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The establishment of cross-protective responses and development of immunity within
a host exert pressure on pathogens through cross-immunity mediated competition
between antigenic forms. In this paper, we incorporate age-specificity in the multi-
locus epidemic model used to study the pathogen-specific dynamic behaviours for
infectious diseases with diverse co-circulating antigenic types. We establish results
on the existence of a unique mild solution, and on the necessary conditions for local
stability of the steady-states. In particular, we find that, when the reproductive
number Rg < 1, all strains go to extinction. When Rg > 1, we show that there exist
additional conditions which determine the stability of different types of endemic
equilibria, namely weak and strong endemicity, where the weak endemic equilibria
correspond to the existence of principle of competitive exclusions of pathogen-specific
clusters, while strong endemicity represents the co-existence of all strains. Using
numerical simulations, we also show that weak endemic equilibria yield dynamic
features in which only one of the clusters containing discrete strain structures
(e.g., of minimally, or non-overlapping antigenic types) persists while others go to
extinction. For unique strong endemicity, we observe no strain structure, where
antigenic types co-exist or exhibit cyclical strain structure with diverse dynamical
behaviours (e.g., (quasi-)periodicity, intermittency, chaos). This demonstrates
that pathogenic-specific dynamic features are ubiquitous and shows how cross-
immunity between antigenic variants shape the maintenance and evolution of strain
structures.
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1. Introduction

In the past decades, we have seen emergence and re-emergence of infectious diseases from a range of
extraordinarily diverse and rapidly evolving pathogens. These infectious diseases, which include influenza
[1-6], malaria [7,8], dengue virus [9,10] and meningitis [11,12], are responsible for substantial annual
morbidity and mortality, and are of utmost importance to public health interests. While mathematical
models have successfully been useful in gaining insights into the dynamic features of most diseases, the
hierarchical complexity with diverse evolutionary patterns generated by some of these diseases has posed
a major challenge in examining the mechanisms governing their dynamics. One of the challenges is that
many of these infectious diseases present themselves as multi-strain pathogens with diverse antigenic
variants. Antigenically variable pathogens use antigenic variation as an immuno-evasion strategy, whereby
the pathogens continuously alter their surface glycoproteins, as in the case of influenza, to prevent antibodies
generated by a specific past strain from recognizing and destroying them. As a result, prior infection
or exposure history with one strain of a pathogen may not always protect against another. If several
infections are possible during an individual’s lifetime, then a host’s immunological and exposure history can
constrain subsequent exposures, thereby substantially changing the dynamics of a disease. That is, during
an outbreak, infected individuals may acquire immunity to the same circulating strain thereby restructuring
the epidemiological landscape of the population which, in turn, constrains future epidemic outbreaks and
drives the pathogen’s antigenic evolution allowing spread to otherwise previously immunized individuals.
Furthermore, a large number of immune hosts in the population can increase selective pressure exerted on
the pathogens and influence the emergence of new antigenic variants. It has been observed that multiple
exposures to antigenic variants of a pathogen and accumulation of immunity induce heterogeneity in both
immune responses and population structures. In [13,14], the authors observe that both strain diversity and
community structures are increased in the presence of contact structure. In [15, Ch. 7-8] and [16], it is
shown that age-specificity can influence the interaction between epidemic dynamics and population-level
immunological profile. Further, age-specificity has also been observed in immune response. In particular,
Cobey and Pascual [17] showed that age may affect the specificity of the immune response, where children
produce a monoclonal response while older individuals produce polyclonal responses to influenza infection.
More recently, Hancock et al. [18] observe age-specificity in the strength of micro-neutralization of HIN1,/2009
among subjects categorized by decade of birth. As a result, it is important to study age-specificity in order
to determine the mechanisms responsible for the dynamics observed in these diseases, and the extent that
these dynamic patterns reflect interaction of antigenic variation, strain community structure, population
demographic patterns and immunological profiles.

Structured population models (e.g., spatial structure, temporal variation, multiple groups, differences
in activity or risk factors) have been widely studied in the mathematical biology literature for many
years. In particular, models written as evolutionary systems of partial differential equations (PDEs) for
the density of individuals incorporating a specific structural variable, for example age and/or size for
the age-structured and/or size-structured equations [19,20], phenotypic trait for the selection—mutation
equations [21]; physiologically structured equations [22-24], have appeared. These structural variables are
usually included in these models to enhance features not captured by standard unstructured population
models (see [21,25]). In particular, structured models have been used to capture differential burdens due
to heterogeneity across ages, classes, sizes, physiological traits, and so on, in the presence and/or absence
of other prior predisposing risk factors. Furthermore, structural variables such as age and/or size have
been incorporated into models in order to induce oscillatory dynamics in the cases where unstructured
models do not exhibit such behaviours [26-29]. Therefore, studying epidemiological processes within a
structural variable framework is critical to understanding factors that are important in disease transmission
and evolution; and to designing effective organized public health measures. To understand the effect of
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age-specificity on the interaction between epidemic dynamics, cross-immunity, population-level
immunological mechanism and evolution and maintenance of strain structures, we consider a multi-locus
framework and incorporate age-specificity into the model that has been used in a series of paper [12,30,6,
13,14,31,5,32-35,2,36-38] to investigate various infectious diseases with diverse antigenic forms.

In [30], Gupta and colleagues proposed a mathematical model of multiple strain system using a multi-
locus framework to study the effects of cross-reactivity between antigenic variants on the evolution and
maintenance of strain community structures. Similar multi-strain models have appeared in literature to study
the ecology of pathogens [39-41,9,42-44,12,7,11,45,13,32-35,2,46,47]. Due to challenges in analysing higher
dimensional nonlinear coupled dynamical systems and the combinatorial nature of multi-strain systems,
some modellers have often relied on numerical investigations to study and characterize the dynamics of
the models, while others have resorted to making simplifying assumptions on the strain space (e.g., linear,
circular, square) with a limited number of strains. In [36], Chan and Yu employed a groupoid approach
and centre-manifold reduction to study the existence and stability of partially synchronous steady states (or
discrete strain structure), while Blyuss [37,48] used tools from equivariant dynamical system to analyse the
steady state solutions for a four-strain system. Cherif [38] provided a framework for a general multi-locus
system for any arbitrary strain size.

In this paper, we extend the multi-locus model presented in [30,38] to incorporate age-specificity, and
perform a detailed analysis with a particular emphasis on the existence of a mild solution and on the stability
of the equilibria. Extending the notions used in [38], along with the use of the quotient network concept
employed by [36,49] and references therein, we provide general results. We describe the model in Section 2. In
Section 3, we formulate the multi-locus—allele model as an abstract Cauchy semi-linear evolutionary problem
on an infinite-dimensional Banach space and show the existence of a positive mild solution. The result on the
existence of steady-state solutions is presented in Section 4. In addition, under some appropriate (sometimes
restrictive) assumptions, we determine the stability of the equilibria, and numerical simulations are provided
to illustrate the different dynamics observed in the system in Sections 5 and 6. respectively. We conclude
with discussion and some remarks on further research directions in Section 7.

2. Model description: age-structured multi-locus—allele system

In [30], the authors use an overlapping compartmental epidemic model to introduce the multi-locus
framework, where pathogenic strains are defined by multiple loci, each occupied by a varying number of
alleles from a specified set, and individuals are characterized based on their immunological history. Each
allelic combination defines a strain of the pathogen. Here, we extend the framework to incorporate age-
specificity. Let Z;(t,a) denote the density of individuals of age a that have been exposed to and are now
immune to strain type i at time ¢, W;(¢,a) the density of individuals of age a who, at time ¢, have been
exposed to any antigenic type sharing alleles with strain 4, Y;(¢, a) the density of individuals of age a, at time
t, that are infectious with strain ¢, and P(t, a) represent the total population of age a, at time ¢. Extending
the model in [30,38,15], the model describing the age-specific dynamics of infectious diseases with diverse
antigenic type takes the following form:

(gt + i) Zi(t,a) = (P(t,a) — Zi(t,a)) A;(t,a) — pla) Zi(t, a),

o 0
(5 + 3¢ ) Witt:0) = (P(t.0) = Wite.a) > 45(00) ~ Wit o

(57 + 52 ) Ylt:a) = [(P(t.) = Wit )+ (1= (@) (Wi(t.0) = Zi(t. )] e
~ (ula) + 0(@) Zi(t,a),
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with initial conditions: Z;(0,a) = Z¢(a) € L% (0,00), W;(0,a) = W7 (a) € L1(0,00) and Y;(0,a) = Y(a) €
L% (0,00), and boundary conditions: Z;(t,0) = 0, W;(¢,0) =0, Y;(¢,0) =0, for i =1,2,...,N, and j ~ i in
Eq. (1) means j similar to i. The epidemiological parameters u(a), o(a) and v(a) denote the age-specific per
capita mortality and recovery rates and cross-immunity level, respectively. The parameter v(a) is a measure
of immune selection and 0 < v(a) < 1, a € R;. The force of infection, A(t, a), is of the following form:

)" Bla, 9)Yilt, s)ds
Ai(t,a) = 22 = Pls)ds

Where G(a, s) combines both age-specific transmission and contact rates between individuals of age a and s,
fo (t, s)ds, and the total population P(t, a) follows the Sinko—Streifer or McKendrick—von Forester
equatlon

<;+§)P(t a) = —p(a)P(t,a),

(2)
P(t,0) / f(s)P(t,s)ds, and P(0,a)= P°(a).

It should be noted that, in demographic terms, there exists a maximum age a,, < oo such that the

survival probability vanishes. That is, with u locally integrable on [0, a,,), the maximum age must satisfy

_L[O’”(T)dT to vanish at the

Jo " u(r)dr = +oo, which is necessary for the survival probability S(a) = e
maximum age a,,.

We note that, since the age-specific mortality and fertility (including zero net-migration) rates are constant
(i.e., time-invariant), we can use the stable age-distribution assumption (see, for example, discussions
in [19,50,51] for details) to find that P(t,a) — P*(a) as t — oo, where P*(a) is the stable population
age-distribution. Using the notion of stable population we make the following change of variables. Let
Si = PIZOZVi, v; = W;');Zi, zi = PZ;'C, and y; = PO@, where P(t,a) = P>*(a) = S(a) is the stable population.
Then, the system can be rewritten as follows:

0 0
(81& + 8@) si(t,a) = —s; ; Qi ®)

0 0
(8t+8> i(t,a) —SzZQm)‘ v (4)

J#i
(aat + (.;9 ) yz(t a) [ S + (1 — ’Y(CL))UZ'] i — o'(a)yi’ (5)
(gt + 51) zi(t,a) = (s; + v;) A, (6)

where we have rewritten >, ; 4;(t,a) as 3 ; 2;;4;(t, a) to simplify the notation, where §2;; is the element
of the similarity or relatedness matrix {2, and (2;; = 1 if strain ¢ is similar to strain j or i = j, and 2;; =0
otherwise; in addition, the initial and boundary conditions are given as follows: s;(¢,0) = 1, v;(¢,0) =
z(t,0) = y;(t,0) = 0 and s;(0,a) = s3(a) € L1 (0, ) v;(0,a) = v§(a) € L1 (0,00), 2(0,a) = 25(a) €
L% (0,00), and y;(0,a) = y$(a) € L1 (0,00), i = 1,2,...,N and N is the number of strains. The force of
infection is given by:

P>(a)
i(t, i (t, s)ds, d = —= ,
o) = [ Bttt is, and va) e e
where we have assumed a stable age distribution P>°(a) and fo s)ds =1 and % is the normalized stable

age distribution. In addition, because the other equatlons are 1ndependent of the variable z;, we can eliminate



A. Cherif et al. / Nonlinear Analysis: Real World Applications 34 (2017) 275-815 279

z; from the system. Hence, we will consider only Egs. (3)-(5) to study existence and stability questions.
First, we restate the technical and biologically reasonable assumptions:

Assumption 2.1. We assume the following properties on demographic patterns:

1. Hy: p(a) > 0 in [0,00) and there exists a,, € [0,00) such that p(a) is locally integrable on [0, a,,) and
o™ pu(T)dT = +o0.
2. Hz B(a,s) € LT((0,00) x (0,00)) and B(a, s) > 0. In addition, 3(a,s) < B(a) with 5(a) € L'(0,00) and
B =ess sup f(a,s).
3. Hz: 0(a) € LT(0,00) and o(a) > 0 with &@ = ess sup o(a).
. Hy: y(a) € LL(0,00) and 0 < y(a) < 1, a € Ry with 7 = ess sup y(a).
5. Hs: ¢(a) € L3(0,00) and ¥(a) > 0 with ) = ess sup ¥(a).

W~

Note that P*°(a) is proportional to S(a), so is zero for a > a,,. Thus, as the equations depend only on p
through P>°(a), condition H; suffices and shows in particular that [;~ P> (a)da exists.

3. Existence of a positive solution

We now consider the well-posedness of the evolution problem described by Egs. (3)—(5) on the Banach
Space

X = L' ((0,00); R?M) = [L' (0,00)]*,

endowed with the usual norm

3 N
lell = > > lgi”l
i=1 j=1
for () = (67(),60(@), ... o (@), 62 (@), 6 (@), .6 (@), 6" (@), 67 (@), 0 (@) € X,
where || % || is the norm of L(0,00) and T denotes the transpose operation. In addition, ¢, =
(k) (k), ceey (b/(\];)) e RV, k = 1,2,3. The state space of the normalized age distribution for the system

1 72

induced by the semi-flow Egs. (3)—(5) is given as follows:

Ii={¢ = (¢1,02,¢3)" € Xy : Onx1 < d1+ d2 + ¢3 < Iy}
where X, = [L (0,00)]*V and L! (0,00) denotes the positive cone of L(0,00) (i.e., L} = {f € L* : f
Oa.e.}).
Let A be the linear operator on X’ defined by:

A1 0 0 o3
Adl(a)=| 0 Ay 0 ?2 |
0 0 A 3

Y

where A1 == —Iyun (L), Az == —Iyxa(Z) and Az = —Iyxn(ZL + o(a)). In addition, ¢ =
(¢1, P, ¢3)T € D(A). The domain D(A) is defined as D(A) := {¢p € X : @1, P2, P53 are absolutely continuous
n [0,00) and ¢1(0) = Iax1,$2(0) = Oarx1,¢3(0) = Oprx1}. We also let F be the nonlinear operator
F : X — X defined by:

A (8] (@)
F1[¢] (a) (k)
Flol@) = | Rld@ |, and Algl@:=| PO ko123
F3 (9] (a)
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FO ) (@) =~ (@) )3 256l F 101 (@) = 01(0) 3 2u\sl] (@) — 67 Nilol @),
J#i

.ﬁ%@?@ﬂwm~meMMwwiﬂ&mw

The operator \;[¢](a) : X — L(0,00) is the linear operator:
o) = [ Bla w6 (s)is

Now let u = (ul,uz,Ug,)T € LY((0, oo),Ri’rN), where u; = (s1,82,...,8x), u2 = (v1,02,...,0n) and
uzs = (Y1, Y2, - Yn), U € L1((0,00), RY). Then, Eqgs. (3)-(5) can be reformulated as the abstract semi-
linear Cauchy evolution equation,

du

— = Au+ F(u), 7
= Aut F(u) 7)
where we observe that the linear operator A is the infinitesimal generator of a strongly continuous semigroup
(Co-semigroup) of bounded linear operators {T4(t)}¢>0 = {€**};>0 on X. In addition, the linear operator

T4(t) is defined by

Ta(t) [¢]
Ta(t)[¢] = | T2(t) ] |
Ts(t) [¢]
where {T;(t)[¢|}+>0, ¢ = 1,2 is a nilpotent right translation Cp-semigroup of operators given by

Ti(t) [p] == ¢1(a — t)YH(a — t) + H(t — a), Tz(t) [¢] = ¢2(a — t)H(a — t), and T3[¢] is a combination of
the nilpotent right translation and bounded multiplication Cy—semigroup of operators given by T5(t) [¢] :=
e S U(T)dT(;Sg (a—t)H(a—t), where H(s) is a Heaviside function (see [52, pg. 4] and [53, Ch. I]). Moreover,
it can be shown that the state space I" is closed and convex, and it is invariant with respect to the semi-flow
defined by {Ta(t)}ezo (e, Ta()[I] C T). Let wy = maxi<jn Son 23] and wee = maxi<icn S0, 12351,
where (2;; is an element of 2. Because {2 is symmetric, w = w1 = we. Define EZ-(Q) [9](a) = 3,4 2i57[0](a).
Then, we state the following inequalities.

Inequality 3.1. Suppose Assumption 2.1 holds. Let \; be defined as below. Then, \; : X — L*(0,00) and the
following inequalities hold:

/ B(a, s()6 (s) ds<ﬁ/ ¥(5)6® (s)ds < B4,

/ ﬂas ()87 (s) s<6/ W(s)ds=B, ¢eT,

HMM:/ "~ Blas)p(s)6 (s) /(/ awﬁw@
w/

From the above inequalities, it follows that

o7 (s)| ds

IN

WKWWW

Ei(2) Z sz/\ S (w - 1)@H¢”7
J#i
=3 2;)[0l(a) <> 2;B8< (w-1)B, ¢€T,
J#i J#i

126 < ( = 1) 1812 )1 6]]-
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From Inequality 3.1, we can show that F satisfies the following properties:

Lemma 3.1. The operator F is continuously Fréchet differentiable on X .

Proof. We calculate F [¢p + h] — F [¢]:

Filop+h] = Fi[4]
Flo+hl=Fll = | F2[o+h] — F2 (9]
Fslp+h] — Fs[d]

From the definition of norm in X, it is sufficient to show that each component is continuously Fréchet
differentiable. Let Ei(l)[(b](a) = Ei@) [¢](a) + Ai[¢](a). Then,

Vgl = FV o) = = (61 + V) P[0 + 1]+ (V20 [g]

= LV, h) + RV (g, h), (8)
where Egl)[gb,h] = —qﬁEl)Ei(l)[h]—hgl):( [¢] and R [ng, h] := —hz(.l)Ei(l)[h}. From Inequality 3.1, we observe
that

IRM [0, bl = 1RV Z D[R] < wlBlIR] / a)| da < wlBIBIRI2,
so lim IRV _ g and h FDY is continuously Fréchet differentiable with Fréchet
Hh”"o Hh” = , an ence, i 1S Ccon 1nuouby recne 1rrerentiable wi recne

derivative Egl [, h]. Similarly, it can be shown that .7-'1-(2) [¢] and .7-'2-(3) [¢] are also continuously Fréchet
differentiable. [

Theorem 3.2. Suppose Assumption 2.1 holds. For each u° € I', there is a unique continuous mild solution
u(t,u®) € I', t € [0,00) for Eq. (7) such that

t
u(t) = Ta(t)u® + / Ta(t — s)F(u(s))ds. (9)
0
In addition, if u® € D(A)N T, then the solution is a classical one.

The proof uses a Contraction Mapping theorem argument. First, it can be seen that for any 0 < K <
min <pl :) (Id|lx + KF) (') C I'. Then, we recast Eq. (9) as

wB’ B
u(t) = e K T ()l + K / E=DTu(t — ) [u+ KF(u)] (s)ds.

But now, using the convexity of I', it can be seen that if

Hlu)(t) = e K " Tq(t)ul + K1 /0 t e K0T (= 8) [u+ KF(u)] (s)ds

- - K1 ¢ -1
Lt (1= e ) e [T I = 5) o KA (5)ds,
- 0

then H : I' — [I'. Finally, under Assumption 2.1 and Inequality 3.1, we can show that, for ¢,n € I,
|F[¢] — Fnlll < Lll¢ — n|, where L = 2N (1 +w) (B + ||3|[¢), so that (Id|x + KF) is globally Lipschitz
continuous on I'. Hence, there exists a mild solution with continuous dependence on the initial condition. In
addition, the mild solution is classical as a result of the continuous differentiability of F[¢] (see Lemma 3.1)
as in [52, Ch. 6].
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4. Equilibria: steady-state analysis
From now on, we will assume the maximal age is finite and assume the following:

Assumption 4.1. Let a,, be the maximal age, which we assume to be finite. We further assume

1. Hr: B(a,s) € L((0,am) x (0,am)) and limy_q [;™ [B(a + h, s) — B(a, s)| da = 0 uniformly for s € R,
where g is extended by ((a, s) = 0 for almost all (a, s) € (—o0,0) J(am, o).

2. Hg: There exists a* with a,, > a* > 0 and € > 0 such that 8(a,s) > e for almost all (a,s) €

(0,am) X (am — a*, am).

If s¥(a), vy (a) and y;(a) is a steady state solution of Egs. (3)-(5), then by integrating these equations in
this case, we get:

@ (1) ryx @ EO . T)dT = — [*Ar(r)dr
st(a) = e o BRI gy o / e Jo FINIDATER = Jy A D gy (10)
0
yi(a) = / e 1T 5 (B) + (1 — 5 (B))0r (0)] AL (B)db, (11)
0

=1 * * '—'(2 * * * *
where 5V [A*](a) = Z 2y35(a) and 2PN (a) == 0, 2A5(a). Let X = (AL A5, A" € 24,
where Z := [L'(0, a,,)" and

-/ " Bla, )(s)y (5)ds. (12)

Then, substituting Eq. (11) into Eq. (12), we have,

N [y (@) = 8, V](a) = 8V [N (a) + 2V [\](a), (13)
where
Am s s b=(1)ry «
W) = [ Bla.5u) [ | e =t “T"“A:(b)db] ds, (14)
0 0
am s s b b =(1) y x
@1(2)[>\*](a) — / ﬁ(a78)’(/}(8) (/ e— fb O'(T)dT(l —’Y(b)) [/ 6_ fO —i [>\ ](T)dT
0 0
?(2) * * f* )\7 (T dT * *
x E; [N (0%)e b db* | A7 (b)db | ds. (15)
From Eq. (13), it is clear that one trivial solution is Af = 0 for all ¢ = 1,2,..., N. This solution corresponds

to the disease-free equilibrium, where no disease exists. To investigate the existence of non-trivial positive
steady-state solutions for Eqs. (3)—(5), it suffices to find the fixed-points of the nonlinear operator ®[A*](a)
in Eq. (13), where \* := (A, A3, .., /\j‘v)T and &[N(a) = (1[N (a), B2[N(a), ..., D[N (a))".

We now state the following properties for @[\]. We observe that, ¢ : Z; — Z, is positive. In addition,
it follows that

e = [ [ st ([T K me EO"a) ]
</0a,,, / B, 5y (/ ~LIE )\](T)(deb) ds]

<[ mﬂ(a,sw(s)dS] d“S/ @[ [ vty aa <131
0 0 ’

LJO

da

da
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Similarly, it can be shown that [[#2(A)] < ||B]| so that [|[#(\)|| < 2BV = K. Hence &(Z,) is
bounded. Moreover, it can be shown that @()) is Lipschitz continuous. We now observe that for @i(l)[)\](a),
1[0+ h](a) — @5”[0]( ) = &V [h)(a) = T; [1] (a) + RY [h] (a), where T; : Z — L1(0, a,,) is given by

AN (a):/am O (a,b)N(B)db, i=1,2,.... N, (16)
(a,b) / B(a, s)Y(s)O(b,s)ds, and O(b,s)=¢€ fbﬁa(T)dT, (17)

and Rl(.l) [h] (@) is defined as follows

- / " B(a, s)(s) ( / S e g efobﬁi”[hﬂﬂdf_l} db) ds.
0 0

@ -
We note that W < wl||B|| [|R||, which goes to zero as ||h|| — 0. Thus, 7; [h] (a) is the Fréchet derivative

of @Z-(l)[)\}(a) at A = 0. Similarly, the Fréchet derivative of 451-(2) [A](a) at A = 0 is zero. Hence, the Fréchet
derivative of @;[A](a) at A = 0 is 7; [h] (a). We conclude that the operator @ is Fréchet differentiable at
A = 0 with derivative 7 : Z — Z given by,

TN (a) = . (18)
Ty [N (a)

In addition, it can be seen that the operator 7 is a positive and bounded linear operator, and if
Nil¢] € LL(0,anm) \ {0}, then Z;[A](a) > 0. Here 7 : Z — Z defines the threshold or next-generation
operator which transforms the distribution of infected population to the distribution of secondary cases in
the initial phase of epidemiological invasion. As a result, the basic reproductive number R is given by the
spectral radius of 7 (the spectral radius of 7 is the maximum eigenvalue of 7, see [54]), and is defined as
the expected number of new infections caused by one infected individual during its entire infectious period.
In addition, we note that 7[\] is symmetric across strains because we have assumed that all disease-related
age-specific parameters are the same. We can therefore focus on just one of the next-generator operators.

Lemma 4.1. Under Assumption 4.1, for all € > 0, there exists § > 0 such that if |h| <9,
/ |#(a+ h,b) — ¥(a,b)|da <e, forallbel0,an),
0

where ¥ is defined in Eq. (17).

Theorem 4.2. The operator @ : Z — Z is completely continuous.

Proof. Let S be a bounded subset of L!(0,a,,) and F; := &;(S) C L'(0,a,,) for each i = 1,2,... .. We
want to prove that @(S) has a compact closure. We will use the Riesz—Fréchet—Kolmogorov Compactness
Theorem (see [55, pg. 111, Theorem 4.26]). If A; € S, then we have ||A;|| < ¢o for some positive constant cg.
In addition, with the result of Inequality 3.1, we have

A, [e 259 _(1)
180 M| :/ U 18(a, 5)| ¥(s) </ - [} e[ [)\](T)‘dr db) ds] ia
0 0

e [ |B<a>|[ " (s) ( I Mbﬂdb) ds} da < e |G| Al < e | Fleo.
0 0 0

IN
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Using a similar argument, we observe that || @52) A < e¥e||8]|(w — 1)c3. Therefore, || &;[\]|| < e~ 5]|co +
e“c ||| (w — 1)c3, and || @[N] < Ne“®||f|lco(1 + (w — 1)co). Hence, F; are bounded. It now suffices to
show that ||pp, [®[A]] (a) — @[A](a)]] — O uniformly, where pp, [®[A]] (@) = P[A](a+ h). We observe that, using
Assumption 4.1 (i.e. for every € > 0, there exists ¢ such that f |B(a + h,s) — B(a,s)|da < e, for all s € Ry
and |h| < §), we have

lpn[2:[N]](a) — @i N(@)]| < llonl @V A)(@) — SN @)]| + [lon [ 217 [N]](a) — 2N (@)]],
where we calculate ||ph[€15i(1)[/\]](a) - 452»(1)[)\](@” as follows:

IMWWMMM—@WM@HS/MLKMW@+M$—Mmﬂ¢®

0
H(l)
=i T>|d* |db> ds} da

([ o
“’C°||)\||/ U a—i—h,s)—ﬂ(flas)W(S)dS} da

Using a similar approach for ¢, [|py [qs 2 [A]] (@) — PN (a)]| < e (w — 1)c2. Hence, ||pn[B[N](a) —
PN (a)|| < NeeYCocy(l+ (w— l)co). Therefore, F; = {®;(u) : u € S} is precompact for each i = 1,2,..., N
in L1(0,a,,). Let F = {®(u) :u € S}, then F C Fy x Fy x -+ X Fjr implies that F C F} X Fy x --- x Fyy =
Fi x Fy x --- x Fpr, where F denotes the closure of F. Because F; is compact, F'; X Fg X -+ x Fpr is

I /\

<e

compact, so F is compact. Hence, @ is completely continuous. O

To establish the properties of 7[)\], we use the Perron—Frobenius theory for positive monotone operators
on a partially ordered Banach space (see [56-58]). We make the following definitions:

Definition 4.1. 1. ¢ € Y, is called a non-supporting (quasi-interior) point if (F,¢) > 0 for all F' € Vi \ {0}.
2. The operator £ € B(Y) is called non-supporting if for every pair v € Y \ {0}, F' € Y1 \ {0}, there exists
a positive p = p(v, F) € Z such that (F, L™v) > 0 for all n > p (see [58]).

From [56,58], if the operator £ € B()) is a compact, positive, bounded linear operator with spectral radius
r(L) > 0, then r(L£) is the largest eigenvalue of £ with positive eigenfunction v € Y \ {0}. In addition, if £ is
non-supporting, then r(L£) is the only positive eigenvalue with a positive eigenfunction and, furthermore, the
eigenspace associated with the eigenvalue r (£) is a one-dimensional subspace spanned by a quasi-interior
point. Also, r (£) is an eigenvalue of the adjoint operator £* : Y* — Y* with a strictly positive eigenfunction
and the associated eigenspace is one-dimensional and is spanned by a strictly positive functional.

Note that 7 : £ — Z is not nonsupporting. (From below the eigenspace of 7 associated with the
eigenvalue 7(7) is not one dimensional. Furthermore, if we consider F' € Z* \ {0} defined by (F,¢) =
foam ¢1(a)da, where ¢ = (¢1,...,¢n5)T, and then take ey = (0,1,0,...,0)T € Z, \ {0}, then for all n € Z,
(F, T”[eg]> = 0.) However, if we define the associated operator 7y : L'(0,a,,) — L'(0,a,,) as below, then
7o is nonsupporting and we can deduce appropriate properties of 7 from those of 7.

Theorem 4.3. Define Ty : L*(0,a,,) — L'(0,a,,) by

Tolul(a) = /O W a, byu(b)db,
so that, if A= (A\1,Aa,..., ), we have
T [\ (a) = (To [M] (a), To [Me] (a), -+ To [Aw] (a) "
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Then, the following hold:

(i) To : LY(0, am) — LY(0,a.,) and T : Z — Z are both completely continuous.

(i) 7o : L'(0, am) — LY(0,an) is non-supporting.

(iii) 7 (Zo) = r(7), and r(T) is the only positive eigenvalue of T with a positive eigenfunction. The
eigenspace of T associated with v (T) is N -dimensional and is of the form ¥V for any V € R, where
P € L}r (0, ar,) is the quasi-interior point which spans the eigenspace of Ty associated with the eigenvalue
r(Ty).

(iv) The adjoint operator T* : Z* — Z* also has eigenvalue v (T') with strictly positive eigenfunctions given
by (G,u) = Zf;(g,ui)ai, for a; >0, where u = (uy,...,un)? € Z, and g € [L*(0, a)]* \ {0} 4s the
strictly positive functional which spans the eigenspace of Ty associated with the eigenvalue r (7).

Proof. (i) The compactness of 7 is obtained by using Lemma 4.1 and similar arguments as in Theorem 4.2
via Riesz—Fréchet—Kolmogorov Compactness theorem. Since 75 and 7 are also bounded, they are
completely continuous.

(ii) We follow the approach of Inaba, [59,60], and show that Definition 4.1 holds. We define 3(a) := ¢ if
a € (am — a*,am), am € (0,00), and 5(a) := 0 otherwise. Then it follows from Assumption 4.1 that
B(a, s) > 3(s) for all (a,s) € (0,am) % (0,a,). Let f be the linear functional on L!(0, a,,) defined as

(fiu) = /O " { /b " 3(7)p(7) O (b, T)dr | u(b)db.

Then, the definition of § implies that f € [L1(0,am,)]". We observe that [,"" ¢(s)O(b,s)ds > 0 for
all b € (0,a,). So, f is strictly positive. Hence, if u € L1(0,ay,), then from G(a,s,) > 3(s), we
have Tplul(a) > (f,u)e(a), where e(a) = 1 for all a € R;. Therefore, for any n € Z,;, we have
75w > (f,u)(f,e)"e(a). Moreover, if the functional F' € [L%(0,an)] \ {0}, then (F,7"[u]) >
(f,u)(f, ey 1(F,e) > 0, for n > 1 for every any u € L} (0,a,,) \ {0}. Hence 7j is non-supporting.
From (i), 7(7p) and r(7) are maximal eigenvalues of 7y and 7, respectively. We observe that
Toy = r(To) . If ey,e9,...,en are the coordinate vectors, then 7 (ve;) = r(7g) e;. So, r(7p) is
also an eigenvalue of 7. Hence, r (7)) < r (7). But if Tu = (7) u, so

~—

(ii

Tu= (%ula%UQ;--'a%uN)T = T(T) (Ul,UQ,...,UN)T,

then, Tou; = r (7)u,;. But, there exists u; # 0, so Tou; = 7 (7)u;. Therefore, v (7y) > r (7). Hence,
r(7T) = r(7p). More generally, the same argument shows that A is an eigenvalue of 7 if and only if A
is an eigenvalue of 7. Hence, r (7') is the only positive eigenvalue of 7. Furthermore, the eigenspace of
7 is spanned by {veq, e, ..., Yen}.

(iv) We note (7 [g], u) = (g, To[u]). Define (G, u) = Zﬁl (g, u;), where u = (uy, g, . .., upn’)’ and a; > 0.
Then,

N N N N
= <G, Z%[uz}ez> = Zai@a%[uiD = ZO@(TO [g],u2> = ZO‘ZT (7o) (g,ui>
=1 (7)) (G,u) =7 (T) (G, u).

Therefore, r (7) is an eigenvalue of 7* with eigenfunction G. In addition, G is strictly positive because
if u # 0, then wu; # 0 for some 4. Hence, (g,u;) > 0 and (G,u) > 0. O



286 A. Cherif et al. / Nonlinear Analysis: Real World Applications 34 (2017) 275-315

Using results from [56,58,57] and Krasnoselskii’s fixed-point theorem (see [61]), we are now able to prove
the following results.

Theorem 4.4 ([61,60]). The following properties hold:

1. If r(T) < 1, then uw =0 is the only solution of uw = @(u) in Z; and it is the disease-free equilibrium
2. If r(T) > 1, then u = ®(u) has at least one solution in Z, \ {0} and it is the endemic equilibrium.

Proof. Following the approach of [60], suppose r(7) < 1. We show that when r(7) < 1, u = 0 is the only
fixed point by contradiction. Suppose there exists a solution @ € Z, \{0} of @ = &(u), thenuw = ¢(u) < T [u].
From Theorem 4.3, we let 7§ € [Z1]*\{0} denote a strictly positive eigenfunction of 7* corresponding to the
eigenvalue (7). Then, by duality pairing, (Fg, 7 [a] —u) = (r(T) — 1) (F§, ). Because T[u] —u € Z; and
F§ is strictly positive, we note that (Fg, 7 [u] —w) > 0. In addition, we also observe that (Fg, @) > 0 since, by
assumption, w € Z,\ {0}, and F{ is strictly positive. Then, we have (F§,T[u]|—u) = (r(7) — 1) (F§,u) <0,
because r(7) — 1 < 0. This is a contradiction. Hence, @ = 0 must be the only solution of uw = &([u]) € Z.

Now suppose r(7) > 1. To begin with, we show that the conditions of Krasnoselskii’s fixed point theorem
are satisfied (see [61]). We note that, from the previous discussion, ¢(Z,) is bounded with ¢(0) = 0 and,
from Theorem 4.2, @ is a completely continuous operator in the Banach space Z. In addition, @ is Fréchet
differentiable, with Fréchet derivative at zero given by the linear operator 7 = &'(0). So, the first two
conditions of Krasnoselskii’s fixed point theorem are satisfied. From Theorem 4.3, there exists a positive
eigenfunction of 7 corresponding to the eigenvalue r(7) and by assumption, 7(7) > 1. Furthermore, from
Theorem 4.3, r(7) is the only positive eigenvalue with positive eigenfunction. So, 7 does not have a positive
eigenfunction corresponding to the eigenvalue one [56,58]. Hence, the third condition of the Krasnoselskii’s
fixed point theorem is satisfied. Therefore, ¢ has a non-zero positive fixed point. [

The proof above follows the approaches of [59,61], and establishes the properties of the reproductive number
which we denote as Ry = r(7). It provides a threshold-like property for the existence of steady states
which are the solutions corresponding to the fixed point problem A = @(\). In the proof above, we have
not discussed the case when r(7) = 1 because this corresponds to the bifurcation point. Note that the
Krasnoselskii Theorem [61] does not establish the uniqueness of the non-zero (non-trivial) positive (endemic)
equilibrium. To establish uniqueness, we must provide additional properties. However, our goal in this section
is to show the existence of a positive fixed point and the uniqueness problem is not necessary since we know,
from [30,6,38,15] and numerical simulations presented in Section 6, that there are different concepts of
endemicity corresponding to both the semi-trivial and non-trivial steady states.

5. Stability analysis of equilibria
5.1. Preliminary: quotient network and equilibrium clusters

In the previous section, we established a threshold condition defined by the spectral radius, 7(7), of
the next-generation operator 7 : Z — Z. In this section, we consider 7y : L'(0,a,,) — L0,am),
To = [, ¥(a,b)u(b)db. From Theorem 4.3, Ty is nonsupporting and r(Zy) = r(7). In the case of the
homogeneous systems, an explicit expression for the basic reproductive number can be obtained. However,
in heterogeneous systems such as the model considered herein, it is not always straight-forward or may not
be possible to obtain an explicit expression for Rg. This is only possible in a few cases (e.g., proportionate
mixing, intra-group mixing, see [54]). For ease of analysis, we will assume that there is a proportional

mixing.
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Assumption 5.1. The contact rate 3(a, s) is of the form ((a, s) := (1(a)B2(s) where 3 (a) € L5(0, ar,) and
Ba(s) € LE(0, am).

This assumption implies that the ages of susceptible and infected individuals are uncorrelated. It allows us
to calculate the basic reproductive number explicitly, and to simplify the analysis in the case of the endemic
equilibrium. Under proportionate mixing or separable mixing, we observe that the next-generation operator

%Mww:/%(/%ﬁw»wwwuﬁwwwauwma (19)

— bia / " ( / Ba(s f,SU(T)des> u(b)db. (20)

Substituting 0y for u and changing the order of integration yields

Tolfil(a) = 6 / U’@ ﬁ“%@m@%

Am

= Bi(a) ( / Biye v T)deb> ds. (21)

0

satisfies:

So (; is an eigenfunction of 7y with positive eigenvalue. Therefore, under the proportionate mixing, the
spectral radius of the next-generation operator r(7p) is given by R, where

Ro= [ ( / Bubye v ”‘“db) ds. (22)
0

Throughout this paper, we have assumed that strains have the same epidemiological parameters, where
Bi(a, s) = B(a, s), oi(a) = o(a) and 1;(a) = ¢¥(a). In general, the epidemiological parameters for each strain
can be different. That is, 8;(a, s) # B;(a,s), oi(a) # o;(a) and ¥;(a) # ¥;(a), i # j. In this case, we can
define the strain-specific reproductive number Rg) with proportionate mixing as

Ry = / Bia(s)i(s < / Bia(b)e "*”dfdb)ds (23)

Then, the reproductive number Ry is defined as Ry = maxj;<;< N{R(()i)}. Previously, it was shown that,
when Ry < 1, the dynamics are simple and there is only a trivial solution corresponding to the disease-free
equilibrium (or disease extinction); and when Ry > 1, the system has at least one non-zero positive solution.
When Ry > 1, numerical simulations [30,6,38,15, and refs. therein] suggest that the endemic equilibrium
is not unique, and the dynamics are much more involved. In particular, the system can exhibit coexistence
and the principle of competitive exclusion whereby in the presence of multiple strains only the strongest can
survive depending on the strength of parameters modulating the competition.

Suppose we have a 2-strain system, then there are three possible endemic configurations. That is, if
Ro > 1, then either strain 1 can persist while strain 2 goes to extinction, or strain 2 can persist while strain
1 goes to extinction, or both strains 1 and 2 can coexist. Similarly, in a 4-strain system, there are more
possibilities. Fig. 1 illustrates all the possible endemic configurations. For instance, there are 15 possible
persistent sets, namely {1}, {2}, {3}, {4}, {1,2}, {2,3}, {3,4}, {4,1}, {1,2,3}, {2,3,4}, {3,4,1}, {4,1,2},
{1,3}, {2,4} and {1,2,3,4}. These are represented in Fig. 1, where persistent strains are marked by black
circles. The 4-strain system illustrated in Fig. 1 is equivalent to a 2-locus—2-allele system resulting on a
square lattice. Fig. 1 also illustrates different types of equilibrium clusters where black circles (o) denote
strain pertaining to the persistent cluster while white circles (o) represent strains in extinct clusters. Using
the idea summarized in Fig. 1, we introduce the following notion of positive solutions [51,38,15].
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Quotient Network

Quotient Adjacency Matrix

9 4
4 4

Fig. 1. Multi-locus system (Possible Equilibria for Four Strain System on a Square Lattice with D4-Symmetry) and quotient network
representation. See text for full details. (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

Source: Diagram modified from [38].

Definition 5.1. 1. A steady state solution is called weakly endemic if y;(a) = yf(a) # 0 for some
i=1,2,...,\.
2. A steady state solution is called strongly endemic if y;(a) = y;(a) #0 for all i = 1,2,...,N.

In the definition above, a weakly endemic equilibrium is equivalent to the principle of competitive exclusion
(or partial coexistence) and strongly endemic equilibrium represents coexistence. In the proceeding sections,
we will use the above notion with structural properties of the strain space to study the asymptotic behaviours
of the model and the equilibria.

To study the general multi-locus system requires us to analyse 3]\, n; systems (or 3n™ for uniform
allelic combination), where n is the number of alleles and m is the number of loci. Instead of analysing this
potentially high dimensional system, we use notions from graph theory [62-64]. In particular, we observe
that the similarity matrix 2 can be rewritten as 2 = I + 2, where 2 is the adjacency matrix defining
the similarity between strains ¢ and j. Because the multi-locus framework induces a symmetric (undirected)
adjacency matrix, we can use an automorphism partition to decompose the vertex set into disjoint structural
equivalence classes called orbits. Let {2¢ be the adjacency matrix of the graph G = (V, E) with vertex V'
and edge F, and let G = Aut(G) be the automorphism group. Then, vertices in the same group orbit
are structurally equivalent and are indistinguishable (i.e., vertices can be permuted without changing the
adjacency structure). Hence, for every vertex v € V, v belongs to the orbit A(v) = {gov € V : g € G}. Using
this notion, we can reduce the network into a coarser mesoscale network known as a quotient network, Q.
Let A(v) = {A(v1), A(ve), ..., A(vs)} be the automorphism partition of the network G under the action of
G. Then, the adjacency matrix of ) is given by the constant g;;, where g;; is the number of edges starting
from a vertex in A(v;) and ending in vertices in A(v;).
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Using the quotient network framework and quotient of the adjacency matrix £2, £2 can be reduced to
its quotient Q4 with entry elements ¢;; (see [62-64,49,65,66,36] for similar discussion). Then, the resulting
reduced dynamic equations are given as follows:

0 0 } :

(6t + 8) Si(t7a) = =5 <)\z + - qZJAJ> ’ (24)
0 0

(82& da ) (t:a) —SQ:% vidis (25)

(8815 + 88 ) yi(t,a) = [s; + (1 —v(a))vi] \i — o(a)y;. (26)

To tie the above ideas to the existence of synchronous equilibrium clusters, we use the concept of minimal
balanced colouring [49,65,66]. Here colouring is used in a manner different from the definition used in the
graph-theoretical context, whereby the graph-theoretical notion of colouring refers to colouring of a graph
as an assignment of colours to the vertices (i.e., one colour to each vertex so adjacent vertices have different
colours). In our context, two adjacent vertices can have the same colour as long as their dynamics or functions
are given by the same dynamic or functional equations up to a permutation of the relevant variables and/or
provided the vertices are isomorphic. This is equivalent to vertices belonging to the same orbits. We provide
the following definitions.

Definition 5.2. 1. A colouring of the vertices is balanced if each vertex of colour ¢ gets the same number of
inputs from the vertices of colour j, for all 4, j.

2. A minimal balanced colouring is a balanced colouring with minimal number of colours.

3. A quotient network with k-colouring is balanced if the colouring is balanced.

The existence of synchronous equilibrium clusters yields a decomposition of the network into its support-
disjoint subsets of the vertices as defined in the previous section. If this decomposition is invariant under
the action of the vector-field, then the corresponding subspace is invariant, and the system can be reduced
to synchronous equilibrium clusters. We note that if the parent network G has a trivial automorphism
group (completely asymmetric), then the network is completely heterogeneous and all the vertices play a
unique structural role. However, if the parent network admits non-trivial automorphism groups (i.e., it is
symmetric), then the network can be reduced. In addition, it should be noted that quotient networks are
heterogeneous because they contain only non-equivalent elements, and all vertices play different roles.

In Fig. 1, we show possible configurations of a persistent set for a 4-strain system on a square lattice
with D4 symmetry, where either 1, 2, 3, or 4 strains can persist and the notion of a persistent set falls into
one of the two notions of endemicity defined previously. It should be noted that it is impossible to study all
balanced k-colouring for all possible multiple strain systems (even in the case of a multi-locus—allele system
where the structure of the strain space is well defined and the symmetry properties are classical). Instead of
studying all possible k-colouring, we focus on the case where we can interchange the notion of endemicity
and persistent set. That is, if we use for example a 2-colouring framework where one colour presents a
persistent synchronous equilibrium cluster and the other colour denotes extinct clusters, then the endemic
equilibrium is weakly endemic and the persistent synchronous equilibrium cluster can still synchronize
into sub-clusters commensurable with strain-specific reproductive fitness. In the strongly endemic case, all
synchronous equilibrium clusters are persistent and the nature of synchronicity is more complex. In the
case where all strains approach the equilibrium point, the synchronous clustering behaviours are simple, in
that all strains synchronize into sub-clusters commensurable to their reproductive successes. However, in the
case where the dynamic behaviours are cyclical, the synchronous behaviours of the synchronous equilibrium
clusters are far more complex.
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In the case of a multi-locus system on hypergraphs, the quotient network is bi-nodal (see an example
for the 2-locus—2-allele system in Fig. 1). While using the definition of a balanced colour, the quotient
network of the hypercube (Mendelian graph) generated by a multi-locus—allele strain space is balanced if
q11 + q12 = @21 + g22. Using Fig. 1, we note that all the representations in red panels are unbalanced, and
only those in yellow and green are balanced, see Fig. 1(b) where the g-values are shown. Using the notion of
a 2-colouring and the bi-nodal structure of the quotient network for the strain space of interest, the dynamic
equations further reduce to,

(g‘?t + &i) vi(t,a) = s; [qiihi + qijAj] — vidi, (28)
(gt v ) yilt, @) = [s; + (1= (@))vi] \s — (@), (29)

for i # j, and 4, j = 1,2. The notion of strong endemicity is reduced to y;(a) = y;(a) = y*(a) while we have
yi(a) = yi(a) = y*(a) and y;(a) = y;(a) = 0 for all i # j for weak endemicity. Using this reduction of the
model to a bi-nodal quotient network, we can now proceed with the stability analysis of the equilibria under
a 2-colouring framework where we denote the potential persistent strain set with a black vertex (e) while
the extinct strain set is represented by a white vertex (o), in particular, synchronous equilibrium clusters in
Fig. 1.

5.2. Linearized equation

We now consider the stability of both the disease-free and the endemic equilibria. To study the
linear stability, we consider small perturbations from the equilibrium solutions and let s;(t,a) = s} (a) +
5i(t,a), vi(t,a) = vi(a) +7;(t,a), and y;(t,a) = yf(a) + 7;(t,a). Then Eqgs. (27)-(29) become

< + > (t,a) = = (5 4 57) [(1+ qia) i + @i As] =5 [(1+ qa) A\ + aijA;]

0 - - _
<8t + 8) (56 + 87) [@iidi + aiiAj] — @ 4+ 0) Ni + 5 [0 ] + qigA] — T,
o 0 _ RS e ok
7+87 it (5 + s7) + (1 = (a) (Wi + 7)) Ai — o(a)y; + [5i + (1 — v(a))vi] A7,
where 3;(¢,0) =0, 7;(t,0) =0, g,(¢,0) =0, and

Ai(t,a) = " B(a, s)¥(s)y,(t,s)ds, and Af( / B(a, s) yr(s)ds.

0

Now, let the linear operator A on X := [L(0,a,,)]® be defined as before (with bi-nodal configuration, i.e.,
N =2), and u = (ul,uz7U3)T € D(A), where u = (ugk),ugk)) , k=1,2,3, ug-l) =73, u§-2) = 7j, u§3) =
Y;» j = 1,2. Then, we can reformulate the above dynamic equations into the abstract semilinear Cauchy
evolution equation,

d
& Au+Gu), (30)
dt

where G is a nonlinear operator, G : Xy — X and is defined by:

G1[u] (a) ®) (4] (a
Glul(a) = | G2lul(a) |, and Gy [u](a):= (gtk)”()» k=1,2,3,
Gs [u] (a) > [u](a)
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where
G [u] (@) =~ (" (@) + 51 (@)) [(1 + @) Nilu)(0) + 4% [u)(@)] = uf™ (@) [(1+ qia)Ai (@) + a2 (@)]
G [u] (a) = (u<” a) + 51(@)) @il (@) + 0 [w)(@)] — (4P (@) + v; (@)) Nilul(a) - u? (@) (a)

(CL) [sz)\* (a) + qij )‘j (a)] )
G u] (a) = [( “><a> 51(@) + (1 =2(@) (u? (@) + 7 (@)] Xiful(a)
+ [0V (@) + (1= v@)uP @] Ai(@), i#ji=1,2

are components of the column vectors Gy, k = 1,2,3. The operator \;[¢](a) : X5 — L'(0,a,,) is a linear
operator:

/ Bla, s)b(s)u® (s)ds, j=1,2,

and Afu] = (A1[u], Az [u])T In addition, we note that, using the Riesz—Fréchet—Kolmogorov Compactness
Theorem (see [55, pg. 111, Theorem 4.26]) and Assumption 4.1, we can show that the linear operator A[u]
is bounded and compact. Also, since F [¢] (a) in Eq. (7) is differentiable, the nonlinear operator G [u] has a
Fréchet derivative at 0 given by B, where

(@) B [ul (@)
Blu](a) == | Bo[u](a) | , and Bglul(a):= , k=1,2,3

BY [u] (a) = —s}(a) [(1+ qia) Milul (a) + gijhs[ul ()] — ulM (a) [(1 + qm (@) + g\ (a)] |

B [u] (a) = s7(a) [N [u)(@) + ai, X, ul (@)] = v; (@) Xifu] (@) + (" (@) [a:s\ (@) + 4553 (a)] = u® (@) (),
B [u] (a) = [s7(a) + (1 = y(@))v; (@) Nilul(a) + [u”(a) + (1 - v(a))u?)(a)} X; (a),

for i =1,2, i # j and if ¢ = 1, then j = 2 and vice versa. The linearized equation is

du
au . 1
7 Au + Bu (31)

In the remainder of the section, we follow the standard approach of [60,50,19]. But first, we make the
following definitions [53].

Definition 5.3. Let £: D(£) C Y — Y be a closed linear operator. Then,

. Spectrum of £: ¥'(L) := {¢ € C: { — L is not bijective},

. Resolvent set of L: p(L) :=C\ Y(L),

. Resolvent of £: R(C,L) == ((—£)~" at ¢ € p(L),

. Point spectrum of £: X,(L£) := {¢ € C: ¢ — L is not injective},
. Spectral radius of £: (L) = sup{|[{|: ¢ € (L)},

. Spectral bound of L: b(L) :=sup{Re( : ( € X(L)}.

S Ut s W N =

~— ~—
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5.8. Stability of disease-free equilibrium: disease extinction

To study the stability of the disease-free equilibrium, we set y;(a) = 0 and A (a) =0 for all ¢ = 1,2 and
for all a € [0, am,). If Af(a) = 0, then v} (a) = 0 and s (a) = 1 for all ¢ and for all a € [0, ay,). Then, B in
Eq. (31) above reduces to

B(l U (l [1‘1'%1 )"’qw ][ ](a)],
8(2) [u] (a) [ +q” jlul(a )}
@Hmw Xum

Let wo(A + B) denote the growth bound of a semigroup Ta4p(t), which is defined as wy =
infy~o 1 log || Ta4+5(t)||. We note that b(A + B) < wo(A+ B), where b(A + B) is defined in Definition 5.3(6).
We now state the following lemma:

Lemma 5.1. Let {Ta45(t)},>( be the Co-semigroup generated by the perturbed operator A+B. Then Ta15(t)
is eventually norm continuous; hence, the growth bound wo(A+ B) of the semigroup {T a+5(t)}i>0 and the
spectral bound b(A + B) of the generator A+ B are related by

wo(A+ B) = b(A+ B). (32)

Proof. From the previous section, we note that A generates a nilpotent translation Cy-semigroup {T4(¢) }+>0-

Hence, it is eventually norm continuous (see [53, pg. 112]). That is, there exists a ¢ty > 0 such that the map

t — T4(t) is continuous from (%, 00) to the space of bounded linear operators on Banach space Xs. In

addition, we know that the bounded linear operator Alu](a) is compact, so that Blu] is compact. Hence,

T4+5(t) is eventually norm continuous (see [53, pg. 166, Proposition 3.1.14]). Then, the spectral mapping

theorem of eventual norm continuity implies that the operator A-+ 15 satisfies the spectral determined growth
condition wg(A + B) = b(A + B) (see [53, Theorem 4.3.10 and Corollary 4.3.11-4.3.12]). O

To determine the stability of the equilibrium solutions, we consider the resolvent operator R(¢, A + B) =
(CI—[A+B])~" of A+ B. That is, let (CI— [A+B])w =2, w € D(A), = € X, ¢ € C. Then, we have

e i i
. éa( ) - (M (a) = CwV(a) = [(1+ gi)Nilw](@) + g, [w](a)]
w@) 2 2 ~ —_
) Zaa( ) _ 2 (@) = cwl? (a) + [guNi[w](a) + gy h;[w](a)] ,
WO -
0 Zaa( ) - xl@)(a) - Cw£3)(a) + Ni[w](a) — U(a)w£3)(a)-

Integrating the above equations and making the relevant substitutions (i.e., sf(a) =1 for all ¢ = 1,2 and

for all a € [0, an)), we obtain
ww@:A%Jﬁ“@@@—W+%MM@+%MM@D%
w?(a) = A TR (D) + [gXilw)(b) + 0[] ()] ) db
W) = [ IO (00 4 Kl w)) v

0
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/ Bla, s)(s)w® (s)ds

=/ MWW@(feﬁ“WW@@@+Mm@ﬂQw
0 0
= T[x”)() + TN (a),
where the linear operator 7¢ on L% (0,a,,) is defined as:
T¢[9il(a) = / (/ B(a, h)y (s,h)e_g(h_s)dh> @i(s)ds, and O(s,h)=e S o(r)dr
o Tol] = Te[¢llco- Then,
Nilwl(a) = (1= 7)™ TefrP)(a), (33)

provided that the inverse exists. In addition, we note that substituting \;[w](b) into wz@)( ) and w(3)( ),
the equations can be expressed in terms of only xgk)(a), k=1,2,3. Let

VS[gil(a / )i ey byab, and (64 / e T ) T (b

Therefore, w'” (a), w'® (a) and w!¥ (a) can be rewritten as
0! (a) = V§leM(0) - [(1+ 4:) 5 1) (@) + 0, T§ [0 1(0)] (34)
0 (a) = V§lal?(a) + [4:75 1271 (@) + 4.5 [2$) ()] (35)
wP(a) = ViP)(a) + T[] (). (36)

Lemma 5.2. The linear operator I¢ is bounded for all ¢, positive and non-supporting for real ¢, and compact
for all ¢, while the operators V§ and J¢ (for ¢ € C\E) are compact, where E = {( € C, 1 € X(T¢)}.

Proof. From H; and Hg in Assumption 4.1, the proof of boundedness, positivity, non-supporting
and compactness of 7; follows directly from similar arguments in Theorems 4.3 and 4.2 via the
Riesz—Fréchet—Kolmogorov Compactness Theorem (see [55, pg. 111, Theorem 4.26]). Similarly, we note
that VS is a Volterra operator with complex-valued (or real-valued) continuous exponential kernel, so it is
compact. It follows that if ( € C\ E, then (I— Tg)*l exists and is bounded. So (I— 74)71 7¢ is compact.
We also observe that [J¢ is a composition of a compact operator V$ with a bounded operator (I — 72),1 Tc.
Therefore, \704 is compact. [

Lemma 5.3. For ( € p(A+ B) =C\ Y(A+ B), the resolvent R((, A+ B) : Xs — Xg is of the form

H2x2V§ O2x2  —(Iax2 +Q)\70<
R(GA+B)z= [ 022 ToyaV§ QJs x,
O2x2 O2x2  Iowa(VS + J%)

where () = (Z; Z;;), Iowo is a 2 x 2 identity matriz, and Ozx2 s a 2 X 2 zero matriz. Also,

%wmhﬁWA=A¥<U“W“WL4al@@%. (37)
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In addition, the resolvent is compact, and
YA+B)=2,(A+8B)={(eC:1€ X,(T;)} =E, (38)

where X (A + B) and X,(A+ B) are spectrum and point spectrum of A+ B, respectively.

Proof. Let (( —[A+ B))w =z, w € D(A), x € X, ¢ € C. From our previous calculations, we obtain the
expressions for Ek)( ) in Egs. (34) (36), which are uniquely determined if 1 € p(7¢). We note that the

(3)

expression for w;”’ can be simplified. That is,

a) = / e Iy SHor L ® gy ap 1 / e i S gy O by
0 0

- / S ) - T o)+ (1= ) T ()
0

= [ BT Gy s = Vel ) + T o))

0

Hence, putting the above expressions into matrix notation, we obtain the expression for the resolvent
R(¢, A+ B)z. Since J¢ and VS are compact from Lemma 5.2 and R((, A+ B)z consists of components with
linear combinations of an integral operator with continuous kernel and a compact operator, then R((, A+B)x
is compact on Xg. Hence, A + B has a compact resolvent. Because the spectra of operators with compact
resolvent consist of isolated eigenvalues with finite multiplicities, X'(A+ B) = X,(A+ B), and it follows that
C\E C p(A+ B) (see Ch. 7-8 of [67]; Theorem 6.29 of [68, pg. 187]). That is, X(A+ B) = X,(A+ B) CE
(see [68, Theorem 6.29]). Furthermore, from the compactness of 7¢, we know that X'(7;)\ {0} = Z,(7¢)\ {0},
and for ¢ € [, there exists an eigenfunction n¢ such that 7¢7¢ = n¢. Then it follows that,

¢(1 / ‘f cdr 1 + %1)"71 ¢+ Qiinjc } (b)db
¢(2 (a) = / )y car [qiinic + qijnjc] (b)db
0

a a
¢§3>(a):/ s Cro(mdr,, c()db, i,j=1,2, i +#j,
0

are the components of an eigenvector of A + B corresponding to the eigenvalue ¢. Then, E C X(A+ B) =
Zp(A+ B). Hence, Z(A+ B) = Xp(A+B) =E. 0O

We now consider the asymptotic properties of the spectral radius r(7¢).
Lemma 5.4. The following limiting properties hold:

1 lime, o r(7¢) = 00
2. 1im<_,oo ’/‘(’TC) = O

Proof. Here, we follow the approach of Inaba [60]. Let f. € [L}s_(O,am)}* be the strictly positive linear
functional on L'(0, a,,) defined as

(o) = /O " ( /b " ()00, T)e_C(T_b)dT) w(b)db, (39)

where [;"" 1(s)O (b, s)ds > 0 for all b € (0,am), 5(a) == ¢ if a € (am — a*,am), am € (0,00) and 3(a) =0
otherwise, and ((a,s) > 5(s) for all (a,s) € (0,a,,) X (0,ay) (see Hg in Assumption 4.1). In addition, we
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observe that O(b,7) = e fb o(s)ds > e %m .= ¢, for a,, > 7 > b > 0. We also observe that, when ¢ = 0,
fo = f in Theorem 4.3. Because 8 > §, we note that, for u € L% (0, a,)

Telul(a) > (fe,ue(a), e(a) =1for alla € Ry.

Since 7¢ is compact (see Lemma 5.2) and non-supporting (see Lemma 5.2), r(7¢) is an eigenvalue of 7* with
strictly positive eigenfunctional Fy € [LY (0, am)] \ {0} satisfying

<F47/TC[U]> > <f(’u><FC’e> > 0.

Hence, 7(7¢)(F¢,u) > (fe,u)(F¢,e). Suppose u(a) = e(a) = 1 for all a € [0,a.,), then r(7¢) > (fc,e).
Therefore,

Clim r(T¢) > Clim (feoe) = <1im K (/ " 3(m)(r)O(b, T)e_C(T_b)dT) db
——00 — —00 ——o0 Jo b

am T am _ ,—CT
EC lim P(7) (/ e_C(T_b)db> dr >ec lim P(T) (1e> dr
0

({——o0 A —a* (——o0 A —a*

1— e—((am—a*) am
Ecclim (<>/ Y(T)dT = 00.

For the second part of the proof, let

e =B [ ([ wtne ) uan (10)

- /< " Ba, 5)(s) O (b, s)e=< b>d5) u(b)db

g/o <b Bla, s)i(s)e” des) db<ﬂ/am</ (s <3bds) w(b)db.

Hence, 7¢[u](a) < (g¢, u)e(a), e(a) =1, a € Ry, ¢ € R. So from the above calculation, we have

v

vV

We note that

Clim r(7¢) < Clim (gc,e) = hm / < )e=Sls= b)ds) db

= ﬂ(li)n;o/ P(s) (/0 eC(Sb)db) ds
Y 1—e ¢
= CIHI;OB/O P(s) (C) ds < hm f/ P(s O

Lemma 5.5. The spectral radius of the next-generation operator r(7¢) is continuous and strictly decreasing as
a function of ¢ € R. In addition, there exists (o € R such that r(7¢,) =1, and (o e E={( € C:1 € X,(7)}.

Proof. It is a simple matter to show that 7¢ is continuous. Because 7(7¢) is in the point spectrum of 7; and
not an accumulation point of X' (7¢), r(7¢) is also continuous (see [68, Section 4.3.5]). From Lemma 5.2, we
know that 7; is nonsupporting and compact for ¢ € R. If { < ¢/, then we have 7; > Tz, and 7; # T¢ and
r(7¢) > 0. Hence, from [57], 7(7¢) > r(7¢+). Therefore, r(7¢) is strictly decreasing for ¢ € R. Moreover, from
Lemma 5.4 and applying the intermediate value theorem, we see that 7(7;) = 1 has a root {y, € R. From
the compactness and nonsupporting properties of 7;, we can conclude that 1 = r(7¢,) € X,(7¢,). Hence,
Ge{(eC:1eX,(1)}=E. O

Corollary 5.6. There exists a unique (o € R(E such that r(T¢,) = 1 and the following implications
hold:
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a M b ) C (T

\ R
K

% Z (real) % Z (real) % Z (real)

Fig. 2. Sketch for the Proof of Corollary 5.6. The threshold property of r(7¢) as a function of ¢. For (a) Rg > 1, (o > 0, (b) Ro =1,
Go =0, (c) Ro <1, ¢o <O.

1. o >0, if and only if (7o) =r(T) > 1
2. o =0, if and only if r(Tp) =r(T) =1,
3. Co <0, if and only if r(Tp) =7(T) < 1

Proof. The proof follows directly from Lemma 5.5 and monotonicity of r(7¢) (see the illustration in Fig. 2).
We note that when ( =0, Ro =7(Zp). O

Lemma 5.7. If there exists a ( € E and (o # ¢, then ReC < (p.

Proof. Suppose that {y € E, 1 € X,(7¢), and 7¢[¢](a) = ¢(a) for some ¢ € L1(0,a,,). Let |¢|(a) = |p(a)|,
then

olta) = 1Tl < [ (/ Ba,5)(5) O, 8)]e= >~ b>|ds) H(5)db

/ (/ Bla, )i (s) O (b, s)e™ ¢t~ b)ds> $(b)db = Tec[g)(a), for alla € [0,a,). (41)

That is, |¢[(a) = |Tc¢|(a) < Trec|ol(a). Let Free € [L'(0,am)]* be a strictly positive eigenfunctional of 7, .
By duality pairing, we have r(Taeg){(Fec, [6]) = (Frec. [0]). Since (Fec, [¢]) > 0, we have r(Tr.c) = 1. From
Lemma 5.5, Re¢ < (o. Suppose Re{ = (p, then |¢| < T¢ |¢|. If we assume that || < Z¢,|¢|, then taking
duality pairing with the eigenfunctional Fy of 7¢, corresponding to r(7¢,) = 1 yields

<FC0’ |¢|> < <FC0’ITCO|¢|> = <7ZSFCO’ |¢|>
= T(ITCO)<FC07 |¢‘> = <FC05 |¢|>7 (42)

which is a contradiction. Hence, 7¢,|¢|(a) = |¢|(a). Now let ¢y € L1 (0, a,,) be a nonsupporting eigenvector
of 7, corresponding to the eigenvalue r(7;,) = 1, then |¢| = c¢p for some constant ¢ > 0. So
#(a) = cpo(a)e™(@) for some real-valued function x : [0,a,,) — R. We observe that 7,9 = |Tce|; and
substituting ¢(a) = cpo(a)e?™ @ into T¢|¢| = |Tc|, we have |Ted(a)| = |¢|(a) = cpo(a) = ¢T¢,po. That is,
without loss of generality, ¢ = 1,

Toon(@ = [ (/ Ba,s)b(s) O, >e—<°<s—b>ds)¢o<b>db

/ ( " B(a, s)v(s) 60, s)e@o“ﬂmO(”)ds) ¢0(b)ei”(b)db‘.
0 b
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It follows that f(s,b) = B(a,s)Y(s)O(b, s)e” CotilmO(s=b) . (b)ei(®) = fi(s,b)e’™, for some constant real
number & = x(b) — Im((s — b) and eigenfunction fy. Then,

T:6(a) / " ( / Ba, )i(s) O, )e<<sb>ds) do(b)e=® db

- /0 ( /b " Bla, 5)0(s) 00, s)eM(stmds) So(b)db = e Trecdo(a) = ™ do(a).  (43)

Hence, e ¢g(a) = Tep(a) = e po(a). Therefore, from Tep = ¢, ™G0 = 1 for 0 < b < 5 < a,,. So
K = k(a), which implies that Im¢ =0. O

Theorem 5.8. Let b(A + B) be the spectral bound of A+ B, then (o = b(A+ B).

Proof. From Lemma 5.3, b(A+ B) = sup{Re( : ¢ € E}, and from Lemma 5.7, we have {, = b(A+ B). Hence,
the assertion holds. O

Here we define exponential stability of A + B as follows: for any w > wyq, there exists M, such that for all
t >0, [|Tarsl < M,e“t. So the semigroup is exponentially stable if wy < 0. Throughout this paper, we will
use locally asymptotically stable to mean that the linearized system is stable. Using the linear and global
stability notions of [19,60], we state the following stability condition.

Theorem 5.9. If Ry < 1, then the disease-free equilibrium is locally asymptotically stable; and it is unstable
when Ry > 1.

Proof. We note that, from Lemma 5.1 and Theorem 5.8, {y = b(A+ B) = wo(A+B). Then, by Corollary 5.6,
Ro =r(To) < 1 implies that ¢y < 0. So wo(A+B) < 0 and || T4+5(t)|| — 0 as ¢ — co. Hence, the disease-free
equilibrium is locally asymptotically stable. However, if r(7p) > 1, then {; > 0 and wo(A + B) > 0, so the
disease-free equilibrium is unstable. [

Corollary 5.10. If Ry < 1, then the disease-free equilibrium for initial data in I' is globally asymptotically
stable.

Proof. We note that the original nonlinear Cauchy evolution equation is,

du

= F 44

W= dut Fla). (44)

We focus on the y component of u (i.e., ug = (ugg),u(zg))T), and observe that, for u € I', uz( ) + (1 =)y, 2 <
ul(»l) + u(z) < 1. Hence, using the same notation as in Section 3, for u € I' and i = 1,2, F2[u](a) =

(M + (1 = ulP)\iu] < \ifu] and B [u](a) = s (a)As[u] = Ai[u], as s7(a) = 1. Now,

% — Agu+ Fa(u) (45)

can be integrated to obtain
t
w@z%@w+/TW*@EW®MS
0

t
S Tg(t)’do +/ Tg(t - s)Bd(u(s))ds = TA3+33u07 Uug € I. (46)
0

Hence, 0 < u3(t) < Ta,+8,(t)ug. From Theorem 5.9, the semigroup T 445 is exponentially stable. So
Tarn(t) — 0 as t — oo. Therefore, Ta,15,(t) — 0 as t — oo and us(t) < Ta,4+8,(E)ug — 0, where
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Tays(t) = (Ta, 48, (), Tag 8, (1), Tagrs, ()T — 0. S0 yi(t) = u(t) — 0 as t — oo, and A — 0,
vi(t) =uPt) = 0and oV =5, 1. O

5.4. Endemic equilibria

So far, we have established that, when Ry < 1, the trivial (disease-free) equilibrium is the only biological
relevant steady state and is globally asymptotically stable. Moreover, when Ry > 1, the disease-free
equilibrium is unstable, and there is at least one non-trivial solution. Here we establish the stability of the
non-trivial solution(s) using the different notions of endemicity. From Egs. (27)—(29), the endemic steady
state solution is given by:

si(a) =€ foa(1+qu)A1‘(7)+q12A;(r)dT7 sya) =€ foa(1+Q22)A§(T)+q21/\’{(7)dr7 )
’UT (a) =e foa Al (m)dr (1 e foa qll)\)I(T)+q12A;(T)dT> (48)
vi(a) =e fo" As(T)dr (1 e foa q22/\§(7)+q21>\;(7)d7—> )

yi(a) = / e IO s ) st () + (1 4(6))0i (b)), (50)

= [ T LTI N ) (53(6) + (1 — 4(5))03 (5) ). (51)

Let ¢; = [;™ Ba(s)(s)y; (s)ds, i = 1,2, then A}(a) = ¢;f1(a) and let B(a) = [ B1(7)dr. Substituting y;
into ¢;, we have

1= " (/ f 0151 ( )db> ds = ClH1(617027R0)7

0

o = / " Bals)(s) ( [k TcQﬂl(qu(b)db) ds = esHoer, e, Ro),

where

ql(b) = (b)e_B(b)[(1+Q11)01+Q1202] + (1 _ ’y(b))e_B(b)Cl

q2(b) =

Q02

(b)efB(b)[(1+¢122)62+q2161] +(1— V(b))efB(b)CQ

We note that ¢; = 0 for i = 1, 2 corresponds to the disease-free equilibrium, and ¢; # 0 for some i corresponds
to a weakly endemic equilibrium while ¢; # 0 for all ¢ corresponds to a strongly endemic equilibrium.
Moreover, we observe that Hi(c1,ca, Ro) and Ha(cy,ca, Ro) are analytic in ¢ = (c1,c2)? (see [69,70]). In
addition, we note that H;(0,0,Rg) = H2(0,0,Ro) = Ro.

We also observe that,

M _ / Ba(s)(s) (/0 eIy T3 (1) BB) (1+ gy (b)) db) ds

w - / Bo(s)t(s (/Og e e 7T 3 5 BB) oy (b db)

w — / Ba(s)t(s) (/OS e f:a(T)dT&( b)g217(b db) ds
o (

w — s o f: o(r)dr .
/ Bals /0 Pr(b)B(b) (1 + qm(b))db> ds.

ds
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Hence,

% <0, 4,5 =1,2. Define the following,

moRe) = [ et ([T h O m B0 ) as (52)

o) = [ ot ([ e KOs wBwr o) i (53)
0 0
and let M(cy,c2, Ro) be the Jacobian matrix of H = (Hy, Ha)T. Then,

mo(Ro) + qrim1(Ro) q12m1(Ro)
g21m1(Ro) mo(Ro) + gzami1(Ro) |

Suppose that 7 is chosen such that the determinant DAM(0,0,1) = mg(1)? + mo(1) m1(1)(q11 + g22) +
m1(1)%(q11G22 — q12g21) is nonzero. So M~1(0,0,1) exists and is bounded. We can now apply the Im-
plicit Function Theorem of Hildebrandt & Graves (see [71] and [72, Theorem 4.B]) to show that there
exists a branching solution when Rg > 1 for Ry small or equivalently we can find a solution ¢(Rg) =
(c1(Ro), c2(Ro))T bifurcating from the trivial solution at R = 1. We have,

M(0,0,Rg) = — ( (54)

Theorem 5.11. If H(ci,ca,Ro) : R2 x Ry — R% satisfies

1. H(0,0,1) = (1, )T and
2. DM(0,0,1) is nonzero (i.e., M(0,0,1) is nonsingular),

then there is a solution family ¢(Ro) such that H(c1(Ro),c2(Ro), Ro) = (1,1)T for all Rg > 1 near R = 1.

Remark 5.12. To further deduce that c¢; and co are continuous functions of Ry, requires the continuity of
H;(c1,c2,Rp) for i = 1,2 with respect to all its arguments (ci, ca, Ro). It is an easy matter to show that
H;(c1,c2,Ryp) for i = 1,2 is continuous with respect to (c1, ca). However, we are not able to determine the
continuity of H;(cy, ca, Ro) with respect to Ry because H;(c1,ca, Ro) is not explicitly expressed in terms of
Ro even though we know that H;(0,0,Ro) = Ro.

We note that near ¢; = 0, i = 1,2 and Ry = 1, the level set of H(cy,c2,Ro) at (c1,ca, Ro) = (0,0,1)
given by {(c1,c2,Ro) € R x Ry : H(cy,c2,Ro) = (1,1)T} is one-dimensional. Moreover, we observe that
from the notion of endemicity discussed previously, there are two possible cases (for balanced quotient):

1. Weakly endemic: ¢; > 0 and ¢ =0 or ¢; = 0 and ¢y > 0.
2. Strongly endemic: ¢; > 0 and ¢ > 0.

We note that, for the first case, whenever one solution type exists the other also exists. However, which
equilibrium is selected will depend on the initial condition, and if one of the weakly endemic equilibria is
(un)stable, the other weakly endemic state will be (un)stable due to the inherent symmetry. We now state
the following:

Lemma 5.13. Let H;(c1,c2,Rqo), i = 1,2 be defined as above. If Ry > 1, then the following holds:

1. In the case of balanced quotient (i.e., qi1 + q12 = q22 + 21 = ), there exists a unique strongly endemic
equilibrium, ¢y = ca = ¢ > 0 such that H(c,¢, Ro) = Hi(c,c,Ro) = Ha(c,¢, Rp) = 1.

2. There exist weakly endemic equilibria, ¢; > 0 and ca =0, and ¢; =0 and ¢3 > 0, such Hi(c1,0,Ro) =1
and H3(0,c2, Ro) = 1, respectively.

However, if Ry < 1, then there is no non-negative non-trivial steady state.
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a He b H(c) c H(c)

1 Ro\\

Co & Co c Co c

Fig. 3. Sketch for the Proof of Lemma 5.13. The threshold property of Rg and H(c, ¢, Ro). For (a) Ro > 1, ¢g > 0, (b) Ro =1,
co =0, (c) Ro <1, co<O.

Proof. For the first result, we note that ¢; = ¢; = ¢, i # j for balanced quotient since ¢;, i = 1,2 is
commensurable to the reproductive fitness and all strains have the same epidemiological parameters. To find
¢ such that H(c,e,Ro) = Hi(c, ¢, Ro) = Ha(c,c,Rg) = 1, we observe that H(c, ¢, Rg) is differentiable with
respect to ¢ and W < 0 for all ¢ > 0. Hence, H(c,c, Ry) is strictly monotonically decreasing, and it
also satisfies the following limiting behaviours,

1. lime—, 400 H(c,¢,Rp) =0,
2. lime,_ oo H(c,¢, Rp) = +00.

Using similar arguments as in Corollary 5.6 and the Intermediate Value Theorem, the result follows
(see Fig. 3). Hence, when Ry > 1, there is a unique solution for H(c,c,Rg) = 1, and c¢ is positive. When
Ro < 1, there is no solution on the right-hand half plane. The characteristic equation H(c,¢,Rp) = 1 has

a negative solution which is biologically irrelevant. For the second part, we observe that %C’P’RO) <0
and %{fj’m < 0 hold for all ¢; and ¢y, respectively, and Hj(c1,0,Ro) and Hz(0,ca,Rg) are both

monotonically decreasing functions. Hence, the results follow from the Intermediate Value theorem. [

In the next sections, we investigate the asymptotic behaviours of these equilibria. We will assume Ry > 1
but sufficiently close to 1 in the remainder of this section.

5.4.1. Stability of weakly endemic equilibria: Principle of competitive exclusion

To study the stability of an endemic equilibrium, we start with the linearized equation as in the previous
section, and consider the resolvent of A + B (i.e. consider the equation (¢I — (A + B))w = z). Then, we
have for i,7 = 1,2, i # j,

(1)
@%#Q=éW@—CWWw+BPWWm
(2)
Q%%@zzﬁm@ffwﬁWw+BPwﬂw7
(3)
awiaia(a) = xg‘})(a) — sz(S) (a) + 81(3) [w](a) _ O'(Cl)’LUES) (a)7 i=1,2

where ng) [w] (a) = Ez(-k) [w] (a) + ng) [w] (a), k =1,2,3, and
B [w] (a) == —s7(a) [(1 + qio)N[w](@) + i3 [w](@)] ,
B [w) (a) = —w” (@) [(1 + @) X; + ai;\i] (a),
B [w] (a) = 57 (a) [guhe[w](a) + gy [w](a)] — of (@) Nifw](a),
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Y [QM)‘ + qijA ] —w

B [w] (a) = [s7(a) + (1 — 7(a))o; <>]A
B [u] (a) = [wf” (@) + (1 = v(@)w ()

w P (@) (a),
: i[w](a),

| A,

fori,7=1,2, ¢ # j and w(k)( 0)=0, k=1,2,3. Here w = (wl,wg,wg)T, wy = (wgk),wék)) for k=1,2,3,

and w( ) = =3,, w§-2) =7; and w(g) =7;. Let ¢; = Jo ™ Ba(s)b(s)yp (s)ds, ¢ = [;™ Pa(s )w(s)wgg)(s)ds and

= [y Bi(r)dr. Then X(a ) = ¢;31(a) and \;[w](a) = ¢B1(a). To study the stability of the weakly
endemlc equlhbrlum we use the definition of weak endemicity and either set (i) ¢; # 0 and ¢z = 0 or (ii)
¢1 =0 and ¢y # 0. Here we focus on (i), for the stability of (ii) follows directly from (i) and the analyses of
the two cases are identical. If ¢; # 0 and ¢ = 0, substituting the relevant terms in the above expression, we
obtain the following;:

w(l) a - B
829701() = l‘gl)(a) - ngl)(a) - ST(G) [(1 + qn))\l[w](a) + quAQ[w](a)] _ w%l)( )(1 + (J11))\T(a),
OIS 1 ) i
0 za( ) = .%'g )(a) - Cwé )((l) - S;(a) [(1 + q22))\2['LU](a) + q21)\1[w](a)] _ wé )( )(]21)\>{(a),

w®(a _ - —
QL) 22 (a) — o (@) + 5i(@) [ w](a) + qolul(@)] — vi (@)K (o)

+ wi” (@) [a11A7] (a) — wiP ()N} (a),
6w§2)(a) ~ ~ - 1)

225 = a5 (a) — Cuy?(a) + s3(a) [gz2Relul () + @2 [w](0)] — v3(a)Relw](0) + wS" (@)g A (a),
w® (a -
P8 o (0) — o () + [53() + (1~ 7(0))0i (@) R ] (@)

+ [0l (@) + (1 = (@)l (@] Ni(@) - o(@u(a),

o) i
0 ga( a) _ = 2{(a) — cwl¥ (a) + [s5(a) + (1 — v(a))v3 (a)] Na[w](a) — o (a)wsP (a).

Integrating the above equations, we obtain

wi'(a) = / Lo e oN @ (404 0) (14 g RfulB) + gl ®)] ) b, (55)
V)= | Lo IO (00 5 (6) [(1+ @) Kol B) + aoraw](0)]) b (56)
wi?(a) = / T IO (10 5) 4 556) [qaa X)) + quzRelu] )]
— ol N [w)(b) + i’ B)an AL (9)) db, (57)
wf@) = [ B (w204 5500) [ Ralul ) + g T ]

v (0 alw](6) + wf (Ba AL (0)) db, (58)

wf? @) = [ B (D0 4 (510 + (1@ O] aful®)

+ [0l ®) + (1 = @) )] X1 0)) @, (59)
wi(a) = / Ce I (O 1[5 0) + (1~ 3(a)s O)Relu])) b (60)
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Recall that \;[w](a) = ;31 (a), so substituting the above expressions into

&= / Ba(s ®)(s)ds, and = / " Ba(s)0(s)wP (s)ds,

we obtain a two-dimensional matrix, (X1, X2)" = (I — H(C,c1(Ro),0)) (€1,c2)", where H((,c1(Ro),0) is a
2 x 2 matrix with element H;;(¢,c1(Ro),0)1<s j<2. The elements of H;; of H and X; (1 < 4,j < 2) are
defined as follows:

H11(C, e1(Ro), / B2(s)(s) (/Os eI C+a(7)d7@’f(b)ﬁ1(b)db> ds — /Oam Ba(s)
s s b
s) </0 e J; CJFU(T)dT/\T(b) l/o Br(b)(1 4+ qi1)s7(b)

. . am s
e Dy C+(1+Q11)A1(T)dfdb/1 db) ds + q11/ ﬁ2(3)1/}(3) </ )\y{(b)
0 0

s b b .
ey ST ) l/ s (1) Bu(b)e o C“‘(T)deb’] db) ds
0

A s s b
- / Ba(5)(s) ( / X By O ) [ / oi ()

< B (B)e (T)deb/] db) as— [ Bal)u(s) (/ Xi)
0 0

¢ d b 4N (r)d
xXe Jy ¢t T(1— (b)) / ¢ Jirerie Tqui(v)
0

b/
" (/ s1(r)(1+ qu1)pi(r)e f PR ar ) db/] db) ds,
0

s s b
Hiz(C.er(Ro), / Ba(s)0(s) < / oIy oy V $1 (1) g2 ()

e I <+<1+qum<r>dfdbf] db) ds + g1z / " Ba(s)0(s) < / A5 ()
0 0

s b b .
e~y ST ) l / s1(0) B (b —fb/f“l“ﬂwb'] db) ds

fm f (+o’(7’)d7’ . b * (1)
+(J11(I12/0 Ba(s (/ (b)(1 —~(b)) [/0 AT (V)
o= Sy AT (/0 o 7 cHat A (rar (1) (r)d )db/] db) s

) ( / A <+"(T)dTQ§(b)ﬁ1(b)db> ds

=0
-
_ /“’" Bo(s) ( / = J, ¢ro(ndr (3)(b)db> s+ [ Ba(s)¥(s)

0

( / e\ [ / fbf<+<1+q“”?<7>d7x§1>(b')db’] db) ds

H21(¢, c1(Ro), 0)
H22(¢, c1(Ro), 0)
X1(¢, e1(Ro), 0)
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am f CHo(r)dT \ % . b (2) /
[Tt ( / X{(B)(1 = 7(b)) [ | @)
o S cai(ar db/} db) ds 4 / o Bo(s < / — [7 cholryar
X )\*(b l/ fb/ C+>\ (T)dT 1 )\1(1)/) (/ 1.§1)(r)
0

b’ .
e fT C+(1+qu)/\1(7)d7’dr> dbl‘| db> ds

Xa(¢, c1(Ro), 0) “m Pa(s (/ —Jy crotnar d)(b)db) ds

0
Q; (b) = si(b) + (1 =~(b))vi (b), i=1,2

(b) _ 1+q11)ClB(b) Sz(b) — e*QQlclB(b)7

v} (b) _ e_CIB(b) _ e—(l‘f‘qn)ClB(b)7 and ’U;(b) —1— ¢ 9211B()

Let M1(¢,Ro) = (I — H(¢, ¢(Ro))) and the determinant of M1(¢, ¢(Rg)) be given by D1 M((, Rp), where for
a weakly endemic equilibrium ¢(Ro) = (¢1(Ro),0)T (or ¢(Ro) = (0, c2(Rp))). From the structure (i.e. upper
block matrix) of H((,¢(Ro)) (and hence M;(¢,Ro)), we can calculate the determinant as Dy M((, Ro) =
(1 — H11(¢, ¢(Ro))) (1 — Ha2(¢, ¢(Rop))). We note that when Rg = 1 and ¢; = 0, ¢ = 1,2, the determinant
D1 M(¢, ¢(Rop)) = 0 determines the eigenvalues of the linearized equations for the disease-free equilibrium.
Moreover, we observe that at ¢ = 0 and Ro = 1, H11(¢ = 0,¢1(Ro) = 0,0) = Ha2(¢ = 0,¢1(Ro) = 0,0) = Ro
and D1 M(¢, Rp) = 0. From the previous discussion, the resolvent equation is only solvable when M (¢, Ro)
is invertible. That is, if the determinant D1 M ({, Ro) of M1(¢, Ro) is nonzero. Therefore, to determine the
stability of the weakly endemic equilibrium, we first give the following results:

Lemma 5.14. Let X"°(A+ B) and X"°*(A+ B) be the spectrum and point spectrum of A+ B, respectively,
for the weakly endemic system. Then, X°¢(A+ B) = Xy"¢(A+ B) = {¢ € C: D1M((, Ro) = 0}.

Proof. We observe that the resolvent equation is solvable if and only if M;({,Rg) is invertible, i.e
D1M((,Ro) #0. So Zvee(A+B) = {¢ € C: D1M((,Ro) = 0}. Hence p(A+B) ={¢ € C: D1M(¢,Ro) #
0}. Because M1((,Ro) is invertible for ¢ € p(A + B), it can be shown that the resolvent R*¢(¢, A+ B) is
compact for any ¢ € p(A+ B) using similar arguments as in Lemma 5.3. That is, we first obtain w in terms
of &, i = 1,2 and z from Eqgs. (55)-(60) by substituting for A\;(a) = 81(a)¢;. Then, we find ¢; in terms of
X;, i =1,2 from (¢1,6)" = M7Y(C, Ro) (X1, X5)" and X; in terms of 2. We note that M (¢, Ro) exists
and is bounded. Thus, we observe that, after the relevant substitutions, the right-hand sides of w in Eqs.
(55)—(60) are compositions of compact and bounded operators. Hence, the resolvent is compact. Therefore,
Xwee(A+ B) = Le°(A+ B) (see [68, pg. 187], [19, Proposition 4.11]). [

Corollary 5.15. H11(¢,¢1(Ro),0) =1 or Haz((, c1(Ro),0) = 1, if and only if ¢ € L'°(A+ B).

Theorem 5.16. Suppose Re¢ < 0 for all ¢ € X}'°(A + B). Then the weakly endemic equilibrium point is
locally asymptotically stable.

Proof. We first note that the operator A generates a nilpotent translation Cy-semigroup {T4(t)}+~0, and
that the operator B can be broken up into two operators B = B + B. Then, we observe that T LB 1S
a semigroup of a stable population with a finite age interval, and hence it is eventually compact (see
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[59, Proposition 2.5]). From Assumption 4.1, B is compact. Therefore, the Cy-semigroup {Ta+5(t)}i>0
is eventually norm continuous (see [53, pg. 166, Proposition 3.1.14]). Hence, wo(A + B) = b(A + B) =
sup{Re( : ¢ € X*¢(A+ B)} (see [53, pg. 281, Corollaries 4.3.11-4.3.12]). So, from Lemma 5.14, we have
b(A + B) = sup{Re¢ : ¢ € L°(A+ B)} = (o, say. In addition, by Theorem 2.4.18 in [53, pg. 113],
the set S = {¢ € Z¥(A+ B) : Re¢ > —1} is bounded and consists of isolated eigenvalues with finite
multiplicities. Therefore, under the given assumption, it follows that the set S is finite and {y < 0. Thus,
lim; oo || Ta48(t)|| — 0. Hence, the weakly endemic equilibrium is locally asymptotically stable. [

We can now consider the concrete conditions under which the weakly endemic equilibrium is stable, i.e., there
is no ¢ € X(A + B) with non-negative real part. We note that the condition D1 M((,Ro) = 0 is
equivalent to the following: H11({, ¢1(Ro),0) = 1 or Haa((, ¢1(Ro),0) = 1. In the proceeding, we characterize
Ha2(¢, c1(Ryp),0) = 1 and H11(¢, c1(Ryp),0) = 1. We state the following properties:

Lemma 5.17. The function Ha2((, ¢1(Ro),0) is continuous in ¢ and strictly decreasing with respect to ¢ € R,
and satisfies the following limiting behaviours:

1. ng_,oo HQQ(C:, C1 (Ro)y 0) =0,
2. lim¢—, oo Ha2(¢, €1(Ro), 0) = +00.

Thus, there exists a unique solution (20 € R of Ha2((2,0,¢1(Ro),0) =1 and (20 is a simple root. Moreover,
each of the following implications holds:

L. 2,0 <0, if Ha2(0,c1(Ro),0) <1,
2. Cg’o = 0, lf HQQ(O,Cl(RO),O) = 1,
3. C270 >0, Zf HQQ(O,Cl(R()),O) > 1.

Furthermore, any solution ¢ # (2,0 of Ha2({,c1(Ro),0) =1 is such that Re < (20.

Proof. We observe that Ha2((,c¢1(Ro),0) is continuous and strictly monotonically decreasing in (.
Furthermore, using Assumption 2.1, we note that

Ha(c.r(Ro)0) = [ ateyue) ([ B O s 01an)
0 0
_ [Om s —f: cdr > E = B
Sﬁ/o (/0 ¥(s)e db dsgC 0 as(— o0

as in Lemma 5.4(2). For the second part, we observe that ©(b,7) = e J s

am >5>b>0. Let Qy = SUPpe(0,a,,] @3 (D). Then, from Assumption 4.1(2),

> e %m = ¢ for

Han(C,er(Ro), 0) = / < /b " Ba(s)p(s)e “"W“Q;(b)ﬂmb)ds) db
ecQy /a’" P(s) </S el Cdeb) ds — oo as(— —oo

0

v

as in Lemma 5.4(1).

It follows that there is a unique real value (o9 € R such that Ha2((2,0,c1(Ro),0) = 1. Since,
Ha2(C2,0, c1(Ro), 0) is strictly decreasing, it is a simple root. Therefore, the assertions follow.
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Moreover, let ¢ be a solution different from (3 o, then

HaaGaore1(Ro).0) = 1 =Re ([ satoute) ([ KO gsmm ) as)

(/Oam BaleH(5) </S o J, RecHo(nydr cos(Im (s — b))QﬁU))&(b)db) ds>
) </m R (/ RO G 6) 1 () ) ) |

Thus, since H22((, c1(Ro), 0) is strictly decreasing function, it follows that Re¢ < (29. O

We observe that Haa((,c1(Ro),0) > 0 and H22(0,0,0) = Re. Similarly, Hi1(¢,¢1(Ro),0) > 0 and
H11(0,0,0) = Rp. In addition, H11({, ¢1(Ro),0) can be expressed as a difference of two functions, namely

Hi1(C, e1(Ro), 0) = HE (¢, e1(Ro), 0) — HI (¢, e1(Ro), 0), (61)

where

HO (¢ e1 (Ro). / Ba(s)i(s) ( / ol C*f’(”*@i(b)m(wdb) s

+ / " Ba(s)(s) ( / T L ) (1~ (1))

b b .
x [ /O ey 4“1(T)def(b’)quﬂl(b')db/] db) ds, (62)
s s b
F¢,e1(Ro), / Ba(s)(s) ( / ey ETOI ) [ / s1(0) (1 + q11)Br (V)
e <+<1+q11>*f<7>d7db’] db) ds + /am Ba(s)1)(s)
0
s s b
x ( / e S TN ) (1 — (b)) [ / v (V) By (V)
=[xyl ) g o N
‘e s+/0 Bo(3)0(s) / 10
s b b . b
< (1 —’y(b))e_ fb C+o(r)dr [/0 o fb, C+>\1(T)dT(J11>\T(b/) ([) ST(T)

b’ N
< (L+qu)Bi(r)e - <+(1+q“”1(”d’dr> db’] db) ds. (63)

Lemma 5.18. Let 'Hgll)(g,cl(Ro),O) be defined as above. Then Hﬁ) (¢,c1(Ro),0) is continuous in ¢ and
monotonically decreasing with respect to ( and satisfies,

1. th—’OO Hgll) (Ca C1 (Ro), 0) = O:
2. lime_ oo H3 (¢, €1(R0), 0) = o0.
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Proof. Clearly, H111 (¢,¢1(Rop),0) is continuous with respect to ¢, and is strictly monotonically decreasing.
In addition, let B; = fo B1(7)dr. Then,

(1) c _ Am . 5 f (Ho(T)dr L
G (Ral0) = [ >w<>(/0 Qi) (b)d )

fm s s Sef f: CHo(r)dr \ % .
+ [ st ( / X{(B)(1 — ()
x [/Obe— Ju CHT(T)de*{(b’)quﬂl(b’)db’l db) ds

< B(1+queBy) /“m (/S Y(s)e” J, Cdeb) ds —0 as(— oo
0 0

as in Lemma 5.17(1). Moreover, we observe that

F(¢ e (Ro), / B2(5)1(s) ( /0 S e‘ff‘*"“)dTQ;(b)ﬁl(b)db) ds
+/mﬁ ) (s) (/ N 1) (1 = (b))

V — Jy cHAi()ar *(b’)qllﬁl(b’)db] db> ds,

/ﬁz (/ ~ )y cretniargy, )m())dseoo

as ( — —oo as in Lemma 5.4(1) and Lemma 5.17(2)

Corollary 5.19. H11(¢,¢1(Ro),0) is continuous with respect to ¢, and for ¢ real, satisfies the following

1. H11(¢,c1(Ro),0) < Hgll)(C,Q(Ro),O), and
2. hmc_,oo Hll(ga (&) (Ro), 0) =0.

Lemma 5.20. There exists a unique solution (; € R such that Hﬁ)(gcl (Ro),0) = 1. In addition,

1. If H(ll 0,¢1(Ro),0) < 1, then (; < 0,
2. If H11 0,¢1(Ro),0) =1, then ¢, =0,
3. If HP(0,¢1(Ro),0) > 1, then ¢1 > 0.

P

Moreover, if (€ {( € C: H(l)(C,cl(Ro),O) =1} then if ¢ # (1, Re¢ < (3.
Proof. The proof is similar to Lemma 5.17. [

Lemma 5.21. Let R > 1 but sufficiently close to 1. If H11(0,¢1(Ro),0) > 1, then the characteristic equation
admits a positive root.

Proof. We note that, from the properties stated in Lemma 5.18 and Corollary 5.19, when H11(0, ¢1(Ro),0) >

1, there is a solution {y > 0 such that H11(Co,1(Ro),0) = 1. That is, let A(() = H11({,¢1(Ro),0) — 1 =0.
We observe that A(0) > 0 and A(co) < 0. Then, by the Intermediate Value Theorem, there exists a point
o € (0,00) such that A(y) = 0 or H11(Co,c1(Ro),0) = 1. This corresponds to instability. O
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We now give conditions for H11(0,¢1(Rp),0) = 1 to have only roots with negative real part.

Lemma 5.22. Take Ry > 1. Suppose Hgll)((),cl,()) < 1, so that, for c1 sufficiently small and positive,

Hﬁ)(g,cl,()) = 1 has a unique real negative solution (1(c1). Then for ¢y sufficiently small and positive
H11(¢,¢1,0) =1 has no roots with Re¢ > 417(0)' Hence, for c1 sufficiently small and positive, all the roots of

H11(¢,¢1(Ro),0) = 1 have negative real part.
Proof. Assume 'Hgll)(&ch()) < 1. From Lemma 5.20, Hﬁ)(g, ¢1,0) = 1 has a unique real negative solution
Ci(er). Let D= {¢ : Re¢ > {0},
Now let 1 — H11(<701,0) e Al(C,Cl) + AQ(C,Cl), where
MA(Ger) =1=H (G en,0), and Aa(Cyen) = HT(C 1,0),

We show that for ¢ € D and ¢; small enough, |A1(¢,c1)| > |A2(¢, ¢1)| and hence H11(¢,¢1,0) = 1 has no
roots in D.

Set n = Hﬁ) (Cléo) ,0, O) and note that 7 < 1, because Hﬁ)(gl(O), 0,0) =1 and Hgll) (¢, c1,0) is decreasing

in ¢. In addition, Hgll)(C, ¢1,0) is continuous in ¢;. Therefore, for ¢ € D and ¢; small enough, we have

0 14
’Hgll)(<7clvo)‘ S H%) <C1; )7017()) < ?n

Hence,

1_
’1 —Hﬁ)(CaChO)’ > Tn

Moreover, we observe that As(¢,0) = 'Hg?((, 0,0) =0 and Hﬁ)(g, ¢1,0) is continuous in ¢;. For ¢ € D and
c1 small enough, we have

0 1-
a6 = 1 €en o) < 1) (A0 e0) < 157

Hence,

[H11(C,1,0) — 1] > [A1(C, e1)| = [A2(C, e1)| > 0.
Thus, H11(¢, ¢1,0) = 1 has no roots in D. O

In the above discussion, we have shown the existence and non-existence of roots (positive real and complex
with positive real parts) depending on the conditions imposed on H11(0, ¢1(Rg), 0) and Hﬁ’(o, ¢1(Ro),0). In
particular, we note that the existence and exclusion of positive real roots depends only on Hi1(0, ¢1(Ro),0),
while exclusion of complex roots (with positive real part) depends on H11(0, ¢1(Ro),0) and Hfﬁ (0,¢1(Ro), 0).
Given the above results in Lemmas 5.21 and 5.22, we establish the condition for the stability of the weakly
endemic steady state.

Theorem 5.23. Take Ry > 1 and Ro — 1 is sufficiently small.
1. If Hﬁ) (0,¢1(Ro),0) < 1 and Ha2(0,¢1(Ro),0) < 1, then the weakly endemic equilibrium (i.e., discrete
strain structure) is locally asymptotically stable.

2. If H11(0,¢1(Ro),0) > 1 or Ha2(0,¢1(Ro),0) > 1, then the weakly endemic equilibrium is unstable.

Proof. On the one hand, we note that, from Lemma 5.22, if 'H%ll) (0,¢1(Ro),0) < 1, then the characteristic
equation Hi1((,¢1(Ro),0) = 1 does not admit (real or complex) non-negative characteristic roots. In



308 A. Cherif et al. / Nonlinear Analysis: Real World Applications 34 (2017) 275-315

addition, from Lemma 5.17, we observe that the dominant root of Ha2((,¢1(Ro),0) = 1 is negative when
Ha2(0,¢1(Rp),0) < 1. Thus, from Corollary 5.15 and Theorem 5.16, the weakly endemic equilibrium point
is locally asymptotically stable. On the other hand, if one of the conditions is violated, then there is a
non-negative eigenvalue (y > 0, so wo(A+ B) >0. O

5.4.2. Stability of a strongly endemic equilibrium: coexistence

To study the stability of a strongly endemic equilibrium, we consider the linearized resolvent equation as
done in the previous section. We note that, from the definition of strong endemicity, y;(a) # 0 for all 4. In
addition, because the epidemiological parameters are the same for all strains, A\; = A; and y; = y; for all 4, j.
Therefore, it is sufficient to look at the asymptotic behaviours of the system as a single strain system provided
we take into consideration the balanced condition for the quotient network. That is, ¢i; + ¢;; = ;5 + @js-
Now let a9 = ¢4 + ¢i; = qj; + gj; and o = ag + 1. Then the system above reduces to

U)(l) a Y
aTl() = 2W(a) — cwP(a) — as*(a)Nw](a) — aw®(a)A*(a),
w® (a By A
37() — 2@ (a) = cw® (@) + (@ — 1) 5*(@)Nw](@) — o (@)X [w](a) + D (a) (@ — 1) M (a) — w® (a)A*(a),

8'[1)(3) (a) - x(3)

9a (@) = Cw®(a) + [s"(a) + (1 = y(a))v" (@)] Alw](a)

+ [wM (@) + (1 = y(@)w®(0)| (@) = o) (a),
where the steady state solutions s*(a), v*(a) and y*(a) reduce to
s*(a) = e Jo X (T — e o NI = [7eN D e (4) = 57(a) + (1 — v(a)v*(a),
v (a) = /Oa e 1o ) At [e— Joxmar - [ W(T)ﬂ b

f o T)d‘r)\* fob )\*(T)d‘rdb.
0

Integrating the resolvent equation above, we have

wW(a) = /0 " ) craxt(yar (:c(l) - as*(b)X[w}(b)) db,
w? (a) = /0 e [ (x@) + (a — 1)s* (b)A[w](b) — v* (b)A[w](b) + (a — 1)w(1)(b))\*(b)> db,

(@) = [ B (00 4 g 6 wlb) + [w00) + 1 - v(b»w@)(b)} (b)) db.
0
Let ¢ = o Ba(8)v(s)y*(s)ds, € = [ Ba(s)h(s)w®) (s)ds, and B(a) = [; B1(7)d7. Then A\*(a) = cfB1(a)
and A[w](a) =¢B1(a).
The strongly endemic steady state only exists when Rg > 1 (see Lemma 5.13). To study the stability of

(k)

the strongly endemic equilibrium, we substitute the above expression for w;"’, ¢ = 1,2 into ¢ using strong

endemicity. We obtain an equation of the form X = (1 — H({,¢(Ry))) ¢, where

B Am s bs Cho(r)dr .
= [ st ( [ Q (b)ﬁl(b)db)d
[ s)(s SefbeCJ“"(T)dT * beffbb/ CHad™(ndr o o (b
/O ﬁ2<>w<></0 “I’)VO H(0)
N 37/ s o s s Se— f: Cto(m)dr y
xmb)db]db)d +/0 Bal >w<>(/0 N (b)
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x (1= ~(b)) [ /0 "I CRAT T (o 1>s*(b/)ﬁl(b'>db/] db> ds

- / " Ba(s)(s) ( / T T erear vk 1 )
0 0

« [ / "l C“*(T)‘“v*(b’)ﬂl(b')db’] db> ds — / " Ba(s)(s)
0 0

Sef f: C+o(r)dr f CHN*(T)dT -
y [ i A ( [ a-1)

X A* (b)) [/bl —fbl g+a>\*(7)dr s (B )dn] db/> db‘| ds,
= o C+cr('r d‘r
Sef f: Cho(r)dr y« f CHaX (M)A (1) (1) g’ s
% (/O A"(b) VO (b)db]db)d
o b

+ /0 52 </ f CHo(T) d~r ( ’y(b)) [/ (2)(b/)

e f; AT gy s o o ( f Cto(r)dr
x db] db) ds + /0 Ba(s < /

b .

e Uo eI SN (o e v) </0 =W ()

b’ "
ey o (T)den> db’] db) ds.

We state the following conditions:

Lemma 5.24. Let X*°°(A+ B) and X;°(A+ B) be the spectrum and point spectrum of A+ B, respectively,
for the strongly endemic case, then X*¢°(A+ B) = L5°°(A+ B) = {¢ € C: H((,c(Ro)) = 1}.

Proof. The resolvent equation is solvable if and only if 1 — H(¢,¢(Rop)) # 0. So X*¢(A+ B) = {( € C:
H(C,c(Ro)) = 1}. Hence, p(A+ B) = {¢ € C: H((,¢(Rp)) # 1}. Using similar arguments to those in
Lemma 5.14, if ¢ € p(A + B), then A + B has a compact resolvent (see [68, pg. 187] and [19, Proposition
4.11]). Hence, the assertion X*°“(A + B) = L5°°(A+ B) holds. [

Corollary 5.25. H(¢,c(Ro)) = 1, if and only if ¢ € X3°°(A+ B).
Let H(¢, e(Ro)) = HM (¢, ¢(Ro)) = HP (¢, ¢(Ry)), where

HO(¢C / Bas ( / =), ¢remarg ﬁ(b)db) ds
+ [T ( PR RO IR0

l / - J e, 1>s*<b/>ﬁl<b'>db’] db) ds,
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am s s b b .
H(Q)(C,C(Ro)) — /0 Ba(s)(s) (/O e fb C+cr('r)d'r)\*(b) [/0 e fb, CHaX (T)dTaSI(b/)

S

x ﬂl(b')db’] db) ds + /Oam Ba(s)¥(s) ( AT(B) (1 = (b))

0

w e~ Jy Croar [ / "I C“*(T)‘”v*(b’)ﬂl(b’)db’] db) ds+ (o — 1)
0
o s)(s Se_f:“'”mdf * — ' *(y
/ B >w<>[/0 X (B)(1 - (b)) (/Ouz))

b * bt — o aX*(1)dT
xXe fb’ CHAT(r)dr [/ e fn Crad(r)d 048*(77)51(77)(177‘| db') db

0

ds.

We observe that the functional form of H({, ¢(Ry)) is similar to the functional form of Hi1(¢, ¢1(Ro),0). In
fact, H((,¢(Ro)) = H11(¢, ¢(Ro),0), when A*(a) = Ai(a), and ¢q; is replaced by a — 1. Thus, the results
and proofs of Lemma 5.18, Corollary 5.19, Lemmas 5.20-5.22, all carry over to this case and we have:

Theorem 5.26. If H()(0,¢(Ro)) < 1, then the strongly endemic equilibrium (i.e., co-existence, fully
synchronized steady-state, or no strain structure) is locally asymptotically stable. If H(0,¢(Rg)) > 1, then
the strongly endemic equilibrium is unstable.

6. Numerical simulations and discussion: the effect of cross-immunity on the dynamics

In this section, we investigate the effect of the serotypic architectures and the various dynamic features of
the model. In particular, we look at the dynamic behaviours of the model under both uniform and differential
allelic combinations as we vary the cross-immunity level v (i,.e., y(a) = «y for all a € [0, a,,]) as an exploratory
parameter. Although it is possible to use the age-specific parameters 3(a,s) = qc(a, s), p(a), o(a) where
q is the disease-specific transmission probability and c(a, s) is the contact rate, we assume, for simplicity,
that the age-specific parameters 8(a,s) = 8, u(a) = p and o(a) = o, because the dynamic behaviours are
preserved except that the abundance level of each strain for individual age—cohorts is commensurable with
the age-specific reproductive number (see [30,6,38,15]). The method of lines was used with the following 15
discretized age—cohorts [0-4], [5-9], [10-14], [15-19], [20-24], [24-29], [30-34], [35-39], [40, 44], [45, 49], [50,
54], [55, 59], [60, 64], [65, 69] and [70-100] years.

We note that, for both uniform and variable age-specific parameters, the dynamic features of the strains
naturally tend towards the dynamic patterns observed in the unstructured models discussed in [30,38,15,
and references therein]. In particular, the system (1) exhibits three distinct dynamic features with very rich
temporal and clustering properties, and self-organization/synchrony that depends on the relative degrees of
cross-immunity (see Fig. 4). In Fig. 4(a), we observe the coexistence of all strain for low cross-immunity, where
all strains tend to a stable equilibrium which are usually commensurable to their respective reproductive
fitnesses. However, because we have assumed that all the strains have the same epidemiological parameters
and hence reproductive successes, the strains approach the same abundance level regardless of the allelic
architectures. That is, all strains approach the same steady states whether we have uniform (e.g., 2-locus—2-
allele, 3-locus—2-allele systems) or differential allelic variations (e.g., 2-locus system with 2 alleles at one
locus and 3 alleles at the other locus). These dynamic patterns correspond to fully synchronized no structure
structures (NSS) with a maximum diversity and low discordance.

At the intermediary cross-immunity level, the model exhibits cyclic (both periodic, intermittency chaotic)
temporal dynamics with exotic cluster-specific sequential domination (see Fig. 4(b)—(d)). However, the
cyclical dynamical behaviours and their cluster-specific structures at the intermediary cross-immunity level
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are subtle, as the model exhibits various complex forms of synchronization and dynamic patterns. In
particular, we observe that dominant types are cyclically replaced, where we can detect sharp epidemics
dominated by, among a number of other behaviours: (i) anti-phase periodic solution with alternating
dominance of discordant pairs (including large amplitude periodic cycles), (ii) a single strain with erratic
multi-year abundance similar to the dynamic feature of influenza epidemics with irregular emergence and
re-emergence of certain pathogenic forms (seen in y;, not shown), (iii) ordered alternating appearance of
a single antigenic type in periodic or quasi-periodic form similar to discrete periodic travelling waves in
strain/antigenic space with spatio-temporal symmetry, (iv) chaotic solutions with erratic appearance and
disappearance of synchrony between discordant antigenic types or discrete sets of minimally overlapping or
non-overlapping structures (periodic solutions with intermittent chaotic episodes, chaotic short-period cycles
with decoherence between discordant sets, large-amplitude chaotic cycles with spatio-temporal symmetry),
and (v) phase-synchronization with (periodic or chaotic) uncorrelated amplitudes. These dynamic behaviours
represent cyclical strain structures (CSS).

For high cross-immunity, the system exhibits the principle of competitive exclusion where certain clusters
containing discordant serotypes or containing sets of serotypes (i.e., sub-population of strains) with minimal
(see Fig. 4(e)) or non-overlapping structures persist while others go to extinction (see Fig. 4(f)). In
particular, for uniform allelic variations, only discrete strain structures with a single discordant pair with non-
overlapping structures are possible (see Fig. 4(f)), whereas in the case of differential allelic combinations we
see discrete strain structures with both non-overlapping (see Fig. 4(f), where persistent strains are discordant
to each other and share no alleles in common) and minimally overlapping serotypic structures (see Fig. 4(e)
where the dominant persistent strain is discordant to the other two strains that shares alleles in common).
In general, the dominant persistent sets share the least number of alleles while the other persistent strains
share the most in the case of discrete strain structures with minimally overlapping serotypic structures.
These dynamic patterns correspond to partially synchronized discrete strain structures (DSS). Some of
these dynamic patterns described above have been discussed previously in [30,6,5,38,15]. The only difference
between these behaviours and those discussed previously is that each age cohort follows similar dynamics,
and there might be age-specific synchronizations, which may not hold in the case of a non-uniform age-
specific scenario. In addition, for a non-uniform age-specific scenario, we can observe localized epidemics
within certain age—cohort in the region where the system exhibits the highest single strain dominance (or
lowest strain diversity) and the combination of age-specific transmissibility /reproductive number and the
contact structures, and the cross-immunity influence the organization and dynamical behaviours of strain
structures.

7. Conclusion

In this article, we have examined a multi-locus—allele epidemic model describing the dynamics of
antigenically variable infectious diseases. We reformulated the model into an abstract semilinear Cauchy
evolution equation and investigated the existence of positive solutions. In addition, we employed a fixed
point approach to study the steady-states, and the spectral theory of operators to prove the existence of a
threshold condition on the next-generation operator. In particular, we showed that if the spectral radius of
the next-generation operator 7, r (7 ), is less than 1, then the disease-free equilibrium is the only equilibrium
and is globally asymptotically stable. If r (7)) > 1, then the disease-free equilibrium is unstable. Moreover,
we showed that there is at least one nontrivial equilibrium. However, using the spectral radius r (7") of the
next generation operator 7, the condition for existence of endemic equilibrium is necessary but not sufficient
to establish the stability of the endemic equilibrium. To establish the stability of endemic equilibria, we rely
on insights gained from the mesoscale property captured by the quotient network of the strain space and
from the analysis presented in [38]. We defined two notions of endemicity (e.g., weakly and strongly endemic
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Fig. 4. Average temporal evolution 2-locus—(2,3)-allele system for Eq. (1). Temporal dynamics of a 2-locus system with 2 alleles
on one locus and 3 alleles on the other locus show (a) the coexistence of strains approaching the same endemic steady-state,
v = 0.5, (b) discrete periodic travelling wave solutions and spatio-temporal symmetry across all age—cohorts, v = 0.54, (c¢) chaotic
dynamics (v = 0.75) and (d) large-amplitude chaotic solutions (v = 0.90), (e)—(f) discrete strain structure where one discordant pair
persists while the other pairs go to extinction (principle of competitive exclusion) for v = 0.95 and v = 1.0, respectively. Here, the

parameters are as follows: 8(a,s) = 8 =40, p(a) = p = 0.02, o(a) = 0 = 9.98; and A,,[¢](t) = \T1| fﬂ o(t,a)da, 2, =10, an].

equilibria) corresponding to the principle of competitive exclusion and co-existence, and used these ideas
along with the symmetric structure of the strain space and the uniformity of parameters across strains to
simplify our analysis and to provide additional conditions necessary for the stability of the system. We provide
numerical simulations corresponding to the analytical results. Furthermore, we observe the existence of
discrete antigenic forms among pathogens can either fully or partially self-organize, where (i) strains exhibit
no strain structures and coexist or (ii) antigenic variants sort into non-overlapping or minimally overlapping
clusters that either undergo the principle of competitive exclusion exhibiting discrete strain structures, or
co-exist cyclically. These observations are consistent with numerical simulations for unstructured models
based on strain theory in [12,30,39,35,73,8,33,34,6,36,37,48,38,15, and references therein].

The analysis presented herein is based on some assumptions that might be more restrictive for epidemic
models. On a fundamental level, we assume a proportionate mixing pattern for the contact rate, a
demographically stable population and the uniformity of parameters across strains. The structure of the
strain interaction network and its 2-coloured balanced quotient is also restrictive. In particular, we have
focused only on a general strain space structure with Mendelian structure or hyperoctahedral symmetry,
where the 2-coloured quotient networks are bi-nodal, and the dimension of the system can be reduced. For
a more general strain space with no obvious well known symmetry property, we suspect that our analysis
can be carried out in a similar manner as long as all the quotient networks can be obtained using tools from
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algebraic graph theory and all the different combination of synchronous equilibrium clusters can be found.
Although, the numerical results of the model described in [38,15, and the relevant references therein] and in
Section 6 show the existence of cyclical behaviours, such dynamics and their orbital asymptotical stability
were not investigated herein. This is left as an open problem. The age-specific model described herein can
be extended to incorporate different level of cross-immunity including temporary immunity and vaccine-
acquired immunity, to investigate the impact of different functional forms of v(a) with other functional
forms of ((a, s), u(a) and o(a) as compared to its age-independent analogue on the dynamic behaviours of
the model described in [38,15], to name but a few.
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