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ARTICLE INFO ABSTRACT
Communicated by M. Simpson This study investigates transient wave dynamics in Turing pattern formation, focusing on waves emerging
from localised disturbances. While the traditional focus of diffusion-driven instability has primarily centred
I;Z:; ‘Kldrfg waves on stationary solutions, considerable attention has also been directed towards understanding spatio-temporal
Front propagation behaviours, particularly the propagation of patterning from localised disturbances. We analyse these waves
Pattern formation of patterning using both the well-established marginal stability criterion and weakly nonlinear analysis with
Marginal stability envelope equations. Both methods provide estimates for the wave speed but the latter method, in addition,
Envelope equation approximates the wave profile and amplitude. We then compare these two approaches analytically near a
Pulled fronts bifurcation point and reveal that the marginal stability criterion yields exactly the same estimate for the wave

speed as the weakly nonlinear analysis. Furthermore, we evaluate these estimates against numerical results for
Schnakenberg and CDIMA (chlorine dioxide-iodine-malonic acid) kinetics. In particular, our study emphasises
the importance of the characteristic speed of pattern propagation, determined by diffusion dynamics and
a complex relation with the reaction kinetics in Turing systems. This speed serves as a vital parameter
for comparison with experimental observations, akin to observed pattern length scales. Furthermore, more
generally, our findings provide systematic methodologies for analysing transient wave properties in Turing
systems, generating insight into the dynamic evolution of pattern formation.

1. Introduction

While patterns induced by self-organisation, for example by Turing’s mechanism of diffusion-driven instability, are traditionally considered in
terms of stationary solutions [1], there has also been extensive interest in spatio-temporal behaviours arising from such systems, for instance the
propagation of patterning from a localised disturbance [2-4]. As a specific example, we consider the common example of Schnakenberg kinetics [5]
on a one-dimensional spatial domain:
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Here a, b, D, and D, are positive parameters and the boundary conditions are zero flux. This system has one spatially homogeneous steady state
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For a localised perturbation about this steady state, a stationary Turing pattern eventually forms via a transient pattern propagating across
the domain at an approximately constant speed after initiation, as highlighted in Fig. 1. Here we focus on this transient wave and its properties,
especially its asymptotic speed, amplitude and profile. We also consider a modelling representation, albeit simplified, of the CDIMA (chlorine
dioxide-iodine-malonic acid) reaction kinetics taken from Konow et al. [6], which is based on the two-variable version of the kinetics [7], where
the short range species u; inhibits the production of u,, with the latter promoting the production of u,. This constitutes a well known example of
pure kinetics [1], in distinct contrast to the cross kinetics of Schnakenberg, with the opposite interactions, whereby u, catalyses the production of
u,, which inhibits the production of ;.

The speed of such a wave is amenable to the application of the marginal stability criterion of Dee and Langer [8]; see also Tarumi and Mueller
[2] and Myerscough and Murray [3]. Originally formulated as a hypothesis [8], the application of the marginal stability criterion is subject to
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(a) A localised perturbation of the homogeneous steady state in
the second component u,, which is a piecewise linear function
with a support of size 4. It is localised at x = 60 and given in
multiples of the homogeneous steady state u; which we express
using p = u,(t = 0,x = 60)/u§ — 1. In this case, we consider
p=23.0.
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(b) We initiate the simulation with a local perturbation in the
second component as shown in the left panel. The density plot
of the first component of the solution, u,, shows the resulting
transient wave of patterning spreading across the domain in
both directions (left and right) with an approximately constant
velocity, prior to the establishment of a stationary Turing pat-
tern. After an initial transient period, we can indeed observe the
asymptotic establishment of a constant travelling wave speed as
indicated by the straight dashed line.

Fig. 1. Illustration of pattern formation behind a wave travelling at a constant speed after a localised perturbation to the steady state. We consider the Schnakenberg system,
Eq. (1), with zero-flux boundary conditions and parameter values D, =1, D, =20, a =0.05, b= 1.4 and a 1D domain with size L =200 (which we denote as Schnakenberg I).
The profile of u, is out of phase with the profile of u,.

various heuristics to motivate its use. Marginal stability has been motivated as corresponding to the transition between convective and absolute
instabilities [9-13] while it is argued that the application of marginal stability relies on the observation that there is a velocity of the moving
reference frame at which the leading edge of a perturbation neither grows nor decays, as can be assessed by a Fourier representation of the
solution in a fixed reference frame [14]. The exact conditions under which this criterion can be applied are still an open question; furthermore,
marginal stability provides no information on the amplitude or profile of the transient wave. Thus we will also consider such a propagating front
in terms of weakly non-linear analysis and envelope equations [15], which is justified by multiple scale asymptotics, and additionally can provide
estimates for the wave shape and amplitude. However, we acknowledge at the outset that both techniques are unlikely to be valid if a subcritical
bifurcation is present; for instance marginal stability is considered to be limited to pulled fronts [13,16], while weakly non-linear analysis is not
sufficient to resolve complexities such as the impact of multiple steady states influencing the dynamics.

With a focus on supercritical instabilities, the primary aim of this paper is to provide systematic methodologies for determining the properties
of propagating patterning transients for Turing systems, such as those observed in Fig. 1b. Noting that it is simpler to implement, the marginal
stability approach is presented first. Then we develop a weakly non-linear analysis to determine the envelope equation, which takes the form of a
real Ginzburg-Landau equation (GLE) to determine estimates, not only for the wave speed, but also for the wave amplitude and profile, which we
compare with numerical simulations. In addition, we also compare wave speed predictions and analytical expressions from both methods, with the
objective of ascertaining whether the simpler, more tractable, marginal stability method can provide similar accuracy to that of envelope methods
for predicting the speed of patterning transients, and whether envelope methods can provide a quantitative justification for the use of marginal
stability wave-speed estimates.

2. Analytics — the foundations for determining the characteristic speed of patterning

We consider a one-dimensional reaction—diffusion (RD) system of two species,

du 0%u
— =D— + R(u, ), 3
ot 0x2 + R, @) 3)

subject to homogeneous Neumann (zero flux) boundary conditions, where « denotes a bifurcation parameter such that a = 0 at a bifurcation point
corresponding to the loss of stability of the homogeneous steady state (HSS), u*(«), i.e. R(u*(a),a) = 0. Without loss of generality, the choice of
sign of a entails the HSS is stable for « < 0 and unstable for a > 0. We shall denote vectors as u and matrices as A throughout the text.

2.1. Marginal stability

The marginal stability approach [2,3,8,14,17,18] identifies the location in time and space where the instability arises in the form of a travelling
wave due to a localised perturbation. We define g(k) = ikc + o(k), where k is the wavenumber, c is the fixed speed of a travelling wave, and (k)
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is the classical dispersion relation [1,19,20]. The marginal stability criterion then states that

0= d_g’ Rg =0,
dk
evaluated at the leading edge. However, the diverse arguments supporting the formulation of marginal stability conditions are all heuristic [2,3,8,
14,17,18,21] and it is hypothesised that there is a change in the separation of variables of the solution from travelling wave (TW) coordinates to
pattern-generating envelope fronts with fixed periodicity in space [22].
For the complex derivative Z—i to exist, we assume g to be analytic in k, so that the Cauchy-Riemann conditions hold and the marginal stability
conditions can be rewritten as

0Ro _ 0S50 _

kR okl ’
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where k = kR + ik!, kR, k! € R. Note that ¢ decouples from this set of equations (c = kl,iRa) and we are left with two equations for the two
unknowns kR, k!.

In practical terms, Egs. (4) are solved as follows. First, the dispersion relation o(k) (recall that both ¢, k € C) is obtained as a solution to the
following quadratic equation with complex coefficients

0 = det(cI + k°D — J) = 6% + o (K*trD — tr]) + det(k*D — J),
e N e

p+iq r+is
where J denotes the linearised kinetics, that is J;; = R, 4 and we denote partial derivatives via the comma notation, so that R, u = —';f" .
; ; s
Consequently, the following set of two equations (quadratic in k), implicitly defining the real and imaginary parts of o(k), is obtained: !
P2 (e 4\, P
R _) - ( _> - =0, 5
(0'+2 So+3) + -7+ (5)
P\ ([ q pq
2( _) ( _> -5 _o.
Ro + 3 So + 5 +s > 0 (6)

This pair of equations, together with the first two equations in Eq. (4), where we rewrite all the powers of k in terms of its real, k%, and imaginary,
k!, parts constitute a set of four relations for four unknowns. Finally, the travelling wave speed is given by ¢ = kilﬂ’m while the wavenumber of
the pattern can be estimated as kyg = Sg/c = kR + S /c. The latter follows from the observation that the imaginary part of the shifted dispersion
relation to the moving frame of the travelling wave is the frequency of the pattern scaled by the wave velocity c.

2.1.1. Marginal stability close to bifurcation point
In order to have a better understanding of the marginal stability approach, we asymptotically solve the marginal stability conditions close to

the bifurcation point. To this end, we rescale the bifurcation parameter as @ = ¢?> and expand the linearised kinetics as J = J;, + €2J, +¢*J,, where,
02 R; AW
ou;ouy |yx Oda  |a=0"

Standard linear anafysis reveals that the bifurcation point is characterised by the condition

for example, (J);; =

(Dy(J) + D](J0)22)2 —4D|DydetJ, =0 )
and the critical wavenumber k, is given by the condition for a repeated root for k% [1]
2= Dy (Jo +D1(Jo)22.
e 2D, D,
As is usually the case with asymptotic solutions, the appropriate scaling can only be determined by calculation and the existence of a dominant

balance in all considered orders. When considering regular asymptotic expansions in the small parameter e, this leads to (by trial and error) the
choice of

(8

kR = k(I; + esz, k' = ké + ek, €©))
where kg, k; play the role of the unknown variables while we denote Ro = Ro,, + 2Ro; + O(e*) and So = o, + €Sy + O(eh).
The nonlinear leading order problem is satisfied exactly at the bifurcation point, i.e. when
ky =0, k¥ =k,. Roy =0, So, =0,
and, as a result, the leading order TW speed is zero.

The first subleading problem is solved sequentially as follows. First, the implicit equations for the real and imaginary parts of ¢, Egs. (5) and
(6), yield

1
2(J9)21(Dy = Dp)(D(Jp)p2 = Dy (Jo)11)

[D%(JO)ZZ(Z(JO)ZI(JI )22 - (JO)ZZ(JI)ZI) + Dg(JO)ll (2(J0)21 (4D1K% + (Jl)ll) - (JO)II(JI )21)

+2D D, (2(J9)3,(JD12 + )11 o) (UDa1 = Uodat (o) + T)n (D = 4D|(Jo)2z'<?))],

Ro| =

and So; = 0.
From the imaginary part of the first condition for marginal stability, ‘;%’ = —c, we obtain the following relation for speed ¢ (with the expected
scaling with the distance from the bifurcation point):
c —e 8D D, (D (Jy)yy + Dr(Jp)11) .
MSSYmPE T (D) — Dy)(Dy (o) = Do)

10)
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Further, the second condition, Rg = 0, gives the relation for «;:

2 _ 1 2 _
I 8(J9)21 D1 Do(D1(J)ay + Dy(Jp)i1) [DI(JO)ZZQ(JO)ZI(JI)ZZ o)22(121)

+2D, D, ((Jo)11 U)o (a1 + 2(00)3, (T2 = Uo)a1 ()2 (D11 = )11 (Tt (T)2z)
+D3(J)11 QU)o (D11 = Ui (T)ar) ] . a1

By combining these two expressions, Egs. (10) and (11), the marginal stability conditions close to the bifurcation point give the estimate of the
TW speed (in #, x dimensional coordinates).

To obtain the correction to the wavenumber and to check that we indeed have a plausible asymptotic solution with the assumed scaling, we
calculate xy from the real part of the first condition in Eq. (4) for marginal stability

B V211 Dy + 200Dy
o 84/Dy D;(Jy)a1(Dy = Dy)(Dy(Jp)as = Da(Jp)11)(Dy(Jg)az + Da(Jg)i1)
= DD, (40J0)a1 (9D>(Jo)1ik7 + (ol (9D2x7 = (Tt + (T)n2)) + (J)aa ()21 Qo)1 = (o)) +4(J0)3,()i)
+ Dng (=201 (2Uo)a1 3Dk + ()1 — (W) + o) (T)ap) + (-’0)%1(-11)21 - 4(~’0)§1(~’1)12) + Dg(-lo)%lul)zll 12)

[D?(Jo)n (T — 12D2(J0)21’<3)

Consequently, the wavenumber is estimated as Kysusympt = kR ~ k. + €* (kg + So,/ CMsasympt) = ke + €2k when substituting the above expressions
Egs. (8), (9) and (12), noting that the Cauchy-Riemann conditions are satisfied at both considered orders.

2.1.2. Eyaluation of marginal stability criterion performance

We consider Schnakenberg and CDIMA Kkinetics (as two representatives of kinetics which are in phase, CDIMA, and out of phase, Schnakenberg)
to compare the marginal stability results with numerical solutions both near and far from the bifurcation point. To this end, we consider a primed
Turing system, that is, we choose parameters from the Turing space (diffusion-driven instability region).

Both models involve two morphogens. The Schnakenberg kinetics are specified above in Eq. (1) while the CDIMA Kkinetics are

ulp

Rl(ul,u2)=a—u1—41+ > (13a)
u
1
ugu
Ry(uy,uy) = pub <u1 —1—22>, (13b)
1+u1

where a, b, u are (positive) model parameters.
For the case of zero flux boundary conditions, the spatially homogeneous stationary solution of the Schnakenberg model has been given in
Eq. (2) while, for the CDIMA kinetics, we have

«_f[a a?
u = <§, 1+ g) .

We now consider the following set of parameters in the Schnakenberg kinetics above: D; =1, D, =20, a =0.05, b = 1.4 and a 1D domain with
size L =200 (Schnakenberg I). This set of parameters is within the Turing space as indicated in Fig. 2, where we plot the Turing space in the a, b
parameter space for D, D, fixed at 1,20 respectively. We also highlight the localisation of the nearest bifurcation point b, = 1.712 for the chosen
bifurcation parameter « = b, — b, which leads to ¢ = y/a = 0.559.

We use Wolfram Mathematica 12.0 to solve the full PDE system with zero flux boundary conditions and a local perturbation of the homogeneous
steady state u* in the second component u, using the method of lines and 10,000 points for spatial discretisation. Pattern formation is initiated
from a local perturbation well inside the domain, at x = 60, and travels in both directions at an apparently fixed speed, see Fig. 1(b), in agreement
with the previous observations in the literature [4].

The choice of magnitude for the local perturbation, as characterised by p (see Fig. 1(a)), impacts the duration of the transient time before the
travelling wave velocity asymptotes to its final speed, as may be observed in Fig. 3 for the Schnakenberg system in that the deviation between the
travelling wave speed and its large p asymptote in the plot is due to the duration of the transient. Since we solve the PDE numerically on a bounded
domain and for different kinetics and various parameter values, the transient time will inevitably vary. Thus, we opt for an initial condition of
significant magnitude, as demonstrated in Fig. 3, such that the front velocity has adequately asymptoted within the considered bounded domain.
In accordance with this objective, henceforth we select an initial perturbation for all numerical computations to be three times the homogeneous
stationary solution in the second variable, that is p = 3, with the perturbation of the first component remaining at zero. Then the numerically
determined velocity can provide a reasonable estimation of the asymptotic rate of pattern propagating in the environment. Such an estimation can
then be used for comparison.

From the numerical solution determined in this manner, we may extract all the observed characteristics from the (numerical) localisation of
the highlighted maxima of the pattern, as in Fig. 1(b), with: (i) the amplitude Axp = 0.982; (ii) the pattern wavenumber kg, = 0.571, denoting 2z
divided by the distance between the neighbouring maxima; and (iii) the speed of the travelling wave cg, = 1.288 from numerically calculating the
times when the travelling pattern has reached half of the final amplitude at the two highlighted locations.

We now compare the results of the numerical solutions to those of the marginal stability analysis. To this end, we denote the predictions of
the wavenumber and travelling wave speed from marginal stability by ky;g and cyg, respectively. Numerical solution of Egs. (4) for the above case
gives kyg = 0.555 and cy;g = 1.375 for Schnakenberg I, for example.

We repeat this process for other choices of parameter values and we also consider the CDIMA kinetics. The results are summarised in Table 1,
where absolute and relative errors with respect to the numerical solution of both wave number and front speed are shown (more details for the
CDIMA calculations are given in Appendix A). Note that the longest transient time, and hence the greatest numerical error in calculated properties
krp and cgp, can be expected near the bifurcation point, when the perturbation growth rate is very slow and hence the requirement for a sufficiently
large region for determining the velocity of front propagation is greatest. Hence, the larger relative error near the bifurcation point is not necessarily
a sign of a poorer performance of the marginal stability criterion.
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b

Fig. 2. The Turing space, the set of points which allow Turing instability, for Schnakenberg kinetics with parameters a, b, is highlighted in grey, where we fix the parameter
values to D, =1, D, =20 and solve on a 1D domain with size L =200. The full dot represents the chosen point for numerical solution of the full problem (Schnakenberg I). The
open circle denotes the closest bifurcation point b, = 1.712 (corresponding to « = 0) for the chosen bifurcation parameter a = b, — b.
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Fig. 3. Investigation of the role of the magnitude of the local perturbation on the numerically observed travelling wave velocity for the Schnakenberg I system. The horizontal axis
(in log scale) expresses p > 0, the magnitude of the perturbation in the second component as described in Fig. 1(a), while on the vertical axis we plot the numerically calculated
cgp using the same methodology as described in the text for the Schnakenberg I system. To this end, we use the two black vertical lines in Fig. 1(b) highlighting the locations of
two cross-sections for the assessment of the pattern amplitude Ay, wavenumber kg, and speed of the travelling wave cg;,. Note that the intermediate transition around p = 0.2 is
due to finite size effects, when slight variations in p cause an abrupt insertion of an additional half-wave of a pattern into the domain, that is, a slight variation of the pattern
wave number kg, occurs. For the calculations throughout this manuscript we use the value p = 3 as highlighted in this plot.

Table 1

A summary of the marginal stability results (index MS) and numerical estimation (index RD) for the key properties of the TW and resultant
pattern for CDIMA and Schnakenberg kinetics. We compare each case using relative and absolute error in both the front propagation speed
and the wavenumber of the pattern. The domain is one-dimensional with length L =200 and D, = 1, with b, defined as in Figs. 2 and 7(a).

Parameters e=1/b.—b s — CrD % ks — krp %
CDIMA I D, =y, a=12, b=031, p=50 0.293 0.092 0.057 0.006 0.007
CDIMA 1II D, =2u, a=105, b=04, p=13 0.346 0.047 0.029 —-0.022 —-0.028
CDIMA 1II Dy=u, a=12, b=0.38, u=50 0.125 0.035 0.053 —-0.006 —-0.007
Schnakenberg I D, =20, a=0.05, b=14 0.559 0.087 0.068 -0.016 -0.028
Schnakenberg 11 D, =20, a=0.13, b=14 0.241 0.062 0.131 0.016 0.028

Next, we compare the TW velocity prediction over a broader parameter space around the bifurcation point for Schnakenberg kinetics. We use
the idea of continuity of solutions of the algebraic marginal stability equations on the bifurcation parameter to estimate the localisation of their
solutions for nearby parameter values and then compute the exact solution. This allows calculation autonomy, for example, in the initial estimates
of the roots of the algebraic problem (and there might be more than one solution). However, the key property for comparison is the estimation of the
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behaviour close to the bifurcation point b, = 1.712 is apparent.

Note that the marginal stability approach shows multiple roots ~ (b) A magnification of the figure in the left panel closer to
(multiple values of predicted TW speeds) as there are three  the bifurcation point showing the convergence of the marginal
branches of cyq, two of them existing near the bifurcation point.  stability asymptotics to the marginal stability criterion results.

Fig. 4. Travelling wave speed (given in x, 7 units) as predicted from (i) the full solution of the RD problem with Schnakenberg kinetics, cyp; (ii) from the marginal stability
conditions, cys; and (iii) from the marginal stability asymptotics, cyg,ymp- Parameter values were chosen as D, = 1, D, = 20, a = 0.05, and 1D domain with size L = 200
(Schnakenberg I). Note that the choice of the magnitude of the localised initial condition in the finite domain is important, as demonstrated in Fig. 3, and we consider p = 3. In
addition, the marginal stability approach can yield multiple solutions, as illustrated here for the whole range of parameter b that we considered. Finally, the ¢y, predictions were
only calculated from the bifurcation point b, to b~ 0.6 due to finite size effects such as the discretely decreasing number of maxima used to estimate ¢y, and the longer duration
of transient effects before the pattern stabilises.

TW speed from the numerical solution of the full RD system, cgp. When the bifurcation parameter is varied, there is a change in the characteristic
time of pattern formation as well as the localisation of the two maxima used to determine the travelling wave velocity. Again, to automate the
process, we store the locations of the maxima as indicated by the two black vertical lines in the density plots, Fig. 1(b), and use the continuous
dependence of the solution on the parameter to find their localisation after a small variation of the bifurcation parameter. Finally, we use 10k
points for spatial discretisation (further refinement does not lead to more than 1% difference in the values of the final pattern).

The results of this approach are shown in Fig. 4 with plots for the TW velocity in x, ¢ variables. It can be seen that we indeed observe a
behaviour corresponding to the square root of the distance from the bifurcation point in its neighbourhood and that there is a match between the
asymptotic expression for the travelling wave speed close to the bifurcation point and the numerical solution of the marginal stability criterion.
Finally, note that the equations for marginal stability may have multiple solutions, as can be seen in Fig. 4, where multiple branches of cy;y appear
(even close to the bifurcation point).

2.2. Envelope equation, GLE

We now consider the amplitude equation approach. We perturb the HSS v = u — u* and expand to identify the approximate evolution equation
of the perturbation:

3—;’ =L + L"vv + LYo, 14

2
where the linear operator L = D;7 +7J is the linearised RD problem with J;; = R, evaluated at u*, which is the case for higher derivatives below
as well. As we assume smooth kinetics R, L' and L' are symmetric and we have denoted the nonlinear terms in the following way

11 1
(L l)l/')i = 5 z Ri,u,-uk Ujvk
jko
I 1
L™ vvv); = 13 Z Ri,ujuku, CRAYR
okl

hence L represents the quadratic, and L' the cubic, kinetics approximation.
Now, recalling the bifurcation parameter in general is a = €2, the regular expansion of the perturbation near the bifurcation point « = 0

v:0+evl+ezv2+e3v3+~-,
gives
_ 2 4
J=Jg+eJ +eJp + -,
M_yIl, 270, A4rd
L =Lj+eL] +€e'Ly + -,
M _ p O, 2700 4yl
L™ =L, +e’ L +€Ly + .
2
We shall denote L! =D‘)—2 +7J..
J 0x; J

Taking advantage of the known relation in scaling of time and space near a bifurcation point [15] to balance two spatial derivatives with the
one temporal derivative, we introduce the following set of slow variables:

T = €%, y =€x,
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while we consider the original independent variables , x as fast. Using the method of multiple scales, writing v; as functions of both slow and fast
variables, that is v;(7, 7, x, y), where

0 0,00 0 _ 0 .0

" wtw x ax Ty

and by equating powers of ¢, we get:

1. 0 1, _

e Evl —Lovl =0, (15a)
9 9’

62 : El}z —Lél}2 = 2Dmvl +Lgvlvl’ (15b)
9 9 9? 0?

e Ev3—L5v3=—a—1v1+2 oxdy 1}2+Da zvl+J1v1+2Lgvlv2+LgIv1v1v1, (15¢)

while we require strict periodicity in the spatial fast variable, corresponding to the microscale oscillations.
As we search for an envelope equation for a travelling wave with a stationary profile in ¢ close to a bifurcation point, as motivated in the
Introduction, we look for a solution of the form [15]

v, = Az, )V exp(ik,x) + c.c., (16)

where c.c. denotes complex conjugate and k, is the critical wavenumber corresponding to the bifurcation (onset of instability at the bifurcation
point), and V exp(ik.x) is the Turing (Fourier) eigenmode of the linearised problem, i.e.

L{)V exp(ik,x) =0,

where the explicit expression for k, is Eq. (8).

This follows from the requirement that the larger of the two eigenvalues of —J,, where J, = k?D —Jy, is zero . Note that V is the (right)
eigenvector of Jy, associated with the zero eigenvalue. We remark that this assumed form of solution, Eq. (16), implicitly defines the microscale
and hence the periodic boundary conditions are imposed at (0,27 /k,) in the fast spatial variable x.

By looking at the ©(¢?) problem in Eq. (15b) while taking into account the form of v, see Eq. (16), one can see that v, has to be of the form

vy = Zy(7,y) + Z (7, p) explik,x) + Z5(z, y) expik.x) + c.c. . 17
In particular, by comparing the coefficients of eigenvectors (invoking their orthogonality, see below), we obtain
L —UoZy); = 2|A|2<L5‘Vf/>,,
exp(ik,x) 1 k2(DZ,\); = JoZ)); = ik, 2 (DV)I,
expQik,x) 1 4k2DZy); — Iy Zy); = AZ(LgVV),.,
noting that the relations for the complex conjugate are exactly the same. From the first and last equations we directly have:

Zy==21A14;" - Wiv ), (18a)

Z, = A2(4KID - Jo) ' - LYV V), (18b)
while for the unknown Z, we obtain the singular equation

(k2D -Jo) - Z, =2ik ‘;—AD v, (18¢)

as (k2D—-J) = Jp and the critical wavenumber k, is such that Jj, has a zero eigenvalue. As we shall see below, after the discussion of the solvability
condition for v;, the solvability condition for this singular set of equations is equivalent to the definition of the critical wavenumber k, and hence
Z, is well defined (although not unique).

We now return to the second subleading order problem in Eq. (15c¢). As its left-hand side is the same as the leading order problem which has
a solution for zero right-hand side, we know from the Fredholm alternative (recalling that we assume v; is independent of the fast variable ¢) that
the right-hand side of Eq. (15¢) has to be perpendicular to the solution f of the adjoint homogeneous problem (L Y f=0.

From the definition of the adjoint operator, (L .8 ={f, (L )*g), and recalling the strict periodicity on (0, 27r/ k.), we have

27 /k, 2x/k. 02fT 27 /k. 0 z
whro= [ bz [ < . (Jof)T> = [ (D—2 +J0Tg) dx
0 ox 0 ox

and hence (L})*g = D t+lle
Therefore, the solvablhty condition is the requirement of perpendicularity to the solution to (LI) g = 0. We claim that such solutions are the
left eigenvectors of Jy, i.e. g = A(z, y)W exp(ik,x) + c.c., where, without the loss of generality, WT .V =1 (considering simple eigenvalues of J).
Choosing ¥V = (1,0)" and W = ﬁ(l, w)T, we have WT . v = 1, while for ¥ to be the (right) eigenvector of J;, corresponding to the zero
eigenvalue we require

(Jo)a1

v=———((J; D) =—-—22—. 19)
@ ) 0)11 =k, Dy) o — K2Dy)
Similarly, w follows from the fact that W has to be the (right) eigenvector of J;,” corresponding to the zero eigenvalue, i.e.
1 5 (Jo)i2
w=———((Jo) — kD)) = ———2L___ (20)
o M U (o) - K2Dy)
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Hence, we may now write the first order correction v,, Eq. (17), explicitly as

1 (Jo)aort — Upror
7 oAl 02271 0|22)7 21
0 14 det J, <—(J0)21"1+(J0)11r2 o

where we set r; = % (RJ-YU],JI +2uR;,,, + u2R17U2U2>. Furthermore,
1 (4k2D — Jy)gpry — (AK2D — Jy) o7

7 = A2 ¢ 0)2271 c 0’2 21b

2 det(4k3D - JO) <—(4k§ — JO)21r1 + (4k§D - J0)11r2 ( )

z
Z, = . 9A D , (210)
l <UZ ~2ik, oy (10)112 )

where z is arbitrary and the solvability condition for Z,, Eq. (18¢c), reads D, + vwD, = 0 (being equivalent to the definition of k.). Note that
the arbitrariness of z, and hence non-uniqueness of Z,, is manifested by the fact that any multiple of the vector (1,v)" = V can be added to Z,.
However, this corresponds to the fact that we can add any product V exp(ik.x) to v,, i.e. the solution of the equation with zero right-hand side.
This part of the solution is already included in the leading order solution, i.e. in the solution of the problem Eq. (15a), and hence we can set z =0
without loss of generality.

Finally, the solvability condition for the second subleading problem, Eq. (15c¢), then requires (again, the c.c. terms generate the same expression)

0 .
0= <Ev3 —Lév3, Wexp(tkcx)>

e ——— r [0 i o 1l nt
/0 exp(ik, x)W". [_Evl +2D- axayvz +D- a—yzvl +J v +2L vv, + L vlvlvl] dx

) - ) 0
wT. —a—AV+D~VU+AJ1.V+2L"<AVZO+AVZ2)+3A|A|2L"‘VVV+2D. » Dy A
or 0y2 0 0 2k —1— 2
¢ (Jo)p 9y*
0A > DiDyw 324 T 2T 1 2 11 1 2
~ 4 cmﬁJrAW J -V AAPWT 2LV Zo/|A1P) + 3L (VV V) + 2L (V Z,/ A*)] (22)

noting that W7 -D - ¥ =0 from the solvability condition of Z,.
Therefore the scalar envelope equation is the real Ginzburg-Landau equation

2
% =d—‘;y’; +e A= cs AlAP, (23)
where d = 4k2 —2122% 5 the coefficient of the linear term is

¢ (I+vw)(Jo)12

aq=wT.J,.v= (D11 + 0D + w(lJT Dy + ow(lT ),

1+ ovw
while the cubic term is

ey =W 2LJ(V Zo/1A1%) + 3Ly (VVV) + 2L{ (V Z,/ A%)]

1 2
= Trow {_detJO [”1 <(Jo)22 <R1,u1u1 +URy T WRy, , + UWRz,uzul)

- (JU)ZI (Rl,uluz + URLUzUz + WRZ.UIUZ + UWRZ,Uzl)z))
+ r2<(‘]0)11 (Rl,uluz + UR[,U2U2 + WRZ,UIUZ + UWRZ,UZUZ)

- (JO)IZ (Rl,ulul + UR],Uzl)l + WRZ,UIUI + UWRZ,UZUI ))]

1 2 3
+ z [Rl,v]v]z}] + 3UR1,U]U]L'2 +3v Rl,uluzvz +v Rl.vzvzvz
2 3
+w (RZ,UIUIUI + 3UR2,vlvlvz +3v R2,v1vzvz +v RZ,Uzuzuz )]

1 2
+ —det(Jo —aeD) [([(Jo)u —4Kk2Dy| ry — (Jo)arry) (Rl,ylyz + VR 4y, FWRy UI’URZ,UzL'z)

+ ([(Jo)n = 4K2Dy) 7y = (o)ars) (RIW1 +0Ry,, +WRy, , + VWRy, )] }

2.3. Travelling wave analysis

First, let us rewrite the amplitude equation, Eq. (23), in a more suitable form for the travelling wave analysis. Note that in our studied case, we
know that ¢; > 0 because we are considering a primed Turing system where a travelling wave develops due to a localised perturbation. Specifically,
we are concerned with the system with parameter values in the Turing space and hence the homogeneous steady state solution corresponding to
A = 0 is linearly unstable, i.e. ¢, > 0. Similarly, we naturally expect the existence of a fixed profile of the desired travelling wave, hence the
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existence of a positive stationary and homogeneous root of the amplitude equation A* > 0. Thus we have ¢; > 0 to allow for such a solution. We
now rewrite the amplitude equation Eq. (23) as

0A 02A ,
Z=d=Z — e (A+ AHAA - AY), 24
ot 3y? c3(A+ A%)A( ) (24)

where 0 < A* = | /z—‘ and we look for a non-negative solution (amplitude).
3

We introduce the wave variable & = y/ \/E — ¢z, consider a particular direction ¢ > 0, and look for a travelling wave solution with a fixed profile
travelling with a speed ¢ = ¢ \/3 Phase plane analysis to show the existence of the travelling wave is then standard. We rewrite the amplitude
equation Eq. (24) as a first order system in &

Al=w,
W' = —cW +c3(A+ A*)A(A — A¥),
where ’ denotes the derivative with respect to the wave variable ¢ The corresponding boundary conditions (A,W) = (A*,0) at & = —oo,

(A, W) =(0,0) at & = +oo represent the sought heteroclinic connection between (unstable) A = 0 and (stable) A = A*.
The fixed point (0,0) is a focus for é > 2\/a and a spiral for ¢ € (0, 2\/a ), while (A*,0) is always a saddle with the unstable manifold in the

direction (1,—% (1 - \/W))

From these observations we can argue that there is a critical speed, ¢* = é*v/d = 24/c;d = 2A* \/c3_d, below which a travelling wave does not
occur. However, there is no unique speed ¢ of a travelling wave as for any ¢ > ¢* one can construct a heteroclinic connection between the two
fixed points satisfying the desired boundary conditions.

We now use the well known Kolmogorov [23] results about the asymptotics of the speed of a compactly supported initial condition entailing a
travelling wave. Namely, as the cubic kinetics satisfy the requirement of two zeros (which can be scaled to be 0 and 1, respectively), while being
positive between them and with the highest derivative at zero, the observed travelling wave speed matches the critical speed (corresponding to
the transition from a spiral to a focus) for sufficiently large times.

The analytic profile of the travelling wave corresponding to the critical wave speed is not available. However, we can readily find the profile

of a heteroclinic connection for ¢ =¢, =3 %‘ =3A%,/ %’ as

AA(.f):%(l—tanh(%\/g§>):§<l—tanh<%* %5)) (25)

. 22

matching the desired boundary conditions. As &* = &, == = &,(1 — 6) with 6 ~ 0.057, we can rewrite the equation for the travelling wave profile
as

0=2¢,(1-8)A"+ A" —c5(A + A*)A(A — A%), (26)

and hence expect the profile to be closely represented by the analytic profile A ,(¢), Eq. (25), for 6 = 0.
It can be shown that the appropriate form of the asymptotic expansion for A is

A=Ag+6'24, +64, + 0,

and collecting powers of § after substituting this into Eq. (26) gives Ay(&) = A4(£) and
8171 0=, A) + A — A (BAL — (™)),
51 3c3ATAg + G A) = Gy AL + Al — ;A BAT — (A*)).

As the solution to the first equation is A (¢) = K A(’)(f), which satisfies the required homogeneous Dirichlet boundary conditions at +oo, the solvability
condition for the second equation is

0= / (3e3AT(©) A (&) + G4 A(E)) AY(E)dE.
R

Using the expected form of solution A; = KA, and invoking the exact form of Ay(), Eq. (25), a direct calculation yields

K=oV

3
Finally, the profile of the travelling wave has the following analytical approximation
10v/2 -3/2

3 4

A ~ Ay +6'2 A(©)

12
% % \1/2
z%(]—tanh(% %5))—%(1—2#) (AIL L : @7)
) ) cosh? (% %f)

Note that this profile corresponds to a heteroclinic connection for a cubic reaction kinetics between an unstable node and a saddle that is unique
in the above sense due to Kolmogorov’s result.
In short, the concept of a characteristic speed of pattern propagation in a reaction-diffusion system is well founded (thanks to the dominance

of the critical wave speed) and corresponds to

* d
Ceny = €C = €C” =2ey/cjd = 25\/1 n (D1 + 0D+ wlT sy + vw(T ), (28)

ovw
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in the original x, ¢ dimensional variables. We recall that d = g2 Libow - W apgq gy = U0z gee Egs. (19), (20). The

‘ . ' ¢ (+ow)Uo)z’ ((J)2—k2 D) ((o)n=ki Dy)’
travelling wave profile can be approximated by Eq. (27).

Crucially, it can be shown that the expression for the TW speed obtained from the envelope equation, Eq. (28), and from the marginal stability
conditions close to the bifurcation point, Eqs. (10) and (11), are exactly equivalent, when we take into account the conditions that hold at the
bifurcation point, Eq. (7), and D, + vwD, = 0 (being equivalent to the definition of k). To see this, let us compare the ratios of the coefficients

(J|)12’ (Do _ and [C5)

o Ui D
in the squared expression for the TW velocity near a bifurcation point in the marginal stability approach, Egs. (10) and (11). If we show that they
are respectively in the ratio v, w and vw then, from Eq. (28), we will be left with proving that the coefficients of (J,);; match in both expressions.

First, via detailed but basic calculation, the ratio of the coefficients of (J}),, and (J,);; can be shown to be —D, /D,, which is equivalent to vw,
on recalling that D, = —vwD, at the bifurcation point. Next, the ratio of the coefficients of (J,);, and (J}),; is

2D(Jy)y
D,(Jo)11 — D1(Jo)a2
which is equivalent to
_ Uy
(Jo)po — k2D,

via the expression for the critical wavenumber k., Eq. (8). Finally, the ratio of the coefficients of (J,),, and (J}),; is

D (Jp)zo — Dy(Jo)yy
2D,(Jp)n

which is equivalent to

_ W
(Jo)oo — k2Dy

when using the expression for the critical wavenumber &, and the relation w = —%u. Therefore, all that remains is to show that the coefficients of
the (J});, terms are equal in both expressions Egs. (10), (11) and (28). This followzs from the fact that the bifurcation point enforces the condition
(Dy(Jy)y; + Dy(Jg)pp)? = 4Dy Dy det J.

However, in addition to the prediction of the travelling front wave speed and the spatial frequency of the resultant pattern, the amplitude
equation approach estimates the amplitude of the final pattern. Hence, in addition to the above numerical verification of the asymptotic version
of the marginal stability criterion, we shall assess the estimation of the amplitude of the pattern.

2.3.1. Assessment of envelope equation performance

It is worth mentioning that several key characteristics follow from the amplitude equation itself, as estimated by Eq. (27). Firstly the asymptotic
amplitude of the leading order pattern in v is equal to 2¢ multiplied by the positive stationary solution of the envelope equation, i.e. 2¢A*, with
A* = y/c;/c3, noting the associated component of ¥ = (1,v) and the factor of two arising from a complex conjugate, as follows from Eq. (16).
We may also compare this leading asymptotic amplitude directly with the amplitude of the first component u, of the solution to the full problem.
Second, the speed of the travelling wave is 2¢4/c;d and we have an analytical expression for this in terms of the model parameters, as given by
the expressions following Eq. (23). Third, an estimate of the wave number is immediately available, since the weakly nonlinear theory is based on
the localisation of the bifurcation point, which is analytically determinable from linear stability theory, see Eq. (8).

We again consider Schnakenberg and the CDIMA kinetics with the same parameter values as above when testing the marginal stability criterion,
hence we consider a primed Turing system. Note that the physical parameter we vary as the bifurcation parameter, denoted «, is subject to choice
and hence can potentially affect the precision of the analytical results. Nonetheless, the methodology of deriving the envelope equation is not
affected by this choice, though the expansion of the Jacobian given by J = J + aJ | + O(a?) generates expressions that ultimately are dependent
on the choice of «. Finally, on comparing the full problem with the envelope equation, note that the initial perturbation is of the same magnitude
(rescaled by €) and location for both problems, allowing us to use the envelope equation for comparison. However, one distinction is that the
perturbation is about a non-trivial homogeneous steady state for the full problem but about the trivial solution for the envelope equation (simply
being the zero amplitude of the pattern corresponding to the homogeneous steady state), though this does not invalidate direct comparison between
the two solutions.

As a particular example, we consider Schnakenberg kinetics with zero flux boundary conditions, the parameter values D, = 1, D, = 20, a =
0.05, b = 1.4 and a 1D domain with size L = 200 (Schnakenberg I), see Appendix A.2 for the other studied cases. Using the above analysis, we
obtain, for this choice of reaction kinetics and parameter values, the following form of the envelope equation

2
94 _ 300094 1 04464 - 0.541A3, (29)
ot 0y?

and that ¢ = 0.559. Hence, we may simply read out the predicted amplitude of the pattern A
estimate of the travelling wave speed ¢, = 1.297. The wavenumber k,, is equal to the critical wavenumber k., Eq. (8), which follows from the
leading order expansion Eq. (16) and has the value k,, = k., = 0.628. In addition, we solve this scalar reaction-diffusion equation with the same
zero flux boundary conditions and the same initial condition as above in the full problem, that is, a localised perturbation of the same magnitude,
p =3, and location x = 60 about the unstable trivial homogeneous steady state. Plotting this solution reveals a good match with the solution to the
full problem, see Fig. 5, where we plot the solutions in their natural coordinates.

In addition, from the numerical solution to the envelope equation, we determine the numerically observed speed of the travelling wave c[\\" as
described above in the two highlighted locations giving [ = 1.288, showing a good match with the critical wave speed determined analytically
from the Kolmogorov asymptotic arguments.

Finally, we plot the solutions, see Figs. 6(a), 6(b), to both the full problem and the envelope equation for the two highlighted cross-sections in
Fig. 5 corresponding to x = 91.46 and x = 170.92. In this way we can compare the predicted travelling wave profile together with its amplitude

eny = 2¢A™ = 1.015 and using Eq. (28) we have an

10
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Fig. 5. Schnakenberg kinetics with D, =1, D, =20, a=0.05, b =14 and a 1D domain with size L =200 (Schnakenberg I). Density plot of u, of the numerical solution to the
full problem is presented, where the black region is the set of points (x,7) where A(z, x) < Agp/2, while the white region shows its complement. In addition, we plot a contour of
the solution to the envelope equation at half its maximal value, that is at A, /2, in the rescaled coordinates ¢ = e72z, x = ¢”'y (with ¢ = 0.559 for the listed parameter values)
using a white dashed curve. Note that the two thresholded solutions are almost overlapping once the pattern is established and has started to propagate. Again, the vertical black
lines highlight the positions of cross-sections for determining the travelling wave speed and amplitudes. Note the similarity in both the time and location of the pattern initiation
and also the development of the spatial pattern behind a front travelling with a fixed velocity (neglecting the initial transition behaviour and boundary effects).

and velocity. We also plot the asymptotic estimate of the travelling wave profile, Eq. (27), shifted in time by ¢, to match the arrival of the wave
at the first cross-section with the numerical solution to the envelope equation. This time shift 7, is necessary as the determination of the travelling
wave profile does not consider initiation and development of the front and thus is free up to a translational shift, which we fix by specifying ¢#,. Its
value is determined manually by choosing a value which results in the best match (visually overlapping) between the analytical profile, Eq. (27),
and plotted as a green curve, together with a plot of the numerical solution to the envelope problem at the first cross-section (blue). In particular,
we present the function (u*); + 2e¢A(¢) where A(¢) is the identified asymptotic approximation for the amplitude in Eq. (27) evaluated at a point
E(t,x) = —=(x — cepye(t + 1;)). Therefore, there is a single fitting parameter, the time shift #,. Therefore, the precision of the analytical estimate of
the front velocity ¢, is visually immediate as the difference between the time of arrival of the wave at the second cross-section profile, Fig. 5.

We also show the numerical solution to the full RD problem where there is no need to provide a time shift correction. Thus, from the figure we
are able to determine the velocities observed in all three approaches: (i) the full reaction-diffusion system with numerically estimated speed, cgp;
(ii) the analytical estimate for the asymptotic travelling wave speed from the envelope equation c,,; and (iii) the numerically estimated asymptotic
travelling wave speed from the numerical solution of the envelope equation, cJ". In addition, we can also assess the closeness of fit for the front
profiles and the time taken for the pattern to develop from the small localised disturbance.

3. Discussion and conclusions

The marginal stability criterion was put forward as a conjecture forty years ago [8] and while there are several hypotheses for its derivation [2,
3,8,14,17,18,21], for example, being a transition between convective and absolute instabilities [8-13], its validity still remains an open problem.
In addition, the marginal stability equations may not entail a unique speed of the travelling front, see Fig. 4, and do not provide information on
the profile or amplitude of the wave.

As an alternative route, we derived the envelope equation for the spatial pattern deposited after the front but it is restricted in validity to be
close to the primary bifurcation point. However, we were able to show that there is a uniquely selected TW speed via Kolmogorov’s argument of
dynamical selection via a linear mechanism, also known as the pulled case. Note, however, that the selection of TW speed along the lines discussed
above, when the TW speed is determined only by what is happening at the front, is limited only to the pulled front case, where its dynamics are
driven by linear kinetics around the unstable homogeneous steady state, see Chomaz and Couairon [18], Van Saarloos [17], Berestycki and Hamel
[24]. Pushed fronts require different approaches and will be the subject of future research.

The amplitude equation approach offers several benefits. It not only estimates the front velocity and pattern wavenumber, but also the magnitude
of the deposited pattern amplitude and front shape. We derived explicit analytical expressions for all of these properties from the original model

11
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(a) The temporal profile for the numerical solutions and the 0 % 100 190
estimated analytical profile at the first location given by x = (b) The temporal profile for the numerical solutions and the
91.46 in Figs. 1b and 5. All solutions are shown in the original estimated analytical profile at the second location given by
t, x variables and the blue curve is hardly visible as it is under x = 170.92 in Figs. 1b and 5. All solutions are shown in the
the green curve. original ¢, x variables.

Fig. 6. Schnakenberg kinetics with D, =1, D, =20, a =0.05, b= 1.4 and a 1D domain with size L =200 (Schnakenberg I). Temporal profiles for the solutions at the highlighted
positions — vertical black lines in the preceding density plots. The red curve corresponds to the numerical solution u,(#,x) to the full problem. The blue curve is the numerical
solution to the corresponding envelope problem (u*), +2eA(e’t, ex), and the green curve (significantly overlapping with the dashed curve) is the shifted in time estimated analytical
profile (u*), +2¢A (%(x —cenve(t+to))) from Eq. (27). This shift #, = 41 in the plot of the analytical profile is necessary because it was obtained from the phase space in TW
coordinates and therefore is subject to the translational invariance of the travelling wave, see text for more details. As one can observe from the comparison of the two panels,
all the three speeds cgp, c.y, ¢™™ of the travelling wave are similar and the approximate analytical profile matches the numerically calculated ones, see the text for more details.

env> Ceny

Finally, note that there is a disparity in the predicted amplitude of the pattern, the error being 3% of the numerically calculated amplitude from the full problem.

parameters. Moreover, the asymptotic solution to the marginal stability criterion yields exactly the same estimate near the bifurcation point. Our
analysis establishes a firm basis for the notion of the characteristic speed of pattern propagation in a reaction-diffusion system, while strengthening
the motivation for using the marginal stability criterion and providing a footing for the further exploration of a wave of competence [4].

In particular, we have shown that the marginal stability criterion and the amplitude equation give exactly the same estimates of the travelling
wave speed near primary bifurcation points. Hence, Fig. 4 can be also viewed as a comparison of the marginal stability criterion and the amplitude
equation approach. This exact match is surprising given the very distinct foundations of the two frameworks but it serves as a confirmation of the
marginal stability criterion at least in the vicinity of primary bifurcation points.

Note that other choices of the bifurcation parameter « may yield different predictions as the measure of the distance to the bifurcation point
varies. We leave a more thorough discussion of this effect for future research. Nevertheless, we remark that, for example in the CDIMA kinetics case,
the choice a = (a — a.)/a,, where a, = 11.058 is the critical parameter value, yields ¢ = 0.292 and hence different predictions of the characteristic
features of the travelling wave solutions. Similarly, we also consider the choice & = (u, — u)/u., where u, = 63.813 is the bifurcation point. The
associated predictions are listed below in Table 2 and further details including the envelope equations are given in Appendix A.

We now summarise the results in the above considered scenarios in Table 2, restricting the results to relative errors for brevity. Note that
although we use the same ¢ as a measure of the distance to the bifurcation point in all the cases listed, its value is not directly comparable between
different models, or even between different choices of the bifurcation parameter (e.g. the lines 1-3 in the table, where the parameter values are kept
the same but the bifurcation parameter is chosen differently). In this sense, only CDIMA I (the first row) and CDIMA III (the fifth row) are directly
comparable, where we expect an increase in accuracy as ¢ decreases. Note, however, that we express the results in relative errors. Therefore, as
the travelling wave speed ¢ and amplitude A scale as O(e'/2) near the bifurcation point (both the estimated and the numerically determined), the
relative errors of ¢ and A are expected to remain as O(1). On the other hand, the wavenumber k is O(1) near the bifurcation point and hence the
relative error scales as o(1) for sufficiently small e. These trends can be observed for the two comparable cases in Table 2, row 1, CDIMA I, and row
5, CDIMA III, though the oscillatory nature of the convergence hides this trend for (kzp — kp5)/krp, With only two values of ¢. More generally,
note that that Fig. 4 shows the expected increase in precision with smaller ¢ in absolute terms. Finally, it has been observed that while the accuracy
of the asymptotic analysis increases with reductions in ¢, the numerical accuracy decreases (because the closer one gets to the bifurcation points,
the longer the transients are).

The linear marginal stability criterion showed a good estimation of the TW speed and wavenumber in the studied examples. Similar results were
then obtained for these two properties using a weakly nonlinear analysis and the envelope equation, which we showed to exactly satisfy the marginal
stability criterion close to the bifurcation point. Furthermore, while one might expect a loss of accuracy of the amplitude equation approach with
increasing distance from the bifurcation point, the marginal stability condition is not restricted to the neighbourhood of the bifurcation point and
shows good estimates even outside this neighbourhood. However, as we have shown, there is the problem of multiple possible solutions, among
which the correct solution corresponding to the characteristic TW speed cannot be selected without further analysis or insight. The envelope
equation approach predicted that the evolution of the travelling wave in the envelope equation is slightly delayed compared to the actual full
reaction-diffusion problem, while the amplitude approach allows us to capture, qualitatively, the shape of the solution and, in many cases, is also
reasonably accurate quantitatively, see Table 2.

This study demonstrates the existence of a characteristic speed of pattern propagation determined from detailed reaction kinetics together with
diffusion and thus is a hallmark of each Turing pattern formation system. Thus, in turn, each Turing system has an associated wave propagation
speed that may be compared to experimental results in the same way as the length scale characteristic of the observed pattern [6,25-28].

12



V. Klika et al. Physica D: Nonlinear Phenomena 467 (2024) 134268

Table 2

A summary of marginal stability results (index MS), numerical estimation (index RD) and envelope equation results (index env) of the key properties of the TW and the deposited
pattern for D, = 1. Note that these models are defined in detail and explored in the main text and in the Appendix. We discuss each case via the relative error in both the front
propagation speed and the wavenumber of the deposited pattern. In addition, we show the comparison of pattern amplitude and the role of the bifurcation parameter choice.

Parameters e=qll? RD~CMs CRD ~Ceny krp—kns Krp —Kene Arp=Aeny

RD RD krp krp Arp
CDIMA 1 D, =p,a=12, b=0.31, u=50 b.—b=0.293 —-0.057 0.010 —0.007 —0.096 0.529
CDIMA I same as above u;u‘ =0.292 —0.057 —-0.222 —-0.007 -0.107 0.678
CDIMA I same as above "‘ﬂ_” = 0.465 -0.057 0.010 —-0.007 —-0.096 0.529
CDIMA 1I D, =2u, a=105, b=04, p=13 b, —b=0.346 -0.029 0.040 0.028 -0.074 0.132
CDIMA 1II D,=pu, a=12, b=0.38, =50 b, —b=0.125 —0.053 —0.042 0.007 —0.007 0.217
Schnakenberg 1 D, =20, a=005, b=14 y/b. —b=0.559 —0.068 —-0.007 0.028 —-0.010 0.034
Schnakenberg II D, =20, a=0.13, b=14 Vb, —b=0241 -0.131 -0.125 —0.028 —-0.053 0.005
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Appendix A. CDIMA reaction kinetics

In the main text, we provide a detailed illustration of the analytical results for both the marginal stability and envelope equation method with
Schnakenberg reaction kinetics with particular choices of parameter values. For instance, for the case labelled as Schnakenberg I, we have the
parameter choice D; = 1, D, = 20, a = 0.05, b = 1.4 and with the domain size L = 200, the evolution of the localised initial condition with p =3
results in the formation of a pattern behind a front travelling with an approximately constant speed, see Fig. 1(b), which can be associated with
the Turing space and the bifurcation point given in Fig. 2. In this Supplementary section, we present analogous results for the CDIMA reaction
kinetics not presented in the main text, except via the summary statistics of Tables 1 and 2.

A.1. Preliminaries

We consider the reaction-diffusion problem, Eq. (1), with the, albeit simplified, modelling representation of the CDIMA (chlorine dioxide-iodine—
malonic acid) reaction kinetics taken from Konow et al. [6], which is based on the two-variable version of the kinetics [7], that is CDIMA reaction
kinetics (given in Eq. (13)) on a one-dimensional spatial domain with zero-flux boundary conditions.

We take the parameters as D, = 1, D, = p, a =12, b =0.31, p =50 and a 1D domain with size L = 200 (CDIMA I). This set of parameters is
within the Turing space as indicated in Fig. 7(a), where we plot the Turing space in the a, b parameter space for D,, D, fixed at 1,50 respectively.
We also highlight the localisation of the nearest bifurcation point 5, = 0.396 for the chosen bifurcation parameter a = b, — b, which leads to
€ = y/a = 0.293. With this choice of parameter values, the evolution of the localised initial condition with p = 3 results in the formation of a pattern
behind a front travelling with an approximately constant speed, see Fig. 7(b). In addition, from the numerical solution determined in this manner,
we may extract all the observed characteristics from the (numerical) localisation of the highlighted maxima of the pattern, as in Fig. 7(b) with: (i)
the amplitude Axp = 1.223; (ii) the pattern wavenumber kg, = 0.835, denoting 2z divided by the distance between the neighbouring maxima; and
(iii) the speed of the travelling wave cgp, = 1.626 from numerically calculating the times when the travelling pattern has reached half of the final
amplitude at the two highlighted locations.

A.2. Envelope method

For the CDIMA kinetics, similar details are given here, analogously to the above-mentioned example in the main text: Schnakenberg kinetics
with the choice of Schnakenberg I parameter values.
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0.0 0.1 0.2 0.3 0.4
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(a) The Turing space, the set of points which allow Turing in-
stability, for CDIMA kinetics in a, b parameters, is highlighted
in grey, given the other parameter values are D, = 1, D, = pu,
u = 50 and a 1D domain with size L = 200. The full dot
represents the chosen point in the a, b parameter space for
numerical solution of the full problem (CDIMA I). The open
circle denotes the closest bifurcation point b, (corresponding
to a = 0) for the chosen bifurcation parameter a = b, — b.

Physica D: Nonlinear Phenomena 467 (2024) 134268

(b) We initiate the simulation by a local perturbation in the
second component as shown in the left panel. The density plot
of the first component of the solution, u,, shows the resulting
transient wave of patterning spreading across the domain in
both directions (left and right) with an approximately constant
velocity, prior to the establishment of a stationary Turing pat-
tern. After an initial transient period, we can indeed observe the
asymptotic establishment of a constant travelling wave speed as
indicated by the straight dashed line.

Fig. 7. [Illustration of pattern formation behind a wave travelling at a constant speed after a localised perturbation to the steady state. We consider the CDIMA system, Eq. (1),
with zero-flux boundary conditions and parameter values D, =1, D, =y, a=12, b=0.31, ¢ =50 and a 1D domain with size L =200 (CDIMA I), using an initial perturbation of
the form of that presented in Fig. 1(a) with p = 3. The profile of u, is in phase with the profile of u,.

CDIMA 1. We consider CDIMA kinetics with D, =1, D, = y, a =12, b =0.31, y =50 and a 1D domain with size L = 200 (CDIMA I). Using the
above analysis, we obtain, for this choice of reaction kinetics and parameter values, the following form of the envelope equation

JA

0%A 3
= = 3.496ﬁ +2.1614 — 0.2124°, (30)
y

ot

and that ¢ = 0.293. Hence, we may simply read out the predicted amplitude of the pattern A.,, = 2¢A* = 1.869 and, using Eq. (28), we have
an estimate for the travelling wave speed c,,, = 1.609. The wavenumber k., is equal to the critical wavenumber k., Eq. (8), and has the value
keny = k., = 0.915. In addition, we solve this scalar reaction-diffusion equation with the same zero flux boundary conditions and the same initial
condition as above in the full problem, that is, a localised perturbation of the same magnitude, p = 3, and location x = 60 about the unstable trivial
homogeneous steady state. Plotting this solution reveals a good qualitative agreement with the solution to the full problem, see Fig. 8, when we
plot the solutions in the original (slow) coordinates.

In addition, from the numerical solution to the envelope equation we determine the numerically observed speed of the travelling wave cI" as
described above in the two highlighted locations giving cw" = 1.562, showing a good match with the critical wave speed determined analytically
from Kolmogorov asymptotic arguments.

Finally, we plot the solutions, see Figs. 9(a), 9(b), to both the full problem and the envelope equation for the two highlighted cross-sections in
Fig. 7(b) corresponding to x = 98.83 and x = 165.9. In this way we can compare the predicted travelling wave profile together with its amplitude
and velocity. We also plot the asymptotic estimate of the travelling wave profile, Eq. (27), shifted in time by #, to match the arrival at the first
cross-section with the numerical solution to the envelope equation. This time shift 7, is necessary as the determination of the travelling wave
profile does not consider initiation and development of the front and thus is free up to a translational shift, which we fix by specifying f,. Its value
is determined manually by choosing a value which results in the best match (visually overlapping) between the analytical profile, Eq. (27) and
plotted as a green curve, together with a plot of the numerical solution for the envelope problem at the first cross-section (blue). In particular,
we plot the function (u*); + 2¢A(¢) where A(¢) is the identified asymptotic approximation for the amplitude in Eq. (27) evaluated at the point
E(t,x) = id(x — ceny€(t + 1))). Hence, there is a single fitting parameter, the time shift #,. Therefore, the precision of the analytical estimate of the
front velocity c,,, is visually immediate as the difference between the times of arrival of the waves (red, blue, and green curves) at the second
cross-section profile, Fig. 9(b).

We also show a solution to the full RD problem where there is no need to provide a time shift correction. Thus, from the figure we are able
to determine the velocities observed in all three approaches: (i) the full reaction-diffusion system with numerically estimated speed, cpp; (ii)
the analytical estimate for the asymptotic travelling wave speed from the envelope equation c,,,; and (iii) the numerically estimated asymptotic
travelling wave speed from the numerical solution of the envelope equation, ¢™™. In addition, we can also assess the closeness of fit for the front

env
profiles and the time taken for the pattern to develop from the small localised disturbance.
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0 50 100 150 200
X

Fig. 8. CDIMA kinetics with D, =1, D, =y, a=12, b=0.31, =50 and a 1D domain with size L =200 (CDIMA I) using the initial conditions given by Fig. 1(a) with p = 3.
Density plot of u; of the numerical solution to the full problem is presented, where the black region is the set of points (x,r) where A(f,x) < Agp/2, while the white region shows
its complement. In addition, we plot a contour of the solution to the envelope equation Eq. (30) at half its maximal value, that is at A, /2, in the rescaled coordinates t = ez,
x =e¢'y (with € = 0.293 for the listed parameter values) using a white dashed curve. Note that the two thresholded solutions are similar. Again, the vertical black lines highlight
the positions of cross-sections for determining the travelling wave speed and amplitudes. Note the similarity in both the time and location of the pattern initiation and also the
development of the spatial pattern behind a front travelling with a fixed velocity (neglecting the initial transition behaviour and boundary effects).

u(x=98.83, 1) u(x=165.9, 1)

== RD num

= env num

env asympt

== RD num

= env num

env asympt

0 50 100 150 0 50 100 150

(a) The temporal profile for the numerical solutions and the
estimated analytical profile at the first location given by x =
98.83 in Figs. 7b and 8b. All solutions are shown in the
original ¢, x variables.

(b) The temporal profile for the numerical solutions and the
estimated analytical profile at the second location given by
x = 165.9 in Figs. 7b and 8b. All solutions are shown in the
original ¢, x variables.

Fig. 9. CDIMA Kkinetics with D, =1, D, =y, a=12, b=0.31, 4 =350 and a 1D domain with size L =200 (CDIMA 1) using the initial conditions given by Fig. 1(a) with p = 3.
Temporal profiles of the solutions at the highlighted positions — vertical black lines in the preceding density plots, namely in Figs. 7(b) and 8b. The red curve corresponds to
the solution u,(#,x) to the full problem. The blue curve is the numerical solution to the corresponding envelope problem (u*), + 2¢A(e%t,ex), and the green curve (significantly
overlapping with the dashed curve) is the shifted in time estimated analytical profile (u*), +2¢A (Ld(x — Copv€(t + to))> from Eq. (27). This shift 7, = 29 in the plot of the analytical
profile is necessary because it was obtained from the phase space in TW coordinates and therefore is subject to the translational invariance of the travelling wave which therefore
must be fixed, see text for more details. As one can observe from the comparison of the two panels, all the three speeds cpp, Cey» cium of the travelling wave are similar and
the approximate analytical profile matches the numerically calculated ones, see the text for more details. Finally, note that there is a disparity in the predicted amplitude of the
pattern, the error being 53% of the numerically calculated amplitude from the full problem. We expect this error to reduce with e.

CDIMA II. We consider CDIMA kinetics with parameter values D, =1, D, =2u, a =105, b =04, y =13 and L = 200 referred to as CDIMA IL
In this situation, from the envelope equation analysis, we obtain

2
94 3644274 14214 - 0.5824°.
or 0y?

15



V. Klika et al.

Physica D: Nonlinear Phenomena 467 (2024) 134268

u(x=96.81, 1) u(x=170.22, 1)
3.0 3.0 —
25 25 y
Y

2.0 2.0
1.5 1.5
1.0 1.0

== RD num == RD num
0.5 == env num 0.5 = env num

env asympt env asympt
t t
0 50 100 150 0 50 100 150

(a) The temporal profile for the numerical solutions and the
estimated analytical profile at the first location given by x =
96.81. All solutions are shown in the original ¢, x variables.

(b) The temporal profile for the numerical solutions and the
estimated analytical profile at the second location given by x =
170.22. All solutions are shown in the original ¢, x variables.

Fig. 10. CDIMA kinetics with D, =1, D, =2y, a=10.5, b=04, =13 and a 1D domain with size L =200 (CDIMA II) using the initial conditions given by Fig. 1(a) with p = 3.
Temporal profiles for the solutions at the highlighted positions. The red curve corresponds to the solution u,(f,x) to the full problem. The blue curve is the numerical solution to
the corresponding envelope problem (u*), + 2eA(e%t,ex), and the green curve (significantly overlapping with the dashed curve) is the shifted in time estimated analytical profile

W*); +2€A (Ld(x — Cov€(t + to))) from Eq. (27). This shift 7, = 31 in the plot of the analytical profile is necessary because it was obtained from the phase space in TW coordinates

and therefore is subject to the translational invariance of the travelling wave, see text for more details. Note that all the three speeds cgp, Cy» ¢ of the travelling wave are

similar and the approximate analytical profile matches the numerically calculated ones, see text for more details. Finally, note that there is a disparity in the predicted amplitude
of the pattern but it is smaller than in the main text (e.g. Fig. 6), the error being 13%.

and € = 0346, ke, = k, = 0.843, Ay, = 1.082, ¢y = 1.575, M = 1.477.

In Fig. 10 we again compare the travelling wave profile, amplitude, and speed as a solution to the full problem and envelope equation, while
we also plot the estimated analytical profile of the travelling wave. We again determine the shift 7, of the analytical amplitude profile as described
above in CDIMA I. As a result, we can directly compare the travelling wave velocity and the profile from the three considered approaches, see

Fig. 10 and the discussion in the main text.

CDIMA III. As a final CDIMA example, we consider parameter values D, =1, D, =y, a=12, b=0.38, 4 =50 and L =200 (CDIMA III). This is a
variation of CDIMA I where we have moved the bifurcation parameter b closer to the bifurcation point b, while keeping the remaining parameters
fixed.

The envelope equation analysis yields

2
94 _ 3.496u +2.1614 — 021343,
ot ay2

and € = 0.125, k,,, = 0915, A,,, = 0.796, c,,, = 0.686, cI\™ = 0.645. We do not plot the solution to this problem but we list the key characteristics

in Table 2.
A.3. Other choices of bifurcation parameters

As mentioned in the main text, the choice of the bifurcation parameter may play a role in the weakly nonlinear analysis of behaviour near the
bifurcation point.
We remark that the choice « = (a — a,)/a, for the CDIMA I model, where a, = 11.058 is the critical parameter value, gives the following results
0A 0’4

22 = 44942 £ 25784 — 0.20943.
ot ay2

and € = 0.292, A, = 2.052, c,,, = 1.987, clu™ = 1.885. The wavenumber is affected by this change in « as it follows from the properties of J at the
bifurcation point a = a,. In particular, with the considered choice of the bifurcation parameter «, the wavenumber is approximated by k. = 0.924.
Similarly, the choice a = (4, — u)/u. in CDIMA I model, where u, = 63.813 is the bifurcation point, yields

2
94 _ 349624 108554 —0.21243.
or 0y?

and e = 0.465, A,,, = 1.869, ¢.,, = 1.609, ¢ = 1.521. In this situation, the wavenumber is estimated as k., = 0.915.

We do not plot the solutions with these choices but we list the key characteristics for comparison in the first three rows of Table 2. One can
see that even though the estimates are carried out for exactly the same system (the same kinetics, diffusion and parameter values), the choice of
the bifurcation parameter a affects the accuracy of predictions from the envelope approach.

A.4. Comparison of all methods

As a final illustration, we show the comparison of marginal stability criterion results (and its multiple roots), envelope method, and the
characteristics stemming from the numerical solution to the full problem, as an analogue to Fig. 4 for the Schnakenberg case in the main text.
In Fig. 11, we plot the TW velocity in x, ¢ variables. We again observe a behaviour corresponding to the square root of the distance from the
bifurcation point in its local neighbourhood and that there is a match between the asymptotic expression for the travelling wave speed close to the
bifurcation point and the numerical solution of the marginal stability criterion. Finally, note once more that the equations for marginal stability
may have multiple solutions, where multiple branches of c;5 appear (even close to the bifurcation point).
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(a) Convergence of all the methods to the same square root ¢ b
0.32 0.34 0.36 0.38

behaviour close to the bifurcation point b, = 0.396 is apparent.
Note that the marginal stability approach shows multiple roots ~ (b) A magnification of the figure in the left panel closer to
(multiple values of predicted TW speeds) as there are two  the bifurcation point showing the convergence of the marginal
branches of ¢yq for b < 0.12. stability asymptotics to the marginal stability criterion results.

Fig. 11. Travelling wave speed (given in x, ¢ units) as predicted from (i) the full solution of RD problem with CDIMA Kkinetics, cpp; (ii) from the marginal stability conditions,
evss and (iii) from the marginal stability asymptotics, cyg,gmp- Parameter values were chosen as D; = 1, D, = 4, a =12, y = 50 and 1D domain with size L =200 (CDIMA D).
Note that the choice of the magnitude of the localised initial condition in the finite domains is important as demonstrated in Fig. 3 and we consider p = 3. Note that the marginal
stability approach can yield multiple solutions, as illustrated here for b € (0.08,0.12) where two branches appear.
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