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Mathematical Modelling of Digit Specification
by a Sonic Hedgehog Gradient
Thomas E. Woolley,1,2 Ruth E. Baker,1 Cheryll Tickle,3 Philip K. Maini,1 and Matthew Towers4*

Background: The three chick wing digits represent a classical example of a pattern specified by a morpho-
gen gradient. Here we have investigated whether a mathematical model of a Shh gradient can describe
the specification of the identities of the three chick wing digits and if it can be applied to limbs with more
digits. Results: We have produced a mathematical model for specification of chick wing digit identities by
a Shh gradient that can be extended to the four digits of the chick leg with Shh-producing cells forming a
digit. This model cannot be extended to specify the five digits of the mouse limb. Conclusions: Our data
suggest that the parameters of a classical-type morphogen gradient are sufficient to specify the identities
of three different digits. However, to specify more digit identities, this core mechanism has to be coupled
to alternative processes, one being that in the chick leg and mouse limb, Shh-producing cells give rise to
digits; another that in the mouse limb, the cellular response to the Shh gradient adapts over time so that
digit specification does not depend simply on Shh concentration. Developmental Dynamics 243:290–298,
2014. VC 2013 Wiley Periodicals, Inc.
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Key findings:
� A mathematical model based on localised production, diffusion and decay of Shh can specify the identities of

the different digits in chick wing and leg.
� The model predicts that the amount of Shh produced by the polarizing region increases over time.
� Growth is an integral part of the model.
� The mathematical model cannot be simply extended to specify the identities of the five digits in the mouse

limb.
� Mechanisms in addition to a simple morphogen gradient are required to specify the identities of five digits.
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INTRODUCTION

One of the best-studied examples of

pattern formation in vertebrate

embryos is development of the three

morphologically distinct digits in the

chick wing (Towers and Tickle, 2009).

Classical experiments led to the dis-

covery of the polarizing region, or
zone of polarizing activity (ZPA), a
signalling region at the posterior mar-
gin of the chick wing bud (Saunders
and Gasseling, 1968). When an addi-
tional polarizing region is grafted to
the anterior margin of a host wing
bud, striking mirror image duplica-

tions of the normal chick wing pattern
of three digits (1, 2 and 3) arise,
giving patterns such as 3,2,1,1,2,3
(Saunders and Gasseling, 1968;
Tickle et al., 1975) [note revised digit
numbering: bird digits arise in embry-
onic positions 1, 2, and 3 (Towers
et al., 2011) and not 2, 3, and 4
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(Tamura et al., 2011)]. To explain
these findings, it was proposed that
the polarizing region produces a dif-
fusible morphogen that sets up a gra-
dient across the wing bud; cells at
different positions would be exposed
to different morphogen concentra-
tions, thus providing them with the
positional value required to form the
appropriate digit (Wolpert, 1969;
Tickle et al., 1975). This is widely
known as the French Flag Model
(Wolpert, 1969). There is experimen-
tal evidence that polarizing region
signalling specifies digits over time
(Smith, 1980) in a concentration-
dependent manner (Smith et al.,
1978; Tickle, 1981). Polarizing region
signalling was also shown to act over
a long-range (Honig, 1981) consistent
with the morphogen gradient model
(Wolpert, 1969). Furthermore,
although not a key component of the
morphogen model, polarizing region
grafts were also shown to promote S-
phase entry (Cooke and Summerbell,
1980) leading to widening of the bud.

It is now established that the Sonic
hedgehog (Shh) gene is expressed by
polarizing region cells of the chick
wing bud (Riddle et al., 1993) and
that the Sonic hedgehog protein dis-
plays all the characteristics of the
polarizing region morphogen (Yang
et al., 1997), including acting as a pro-
liferative signal that determines the
size of the digit-forming field and digit
number (Towers et al., 2008). Dye-
labelled fate maps show the positions
that the digits arise from in the poste-
rior third of the wing bud (Vargesson
et al., 1997; Towers et al., 2008).
There is also evidence that the Shh
protein concentration is graded across
the bud (Zeng et al., 2001). Recent
fate maps based on grafts of GFP-
expressing tissue demonstrate that
the polarizing region does not contrib-
ute to the skeletal pattern, thus con-
firming that all three chick wing
digits are specified by long-range sig-
nalling (Towers et al., 2011). It has
also been shown that cells first
acquire anterior positional values
before being promoted to increasingly
posterior positional values every 4 hr,
hence 12 hr in total is required to
specify the most-posterior digit iden-
tity (Tickle, 1995; Towers et al., 2011).

Several mathematical models have
focussed on reproducing the periodic

pre-pattern of digit condensations
(Wilby and Ede, 1975; Newman and
Frisch, 1979; Hentschel et al., 2004;
Izaguirre et al., 2004; Newman et al.,
2008), often using Turing and related
mechanisms, with only a few
attempts made to understand how
this periodic pre-pattern integrates
with the earlier external gradient
(Benson et al., 1993; Glimm et al.,
2012a,b; Crampin et al., 1999). Wol-
pert and Hornbruch (1981) produced
a mathematical model based on a
morphogen gradient, using theoreti-
cal parameters, to reproduce the final
state of the chick wing digit pattern.
In this model, the gradient specified
the number of digits as well as their
identities. The purpose of this model
was to demonstrate how long-range
signalling rather than local cell-cell
interactions (French et al., 1976)
could best explain the digit patterns
obtained when polarizing regions
were grafted at varying distances
apart. However, despite this model
providing useful insights, the experi-
mental parameters needed for mak-
ing a realistic morphogen gradient
model were only obtained shortly
afterwards, including the
concentration-dependency and the
long-range nature of the then
unknown signal (Tickle, 1981; Honig,
1981). Since 1981, it has been discov-
ered that Shh acts as the morphogen
and the parameters of morphogen
function based on Shh function have
been determined allowing models to
be built that have more biological
relevance (Experimental procedures).
One of the first of these models was
from Dillon et al. who modelled the
dynamic changes in Ptch1 expression
induced by Shh-soaked beads and
polarizing region grafts made to ante-
rior margins of the chick wing and
concluded that Shh can act long-
range (Dillon et al., 2003; also see
Drossopoulou et al., 2000). However,
except for Hentschel et al. (2004), no
simulation has considered growth of
the wing bud, although it is clear that
this is essential for specifying the cor-
rect number of digits (Towers et al.,
2008). Further, no model has consid-
ered the consecutive anterior-to-
posterior promotion sequence of digit
specification (Tickle, 1995). Knowing
in quantitative detail how Shh speci-
fies the three digits of the chick wing

(Experimental procedures) has
allowed us to carry out mathematical
simulations to see if this promotion
sequence is consistent with a
gradient-based mechanism compris-
ing localised production, diffusion,
and decay of Shh. We then explored
whether the same model is applicable
to the chick leg with four digits and
finally the mouse limb with five
digits.

RESULTS

Mathematical Modelling of

Digit Specification in the

Chick Wing

Several parameters are needed to
model chick wing digit specification
by an Shh gradient based on produc-
tion, diffusion, and decay. These are
the size of the digit-forming field and
the positions within the field from
which the digits arise; the growth
rate of the digit-forming field over the
time period of digit specification; the
concentration thresholds at which
Shh specifies the different digits; and
the degradation and diffusion rates of
Shh (Experimental procedures). Unlike
the model of Wolpert and Hornbruch
(1981), in which the digit positions
were specified by the gradient itself,
in our model digit positions are speci-
fied as being equally-spaced within
the digit-forming region, with a
defined minimum width per digit (see
Experimental procedures), thus,
implementing a simple periodic mech-
anism that is independent of the Shh
gradient (which could be representing
a Turing-type mechanism) (Wilby and
Ede, 1975; Newman and Frisch, 1979;
Hentschel et al., 2004; Izaguirre et al.,
2004; Newman et al., 2008).

At the outset, our model consists of
a one-dimensional representation of
the early Hamilton Hamburger stage
18/19 chick wing bud, which is
approximately 600 mm across (in
width) (Fig. 1). The wing bud is
divided into three regions; the poste-
rior 100 mm composed of polarizing
region cells, which produce Shh that
diffuses across the adjacent 300 mm
digit-forming field and the anterior
200 mm. Although cells in the anterior
region do not contribute to digit devel-
opment, we include this domain in
our model so that we can apply a
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natural (zero flux) boundary condition
at the anterior edge of the wing bud.
We have not considered receptor mole-
cules that could sequester Shh at the
cell surface and limit diffusion such as
Ptch1, Boc1, Cdo1, and Gas1. During
the 12-hr period of digit specification,
Ptch1 is expressed at high levels in the
polarizing region and at weaker levels
adjacently (Marigo et al., 1996), sug-
gesting it could fulfil a role in trapping
Shh in the polarizing region and not
interfering with the pool of freely dif-
fusible Shh that we have modelled.
Gas1, Cdo1, and Boc1 are expressed
anteriorly (Allen et al., 2011) so could
limit the diffusion of Shh out of the
digit-forming field. Thus it is likely
that cell surface regulators of Shh sig-
nalling modify posterior and anterior
boundary conditions and do not
greatly modulate free diffusion of Shh.

We tested whether we could pro-
duce a model of graded Shh signalling
sufficient to specify the identities of
the three chick wing digits. At the
outset, the Shh concentration in the
polarizing region is considered to be
zero, with growth of the polarizing
region allowing total production rate

of Shh to increase with time. We solve
the diffusion equation with linear
decay on a uniformly linearly growing
domain of initial length 600 mm.

Nonlinear forms of decay have also
been considered (data not shown). It
was found that altering the decay
parameter to account for the higher
nonlinearities, the difference between
linear, quadratic, and cubic decay is
too small to cause significant differen-
ces in the final digit profiles. Nonli-
nearities cause the decay of Shh from
the polarizing region to be sharper,
leading to a shallower gradient in the
rest of the digit-forming field. This
shallower gradient means that the
concentration range is not great
enough to cross all the desired thresh-
olds for specifying each digit at the
correct spatial positions. Under our
current assumptions of using a diffu-
sive signal, this and previous model-
ling work (Dillon et al., 2003),
indicate that linear degradation is a
good approximation to the underlying
dynamics.

Since Shh cannot pass through the
physical boundaries at either margin
of the wing bud (zero flux), we derive
the following set of equations,

@u

@t
þ @ðvuÞ

@x
¼ D

@2u

@x2
þ sðxÞ-gu;

x 2 ½0;600ð1þ rtÞ�; (1)

@u

@x
ð0; tÞ ¼ 0;

@u

@x
ð600ð1þ rtÞ; tÞ ¼ 0;

uðx;0Þ ¼ 0; (2)

where the concentration of Shh, u,
diffusivity, D, and degradation rate, g,

have units nM/mm, mm2/s and /s,
respectively. v5rx/(11rt) is the veloc-
ity field of the flow generated by the
uniform linear domain growth (see
Crampin et al., 1999) for details). The
spatially inhomogeneous source term
s(x) has the form

sðxÞ ¼
at for x < 100ð1þ rtÞ;

0 for x > 100ð1þ rtÞ;

(
(3)

which constrains production of Shh to
the polarizing region. To solve these
equations we mapped the growing
wing domain back to an equivalent
stationary domain (Crampin et al.,
1999). This set of equations leads to
the Shh concentration doubling over
the correct temporal scale so that the
digits are specified by 12 hr with pro-
motion occurring at 4-hr intervals
(Fig. 2, Supp. Movie S1, which is
available online).

Importance of Growth in

Digit Specification in the

Chick Wing

We asked if our simulation could reca-
pitulate experimental results of
manipulating expansion of the wing
bud by applying cell proliferation
inhibitors during the digit specification
phase to transiently inhibit growth
(Towers et al., 2008). When expansion
of the digit-forming field was halved so
that it expanded from only 300 to 375
mm (instead of from 300 to 450 mm),
three digits still formed. This means
that that the minimum size for a digit
domain is 125 mm. This estimate is
consistent with other data obtained
when growth was inhibited still fur-
ther, with two digits (digits 2 and 3)
forming when bud width remained
constant and only one digit (digit 3)
when the bud width was reduced by
100 mm (Towers et al., 2008). The dig-
its that formed under these conditions
were posterior digits because promo-
tion of digit identity by Shh occurred
as normal. When we simulated these
growth conditions, the number of dig-
its was reduced. Furthermore, anterior
digit identities were indeed lost under
the most restrictive conditions,
although to make the gradient breach
the level required to specify digit 3 at
the correct time, we had to increase
the source term slightly (the Shh pro-
duction rate) to compensate for the
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Fig. 1. One-dimensional static model of the
stage-18/19 chick wing bud. Shh is produced
in the polarizing region at the posterior margin
of the bud and diffuses into the adjacent digit-
forming field that gives rise to three digits.
The anterior part of the bud does not give rise
to digits. Measurements in microns.

Fig. 2. (Supp. Movie S1). Simulation of chick wing digit specification by an Shh gradient. The
blue line is the solution of equation (1) with boundary conditions given by equation (2) and
source given by equation (3) on a uniformly linearly growing domain. Parameters are D ¼ 24
mm2/s, g ¼ 1/602 /s, a ¼ 0.014/576002/s and r ¼ 0.5/43200/s. The two vertical black lines delin-
eate the domain into the three sections, as described in Figure 1. The vertical red lines delineate
the digit domains. The horizontal black lines illustrate the thresholds required for each digit iden-
tity. These lines are consistently shown on all plots. Digits are specified over the correct time
period with promotion occurring every 4 hr.
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reduction in growth of the polarizing
region itself (Fig. 3a–c, Supp. Movies
S2–4). Interestingly, in agreement
with this requirement, we had noticed
that at the start of the digit specifica-
tion phase following transient growth
inhibition there is indeed a dramatic
increase in Shh transcripts (Towers
et al., 2008). These results show that if
bud width is reduced, the resulting
gradient gives a good approximation of
the temporal sequence of digit promo-
tion over the correct time period.

Mathematical Modelling of

Digit Specification in the

Chick Leg

Having validated a basic mathemati-
cal model of the temporal pattern of

digit specification for the chick wing,
we asked whether a similar model
could generate the four different dig-
its of the chick leg. The first three
anterior digits in both chick wing (1,
2, and 3) and chick leg (I, II, and III)
are homologous and are specified over
12 hr so we used the same model
parameters (Towers et al., 2011).
Digit IV in the chick leg arises from
the polarizing region and progenitor
cells are sequentially promoted every
4 hr through anterior digit identities
I, II, III, and then finally IV after 16
hr (Towers et al., 2011). We have
assumed that this graded specifica-
tion of successive digit identities in
leg-polarizing region cells involves a
doubling in Shh concentration, i.e.,
digit IV in the leg would require 16
nM, double the Shh concentration

that specifies digit III. This assump-
tion is based on the following observa-
tions. When Shh signalling is
inhibited in the chick leg using
cyclopamine, digit IV is most fre-
quently lost than any of the other dig-
its, suggesting that a higher level of
Shh specifies digit IV than the other
three digits (Scherz et al., 2007; Tow-
ers et al., 2011) and wing-polarizing
region grafts made to the anterior
margin of the leg bud specify a leg
digit III adjacently (Summerbell and
Tickle, 1977, Towers et al., 2011). In
addition, when a normal leg-
polarizing region is grafted to the pos-
terior margin of an Oligozeugodactyly
mutant wing bud, which lacks Shh
function, three wing digits arise in
host tissue adjacent to a leg digit ema-
nating from the donor graft (Ros
et al., 2003). Taken together, these
findings suggest that the local concen-
tration of Shh released by wing- and
leg-polarizing regions is comparable
and that a higher level of Shh speci-
fies the most-posterior digit of the leg
than the most-posterior digit of the
wing.

We found that simulating the chick
wing model for a further 4 hr resulted
in an accurate representation of chick
leg digit identity specification (Towers
et al., 2011). Moreover, the gradient
breached the thresholds required to
give the digit pattern I, I at 4 hr, I, II,
II at 8 hr, I, II, III, III at 12 hr, and I,
II, III, IV at 16 hr (Fig. 4, Supp. Movie
S5; taking into account that one digit
arises from the polarizing region).
This is precisely the sequence of digit
patterns seen when Shh signalling is
inhibited experimentally at different
time points (Towers et al., 2011).

Mathematical Modelling of

Digit Specification in the

Mouse Limb

In the mouse limb, two digits, 4 and 5,
arise completely from the polarizing
region. It is unclear whether digit 1
requires Shh function as it forms in
hindlimbs but not forelimbs lacking
Shh function (Chiang et al., 1996). In
addition, the amount of Shh required
to specify the equivalent digit 1 in
chick wing, the amount produced by
as few as ten cells (Tickle, 1981),
must be extremely low, making it
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Fig. 3. (Supp. Movies S2–4). Simulations of chick wing digit specification following growth
arrest. Solution of equation (1) with boundary conditions given by equation (2) and source given
by equation (3) on a reduced growth domain (a), stationary domain (b), and a uniformly linearly
shrinking domain (c). Parameters are D ¼ 24 mm2/s and g ¼ 1/602/s in all simulations and (a) a

¼ 0.019/57600/2/s and r ¼ 0.25/43200/s, (b) a ¼ 0.016/576002/s and r ¼ 0/s and (c) a ¼ 0.019/
576002/s and r ¼ �1/(6�43200)/s. a, Movie 2: Normal pattern results when expansion of the
digit-field is halved. b, Movie 3: Two posterior digits form when growth is arrested in chick wing
buds. c, Movie 4: Only the most-posterior digit forms when the size of the digit-forming field
diminishes in chick wing buds.

MATHEMATICAL MODELLING DIGIT SPECIFICATION 293



difficult to observe in progenitor cells
of this digit as determined by a Gli1
reporter transgene, which might not
give an accurate read-out of Shh sig-
nalling (Ahn and Joyner, 2004). To
examine whether specification of the
identities of the five mouse limb dig-
its by an Shh gradient could be a
simple extension of the chick leg
model, we simulated the chick leg
model for another 4 hr (20 hr in
total) and set the threshold concen-
tration of Shh to specify digit 5 at 32
nM (double that predicted to specify
digit 4). Simulating this model for 20
hr produced a limb with five digits
with the pattern 2, 2, 3, 4, 4, with
the four anterior digits arising from
cells adjacent to the polarizing
region instead of just the three (Fig.
5, Supp. Movie S6). The concentra-

tion of Shh predicted to specify a
digit 5 was not breached in the allot-
ted time, so that only a digit 4 devel-
oped from the polarizing region.
Furthermore, the diffusion range of
Shh signalling that would be
required to specify the most-anterior
digit in this model would be 660 mm.

In order to see if we could simulate
specification of the digit identities of
the mouse limb more accurately, we
took account of previous analyses sug-
gesting that the five digits are speci-
fied in about 8 hr by a pulse of Shh,
perhaps by a gradient (Zhu et al.,
2008). According to our simulations
for the chick wing and leg (see above),
8 hr is far too little time for a gradient
of Shh to surpass the thresholds of
five digits with identities being pro-
moted in an anterior to posterior

sequence. Although there is no evi-
dence of this specification phase, Zhu
et al. (2008) suggested that digits then
form in the order 1, 4, 2, 5, 3 according
to the duration of Shh signalling
required for subsequent survival of
specified cells. This matches the digit
patterns they obtained when Shh was
removed at progressively later time-
points: 1, 4, 1, 2, 4 and 1, 2, 4, 5 and
finally 1, 2, 3, 4, 5. We have suggested
that because of the unclear digit iden-
tities in the mouse limb these data
might reflect the promotion of digit
specification over time (Towers et al.,
2011; see also Tabin and McMahon,
2008), although there is no direct evi-
dence that promotion occurs in the
mouse limb. Thus the digit patterns
obtained upon Shh deletion could
instead be: 1, 2 (not 1, 4), 1, 2, 3 (not 1,
2, 4), 1, 2, 3, 5 (not 1, 2, 4, 5), and
finally 1, 2, 3, 4, 5, with the four ante-
rior digits being specified in a similar
fashion to the chick leg digits (Fig. 4),
while digit 5 is specified independ-
ently of graded signalling, by a tran-
sient pulse of Shh signalling (Ahn and
Joyner, 2004) and hence is the fourth
digit of the pattern to be specified. To
simulate this required us to impose an
external conditional such that the
polarizing region branches into two
digit domains at a time when it is 145
mm (70–75 mm for each digit) in diam-
eter when only three digit domains
have been specified in the bud (Fig. 6,
Supp. Movie S7). It can be seen that
the periodic spacing of digit fields is
altered across the limb bud such that
digits derived from the polarizing
region are spaced closer together than
those specified by graded paracrine
Shh signalling (Fig. 6, Supp. Movie
S7). In addition, this simulation accu-
rately replicates the transient digit
patterns predicted when the chick leg
promotion model is applied to the
mouse limb (Fig. 6, Supp. Movie S7)
(Towers et al., 2011). Thus it can be
seen that, according to the simulation,
the patterns, 1, 2, then 1, 2, 3 and 1, 2,
3, 5 are obtained if Shh signalling is
curtailed at different times and digit 4
is the last to be specified (Fig. 6, Supp.
Movie S7).

DISCUSSION

We have shown that a mathematical
model incorporating the core
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Fig. 4. (Supp. Movie S5). Simulation of chick leg digit specification by an Shh gradient. Solu-
tion of equation (1) with boundary conditions given by equation (2) and source given by equation
(3), on a uniformly linearly growing domain. Parameters are D ¼ 24 mm2/s, g ¼ 1/602/s, a ¼
0.014/576002/s and r ¼ 0.5/(43200)/s. Digits arising from the polarizing region are coloured red.
Digits are specified over the correct time period with promotion occurring every 4 hr.

Fig. 5. (Supp. Movie S6). Simulation of mouse digit patterning by an Shh gradient. Solution of
equation (1) with boundary conditions given by equation (2) and source given by equation (3), on
a uniformly linearly growing domain. Parameters are D ¼ 24 mm2/s, g ¼ 1/602/s, a ¼ 0.014/
576002/s and r ¼ 0.5/(43200)/s. Plots for 4–16 hr are the same as in Figure 4. A pattern with five
digits 2,2,3,4,4 is produced instead of the normal pattern 1,2,3,4,5. Only one digit arises from
the polarizing region (shown in red) whereas normally two do so.
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parameters of a classical-type Shh
signalling gradient established by
localised production, diffusion, and
linear decay can simulate the tempo-
ral specification of the identities of
the three chick wing digits. Digit
number is specified by the size of the
digit-forming field that is at least, in
part, determined by Shh-dependent
growth (Towers et al., 2008), but not
by Shh gradient thresholds as pre-
dicted in earlier models (Wolpert and
Hornbruch, 1981). It is of interest
that the model still works without
having to factor in cellular responses
to Shh such as Ptch1 accumulation,
which acts to sequester Shh and
dampen signalling. Moreover, the
expression patterns of other cell sur-
face co-receptors of Shh, including
Boc, Cdo, and Gas1 (Allen et al.,
2011), means that they are unlikely to
interfere with free Shh diffusion over
the digit-forming field, but could
instead have roles in modifying
boundary conditions. Thus, for exam-
ple, Ptch1 is highly expressed in the
polarizing region and could act to
sequester and buffer Shh levels, and
Gas1 is expressed in the anterior part
of the limb and could limit diffusion of
Shh out of the digit-forming field.
Furthermore, it is probable that
Ptch1 accumulation is proportional to
the amount of Shh in the system since
a 3-fold difference in Shh concentra-

tion (5–16 mg/ml soaking solution for
beads) can give the same outcome in
terms of digit pattern (Yang et al.,
1997). In order to successfully model
the chick leg digit pattern with four
digits, none of the core parameters
has to be altered, other than allowing
a digit to arise from the Shh-
producing cells of the polarizing
region. This effectively increases the
number of digits that Shh can specify
without the need of increasing diffu-
sion distance, the extent of which
could otherwise be a constraint. Thus,
our model suggests that three could
be the maximum number of digits
specified by paracrine Shh signalling
in vertebrate limbs.

To simulate the mouse limb digit
pattern, we had to alter the classical
view of morphogen read-out and
impose a condition such that the time
of exposure to, and not concentration
of, Shh is the key parameter in speci-
fying digit 5 (Ahn et al., 2004). This is
because the core parameters of the
chick limb model could only specify
four digits. In our simulation of the
mouse limb, we noted that digits
derived from the polarizing region
were spaced closer together than
those specified by graded Shh signal-
ling. We estimate that the minimum
digit domain forming in response to
graded paracrine signalling is 125 mm
and to autocrine signalling is 70–75

mm. One possibility explaining this
roughly twofold difference is that a
Turing-type reaction-diffusion system
only interacts with positional values
specified much earlier by paracrine
Shh signalling to space cartilage con-
densations. The fact that the chick
wing digit-forming field still forms
three digits when it is reduced by half
could mean that the periodicity of the
Turing-type mechanism scales equiv-
alently. Further reduction in growth
of the digit-forming field results in
loss of digits showing this scaling pro-
cess has a limit that reveals the mini-
mum digit domain size. Changes in
the periodicity of digits in mouse
mutants can be simulated by Turing-
type models (Miura et al., 2006; Sheth
et al., 2012). In the case of autocrine
Shh signalling, a reaction-diffusion
system might not be involved since
growth directly leads to the formation
of digits. Thus, minimum digit
domain width would be determined
by a threshold number of specified
cells rather than limits to the perio-
dicity of a reaction-diffusion system.

Domain growth is an integral fea-
ture of our models, being required for
a concentration gradient of paracrine
Shh signalling to specify positional
values for each of the three anterior
digits in vertebrate limbs. The chick
wing simulation predicts that ante-
rior digit identities are lost under the
most restrictive growth conditions
and this has been observed experi-
mentally (Towers et al., 2008). In
addition, growth of the polarizing
region leads to an increase in produc-
tion of Shh over time and can also
eventually lead to sufficient cells to
form a digit. A buffering system has
been described involving cell death,
which controls the number of cells
expressing Shh in the chick wing and
it is possible that this prevents con-
centration levels increasing further
once specification is complete (Sanz-
Ezquerro and Tickle, 2000). It is pos-
sible that cell death ensures that the
polarizing region does not normally
give rise to additional posterior digits
in the chick wing and leg (Towers
et al., 2011).

The models for specification of limb
digits may represent general pattern-
ing principles and be relevant, for
example, to specification of cell types
along the dorso-ventral axis of the
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Fig. 6. (Supp. Movie S7). Specification of the mouse digit pattern by graded/transient Shh sig-
nalling. Solution of equation (1), with boundary conditions given by equation (2), on a uniformly
linearly growing domain. Parameters are D ¼ 24 mm2/s, g ¼ 1/602 /s, a ¼ 0.014/576002/s and r
¼ 0.5/(43200)/s. The polarizing region branches into two digit domains at 11 hr (shown in red);
the posterior one is instantly specified as digit 5 by transient Shh signalling. The rest of the digit
pattern is specified by graded Shh signalling as the chick leg pattern (Fig. 4).
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neural tube. As in the wing bud, the
concentration of Shh increases over
time in the floor plate/notochord and
there is substantial growth along the
dorso-ventral axis of the neural tube
(Chamberlain et al., 2008). These fac-
tors have not been taken into account
in current models and instead the
focus has been on changes in the sen-
sitivity of the cellular response to
Shh (Dessaud et al., 2008; Balaskas
et al., 2012). In contrast, the specifi-
cation of wing digits appears to
involve a ratchet-type promotion
mechanism (Tickle, 2006). Interest-
ingly, however, there is evidence that
graded signalling does not specify the
fate of Shh-expressing cells of the
floor plate (Ribes et al., 2010) analo-
gous with digit 5 progenitors in the
mouse limb (Ahn and Joyner, 2004).
Therefore, in neural cell specification
and mouse digit specification, a clas-
sical morphogen gradient model may
not be sufficient to specify all cell/
digit identities.

There is also a remarkable parallel
between the two posterior digits of
the mouse limb and the two posterior
veins of insect wings, which arise
from the Hedgehog-expressing cells
of the posterior wing compartment
and whose specification is independ-
ent of graded Hedgehog signalling
(Blair, 2007). Taking this analogy
further, it is possible that the polariz-
ing region of the vertebrate limb con-
stitutes a posterior compartment.
Thus, in the vertebrate limb, as in
the fly wing, an intersection of com-
partment boundaries at the tip could
control the development of the sig-
nalling region (the apical ectodermal
ridge in the vertebrate limb) respon-
sible for outgrowth (Meinhardt,
1983).

EXPERIMENTAL

PROCEDURES

Size of the Digit-Forming

Field

Fate maps show that the initial
size of the field in the chick wing
bud is 300 mm (Towers et al., 2008).
This is consistent with experiments
showing that an anteriorly grafted
polarizing region can signal through
200 mm of leg tissue placed between
it and the host chick wing bud and

specify an additional host digit 2
(Honig, 1981).

Time Taken for Digit

Specification

Experiments in which Shh signalling
was inhibited by cyclopamine show
that it takes 12 hr to specify the three
digits in the wing (Scherz et al., 2007;
Towers et al., 2008), although in
mouse and chick limbs, Shh tran-
scripts are detectable for around 60
hr. This extended expression is due to
Shh being required to maintain the
apical ectodermal ridge and final digit
morphology, i.e., the phalanx can be
lost in the most-posterior digit of the
chick wing and mouse limb when Shh
expression is curtailed (Scherz et al.,
2004). The 12-hr specification period
in normal development contrasts with
the 24 hr required to specify a com-
plete duplicate digit pattern by polar-
izing region grafts (Smith, 1980),
retinoic acid-soaked beads (Tickle
et al., 1985) (which induce Shh
expression), or Shh-soaked beads
(Yang et al., 1997) placed at the ante-
rior margin of the wing bud (see
Tickle, 2006). This discrepancy can be
explained by the likelihood that
induction of a duplicate digit pattern
involves a priming phase during
which anterior wing bud cells are
made competent to form digits
(Eichele et al., 1985).

Growth Rate of the Digit-

Forming Field and Digit

Number Specification

Digits are specified over 12 hr (Towers
et al., 2011) and final digit number is
proportional to the size of the digit-
forming field that is controlled by
Shh. Digits are equally spaced across
this field and the following measure-
ments are taken from Towers et al.
(2008). During normal development,
the digit-forming field grows uni-
formly and linearly and its length
increases by 50% from 300 to 450 mm
(150 mm for each digit). Normal pat-
tern still forms when digit field
expansion is halved from 300 to 375
mm (125 mm for each digit). This is
the minimum size for a digit domain
and is consistent with the findings
that two digits form in a 300-mm

domain and one digit in a 200-mm
domain.

Shh Thresholds That Specify

Digit Identities

Experiments in which defined num-
bers of polarizing region cells (Tickle
et al., 1981) or beads soaked in Shh
protein (Yang et al., 1997) were
grafted to the anterior margin of
chick wing buds indicate that a dou-
bling in cell number or Shh concen-
tration (in solution in which beads
are soaked) is required to specify a
digit 2 versus a digit 3 and a digit 3
versus a digit 4. Shh (4 nm) induces
floor plate markers in neural tube
explants (Ribes et al., 2010) and
grafts of floor plate to the anterior
margin of chick wing buds induce
digit 3 identity (Wagner et al., 1990)
suggesting that 2 nM Shh would
specify a digit 2, 4 nM would specify
a digit 3, and 8 nM would specify a
digit 4. Digits are promoted through
progressively more-posterior posi-
tional values every 4 hr, i.e., cells
closest to the polarizing region
transit through digit 1 fate at 4 hr,
digit 2 fate at 8 hr, and then finally
give rise to a digit 3 at 12 hr (Towers
et al., 2011). In our model, a digit
identity is specified when a digit
domain is 125 mm or more (mini-
mum digit domain size) and the
average Shh threshold within this
domain breaches a given threshold
concentration. Thus to produce an
anterior-to-posterior 1, 2, 3 pattern,
the average concentration of Shh in
the most anterior digit domain needs
to be greater than 2 nM, the average
concentration of Shh in the middle
digit domain needs to be greater
than 4 nM, and the average concen-
tration of Shh in the most-posterior
domain needs to be greater than
8 nM.

Degradation and Diffusion

Rates of Shh

The diffusion rates of Shh in chick
wing bud tissue used in our equations
are estimated and are the same order
of magnitude as those used in previ-
ous studies. The degradation and dif-
fusion rates of Shh protein are taken
to be g ¼ 1/602 /s and D ¼ 24 mm2/s,
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respectively (Dillon et al., 2003; Saha
and Schaffer, 2006).
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