2u

∂x2
+

2µ2

ρ

∂U

∂x

∂ρ

∂x
+ η,(2.7)

∂ρ

∂t
= −v0

∂(ρU)

∂x
+D

∂2ρ

∂x2
,(2.8)

where U(x, t) is the coarse-grained dimensionless velocity field and ρ(x, t)
is the coarse-grained density. The self-propulsion term, f(U), is an an-
tisymmetric function with f(U) > 0 for 0 < U < 1 and f(U) < 0 for
U > 1. The noise, η, has zero mean and a density-dependent stan-
dard deviation: η2 = σ2/ρτ2. For a more thorough discussion of the
derivation and analysis of this continuum limit, see [22].

Using this continuum analogue Czirók and Viscek [21] demonstrate
that, in the zero noise case (i.e., η = 0), the two steady states of the
system, where all the particles move in the same direction (either positive
or negative), are absolutely stable to small perturbations and that it is
plausible to assume that the behaviour of the system converges to those
steady states. However, since the model without noise is physically
uninteresting in one dimension we will not discuss it further and will
concentrate, subsequently, on finite, nonzero noise.

In the original formulation of the model (∆t = 1) it is possible to
adapt the update rule (2.2) so the importance that particle i places
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FIGURE 1: Panel (a) shows the typical evolution of the particles’ posi-
tions over 1000 time-steps (∆t = 1) using the Czirók model (see equa-
tions (2.1) and (2.2)). Panel (b) shows the corresponding average nondi-
mensionalised velocity of the particles over the same time period. The
high average velocity from t ≈ 400 onwards in (b) corresponds to move-
ment in a common direction of most of the particles seen in (a). Panel
(c) shows a longer time course for the same model (10,000 time-steps).
The ensemble directional switches at t ≈ 3000 and t ≈ 5000 are char-
acteristic of the model. Parameter values are as follows: number of
individuals, N = 100; uniform size of interaction radius, r = 0.005;
normalised domain length, L = 1; particle speed, v0 = 0.001 and noise
parameter, η = 2.

on its own, current velocity is variable; from complete self-importance,
ignoring all the particles around it, to a complete disregard for its own
previous velocity. Introducing a weighting parameter, α, the equation
for the mean velocity of the surrounding particles used in the velocity
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update equation becomes

(2.9) 〈u〉i =
1

ni(t) + α

(

αui +
∑

j∈J r
i

uj

)

.

Choosing α = ∞ implies complete independence from other particles
whereas choosing α = 0 implies a particle’s next velocity is independent
of its previous velocity. Choosing α = 1 returns us to an equivalent
formulation of equation (2.3), where the velocities of all particles in the
near neighbourhood, including particle i itself, are given equal weighting.
We must be careful when choosing α = 0 since it is possible that a
particle may find itself in a position where it has no nearest neighbours.
In this case the velocity update rule is undefined. If this happens, since
the particle has no neighbours from which to draw influence, it continues
with its current velocity.

Figure 2 shows the variation of group alignment with the weighting
parameter and the interaction radius. By alignment at each time-step we
refer to the normalised sum of the absolute value of the mean velocities
of all particles,

(2.10)
1

N

∣

∣

∣

∣

∣

N
∑

i=1

ui

umax

∣

∣

∣

∣

∣

,

where umax is the maximum, over all particles, of the absolute value
of their velocities. This measure gives us a sense of the cohesion of
the group. The group alignment for a simulation was taken to be the
average of the values of the alignments during the second half of the
simulation. We consider only the second half of the simulation in order
to allow the particles to ‘warm up’ (to allow aggregation to occur or
otherwise) so that initial conditions do not have too significant an effect
on the measured alignment. In general we see reduced cohesion when
particles pay little attention to each other and are more focussed on
their own velocities (i.e., α � 1 or r = 0) and larger cohesion when
particles are more aware of each other, either by giving more weight
to other particles’ velocities (reduced α) or simply by considering more
particles (increased r). The addition of noise to the model has the effect
of smoothing the transition between ordered and unordered states and
changing the values of α and r at which this transition occurs.

In one dimension there is a limit to the complexity of an SPP model.
Eftimie et al. [24, 25] introduce a continuum version of an IBM [51]. By
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(a) (b)

FIGURE 2: Alignment averaged over the second half of 50 simulations of
the weighted Czirók model for varying values of the interaction radius, r,
and the weighting parameter, α. The simulations in (a) were run in the
absence of noise (i.e., η = 0) and those in (b) with noise parameter η = 2.
Alignment values near unity indicate that the individuals moved in the
same direction for the majority of the second half of the simulation.
Alignment values near zero indicate that individuals travelled in different
directions in a disordered manner for the majority of the simulation. In
both the presence and absence of noise there is reduced group alignment
when particles ignore each other and higher alignment when particles
interact strongly with each other. All particles were initialised with a
random position on the domain and a randomly chosen initial velocity
of either v0 or −v0. The other parameters common to both simulations
were N = 100, Tfinal = 500 (time for which the simulation was run),
∆t = 1, v0 = 0.01 and L = 1 (domain length). We have smoothed the
alignment surface for ease of viewing. Data points are on an equally
spaced 11 by 11 grid of interaction radii and weighting parameters.

assuming several different types of inter-particle interactions in the IBM
(combinations of attraction, repulsion, and alignment) they derive cor-
responding systems of hyperbolic PDEs. They show that a variety of ob-
served and, as yet, unobserved (in nature) behaviours result from these
continuum models. Levine et al. [47] describe a one-dimensional model
which incorporates attraction and repulsion forces, and leads rapidly
to a steady state distribution of particles. In their original model (in-
corporating soft-core repulsions only) they find that, as the number of
individuals in the group increases, the size of the group remains con-
stant. They recognise that this is biologically unrealistic and, as such,
introduce hard-core (large) repulsions which are much stronger than the
corresponding attractive forces. This allows group size to expand lin-
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early with an increase in members, with each individual maintaining
a certain distance from its neighbours. This model, incorporating at-
traction and repulsion, does not rely on physically unrealistic periodic
boundary conditions for cohesion as the Czirók model does. Groups
can be held together on an infinite domain, which represents a major
advantage. However, in one dimension this model lacks the interesting
dynamic behaviour of the Czirók model since the attraction and repul-
sion forces quickly balance and particles are not able to pass through
each other, leading to a steady state distribution of particles. The model
also relies on global particle interaction which is often deemed physi-
cally unrealistic. Similar attraction-repulsion models in two dimensions
[29, 30, 31, 32, 49] have more interesting behaviour and will be dis-
cussed further in Section 3.5.

2.1 Applications Adaptations of Czirók’s original representation have
been used to model collective motion in animals. Buhl et al. [8] used
an adapted version of the Czirók model to describe the alignment of a
number of locust nymphs marching in a ring-shaped arena. Despite the
locusts having freedom to move in two dimensions, the annular nature
of the arena means that this situation can be considered to be a one-
dimensional domain with periodic boundary conditions, and therefore
that the locusts’ movements are amenable to representation using the
Czirók model (see equations (2.1)–(2.3)). Buhl et al. [8] found that,
as the density of locusts increased, they showed a dramatic shift from
seemingly solitary, individual-based behaviour to highly cohesive group-
level behaviour, identifying a critical density for the onset of collective
motion in locusts. The locusts demonstrated a transition from random
movement with no clear group orientation to almost ubiquitous motion
in one direction around the ring-shaped arena, within a short range of
densities. Crucially, Buhl et al. [8] also discovered a dynamic instability
in locust density which allowed the locust groups to switch direction
in the absence of external perturbation. This directional switching was
found to be exhibited at densities typical of locusts in the field indicating
that naturally formed locust groups in the wild can exhibit spontaneous
directional switching. The Czirók model with noise also exhibits these
directional switches (see Figure 1 (c)) and, as such, a weighted adapta-
tion of the model was deemed appropriate to model the average velocity
of the locusts.

The adapted version of the Czirók model used to represent the align-
ment of the locusts employs the same position update equation as in
[22] (see equation (2.1)), but alters the weighting of the velocities in a
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manner which is significantly different to the weighting described above.
The velocity update equation (2.2) of the original model becomes

(2.11) ui(t+ 1) = αui(t) + (1 − α)[G(〈u(t)〉i) − ui(t)] + ∆Qi,

where the time-step, ∆t, is explicitly taken to be 1 (which corresponds
to approximately 3.6 seconds of experimental time) and 〈u(t)〉i is, as
in the original formulation of the model, the mean velocity of all the
particles in the interaction radius of particle i, including i itself. For each
simulation all particles were initialised with random initial positions and
nondimensional velocities, ui ∈ {−1, 1}. Significantly there is no value
of α that will return us to the original model1 and, as such, this model
represents a departure from Czirók’s model. We will therefore refer to
the model given by equation (2.11) as the Buhl model. Buhl et al. [8]
claim that, for locusts, α corresponds to an inertia-like term, when a
locust is considered in the absence of near neighbours.

Interestingly, although Buhl et al. [8] chose to model the movement
of locusts using a Czirók-type model to describe velocity of the parti-
cles, the actual experimental data they extracted were for instantaneous
alignment, which they referred to as the average orientation for all mov-
ing locusts. They found, at least qualitatively, that the switching be-
haviour of the alignment of the moving locusts was replicated by the
average velocity of the particles in their revised model. The interaction
radius of the particles (assumed to be the same for each individual) was
determined from detailed analysis of the behaviour of locusts in the ex-
perimental arena. Other parameter values, such as the underlying speed
of the locusts, v0, and the domain length, L, were also determined ex-
perimentally, whereas the magnitude of the noise term, η, was chosen by
trial and error in order to replicate qualitatively the switching behaviour
of the locusts.

Buhl’s groundwork on the modelling of locust behaviour was built
upon by Yates et al. [72] who attempted to quantify the comparison
between experimental data and the model. They were able to implement
this quantitative comparison by introducing a ‘coarse-grained’ variable
which avoids the ‘fine’ details of the behaviour of individual locusts. The
coarse variable found to represent the dynamics of the model system
appropriately was the average particle velocity, U . This is the same
quantity compared qualitatively to the locusts’ alignment in [8]. This is
convenient as it is an easy quantity to calculate given the velocities of the

1However, choosing α = 1/2 will return us to the more generalised formulation of
the velocity update equation (2.6) with ∆t = 1/2.
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FIGURE 3: Panel (a) exhibits a sample time course of alignment of 30
locusts from the experiments described in [8]. The switching behaviour
of the group is clearly evident. Panel (b) displays the average velocity
of 30 individuals simulated according to the Buhl model with experi-
mentally derived parameter values: L = 36, r = 2, v0 = 1, α = 0.66,
η = 2. Qualitatively there appears to be a good comparison between
the switching behaviour exhibited by the data and that replicated by
the model. First published in Proc. Natl. Acad. Sci. USA [72].

individual locusts. In special cases (i.e., global interaction, r = L/2) it
is possible to derive analytically a stochastic differential equation (SDE)
describing the evolution of the coarse-grained variable, U , from the IBM.
Yates et al. [72] estimated the diffusion coefficient from experimental
data and, following a method from [27], used this to revise the IBM
in order to replicate the coefficient of the SDE describing the coarse
variable, U . It was necessary to change the way in which individuals
reacted to locally ordered and disordered situations. When individuals
found themselves in a more ordered state (i.e., a high value of |〈u〉i|,
indicating the locusts in the interaction radius of locust i were travelling
mainly in the same direction) it was hypothesised that individuals tended
to decrease the randomness of their motion in order to stay aligned
with their cohort. However, when a locust found itself in a disordered
situation, with the absolute value of the local average velocity being low,
it was supposed that the individual increased the random element of its
movement in order to bring the group back into an ordered phase.

Consequently, the velocity update equation (2.11) of the IBM was
altered to reflect these hypotheses. Instead of assuming the magnitude
of the noise term, η, to be constant Yates et al. [72] assumed it to be a
quadratic function of the local average velocity:



310 C. A. YATES ET AL.

(2.12) η(〈u〉i) =
3

2

{

1 −
( 〈u〉i
|〈u〉i|max

)2}

,

where |〈u〉i|max is the maximum absolute value of the local average veloc-
ity. This ensures that the function η, representing the magnitude of the
noise term, is always positive. This quadratic dependency of η on 〈u〉i
ensured that when the absolute value of local alignment measured by
an individual was high the randomness the individual locust introduced
to the system remained relatively low and when an individual found its
neighbours in a locally disordered state, it correspondingly increased the
randomness of its motion.

The model with the revised noise term (2.12) showed, at least quali-
tatively, a diffusion coefficient which replicated that of the experimental
locust data much more accurately than the original Buhl model. The
results indicated that individuals move more randomly in locust groups
with low alignment, which appears to enable the group to find (and
remain in) a highly aligned state more easily. Yates et al. [72] hypothe-
sised that the revised functional form of their position update equation
may be useful in the formulation of other SPP models characterising
collective animal behaviour.
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FIGURE 4: Diffusion coefficients of the SDEs (corresponding to the
behaviour of the original and revised Buhl models and the experimental
data) as a function of average velocity/alignment found by estimation
from time series data [72] for 30 locusts/particles. Panel (a) represents
the diffusion coefficient as a function of alignment for the Buhl model
(see equation (2.11)). (b) The diffusion coefficient of an SDE supposed
to underlie the experimental data. (c) The diffusion coefficient of the
SDE underlying the model with adapted noise magnitude (see equation
(2.12)). First published in Proc. Natl. Acad. Sci. USA [72].
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3 Higher dimensional models

3.1 The Vicsek model The model originally described by Vicsek et
al. [69] to represent flocking in noisy environments is often considered
to be the two-dimensional analogue of the Czirók model described in the
previous section. Here we initially consider a version of the model in the
absence of noise. The model (which we shall henceforth refer to as Vic-
sek’s model) assumes that each particle has a velocity with a constant
magnitude and that the directions (or headings) of the particles change
at each time-step. In the discrete, deterministic, two-dimensional imple-
mentation of this model the direction, θi, of particle i (i = 1, . . . , N) is
updated as follows:

(3.1) θi(t+ 1) = arg

{

exp (
�
θi(t)) +

∑

j∈J r
i

exp (
�
θj(t))

}

,

where2 the right-hand side in the above update equation can be sum-
marised as the ‘average’ direction of the particles (excluding particle i)
within a circle of radius r > 0 (the interaction radius), i.e., J r

i represents
the set of all the particles, j, such that ‖xi − xj‖2 < r2, excluding par-
ticle i itself. Again we choose to recapitulate the model in a time-step
independent manner as follows:

(3.2) θi(t+ ∆t) = θi(t) + ∆t

[

arg

{

exp (
�
θi(t))

+
∑

j∈J r
i

exp (
�
θj(t))

}

− θi(t)

]

.

Often, when simulating flocking models, periodic boundary conditions
are used on square domains [21, 69]. Taking r to be small in comparison
to the domain length gives the ‘local-interaction’ model. In the ‘global-
interaction’ model all particles interact with all other particles at every
time-step.

The position update equation is analogous to that of the Czirók model
(see equation (2.5)), but now our position is a vector rather than a scalar:

(3.3) xi(t+ ∆t) = xi(t) + ∆tvi,

2To distinguish from particle index, i, we have labelled
√

−1 as � .
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where vi = cos(θi)i + sin(θi)j and i and j are unit vectors in the x and
y directions, respectively. In order to simulate biological situations we
add noise to the revised direction update equation (3.2):

(3.4) θi(t+ ∆t) = θi(t) + ∆t

[

arg

{

exp (
�
θi(t))

+
∑

j∈J r
i

exp (
�
θj(t))

}

− θi(t)

]

+ ∆θi,

where ∆θi is a random number chosen with uniform probability from
the region [−η/2, η/2] where, as in the Czirók model, η is referred to
as the magnitude of the noise and scales with

√
∆t. Choosing η = 2π

represents random reorientation of each particle, ignoring its original
velocity and those of its neighbours. With such a large noise term we
would not expect to see any coordinated motion.

It should be noted, quite apart from any differences of opinion as to
the statistical distribution of the noise, the precise step in which the
noise is implemented is also a topic of debate. Vicsek et al. [69] choose
to add the noise term to the average of the neighbours’ perfectly mea-
sured headings, implying that the noise is as a result of the individuals
being unable to implement the measured velocity accurately (‘angular
noise’). Grégoire and Chaté [34] make a strong argument that “errors
are made when estimating interactions, for example, because of a noisy
environment.” Consequently they propose that the heading update rule
should in fact be

(3.5) θi(t+ ∆t) = θi(t) + ∆t

[

arg

{

η ni(t) exp (
�
∆θi)

+
∑

j∈J r
i

exp (
�
θj(t)) + exp (

�
θi(t))

}

− θi(t)

]

,

where ∆θi is now delta-correlated white noise (∆θi ∈ [−π, π]) and η
again controls the magnitude of the noise term.

Vicsek et al. [69] demonstrate a series of interesting flock-like be-
haviours (see Figure 5) and show that their models can give rise to a
system where all agents eventually move in the same direction (see Fig-
ure 5 (d)).

By varying the interaction radius and noise parameter, whilst keeping
the number of individuals constant, we elicit a wide variety of behaviours



REFINING SELF-PROPELLED PARTICLE MODELS 313

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

(a)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

(b)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

(c)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

(d)

FIGURE 5: Typical behaviours of the Vicsek model simulated using the
original model formulation (see equations (3.1) and (3.3)) with ∆t = 1
and noise incorporated. The directional alignment of all individuals
is displayed for varying values of interaction radius and noise. Noise
is implemented as angular noise, as in the original Vicsek model. In
each case the number of particles is N = 300, the domain is normalised
(L = 1) and the particles move with common speed v0 = 0.01. Panel (a)
shows a typical initial configuration of the particles at random positions
with random headings. Panel (b) demonstrates the formation of small
compact groups of individuals who travel together in random directions
in the case where the interaction radius is small and noise is also small:
r = 0.01, η = 0.1. Panel (c) shows the formation of larger, better
aligned/coherent groups as a consequence of an increased interaction
radius at the same noise level: r = 0.03, η = 0.1. Panel (d) shows
the formation of a single coherent group encompassing all individuals
as a result of a further increase in interaction radius which more than
compensates for an increase in the noise term: r = 0.1, η = 1.
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from the Vicsek model: Figure 5 demonstrates just some of these be-
haviours. Clearly the model exhibits several different types of behaviour
as the parameters vary: from completely random uncorrelated behaviour
of individuals (not shown, often known as ‘gas’ phase), through the for-
mation of small cohesive groups with an absence of global correlation
(see Figure 5 (b) and (c) often known as ‘liquid’ phase), to a single group
encompassing all individuals travelling in the same direction (see Figure
5(d), ‘solid’ phase).

In the classical sense a phase transition refers to the transformation
of a thermodynamic system from one ‘phase’ or ‘state’ to another (e.g.,
liquid to solid (evaporation) or solid to gas (sublimation)). As a result of
a change in some external condition (temperature, pressure or volume in
the classical definition) certain properties of a medium change (often in a
discontinuous manner). Analogously, in a system of self-driven particles,
when a parameter of the system changes causing the particles to alter
their behaviour from a disordered to an ordered state (or vice versa) this
is known as a phase transition. The interaction-radius-dependent phase
transition described above is reminiscent of the density-dependent phase
transitions detailed by Vicsek et al. [69]. In order to elicit their density-
dependent phase transition they reduced the size of the domain whilst
keeping particle numbers constant, leading to an increase in density.
This process is essentially analogous to increasing the interaction radius.
In Figure 6 we demonstrate phase transitions as a function of interaction
radius and density (by varying particle number and domain size).

In Figure 6 we see that the density-dependent phase transition aris-
ing from altering the number of particles (see Figure 6 (a)) is less sharp
than that caused by altering the domain size with a constant number of
particles (see Figure 6 (b)). In the first case, low density implies low par-
ticle numbers, which are unlikely to have low alignment values. In the
extreme, N = 1, the alignment is, by definition, equal to its maximum,
1. In a two-particle system (N = 2) in order for the alignment to be
close to zero, both particles would have to move in opposite directions
for the duration of each simulation, which is extremely unlikely. The
same low particle density with a large fixed number of individuals on
a correspondingly large domain gives a much higher probability of low
alignment due to the eventual formation of small clusters of individuals
often travelling in opposite directions to each other (see Figure 5 (b)).
The phase transition exhibited in Figure 6 (c) as a result of varying the
interaction radius is sharp, indicating some critical interaction radius,
rc, above which group motion is dominant and below which particles act
as individuals. Vicsek et al. [69] interpret the existence of such critical
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FIGURE 6: Phase transitions exhibited by the Vicsek model as a func-
tion of density and interaction radius over a range of values of the noise
parameter, η. Panels (a) and (b) show the phase transition caused by
changing the density. In (a) the density is changed by varying the num-
ber of individuals between N = 1 and N = 100 with constant domain
length, L = 1, whereas in (b) the number of individuals remains con-
stant, N = 100, but the length of the domain changes between L = 1
and L = 10, giving the same range of densities as in (a). In both cases
the density varies from 1 individual per unit area to 100 individuals per
unit area and all particles have a constant interaction radius, r = 0.2.
Panel (c) exhibits the phase transition caused by varying the interaction
radius between r = 0 and r = 0.5 with a constant number of individuals,
N = 100, and constant domain size, L = 1. Each simulation is run for
a range of noise parameters from η = 0.1 to η = 2. Alignments are
averaged over the second half of a 500 time-step simulation and over 50
repeats.
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thresholds in density as evidence that, in the limit of large particle num-
bers, the model exhibits a kinetic phase transition analogous to phase
transitions found in equilibrium systems.

As in the case of the Czirók model, it is possible to adapt the update
rule (3.1) so that the importance particle i places on its own current
velocity is variable; from complete self-importance, ignoring all neigh-
bouring particles, to complete disregard for its own previous direction.
Reintroducing the weighting parameter, α, the direction update equa-
tion (in the absence of noise), (3.1), becomes

(3.6) θi(t+ 1) =

[

arg

{

1

ni(t) + α

(

α exp(
�
θi(t))

+
∑

j∈J r
i

exp (
�
θj(t))

)}]

.

Figure 7 shows the variation in group alignment with weighting pa-
rameter and interaction radius. By alignment at each time-step we refer
to the normalised cumulative Euclidean distance travelled by the parti-
cles,

(3.7)
1

N

∣

∣

∣

∣

∣

N
∑

i=1

vi

∣

∣

∣

∣

∣

=
1

N

√

√

√

√

(

Re
N
∑

i=1

exp(
�
θi)

)2

+

(

Im
N
∑

i=1

exp(
�
θi)

)2

,

which gives us a sense of the cohesion of the group. As in the one-
dimensional Czirók model we see reduced cohesion when particles pay
little attention to each other and are more focussed on their own veloc-
ities (i.e., α � 1 or r = 0) and larger cohesion when particles are more
aware of each other as a result of either giving more weight to other parti-
cles’ velocities (reduced α) or simply through considering more particles
(increased r). The addition of noise to the model again has the effect
of smoothing the transition between ordered and disordered states but
means that the maximum alignment achieved is never as high as the
maximum alignment in the noiseless model.

The three-dimensional analogue of this model is given by Czirók and
Vicsek [21] as

(3.8) vi(t+ ∆t) = vi(t) + ∆t (N(〈v(t)〉) − vi(t)) ,

where N (v) = v/|v| and the position update rule is as in equation (3.3).
If noise were to be reintroduced to the model we would simply add ∆Q,



REFINING SELF-PROPELLED PARTICLE MODELS 317

(a) (b)

FIGURE 7: Alignment averaged over the second half of 50 simulations of
the weighted Vicsek model for varying values of the interaction radius, r,
and the weighting parameter, α. The simulations in (a) were run in the
absence of noise (i.e., η = 0) and those in (b) with noise parameter η = 2.
Alignment values near unity indicate that the individuals travelled in
the same direction as each other for the majority of the simulation.
Alignment values near zero indicate that individuals travelled in different
directions in a disordered manner for the majority of the simulation. The
other parameters common to both simulations were N = 100, Tfinal =
500 (time for which the simulation was run), ∆t = 1, v0 = 0.01 and
L = 1 (domain length). All individuals were initialised with random
positions and direction. We have smoothed the alignment surface for
ease of viewing. Data points are on an equally spaced 11 by 11 grid of
interaction radii and weighting parameters.

uniformly distributed noise in a sphere of radius η, to equation (3.8),
where η scales with

√
∆t (in analogy to the one- and two-dimensional

models in [22] and [69], respectively).
Chaté et al. [11, 12] consider the effect of changing particle interac-

tions and orientations from polar (i.e., orientation and direction vector
pointing in one specific direction) to apolar (orientation vector with no
preferred direction). At every time-step each particle moves forwards or
backwards (with equal probability) with a newly calculated orientation.
Using this model Chaté et al. [12] find that “giant density fluctuations”
occur in the ordered phase in contrast to the original Vicsek model in
which high density high order bands occur interspersed with low density
low order bands which do not fluctuate hugely. In the new model only
quasi-long-range order is observed in 2 D as opposed to true long-range
order in the original model. Chaté et al. [12] also suggest and investi-
gate the addition of cohesion to the Vicsek model (see Section 3.6) and
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the consideration of the role of the ambient fluid in which the parti-
cles are moving. Both additions serve to make the Vicsek model more
biologically realistic.

Peruani et al. [56] also consider a variation on the Vicsek model in
which the particles are rod-shaped. The rods are assumed to exhibit
volume exclusion, but in a “soft” manner which means that a certain
degree of overlap is allowed. This enables the packing fraction to be
controlled. They find that a sufficiently large packing fraction, φ, and
aspect ratio of the cells, κ, are necessary for clustering. They derive a
mean field approximation and find an analytical relationship between κ
and φ which characterises the transition from nonclustered to clustered
particles. Individual-based simulations correctly characterised the tran-
sition curve in the (φ − κ) parameter space plane as predicted by the
mean field model, when correctly parameterised. This model should be
considered a minimal model for collective phenomena in actively moving
rod-shaped cellular entities.

We will focus next on analysing the two-dimensional version of the
original polar, point-particle Vicsek model.

3.2 Analysis of the Vicsek model Jadbabaie et al. [41] consider a
version of the Vicsek model which is amenable to mathematical analysis
using adjacency matrices, but which by their own admission can intro-
duce inconsistencies to the model which the original Vicsek model does
not have. Here, by “adjacency matrix,” we refer to a matrix which has
nonzero entries if and only if two particles are sufficiently close to inter-
act or, in graph theoretic terms, if and only if the two nodes (particles) of
the graph representing particle interactions are connected (sufficiently
close). Jadbabaie et al. [41] alter the heading update equation from
equation (3.2) to

(3.9) θi(t+ 1) =
1

ni(t) + 1

(

θi(t) +
∑

j∈J r
i

θj(t)

)

,

where, we recall, ni(t) = |J r
i | is the number of particles in the interaction

radius of particle i excluding itself. For example, using this new heading
update rule, three mutually and exclusively interacting particles each
with headings, θi = 2π/3 for i = 1, 2, 3, would inexplicably change
direction at the next time-step to have a heading of zero instead of
retaining their original heading, as would be expected. Generally this
type of behaviour is unrealistic, but in the limit of large particle numbers
we will assume this effect diminishes as the occurrences of events like
that described above becomes less likely.
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Jadbabaie et al. [41] analyse the relationships between neighbours us-
ing a simple, undirected, time-dependent graph with vertex set {1, 2, . . . ,
N}. An edge connects the vertices corresponding to particles i and j if
and only if i and j are neighbours (using the previous space-dependent
definition of neighbours). The adapted heading update rule of equation
(3.9) can be rewritten in the matrix form

(3.10) θ(t+ 1) = Fpθ(t),

where

(3.11) Fp = (1 +Dp)
−1(Ap + I).

Here, Ap is the symmetric adjacency matrix of the undirected graph
Gp describing interactions between the particles and Dp is the diagonal
matrix whose ith diagonal element corresponds to the degree of vertex
i. The subscript p is a member of P , a suitably defined indexing set of
all possible simple graphs G on N vertices. The heading state vector θ

is given by [θ1, θ2, . . . , θN ]′. Clearly the adjacency matrix, Ap, of graph
Gp ∈ G, representing the neighbour relationships of each agent, changes
over time and, as such, a complete description would include a model of
how the index p(t) varies with time as a function of the positions of the
N agents. Such a model, while essential for simulation purposes, can be
difficult to account for when investigating convergence and, as such, can
be bypassed by assuming that the indices p(t) all come from a suitably
defined subset (of P) of interest.

Jadbabaie et al. [41] point out that naturally there will be situa-
tions for which the headings of the N agents will not converge to a
common heading, but attempt to demonstrate that for a certain class
of indices, given appropriate initial conditions (i.e., agents are not too
spread out and interaction radii are not too small), convergence to a
common heading, θss, such that limt→∞ θ(t) = θss1, will occur. Here
1 = [1, 1, . . . , 1]′ denotes the 1 × N column vector of ones. A trivial
case for which this is true is r � 1. In this case we can assume that all
agents will remain neighbours of all others for all time and hence that
index p(t) will remain on a fixed trajectory in P such that Gp is always
a complete graph. In this case convergence to a common heading is easy
to establish as the heading update equation (3.9) reduces to a linear,
time-invariant, discrete system.

Jadbabaie et al. [41] prove a central theorem relating to the con-
vergence of the more interesting case of an intermediate value of the
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interaction radius, r, which is neither too small to inhibit convergence,
nor too large to ensure it with certainty. In this case Gp(t) is not neces-
sarily complete or even connected for any single time t ≥ 0, but at the
same time no proper set of vertices of Gp(t) is isolated from the rest for
all time. A set of graphs is said to be jointly connected if the (graph
theoretic) union of its members is connected. Consequently a set of con-
secutive graphs (each representing the adjacency of the particle system
at a time point in the interval [t, τ ], where t < τ) are said to be linked
together across that interval if they are jointly connected.

Jadbabaie’s central theorem states that, when all agents are linked
together over contiguous intervals of arbitrary but finite (and uniformly
bounded) length, convergence of the agent’s headings to a common head-
ing, θss, is guaranteed, where θss depends only on the initial headings
and the intermediate indices p(t).

The proof of eventual convergence of the N -agent system to a com-
mon heading under the specific conditions given is useful in so far as
it provides us with insight into the dynamic situation which will give
rise to collective behaviour of the individual agents. However, these re-
sults should be interpreted with caution. Firstly, as we have already
mentioned, the model considered in [41] is not the same as the Vicsek
model and, due to the possibility of erratic unpredictable changes in
direction, is unlikely to be a realistic or desirable model of either bio-
logical or robotic agents. The second point to make is that, although
conditions for convergence are given, they are dynamic conditions which
depend upon the state of the system at each update, which makes pre-
dicting the model behaviour, given only the initial conditions, difficult.
It should be noted, however, that the dynamic conditions outlined above
are far more likely to be effectively satisfied if N is large and we consider
individuals on a finite domain with periodic boundary conditions. On
a sufficiently small domain this last condition ensures that no particle
will stray too far from other members of the group and, hence, that the
likelihood of finite sequences of states in which the corresponding set of
adjacency graphs in each sequence are jointly connected increases.

3.3 The Cucker-Smale model Cucker and Smale [19] introduce an-
other model for representing the arrival at consensus decisions in the
absence of central direction. They discuss their model in the specific
context of animal flocking in physical space R3 although they point out
that their approach can be used to model systems as diverse as the emer-
gence of a common price system in a financial market and of common
languages in primitive societies.
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Their main goal when considering the model in the context of flocking
is to show that, given certain types of communication between individ-
uals, the group converges to a state in which all individuals move with
the same velocity. Their analysis enables straightforward identification
of parameter regimes in which this behaviour is a necessary outcome
of the model’s evolution. In other parameter regimes it transpires that
Cucker-Smale (CS) convergence to a uniform state or otherwise is de-
pendent only on the initial state of the system. This is in direct contrast
to the strict dynamic requirements for convergence of the Vicsek model
outlined in [41].

The CS model is based on the following hypothesis on the individual-
level behaviour: each individual adjusts its velocity between time-steps
by adding to it a weighted average of the differences between its velocity
and those of the other individuals. The weighting function is postulated
to be some nonincreasing function of the distance between individuals.
The discrete version of the velocity update rule for individual i at time
t, given N individuals, is

(3.12) vi(t+ ∆t) = vi(t) +
λ∆t

N

N
∑

j=1

aij(vj(t) − vi(t)),

where

(3.13) aij = ζ(||xi − xj ||2),

is the weighting function and ζ : R+ → R+ describes the distance-
dependent weighting function. λ parameterises the strength of the in-
teractions and ∆t is the time-step between updates of the position and
velocity. Cucker and Smale [19] choose

(3.14) ζ(y) =
K

(σ2 + y)β
,

for K > 0 and β ≥ 0, and incorporate the individual pair weightings
{aij} into an adjacency matrix, A.

Cucker and Smale [19] also consider the continuum limit of their
model. Let D be the N ×N diagonal matrix, D = diag(d1, d2, . . . , dN )

such that di =
∑N

j=1 aij is the sum of all the weights corresponding
to individual i. Defining the graph Laplacian L = D − A to be the
difference between the two matrices, the velocity update rule for particle
i is reformulated more succinctly as

(3.15) vi(t+ ∆t) = vi(t) − ∆t[Lv(t)]i,
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and the corresponding position update rule is as in equation (3.2). The
continuous time version of the model is formulated naturally in the limit,
as ∆t→ 0, as a system of differential equations.

x′ = v,(3.16)

v′ = −Lv.(3.17)

For β < 1/2 decay of the function ζ is relatively slow, which guaran-
tees convergence of the discrete model independent of initial conditions.
Cucker and Smale [19] show that this unconditional flocking behaviour
occurs exponentially quickly. However, in the β ≥ 1/2 case the decay of
ζ is moderately fast and convergence is only guaranteed under specific
initial conditions [19]. In the continuum model a similar convergence
result is achieved.

In order to prove the above, the authors make use of some properties
of the graph Laplacian, L, of the dynamic network. They decompose the
state space (R3)N into two subspaces ∆ and its orthogonal complement
∆⊥ defined by the action of L i.e., L(∆) = 0 and L(∆⊥) ⊆ ∆⊥ where

(3.18) ∆ = {(u,u, . . . ,u)|u ∈ R
3}.

Each point x ∈ (R3)N decomposes in a unique manner as x∆+x⊥ where
x∆ ∈ ∆ and x⊥ ∈ ∆⊥. The velocities u can be decomposed in a similar
manner. Denote the mean velocity of the flock by

(3.19) v̄ =
1

N

N
∑

i=1

vi.

Then v∆ = (v̄, v̄, . . . , v̄) and, necessarily, v⊥ = (v1− v̄,v2− v̄, . . . ,vN −
v̄). Using this decomposition we can view the evolution of the particles’
velocities as the evolution of their mean velocity, v∆ = v̄(t), and the
evolution of the differences between individuals’ velocities and the mean
velocity, v⊥ = (v1 − v̄,v2 − v̄, . . . ,vN − v̄). Cucker and Smale [19] are
able to show that the projections over ∆⊥ of the solutions of equations
(3.15) and (3.2) are the solutions of the restriction of (3.15) and (3.2)
to ∆⊥, respectively. This is of crucial importance since it is the relative
differences in the positions and the velocities of the individuals xi − xj

and vi − vj , respectively, that we are interested in, rather than the
difference in their positions from a fixed point in space or an arbitrarily
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chosen velocity. Clearly, convergence to a common velocity is a feature
of the evolution of v⊥ only. Hence, [19] study the two quantities

(3.20) Γ =
1

2

∑

i6=j

‖xi − xj‖2,

and

(3.21) Λ =
1

2

∑

i6=j

‖vi − vj‖2,

and attempt to bound Λ and hence demonstrate the decay of Γ to zero.
Through a series of intricate propositions Cucker and Smale [19] prove

convergence of the velocities through the decay of Γ(t) as t → ∞, and
demonstrate boundedness of the differences in positions such that Λ(t) ≤
B0 ∀ t ∈ R+. In some parameter regimes convergence is found to be
unconditional, but in others there are possible dependencies on the initial
conditions.

Cucker and Smale [19] achieve the remarkable result of exponentially
fast convergence in time to the equilibrium dynamics in the absence of
any restrictions on the initial conditions in the case β < 1/2. Even in
the case β ≥ 1/2, exponentially fast convergence is proved given that
certain conditions on the initial state of the system are satisfied.

3.4 Further analysis of the Cucker-Smale model Ha and Tadmor
[35] analyse a Vlasov-type3 kinetic version of the CS model. They use
this model to demonstrate the existence of time-asymptotic flocking be-
haviour for arbitrary initial data of compact support. They also derive a
hydrodynamic description of flocking based on their adapted CS Vlasov-
type kinetic model and again prove flocking behaviour. They are only
able to show that the fluctuations in the energy of the system decay in
sub-exponentially fast time. They also require stronger long-range in-
teractions in order to achieve unconditional flocking in their continuum
model than were necessary for the analysis of the original discrete CS
model.

Carrillo et al. [10] build on the results of Ha and Tadmor [35]. They
motivate their continuum description by arguing that instead of sim-
ulating the behaviour of a large number of individuals, which may be

3A Vlasov system is a system of nonlinear integro-differential equations usually
used to describe the dynamics of plasma consisting of charged particles with long-
range interaction.



324 C. A. YATES ET AL.

computationally expensive since all individuals interact at each time-
step, a mesoscopic partial differential equation (PDE) could be employed
to describe the collective behaviour of the flock in terms of its density,
f = f(x,v, t), at position x ∈ Rd, with velocity v ∈ Rd at time t, where d
is the number of spatial dimensions under consideration. In the absence
of other effects the change in density depends essentially on velocity
changes arising from binary interactions between individuals. As such,
Carrillo et al. [10] begin by invoking standard ‘collisional kinetic the-
ory’ to show that their simplified version of the model, for purely binary
interactions, leads to the following Boltzmann-type integro-differential
equation (IDE):

(3.22)

(

∂f

∂t
+ v · ∇xf

)

(x,v, t) = P (f, f)(x,v, t),

where, as is usual with Boltzmann-type equations, the function P rep-
resents the change in particle density due to collisions. In the absence of
collisions, this term is zero. Carrillo et al. [10] use a modified version of
the Boltzmann collision operator first postulated by Povzner [58] which
considers a so-called ‘smearing process’ for pairwise collisions:

(3.23) P (f, f)(x,v) =

∫

R3

∫

R3

B(x − y,v − w)(f(x,v∗)f(y,w∗)

− f(x,v)f(y,w)) dw dy,

where v∗ and w∗ are shorthand for v(t+∆t) and w(t+∆t), respectively,
and the function B is known as the collision kernel.

Although the Boltzmann equation (3.22) describes in detail the time
evolution of the population density of the flock, a useful description
of the phenomenology of flocking is typically given by considering the
asymptotically large-time behaviour of the solution. Carrillo et al. [10]
consider what is known as the ‘grazing collision’ limit, in which the
strength of the binary interactions, γ, is small. In order that the effect
of the collision integral, P , (given by equation (3.23)) is not diminished
when γ � 1 it is imposed that the collision frequency, σ, is increased so
that the product σγ remains constant. This is the embodiment of the
grazing collision limit. In this limit the Boltzmann collision operator, P ,
can be approximated by a dissipative divergence operator, which is easier
to analyse. Whereas Ha and Tadmor [35] show that the fluctuations in
energy are a Lyapunov functional vanishing in sub-exponentially fast
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time, using this approximated Boltzmann equation, Carrillo et al. [10]
are able to show that kinetic energy for the continuum interpretation
of the CS model vanishes at an exponential rate. This enables them
to provide an unconditional flocking theorem for the continuum model
with interaction strength estimates that are valid for particle models.

In contrast to the Vicsek model, the CS model is formulated inher-
ently without noise. In a follow up paper, Cucker and Mordecki [18]
introduce noise to the CS model. They are able to show, using similar
arguments to those given in the deterministic formulation of the model,
that flocking occurs in a finite time with a certain confidence. As in
[19] they demonstrate that convergence can be established conditional
on the initial conditions only and that for some parameter regimes, even
these restrictions are unnecessary. The assumption on the initial con-
ditions (when necessary) can be stated informally as the positions and
velocities of the flock not being too dissimilar. Due to the noise in the
model, when the velocities of the particles become sufficiently similar,
the contribution to the velocity update equation from the noise term
will be of approximately the same order as that from a particle’s neigh-
bours and, as such, perfect alignment is not possible. By convergence
Cucker and Mordecki [18] refer to a property called ‘nearly alignment’
which they define to be a formal measure of (dis)similarity. The dissim-
ilarity of position and velocity are the quantities previously defined as
Γ and Λ, respectively. The dissimilarity of x ∈ (R3)N is in some sense
a measure of the dispersion of the group related to the concept of the
group’s ‘diameter’. The flock is said to be ‘nearly-aligned’ or ‘ν-nearly-
aligned’ when Λ ≤ ν for ν ≥ 0. Cucker and Mordecki [18] demonstrate
that ν-nearly-alignment is reached quickly with a certain probability (a
lower bound which is given in terms of the initial similarity of positions,
velocities, the variance of the distribution from which the noise is drawn
and other parameters of the model).

3.5 Attraction-repulsion models Purely alignment-based models
such as those of Czirók and Vicsek can never maintain true cohesion
of their individual constituents in the absence of biologically unrealistic
periodic boundary conditions. In an infinite domain, particles evolving
under these types of models will eventually fly apart [12]. To avoid
this it is necessary to add some sort of cohesion or mutual attraction
between particles, the magnitude of which is often a function of the dis-
tance separating two particles. In order to avoid collapse of the particles
to a point due to mutual attraction it is also often necessary to include
a mutual repulsion between particles of a different range, size and, of
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course, acting in the opposite direction to the mutual attraction.
Attraction and repulsion forces corresponding to collective motion

have been observed in nature [13, 17, 26, 54] and one of the earliest
mathematical models was formulated by Breder [6]. By considering a
Lagrangian approach, ignoring the overall motion of the group in prefer-
ence to a detailed consideration of the spacing of individuals, Mogilner
[49] investigate the effect of attraction/repulsion parameters on inter-
individual distances. They give conditions on the relative strength and
range of the repulsion and attraction forces showing that unless the
range of attraction is larger than that of repulsion and the strength of
repulsion is stronger than the strength of attraction a stable, well-spaced
group cannot form. They also demonstrate that isolated pairwise con-
siderations are not sufficient to determine the magnitude of the spacing
between individuals in a large, stable group, which is, in fact, smaller
than in the isolated case.

Further work on the study of attraction-repulsion IBMs has been
carried out by Gazi and Passino [29, 30, 31, 32]. Their work focusses
on an individual-based continuum model (in both space and time) with
long range attraction and short range repulsion. The update rule for the
velocity of particle i in Rn is

(3.24) vi =

N
∑

j=1,j 6=i

g(xi − xj),

where N is the total number of particles in the system and g(y) is
some attraction-repulsion function dependent on the distance between
particles, y = xi −xj . The odd attraction-repulsion function, g, can be
broken down into its component parts, ga (corresponding to attraction)
and gr (corresponding to repulsion) and takes the general form

(3.25) g(y) = −y[ga(‖y‖) − gr(‖y‖)].

The position update rule is the standard one given by equation (3.16)
for the continuous time Cucker-Smale model.

Using this model Gazi and Passino [29] show that if members of the
swarm are sufficiently far away from other individuals they do not feel
any repulsion force, only attraction, and correspondingly move towards
the centre of mass of the group. They further formalise this idea by
bounding the members of the swarm in an n-dimensional hyperball and
giving an upper bound on the radius in terms of the parameters of
the model. This upper bound increases as the range and strength of
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repulsion increases but decreases as the strength of attraction increases,
as expected. This model predicts that, for large N , as N increases the
size of the group remains bounded, implying that the density of the
group increases, which is biologically unrealistic.

Gazi and Passino [31] improve on their original model by considering
a larger general class of interaction attraction-repulsion forces. They
allow the repulsion force to become unbounded so that two particles do
not occupy the same position. This addition, in combination with a
“safe distance” for each particle in which the repulsion force becomes
unbounded (to account for the finite, noninfinitesimal, size of individu-
als, leads to swarm expansion with constant density as the number of
individuals increases.

Gazi and Passino [32] combine their IBM with an attractant-repellant
gradient, which, in general, individuals attempt to climb down. Their
models illustrate a basic foraging principle: the existence of a balance
between the desire to stay with the swarm and the desire to interact
with the environment.

3.6 Models with multiple interaction radii Although some steps
have been taken to ensure they are biologically relevant, the models
discussed in the previous sections (Sections 3.3–3.5) allow global inter-
action, which is, of course, unrealistic in large groups. A more realistic
model would take into account the finite size of an individual’s senses
and build in a finite interaction zone for each individual. The concept
of multiple interaction radii has been considered by a number of authors
[2, 15, 39, 60]. Within each interaction radius, or shell, individuals
respond to each other differently. The inner-most region is usually re-
served for repulsive reactions, corresponding to the idea that individuals
dislike overcrowding and the associated problems it causes (reduced per-
ception of the surroundings, for example, in a biological context). The
radius of repulsion can also represent the exclusion principle, assuming
that particles have solid physical volumes. The next shell usually corre-
sponds to the zone in which individuals tend to align with one another
and the outer shell (or possibly the whole of space outside the inner
two regions) corresponds to the region of attraction between individuals
which ensures that they do not disperse too widely, given that the inner-
most region will cause them, in general, to disperse. The order of these
shells is not necessarily as described above, nor are the shells necessarily
mutually exclusive. A schematic view of the nature of the interactions
in each zone is given in Figure 8.

Multiple interaction radii models bring biological realism to SPP mod-
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(a) (b) (c)

FIGURE 8: Schematic views of the nature of the interactions in each
of the three interaction radii used in the models of [2, 60, 39, 15].
Panel (a) demonstrates the mutual repulsion at close range found in the
inner-most shell with ‘radius of repulsion’, rr. In the majority of models
if there are particles within the zone of repulsion, then this interaction
occurs to the exclusion of the other two. Panel (b) shows the central
particle aligning itself with the other particles inside the ‘zone of orien-
tation’ with radius ro. Panel (c) exhibits the mutual attraction of the
particles in the outermost shell with ‘radius of attraction’, ra. In panels
(a) and (c) the thicker arrow emanating from the central particle indi-
cates its desired direction of motion. In panel (b) the central particle’s
desired realignment is indicated via the curved, dashed arrow. For the
purposes of clarity in (b) and (c) it has been assumed that the inner
radii are of zero size. In reality, these interaction zones will look more
like concentric shells.

els that single interaction radius models [22, 69] lack. For example, in
the most simple models, particles neither avoid collisions nor exhibit at-
traction towards other particles, which makes the formation of stable,
bounded groups in the presence of noise impossible. These simple models
cannot therefore replicate the well-defined animal groups seen in nature.
Importantly, these revised models show cohesive collective behaviour
and group formation in the absence of periodic boundary conditions
which are necessary for group formation and alignment in simpler mod-
els. Recently, experimental evidence for such multiple interaction radii
models has been discovered. Tien et al. [66] studied the movements of
individual fish ‘in the field’ in both normal unperturbed situations and
in the presence of a simulated predator. In the neutral situation both
attraction and repulsion zones are evident and in the case of increased
fear levels of the fish, induced by the presence of a ‘predator’, the nearest
neighbour distance and the size of these interaction zones were found to
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decrease.
The most widely used multiple interaction radii model, in the con-

text of animal migration and collective motion, is that of Couzin et al.
[15]. They assume that the behaviour of individuals results from lo-
cal repulsion, alignment and attraction based upon the relative position
and alignment of individuals with each other. Time is discretised and
the position update rule is as in equation (3.3) for the Vicsek model.
The velocity update rule is more complicated owing to the increased
complexity of interactions considered between individuals.

An individual’s highest priority is chosen to be the avoidance of all
other individuals, which simulates desire to maintain personal space as
well as reducing the probability that two particles are at the same po-
sition at the same time [42]. Particle i, therefore, turns away from
neighbours, j, within the inner-most interaction radius, rr, (see Figure
8 (a) and Figure 9 (a)) choosing its desired direction of motion at the
next time-step, ur

i (t+ 1), as follows,

(3.26) ur
i (t+ 1) = −

∑

j∈J
rr
i

xj(t) − xi(t)

|xj(t) − xi(t)|
.

If no neighbours are detected within the inner region then individuals
tend to be attracted towards each other (in order to avoid isolation)
and to align themselves with neighbouring individuals [52, 54]. In two
dimensions these zones of interaction are circular with the possible ex-
ception of a ‘blind zone’ behind each individual in which neighbours and
other external stimuli are undetectable. The blind zone is, in two di-
mensions, a sector of the circle with interior angle 2π−ψ radians, where
ψ is known as the viewing angle (see Figure 9(b)). Analogously in three
dimensions the interaction radii are spheres and the blind zone is repre-
sented by a cone with the same interior angle, ψ. Whether the zones of
interaction have blind zones depends on the situation the model is de-
signed to simulate. In some biological situations, such as modelling fish
schooling, a blind zone is appropriate [71] but often full circles/spheres
are used since physical interactions can be detected independently of
visual interactions.4

4Eftimie et al. [24] introduce an adaptation of the traditional IBM in which the
relative orientation of individuals has an effect on how they receive and transmit
information to each other. They present five different one-dimensional submodels in
which individuals receive different information about attraction/repulsion or align-
ment depending on their orientation and the orientation of their near neighbours.
These sub-models are then related to hyperbolic PDEs which are solved with peri-
odic boundary conditions. Several of the emergent patterns from these models are
novel and relate to previously unmodelled collective behaviour in animals.
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(a) (b)

FIGURE 9: Schematic views of interaction zones in two dimensions used
in the models in [2, 15, 39, 60], amongst others. Panel (a) demon-
strates the idea of three mutually exclusive interaction radii. The circle
defined by rr represents the zone of repulsion. The shell defined by ro

represents the zone of orientation and that defined by ra the zone of
attraction. Although the zone of repulsion is generally taken to be the
most important, this is not always necessarily the case. Neither are the
zones necessarily mutually exclusive or ordered in this manner. Panel
(b) represents the actual implementation of the interaction zones. To
represent the blind spot exhibited in some species a segment of the outer
interaction radii to the rear of the individual (in the opposite direction
to an individual’s velocity for forward facing individuals) is removed.
In practise animals do not always have blind spots or are able to sense
movement in a visual blind-spot using sense organs other than sight.
For this reason the radius of repulsion, rr, (often modelling the volume
exclusion principle) is rarely modelled with a blind-spot.

Letting J ro

i denote the set of neighbours of particle i in the zone
of orientation (rr ≤ |xj − xi| ≤ ro), the models suppose individual i
attempts to align its heading with these neighbours,

(3.27) uo
i (t+ 1) =

∑

j∈J
ro
i

uj

|uj |
,

and attempts to reposition itself towards particles j ∈ J ra

i , its neigh-
bours in the zone of attraction

(3.28) ua
i (t+ 1) =

∑

j∈J
ra
i

xj(t) − xi(t)

|xj(t) − xi(t)|
.
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If neighbours are found in only one of the two outer zones of interaction
then the desired direction of movement is given by

(3.29) ui(t+ 1) = u
o,a
i (t+ 1),

depending in which zone neighbours are found [15]. If neighbours are
found in both orientation and interaction zones then the desired direction
of movement is an average of the two preferred directions,

(3.30) ui(t+ 1) =
1

2
[uo

i (t+ 1) + ua
i (t+ 1)].

If no neighbours are detected or social forces result in a zero desired
direction vector then the particle continues with its original direction
[15].

In order to simulate the effects of a noisy environment and the fact
that decision making in animals is subject to stochastic effects, a ran-
dom number drawn from a (spherically wrapped in three dimensions)
Gaussian distribution with standard deviation σ is added to the desired
direction vector. The particles simultaneously turn as far towards their
desired direction vector as is permitted by their predefined ‘maximum
turning angle’, φ∆t, (where the value of φ is often motivated by exper-
imentally observed turning rates) and move in this direction, ui, as in
equation (3.3). A time-step independent reformulation of this model is
possible, but technical, and hence we omit it.

Couzin et al. [15] showed this model to be capable of producing some
complex and, at least qualitatively, biologically realistic behaviour. Four
distinct behaviours were discovered to be inherent to the model in dif-
ferent parameter regimes. Two important parameters which seemed to
correspond to alterations in the qualitative behaviour were variation in
the radius of orientation, ∆ro, and variation in the radius of attraction,
∆ra. For low values of these variational parameters group cohesion was
low and individuals tended to disperse more often than forming groups.
For low ∆ro but high ∆ra a ‘swarming’ behaviour was exhibited with
good group cohesion, but low alignment and low angular momentum
about the group’s centroid. For slightly larger values of ∆ro a ‘torus’
behaviour was exhibited in which angular momentum was high, but
overall alignment was low as the individuals rotate perpetually around a
hollow core. This behaviour is reminiscent of natural schools of fish [57].
A third behaviour type exhibited for intermediate values of ∆ro was the
‘dynamic parallel’ group, whose alignment was high but whose angular
momentum was low. Individuals are easily able to interchange positions,
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allowing the density and form of the group to fluctuate, presenting be-
haviour similar to that of flocks of birds or schools of fish. A fourth
behavioural type is exhibited when ∆ro and ∆ra are both large. The
group is highly aligned and interchanges of positions between individuals
are infrequent leading to consistent group density and shape.

4 Models with leaders The concept of leadership in IBMs can
be interpreted in a variety of different ways. Some models take it to
be a strict hierarchical ordering of individuals, as in a military situa-
tion, where lower-ranked individuals take their lead from higher-ranked
individuals who, in turn, follow the behaviour of even higher-ranked in-
dividuals. The ordering culminates with a single individual who is the
overall leader. This type of leadership is more usually associated with
active or intrinsic leadership exhibited by governmental and military hi-
erarchies or social animals such as bees [16, 61, 64], for example, where
leadership structures can clearly be identified and are known to all in-
dividuals. Another type of leadership is passive or transient leadership,
such as that exhibited in disturbed bird flocks or traffic jams, when in-
dividuals tend to react mainly to near neighbours irrespective of their
putative leadership qualities. For example, if a bird senses the approach
of a predator, by taking flight or calling to other birds who may mimic
this behaviour, the first bird becomes a virtual leader with a transient
leadership structure developing rapidly as the call or movement spreads
throughout the flock. There is nothing preordained or distinguishing
about this virtual leader other than that it was the first to spot the po-
tential predator. In dynamic, crowded situations the range over which
an individual can sense is reduced and individuals may lose the capacity
for individual recognition [14, 42]. In these situations the effectiveness
of a hierarchical leadership system will be vastly reduced and passive
leadership may become more appropriate.

4.1 Leadership in the Vicsek model Jadbabaie et al. [41] intro-
duce the concept of a transient leader particle as an individual labelled
with index 0 in a group of N other identical individuals. The leader
differs from the others in that it has a constant heading, θ0. The leader
moves with the same speed as the other particles but ignores them com-
pletely, never wavering from its predefined heading. The other individ-
uals in the model update their headings as before (see equation (3.1)
for Vicsek’s update rule and equation (3.9) for the rule which [41] use
to prove convergence in their analysis) considering the leader particle as
any other in their cohort. This leads to the revised heading update rule
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FIGURE 10: Panel (a) shows a typical realisation of particle positions
over 1000 time-steps (∆t = 1) using the Czirók model in the presence
of a single leader. The leader (red crosses) ignores all other particles
and does not deviate from his chosen direction. The leader is capable
of changing the direction of small groups of particles (see t ≈ 300)
or changing the direction of a small number of particles in larger well
established groups (see t ≈ 750) but will very rarely cause the direction
of a large well established group to change by passing though it (see t ≈

900). Parameter values are as follows: number of individuals, N = 100;
uniform size of interaction radius, r = 0.005; normalised domain length,
L = 1; particle speed, v0 = 0.001 and noise parameter, η = 2. Panel
(b) shows a typical snapshot of the Vicsek model in the presence of a
leader after 200 time-steps. The particles have had time to ‘warm up’
and are all roughly aligned with the direction of the leader (large arrow
positioned at approximately (0.4, 0.4)). Parameter values are as follows:
number of individuals, N = 100; uniform size of interaction radius,
r = 0.5; normalised domain length, L = 1; particle speed, v0 = 0.01 and
noise parameter, η = 1.

for particles i = 1, 2, . . . , N :

(4.1) θi(t+ 1) =
1

ni(t) + 1 + bi(t)

(

θi(t) + bi(t)θ0 +
∑

j∈J r
i

θj(t)

)

,

where bi(t) is defined to be one whenever the leader particle is in the
neighbourhood of particle i and zero otherwise. Using similar notation as
in Section 3.2 (where the leaderless Vicsek model was analysed) we can
vectorise equation (4.1) (in analogy to equation (3.10) for the leaderless
model) as follows:

(4.2) θ(t+ 1) = (I +Dp +Bp)
−1
[

(I +Ap)θ(t) +Bp1θ0
]

,
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where p is the index of the graph G̃p ∈ G̃ (representing the neighbour
relationships between all N + 1 particles) drawn from a suitable set of
indices, P̃ , of all the possible graphs on N +1 vertices. Bp is the N ×N
diagonal matrix whose ith diagonal element is one if node i is connected
to the leader and zero otherwise. G̃ is the set of all possible graphs on
N + 1 nodes.

The analysis carried out by Jadbabaie et al. [41] proceeds in a similar
manner to the analysis in the leaderless case. However, in order to
show that the alignments of the particles in the group tend towards
the leader’s alignment, it is necessary that each particle is linked to the
leader sufficiently frequently rather than that the particles are simply
linked together as was previously required for convergence to a common
heading. Clearly, if the particles are to converge to a common heading
they must be linked together, but we say the N agents are linked to the
leader across a finite time interval [t, τ ], (where, as before, t < τ) if the
collection of graphs {G̃p(t), G̃p(t+∆t), . . . , G̃p(τ)} encountered along the
interval is jointly connected. In other words, the N nonleader agents
are leader-linked across a time interval when the (N +1)-member group
(including the leader) is linked together across the time interval. It
should be noted that for the N -particle group to be leader-linked it
does not necessarily have to be linked together and neither does the
N -member group being linked together imply that the individuals are
linked to the leader.

Jadbabaie et al. [41] use properties of stochasticity of the heading
update matrix and sub-multiplicativity of the induced infinity norm on
nonnegative square matrices, amongst other useful properties, as well as
arguments similar to those used to prove the convergence to a common
heading in the leaderless case, to prove the following remarkable result:
if there exists an infinite sequence of contiguous, nonempty, bounded
time intervals [ti, ti+1), i ≥ 0, starting at t0 = 0, with the property that
across each such interval, the N -particle group of ‘followers’ is linked to
the leader, then

(4.3) lim
t→∞

θ(t) = θ01,

where θ0 is the constant heading of the leader particle (see Figure 10
(b) for an example of the particle alignments of the Vicsek model in the
presence of a leader after a relatively short amount of time).

In order to prove this, Jadbabaie et al. [41] rewrite the system in
terms of ε(t) = θ(t) − θ01 so that the update equation (4.2) can be
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restated as

(4.4) ε(t+ 1) = Fpε(t),

for

(4.5) Fp = (I +Dp +Bp)
−1(I +Ap).

They are then able to show that the property of the group being leader-
linked over each contiguous interval [ti, ti+1) implies that the matrix in-
finity norm of the product of the update matrices, ‖Fp(ti+1)Fp(ti+1−∆t) · · ·
Fp(ti)‖, encountered during that interval is bounded by a constant λ < 1.
As such, it is possible to show that the product of infinitely many update
matrices Fp(t) satisfying the above conditions will tend to zero and hence
ε(t) → 0 proving convergence of all the ‘follower’ particles’ headings to
that of the leader.

4.2 Hierarchical leadership in the Cucker-Smale model Shen
[61] studies the CS model in the context of hierarchical leadership (HL)
and aims to prove similar convergence results about the flock given spe-
cific parameter values and possible restrictions on the initial conditions
of the flock. A flock of size N + 1 with adjacency matrix, A = (aij), (as
previously defined) is said to be under HL if the agents can be labelled
0, . . . , N such that the following two properties hold:

1. aij 6= 0 implies that agent i is led by agent j and this is only the case
if j < i;

2. if the leader set of each agent i is defined as

(4.6) L(i) = {j | aij > 0},

then for any i > 0 the leader set, L(i), is nonempty.
Condition 1 implies that the adjacency matrix of the flock is lower

triangular. Shen [61] goes further than this by proving that a flock of
size N + 1 is under HL if and only if, after some ordered labelling, the
adjacency matrix is lower triangular and for any row i > 0, there exists
at least one positive off-diagonal entry. Figure 11 shows the leadership
structures of four simple flocks. Two are HL flocks and two are non-HL
flocks, each violating a different condition of the definition of hierarchical
leadership.

The framework for the proof of convergence of the leaderless CS model
Cucker and Smale [19] relies heavily on the existence of a special inner
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(a) (b) (c) (d)

FIGURE 11: The arrows i → j indicate that agent i is led by agent j.
(a) and (b) are examples of HL flocks, whereas (c) and (d) are non-HL
flocks. Flock (c) violates condition 1 of the above definition of HL in
that a23 6= 0. Flock (d) violates condition 2 in that the leader set of
agent 2 is empty.

product 〈·, ·〉Q, which in turn relies on the symmetry assumption of the
CS model. Shen [61] proves that such inner products could fail to exist
for nonsymmetric systems such as HL-flocks. Even when such inner
products exist in nonsymmetric systems it is likely that they are time-
dependent and therefore unsuitable for proving a priori convergence
results.

Despite this general lack of compatible inner products for an HL flock,
Shen [61] shows, under a set of conditions similar to those given by
Cucker and Smale [19], for an HL flock of size N + 1 with sufficiently
small discrete time-step, ∆t, between updates of position and veloc-
ity, that the velocities of the flock converge at rate O(ρt

∆tt
N−1) where

ρ∆t ∈ (0, 1) depends on ∆t, system parameters and the initial configu-
ration of the flock. The CS-type conditions are such that whether or not
convergence of the system is dependent on initial conditions depends on
the magnitude of the parameter β, where β is the exponent of the de-
nominator of the interaction weighting function ζ (see equation (3.14)).
Specifically, if β < βc then the convergence is independent of initial con-
ditions, where instead of βc = 1/2, as in the CS model, βc = 1/(2N).
Shen [61] also proves a result for CS-type flocks under HL in continuous
time; for β < 1/2 there exists some B > 0 such that the velocities of
the flock converge at an exponential rate O(e−Bt), where the constant
B depends on the system parameters and initial conditions of the flock.

4.3 Inherent leadership Animals such as locusts, fish or birds often
move in groups which are densely crowded. This limits the range over
which individuals can sense each other and reduces their capacity for
individual recognition. As such, it is often realistic, when modelling
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biological individuals, to allow the alteration of an individual’s behaviour
based only on the behaviour of its neighbours and to implement ‘leader’
individuals with no external characteristics different from those of the
‘followers’. The only difference between leader particles and followers
should be in the preferential movement of the leaders in a predefined
direction.

Couzin et al. [16] adapt their original model [15] in order to deal effec-
tively with biologically motivated model systems incorporating informed
individuals. In the new model the two outer interaction radii, corre-
sponding to orientation and alignment zones, are incorporated into one
radius and, as such, the contribution to the desired direction ui from the
individuals in this radius, providing there are no neighbours in the zone
of repulsion, is the summation of the terms, uo

i (t+ ∆t) and ua
i (t+ ∆t),

respectively, relating to attraction and orientation (see Section 3.6). In
either case the resultant direction vector, ui(t + ∆t), from interactions
is subsequently normalised, ûi(t + ∆t) = ui(t + ∆t)/|ui(t + ∆t)|. In a
further alteration to the original model no ‘blind zone’ is considered.

The influence of informed individuals is naturally incorporated into
the model by further altering the desired direction vector of a predefined
proportion of the individuals, p, so that they tend to follow a preferred
direction, gi, for individual i. The degree to which the individuals adhere
to this direction as opposed to simply following the desired direction of
movement ûi(t+ ∆t) is altered using the weighting parameter, ω:

(4.7) u′
i(t+ ∆t) =

ûi(t+ ∆t) + ωgi

|̂ui(t+ ∆t) + ωgi|
,

where u′
i(t + ∆t) becomes the desired direction vector of the informed

particle.
Couzin et al. [16] measured how well the group followed the preferred

direction of migration of the informed individuals. They found that
the accuracy increased asymptotically as the proportion of individuals
increased, and that for larger groups a smaller proportion of individuals
was needed to guide the group to the same level of accuracy.

The authors simulate the possibility that there exists more than one
group of informed individuals with differing preferential directions. They
found that, when the numbers of informed individuals in the two groups
were equal, an average direction is taken by the group until the angle
between the preferential directions is increased beyond a certain limit,
after which the group randomly selected one of the two preferred direc-
tions with equal probability. When the size of one of the informed sets
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is even marginally larger than that of the other set, the group selects
the preferred direction of the larger informed set (provided there existed
an appropriate difference in the preferences).

Positive feedback on the weighting parameter, ω, which causes it to
increase for those individuals following their preferred direction to a good
degree of accuracy and decrease otherwise, is introduced. This reduces
the necessary difference in preferred direction of the two groups above
which the average direction is abandoned and a consensus decision on
which of the two preferred directions to follow is reached. Using feedback
on the weighting parameter, Couzin et al. [16] were able to tune the
necessary difference in preferred direction for a consensus decision to be
made. This feedback mechanism also makes it possible for a group to
discriminate between the quality of information of two sets of informed
individuals. Individuals in the set with (even slightly) poorer quality of
information are less likely to head in their preferred direction and hence
the weighting given to their preferred direction will be decreased as part
of the feedback loop, until the set of poorly informed individuals give
no weight to their preferred direction and are in effect uninformed. A
consensus decision is easily reached in this case.

5 Evolutionary self-propelled particle models The evolution
of collective behaviour is becoming an increasingly important area of re-
search. Several advantages and disadvantages have been postulated and
argued for qualitatively as the evolutionary basis of group formation. In
order for collective behaviour to evolve the advantages to group forma-
tion must outweigh the disadvantages. Group behaviour often provides
advantages that individuals could not hope to achieve acting alone: it
can often mean the difference between life and death for the individuals
involved. For example, warm-blooded animals such as emperor penguins
huddle together in groups sharing body heat and reducing the need for
energy expenditure [59]. On a less dramatic scale, schooling fish and
flocking birds are thought to gain a dynamic or hydrodynamic advan-
tage by moving together in a group [4, 7, 70]. Their collective motion
reduces the average resistance force on each animal which therefore leads
to a smaller expenditure of energy for each individual. By swarming,
groups of animals, such as locusts, act as a multicellular organism, in-
creasing their collective zone of awareness in comparison to that of an
individual allowing them to forage more efficiently.

The disadvantages of group formation can, however, be severe. Dis-
ease spreads quickly in crowded environments, often debilitating every
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member of the group. Despite the foraging ability of the group increas-
ing, competition for the available resources also increases meaning that
some individuals may, in fact, find it harder to obtain enough food [44].

Even the validity of these simple pros and cons have been much de-
bated [1, 53], even more so their importance in an evolutionary sce-
nario. However, since groups are evident in many animal species, it is
clear that, whatever the advantages of the formation of these groups are,
they outweigh the disadvantages.

In recent years it has become easier to conduct increasingly complex
computational evolutionary simulations on relatively modest hardware.
This has led to an increase in algorithms designed to simulate various
evolutionary scenarios testing quantitatively the possible hypotheses on
the advantages and disadvantages of group formation.

Spector et al. [63] describe numerical experiments on the emergence
of collective behaviour in populations of flying agents incorporating mul-
tiple species and goal orientation as evolutionary factors. They find the
emergence of collective behaviour akin to that of multicellular organ-
isms. In a second set of experiments the behaviour of the agents was
observed to exhibit altruistic food-sharing behaviours.

Wood and Ackland [71] introduced the first multi-parameter SPP
evolution algorithms. The model they consider is based on a two-
dimensional version of the models described by Couzin et al. [15],
given in Section 3.6. The parameters of the flock are allowed to evolve
via a caricature of natural selection, with each individual in the new
generation having different characteristics to each other, but sharing
similar characteristics to a single haploid parent in the previous gener-
ation (i.e., asexual reproduction with mutation). Wood and Ackland’s
model imposes two additional restrictions on the parameter regimes over
the Couzin model. These restrictions ensure that all possible parame-
ter values are not simply maximised. Indeed parameters such as speed
and maximum allowed turning angle are traded off against each other.
Sighting area parameter, As = ψr2a (where ψ, as before, is the viewing
angle) is kept constant to simulate a trade-off between long-range and
peripheral vision. Similarly the possible movement ‘area’ parameter,
Am = 2θv2

i , is kept constant to simulate faster moving individuals being
less free to change their direction5.

In addition to the Couzin model, Wood and Ackland [71] introduce
stimuli such as a food source or a predator. The response to these stimuli
in each generation of individuals is a basis for the fitness upon which

5We suggest that, in order to keep the model time-step independent, the movement
‘area’ be formulated with the units of area: Am = 2θ(vi∆t)2.
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the individuals are selected to pass on their characteristics to the next
generation. Therefore, in addition to the desired direction of movement
due to social interactions, ui, a stimulus-related movement vector, Ωiv̂,
is added into an individual’s velocity vector, where the script letters f
and p relate to stimuli in response to food or predation and v̂ is the
unit vector towards food or away from the predator, respectively. Ωi

is an evolvable weighting parameter which determines to what degree
individuals attempt to attain the goals of predator avoidance or food
retrieval. Other evolvable parameters of the model are the orientation
radius, ro, such that rr < ro < ra and the magnitude of the noise for
each particle, ηi.

In the terminology of [71] one run of the algorithm is the simulation of
a predefined number of generations or instances. Between each instance
a new generation of individuals is generated. The new generation is
largely dependent on the previous generation, with the fitter individuals
of the previous generation having a higher probability of passing on their
characteristics to the next generation. Mutation is also implemented by
adding a random number, chosen from a uniform distribution in the
range [−m,m], to the magnitude of the interaction radii of each particle
in the new generation. Here m is a fixed value and precautions are
taken to ensure parameters do not take unrealistic values (i.e., negative
interaction radii, etc.).

After evolving their individuals for sufficiently many generations,
Wood and Ackland [71] found that very different flocks evolved given
different types of stimuli. The predation stimulus necessitated group
formation, whereas food searching did not, although group formation
was possible. In almost all cases a small viewing angle was strongly
selected for.

Two sub-types of behaviour emerged from the predation model: slow
moving, milling behaviour and fast moving, dynamic groups. The milling
behaviour allows individuals to interact strongly with each other and to
respond rapidly to the presence of a predator. These types of groups
evolve when the mutation rate is high and the viewing angle of the preda-
tor is high (a smaller more compact group does not allow the predator
to take advantage of his large viewing angle). Alternatively, with low
mutation rates and predators with a small viewing angle, fast moving
dynamic groups evolve. Their response to a predator is to fan out and
take advantage of the predator’s low viewing angle.

In flocks selected for their ability to forage, group evolution was highly
dependent on the type of food stimulus on offer. Foraging seemed also
to promote strong selection on the speed and the attraction radius (and
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hence demote turning efficiency and viewing angle), but not necessarily
on the orientation radius. The distribution of single food packets did
not lead to group formation. The first individual to arrive ate the whole
packet and there was no advantage to group foraging. However, when
multiple food packets were distributed, group behaviour became more
efficient as the group was more likely to find food than a lone individual
with a small viewing angle. Several of the behaviours to which the
system evolved in the models of Wood and Ackland [71] are reminiscent
of those found in nature [5, 40, 43].

5.1 Evolution of interaction radii for particles following a leader

In groups of birds, fish and insects crowding is thought to restrict an ani-
mal’s capacity for individual recognition as well as its field of vision and
other external signal sensing abilities [14, 42]. Hence an individual’s
foraging efficiency and ability to avoid predation are likely to depend on
its ability to follow an individual informed about the location of food
or the appearance of a predator. Here we combine the ideas of intrinsic
leadership and evolution in order to evolve a single characteristic of the
individuals in Czirók-type (one dimension) and Vicsek-type (two dimen-
sions) models. Instead of basing the relative fitness of a particle on its
ability to forage or avoid predation (which, in a crowded environment, is
often a random process depending on the position of the food source, ap-
pearance of the predator and the position of the individual in the group)
we focus on the ability of individuals to follow an informed leader parti-
cle. We assume that a leader particle has seen a stimulus and, ignoring
the influence of its neighbours, heads directly towards the food source
or away from the predator. This is equivalent to the implementation of
informed individuals by Jadbabaie et al. [41] or by Couzin et al. [16]
where the weighting parameter, ω, has been allowed to tend to infinity
(see equation (4.7)).

We largely follow the evolution algorithm of Wood and Ackland [71],
with a few subtle exceptions. Since we now base fitness of the individuals
on their ability to follow an unmarked, but informed individual, we must
alter the way in which the fitness is calculated. We find an auxiliary
vector, e, such that

(5.1) ei = |Xi −X0| for i = 1, . . . , N,

where Xi represents the distance travelled by the ith particle over the
period (j = J0, . . . , Tfinal) and, as before, 0 is the index of the leader
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particle. In one dimension this can be written simply as

(5.2) ei =

∣

∣

∣

∣

Tfinal
∑

j=J0

(vi(tj) − v0(tj))

∣

∣

∣

∣

.

In two dimensions the formulation is slightly more complicated:

(5.3) ei =

∣

∣

∣

∣

Tfinal
∑

j=J0

(exp(
�
θi(tj)) − exp(

�
θ0(tj)))

∣

∣

∣

∣

.

We use e to calculate the fitness vector, f ,

(5.4) fi = max
j=1,...,N

{ej} − ei for i = 1, . . . , N.

We also normalise the fitness vector to find the probability vector, p,
that each individual will pass on its characteristics to an individual in
the next generation in a slightly different manner to Wood and Ackland
[71]:

(5.5) p =
1 − κ+ κf

N(1 − κ) + κ

N
∑

i=1

fi

,

where κ ∈ [0, 1] represents the weighting given to the fitness. Clearly
κ = 1 represents strong selection and κ � 1 represents weak selection.
Here we choose κ = 1 as we have found that weaker selection gives
similar results, but requires more generations to achieve a quasi-steady-
state distribution.

We choose to evolve a single characteristic of the individuals between
generations so as to see clearly the effect of evolution based on fitnesses
corresponding to an individual’s ability to follow the leader in the ab-
sence of variation of other characteristics. We are interested in the evolu-
tion of the interaction radius. Between generations we assess the fitness
of each individual and pass the interaction radius of individual i to each
member of the new generation with probability pi, for i = 1, . . . , N .
Once individual i, in the new generation, is assigned a value, ri, for
its interaction radius (from those in the previous generation) a random
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number, ξi, drawn from a uniform distribution in [−m,m], is used to
mutate the interaction radius as follows:

ri =











0, for ri + ξi < 0;

0.5, for ri + ξi > 0.5;

ri + ξi, otherwise,

which ensures the interaction radius does not become unrealistically
large or small.

In order to implement this evolutionary method all particles are ini-
tialised with random positions, velocities and interaction radii (between
0 and 0.5) and are allowed to move for Tfinal time-steps. This is known
as one ‘run’. At the end of this run, fitnesses are calculated and a new
generation of individuals evolved. This evolutionary process occurs for
M generations. This is known as one ‘simulation’. We repeat the simu-
lations K times and take an average of the final evolved radii.

Figure 12 shows the results of implementing the above evolution al-
gorithm in order to evolve the interaction radii for the one-dimensional
Czirók and the two-dimensional Vicsek models. In Figure 12 (a) a larger
noise value tends to lead to the evolution of a smaller interaction ra-
dius, especially for large numbers of particles. The opposite is seen in
Figure 12 (b). This suggests that, in two dimensions, increased noise
necessitates a larger interaction radius to be evolved, since a set of par-
ticles with smaller interaction radii will not be able to form as coherent
a group as a set with larger interaction radii and will hence be impeded
when following the leader. The fact that a smaller interaction radius
is evolved in low noise conditions hints that there is a cost to evolv-
ing a large interaction radius. It could be that, in a group of particles
with only moderately large or very large interaction radii, all individuals
benefit from forming a group heading in the direction of the leader, but
individuals with only moderately large interaction radii see fewer non-
leader particles in their interaction zones and hence follow the leader to
a greater degree when the leader is in their interaction zone, allowing
them to gain an advantage. This advantage is only made possible by low
noise conditions. In high noise conditions, unless all particles have large
interaction radii, group formation may be affected and those particles
with very large interaction radii may gain an advantage.

The evolutionary algorithm we have implemented above is far from
perfect. Facets such as periodic boundary conditions, homogeneous
square domains and a single interaction radius make the models them-
selves unrealistic. We therefore hesitate to draw strong conclusions from
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FIGURE 12: Panel (a) exhibits the results of evolving a set of N SPPs in
one dimension in the presence of an informed individual using the Czirók
model and the evolution algorithm described above for varying values
of the noise parameter η. Panel (b) exhibits similar evolution results
for a set of N SPPs which move according to the Vicsek model in two
dimensions. For both models the number of particles, excluding the
leader particle, ranges from N = 5, 10, . . . , 100 and the noise parameter
takes the values η = 0, 0.5, . . . , 2. Evolutionary parameter values were
as follows: number of time-steps in one run, Tfinal = 1000, number of
generations per simulation, M = 100, number of repeats per simulation,
K = 50, and mutation rate, m = 0.005. The parameters for each run
were, L = 1, ∆t = 1 and v0 = 0.1 for both the Czirók and Vicsek
models. In both cases we have allowed the particles to ‘warm up’ and
calculated fitnesses based on how well the particles followed the leader
in the second half of the simulation (i.e., J0 = 501 in equations (5.2)
and (5.3)).

these results, but note that the degree to which particles follow a leader
is a good candidate for fitness in evolutionary SPP models.

6 Discussion The continuing study of emergent collective be-
haviour in particle models will undoubtedly have a significant impact
on our understanding of biological systems on many levels: from sym-
biosis in microbes, through swarming and flocking behaviours in insects
and larger animals to the organisation of human societies. Increasing
numbers of processes discovered in microbiology require IBMs in or-
der to represent them realistically. Biofilm formation and degradation
[45, 46], wound healing [9, 62], tumour growth [23, 33], and other
important cell migration problems observed in a variety of areas of de-
velopmental biology [3, 50], are amenable to particle-based modelling.
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On a smaller scale, IBMs are also being used in a subcellular context
to model protein organisation [28], molecular motility and signal trans-
duction reactions [65] amongst other processes [67].

Possible application areas of the IBMs described in this work are not
solely restricted to biological systems. They encompass the robotics of
multiagent systems [48], language evolution [20] as well as more unfore-
seen circumstances such as space-flight control for the European space
agency mission DARWIN [55] and the modelling of traffic flow in both
vehicles and humans [36, 37].

In the past, multi-particle systems exhibiting collective behaviour
have been modelled almost exclusively using partial differential equa-
tions, deriving mean field descriptions on a macroscopic scale. These
coarse, whole-population representations of multi-agent systems natu-
rally engender a loss of information, specifically about the individual
agents which make up the model. This has made evolutionary models
of multi-agent systems and models incorporating individual leadership
difficult to formulate. With the steady increase in computational power
has come the ability to simulate complex multi-agent systems on even
modest desktop machines and with it the rise in verifiable IBMs for
emergent, collective behaviour. Such models have several distinct advan-
tages over population-based model: (i) they are bottom-up approaches
which describe the whole system by establishing procedural rules which
individuals obey. These rules are often drawn from observations of indi-
viduals, rather than inferring individual behaviour from the mean-field
model which best describes the behaviour of the whole group, allowing
more realistic modelling assumptions; (ii) they allow for the introduction
of individual variability (leaders for example) and individual-scale ran-
domness which enables models to mimic the variability of real systems;
and (iii) they allow for the independent evolution of individuals to their
environment which implies that group evolution arises naturally from
the dynamics governing the evolution of the individuals. There are, of
course, several disadvantages inherent to multi-agent models: (i) they
may lack the clarity of continuum models and easily become extremely
complicated, with large numbers of free parameters, making their anal-
ysis and importantly their communication difficult; (ii) with increased
complexity and variability IBMs quickly erode the advances in compu-
tational power made in recent years.

Although in this work we have barely scratched the surface of the huge
variety of particulate models, we have demonstrated that there exists a
wide variety of models which are applicable in many diverse situations.
There is work to be done on unifying these IBMs with previously exist-



346 C. A. YATES ET AL.

ing and novel mean field models in order to create a framework which
combines the advantages of the two different types of models. Of course
not all models will have a corresponding mean field description in all
cases but the advantage of finding such a connection where it exists will
be tangible.
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22. A. Czirók, A. L. Barabási and T. Vicsek, Collective motion of self-propelled
particles: kinetic phase transition in one dimension, Phys. Rev. Lett. 82(1)
(1999), 209–212.

23. D. Drasdo and S. Hohme, Individual-based approaches to birth and death in
avascu1ar tumors, Math. Comput. Modelling 37(11) (2003), 1163–1176.

24. R. Eftimie, G. de Vries and M. A. Lewis, Complex spatial group patterns result
from different animal communication mechanisms, P. Natl. Acad. Sci. USA
104(17) (2007), 6974.

25. R. Eftimie, G. de Vries, M. A. Lewis and F. Lutscher, Modeling group formation
and activity patterns in self-organizing collectives of individuals, Bull. Math.
Biol. 69(5) (2007), 1537–1565.

26. J. T. Emlen, Flocking behavior in birds, The Auk 69(2) (1952), 160–170.
27. R. Erban, I. G. Kevrekidis, D. Adalsteinsson and T. C. Elston, Gene regulatory

networks: a coarse-grained, equation-free approach to multiscale computation,
J. Chem. Phys. 124(8) 084106 (2006), 1–17.

28. M. J. Fisher, R. C. Paton and K. Matsuno, Intracellular signalling proteins
as ‘smart’ agents in parallel distributed processes, Biosystems 50(3) (1999),
159–171.

29. V. Gazi and K. Passino, Stability analysis of swarms, IEEE. T. Automat.
Contr. 48(4) (2003), 692–697.

30. V. Gazi and K. M. Passino, Stability analysis of swarms in an environment
with an attractant/repellent profile, Proc. Amer. Cont. Conf. 3 (2002), 1819–
1824.

31. V. Gazi and K. M. Passino, A class of attractions/repulsion functions for stable
swarm aggregations, Int. J. Control. 77(18) (2004), 1567–1579.

32. V. Gazi and K. M. Passino, Stability analysis of social foraging swarms, IEEE.
T. Syst. Man. Cy. B 34(1) (2004), 539–557.



348 C. A. YATES ET AL.
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