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Figure 1: Numerical solutions of the ST–PDE and P–PDE systems showing
how (a) the tip cell density, u(X, τ), and (b) the stalk cell density, w(X, τ),
evolve over times t = 0.2λ, 2.4λ, ..., 2.5, with λ = 0.16. The value of D was
increased from 10−3 to 10−1, while all other values and initial conditions are
the same as those used to generate Figure 3 of the main text (this corresponds
to an increase in ε from 10−3/2 to about 0.32). The insets in the top two
panels show a zoomed-in view of the results for the times τ = 0.2λ, 2.4λ,
4.6λ, and 6.8λ. The bottom row of figures shows the maximum relative
difference between (c) tip cell densities of the ST–PDE, uST (X, τ), and P–
PDE, uP (X, τ), and (d) stalk cell densities of the ST–PDE, wST (X, τ), and
P–PDE, wP (X, τ). Key: ST–PDE (dashed red lines), P–PDE (solid blue

lines). The PDEs were simulated on τ ∈ [0.2λ, 2.5], X ∈ [0, 20
√

λ
D

].
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Figure 2: Numerical solutions of the ST–PDE and P–PDE systems showing
how (a) the tip cell density, u(X, τ), and (b) the stalk cell density, w(X, τ),
evolve over times t = 0.2λ, 1.8λ, ..., 19.4λ, with λ = 0.16. The parameter
χ has been decreased from 0.4 to 0.04, while all other initial conditions and
parameter values are the same as those used in Figure 3 of the main text (this
corresponds to an increase in ε from 10−3/2 to about 0.32). The top insets
in (a) and (b) show a zoomed-in view of the results at τ = 1.8λ, while the
bottom inset in those panels is a zoomed-in view of the results at τ = 20λ.
The bottom row of figures shows the maximum relative difference between
(c) tip cell densities of the ST–PDE, uST (X, τ), and P–PDE, uP (X, τ), and
(d) stalk cell densities of the ST–PDE, wST (X, τ), and P–PDE, wP (X, τ).
Key: ST–PDE (dashed red lines), P–PDE (solid blue lines). The PDEs were

simulated on τ ∈ [0.2λ, 20λ], X ∈ [0, 20
√

λ
D

].
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Figure 3: Numerical solutions of the ST–PDE and P–PDE systems showing
how (a) the tip cell density, u(X, τ), and (b) the stalk cell density, w(X, τ),
evolve over times τ = 0.2λ, 1.8λ, ..., 9.8λ, when λ is increased from from 0.16
to 10 (this corresponds increases in ε from 10−3/2 to about 0.32 and α from
10−3 to 0.0625). Other parameter values: as in Figure 3 of the main text.
The insets in (a) and (b) show a zoomed-in view of the results at times
τ = 0.2λ, 1.8λ, 2.4λ, 4λ, and 5.6λ. The bottom row shows the maximum
relative difference between (c) tip cell densities of the ST–PDE, uST (X, τ),
and P–PDE, uP (X, τ), and (d) stalk cell densities of the ST–PDE, wST (X, τ),
and P–PDE, wP (X, τ). Key: ST–PDE (dashed red lines), P–PDE (solid blue
lines). The PDEs were simulated on τ ∈ [0.2λ, 9.8λ], X ∈ [0, 1000].
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(a) Tip Cell Density
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Figure 4: Numerical solutions of the ST–PDE and P–PDE systems showing
how (a) the tip cell density, u(X, τ), and (b) the stalk cell density, w(X, τ),
evolve over times τ = 0.2λ, 1.8λ, ..., 19.4λ, with λ = 0.16. The parameter
ae was increased from 0.0391 to 1, while keeping all other initial conditions
and parameter values the same as those used to generate Figure 3 of the
main text (this corresponds to an increase in β from 39.1 to 1000, while
ε = 10−3/2 and α = 10−3 remain constant). The left inset in (a) and (b)
shows a zoomed-in view of the solution at τ = λ, while the right inset in
those panels shows a zoomed-in view of the solution at τ = 20λ. The bottom
row of figures shows the maximum relative difference between (c) tip cell
densities of the ST–PDE, uST (X, τ), and P–PDE, uP (X, τ), and (d) stalk
cell densities of the ST–PDE, wST (X, τ), and P–PDE, wP (X, τ). Key: ST–
PDE (dashed red lines), P–PDE (solid blue lines). The PDEs were simulated

on τ ∈ [0.2λ, 20λ], X ∈ [0, 10
√

λ
D

].
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Figure 5: Self-similar solution given by equation (20) of the main text in (a)
the independent variable X for τ = 0.2λ, 0.6λ, ..., 5λ, where λ = 0.01. In
order to better compare the self-similar solution to the ST–PDE and P–PDE
results, we set the maximum value of the self-similar solution at τ = 0.2λ
equal to that of the ST–PDE and P–PDE tip cell densities at τ = 0.2λ. The
inset in (a) shows a zoomed-in view of the results at τ = 5λ. In (b), we have
plotted the relative error between the similarity solution and the P–PDE
solution. Key for (a): P–PDE solutions (solid blue lines), ST–PDE solutions
(dashed red lines), solution to equation (19) of the main text (dashed-dot
black line).
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Figure 6: Numerical solution of the leading order dynamics showing how (a)
the tip cell density, u(X, τ), and (b) the stalk cell density, w(X, τ), evolve
over times τ = 0.2λ, 0.4λ, . . . , 2λ, with λ = 0.16, along with results from the
original P–PDE (the independent variables of the inner solution have been
transformed back into the unscaled variables X and τ for ease of comparison).
The inset in both panels shows a zoomed-in view of the results at time τ = 2λ.
Key: P–PDE solution (solid black lines), leading order solutions (dashed red
lines). Parameter values: D = 10−3, χ = 0.4, an = 1, ae = 0.0391, µ = 160
(this corresponds to ε = 10−3/2, α = 10−3, and β = 39.1). The PDEs were

simulated on τ ∈ [0.2λ, 2λ], X ∈ [0,
√

λ
D

]. P–ABM solutions at τ = 0.2λ,

column averaged in the y-direction, were used as initial conditions.
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