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ABSTRACT

We propose a model mechanism for the initiation and spatial positioning of teeth pri-
mordia in the alligator, Alligator mississippiensis. Detailed embryological studies!2-14
have shown that jaw growth plays a crucial role in the developmental patterning of the
tooth initiation process. The development of the spatial pattern occurs on a timescale
comparable to jaw growth. Based on biological data we develop a dynamic patterning
mechanism, which crucially includes domain growth. The mechanism can reproduce the
spatial pattern development of the first seven teeth primordia in the lower jaw of A.
mississippiensis. The results for the precise spatio-temporal sequence compare well with
experiment.
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1. Introduction

The developmental processes involved in the embryonic vertebrate jaw offer a sys-
tem which has the aspects of self-organization, pattern formation, tissue interaction
and growth. Although analysis of the vertebrate jaw has been extensive, no clear
mechanism(s) has emerged to explain the developmental processes of tooth initia-
tion, tooth shape or palate formation. We are particularly interested in the spatial
patterning of the teeth primordia that occurs in the tooth initiation process.
Experimental investigations of mammalian dentition development have been hin-
dered by the inaccessibility of detailed embryonic processes in vivo. This problem
can be overcome by studying dental embryology in the crocodilia, in particular
Alligator mississippiensis, which exhibits the unique combination of developing in
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an external egg and possessing the most mammal-like snout and palate of all the
crocodilia [2]. An understanding of the basic developmental mechanisms involved
in crocodilian embryology may provide clues to the morphogenesis of advanced
structures found in higher vertebrates [2].

The origin of embryological investigations of dentition development in reptiles
[10,15,7] forms the basis for descriptive models of tooth formation, which in general
fall into either a prepattern (the pattern is imposed from an external source) or
dynamic (arises as part of the dynamics of the developing system) model category.
Edmund’s {1] Zahnreihe theory postulated that initiation waves from the front of
the jaw activated prepatterned tooth sites. Osborn [8] proposed the clone model
which postulates that teeth are initiated from one or more clones of neural crest
cells that form pattern as a result of the dynamic growth of the clone. Osborn [9]
has recently extended this clone model to incorporate tooth shape development.

More recently, a series of detailed experiments on the embryonic development
of the lower jaw [12,13] and upper jaw [14] dentition of Alligator mississippiensis
has been completed from day 1 to day 75; it has a 65-day incubation period. Their
data show that neither Zahnreihen nor the clone model can account for the spatial
patterning of the teeth primordia.

We propose here a model mechanism which details the process of spatial pat-
terning of the teeth primordia and predicts the spatial and temporal sequence of
the first seven teeth in the lower jaw of Alligator mississippiensis, based on the data
of [12]. A previous model, based on a mechanical approach, for initiation of the
dental determinant has been given by Sneyd et al. [11].

2. The Model Mechanism

2.1. Biological Basis of the Model for Tooth Initiation

Development of an individual tooth is characterised by a series of processes, from
tooth initiation to shape formation, through to development of the dentine and
enamel organ. We focus on the spatial patterning of discrete primordia that result
in the tooth initiation process (Fig. 1(a)).
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Fig. 1. (a) Spatial pattern of first seven teeth primordia in the lower right half jaw of A. missis-
sippiensis (from [12]).
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Fig. 1. (b) Temporal sequence of first seven teeth primordia with the solid line representing
N(t) = Noe™; N, = 0.0066, r = 0.31/day (derived from [12]).

The first stages of tooth initiation begin with the thickening of the oral epithe-
lium which forms a localised condensation of cells to mark the first tooth site, the
dental determinant. The subsequent teeth primordia form in the same manner as
the dental determinant.

Experiments in mice [4,5] have shown that it is the epithelium which initiates
tooth development and that an epidermal growth factor is involved in the initiation
process [3]. Although experiments have not concluded such results in reptiles, it
is reasonable to assume that tooth development in reptiles is also initiated by the
epithelium.

In their work on alligator dentition, Westergaard and Ferguson [12] show that
the dental determinant of A. mississippiensis forms in the anterior (front) part of
the lower jaw. It is not the most anterior tooth to form. Tooth initiation spreads
from the dental determinant forwards and backwards in the jaw, and interstitial
teeth are formed in the growing spaces between earlier teeth. The results of the
spatial and temporal sequence of the first seven teeth are shown below in Figs. 1(a)
and (b).

The tooth initiation sequence is symmetric for both the right and left lower
jaw halves [12,13], and we model the tooth initiation process on the half lower jaw
as a one-dimensional domain, with the initiation and patterning of primordia an
epithelial process. We assume the jaw growth is exponential during early dentition
([12]; Fig. 1(b)).
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2.2. How the Mechanism Works

We propose a dynamic reaction-diffusion mechanism [6], mediated by an inhibitor.
The following notation is used

u(z,t) = substrate concentration at position z and time ¢,
v(z,t) = activator concentration at position x and time ¢,

¢(z,t) = inhibitor concentration at position z and time ¢.

We assume that there is an initial source of inhibitor, ¢ at the posterior end of the
jaw (z = 0). The tooth initiation process begins as this source chemical diffuses
through the jaw epithelium and degrades (Fig. 2). As the jaw grows, ¢ decreases
further towards the anterior end until it crosses below the critical threshold to drive
the activator and substrate system unstable (Fig. 3).
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Our conservation equation for the inhibitor, ¢, on a fixed domain £ € [0,1] is
taken to be

dc c
% —bc + pa—€2 , (2.1)
degradation ==~
diffusion

where p is the diffusion coefficient and § is the degradation constant.

As a result of the experimental evidence of jaw growth (Fig. 1(b)), we consider
that a jaw segment grows at a constant strain rate, r. The growing domain dilutes
the concentration, but a larger domain produces more growth factor. On a growing
domain at a constant strain rate, r, but transformed (z = ée~™) to a fixed domain
z € [0,1], (2.1) becomes (see Appendix for derivation)

dc _arey O%c
Friak 8¢ - Je, +p(e )8:52 (2.2)
i
diffusion

degradation dilution due to jaw growth

When the subdomain, on which ¢ is below the threshold, has grown large enough,
a single mode spatial pattern in 4 and v will start to grow (Fig. 4). When the
concentration u(z,t) crosses an upper threshold this triggers initiation of a placode,
a tooth primordium, giving the spatial position of the dental determinant (Fig. 5).
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We take a simple reaction-diffusion mechanism for the activator-substrate sys-
tem, namely the Schnackenberg mechanism (see, for example, [6]). The equations
for the substrate, u, and activator, v, on a domain growing at a constant strain
rate, , are transformed to a fixed domain z € [0,1] (in the same way as for (1.2))
as

du o2
5= ylhe —u+ulv] —ru He ) 6_3;% , (2.3)
- V' - Y e —
reaction kinetics . .
diffusion

and bifurcation

»
“parameter”,c(z,t) dilution due to jaw growth
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where d is the diffusion coefficient ratio.

Experimental evidence suggests that the dental determinant (and each subse-
quent tooth primordium) becomes a source of growth factor ¢ (simulating an in-
hibition zone): there are now two sources. As the jaw grows, ¢ drops below the
critical threshold in the region between the two sources and the next tooth position
forms in the posterior end of the jaw (Fig. 6). The second primordium forms in
the region where u again crosses the patterning threshold, and the tooth that is
initiated becomes another source of ¢ (Fig. 7).
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3. Numerical Simulations

The system of equations (2.2), (2.3) and (2.4) were solved numerically using a finite
difference spatial discretisation and the method of lines to integrate in time (NAG:
DO3PCF). The structure of the simulations was to first, numerically solve for the
position of tooth 1 on z € [0,1], then partition this interval into two subdomains
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and solve for the position of tooth 2. The numerical simulations for the remainder
of the first seven teeth followed in this way (see Appendix).

The initial conditions for u, v, and ¢ were given by the previous simulation
except at time ¢t = 0, when ¢(z,0) = ¢y(z), a monotonically decreasing function,
and v and v were at homogeneous steady states. All simulations were run with no
flux boundary conditions on u and v, while the boundary conditions for ¢ varied
as to whether one of the simulation domain endpoints included z = 0 (posterior
source), £ = z; (tooth position source of strength = 1), or £ = 1 (no flux). The
posterior end source, ¢(0,t), we considered to decay with time as in (Fig. 8).

A comparison of the numerical simulation data versus the experimental data
[12] of the first seven teeth is shown in Fig. 9.

©
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Fig. 9. Numerical vs experimental data for the first seven teeth primordia in lower right half jaw
of A. mississippiensis (from [12]).

* = numerical data with solid line, N(t) = Ny exp(r1t).

o = experimental data from Fig. 1(b) with dashed line, N(t) = N2 exp(rz,t)

(N1 = 0.018, r1 = 0.25/day, N2 = 0.0066, ro = 0.31/day) Time, T (days) was scaled to ¢
(simulation) using; ¢ (simulation) = KT + b, K = 23.18/day and b = 225.8.
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Appendix. The Effect of Exponential Growth on a
Reaction—Diffusion Equation

We consider a jaw segment, [(¢), which grows at a constant strain rate, r, so that
dl

yrie Tl —I(t) = l,e™. (A1)

1025 | 105 | .1075 | .1075 17 17 1625 075

. . All simulations run pntil at least t § 356.0
Sim 14| Sim 15

Sim 12{ Sim 13|
6

Sim#10 | Sim#11
' 5

Sim #8 Sim #9

Sin] #7 Simi#6
( 23
Sim #4 Sim #5
[ D
Sim} #2 Sim #3
Sim #1 tl
0 X X. x6 x2 x5 xI x4 |

Fig. A.1. Numerical simulation domain chart. The parameters used for the simulations: vy = 40.0,
§=02 h=105=20,p=05, r=001,d= 150.

For a general form of (1.1) on the domain £ € [0, L], growing at a constant strain

rate, r, )
% =D ag +1/0). (42)
Let s equal the quantity of reactant in length I, which implies ¢ = s/I. In the time
interval (t,t + At), the length increases from [ to [ + Al and the concentration
changes from ¢ = s/, to (s + As)/(l + Al),
Ac=[(s+ As)/(1+ Al)] — s/l

~ [(s + Iy f(c)At) /(I + rlAL)] — s/l (A.3)

=~ vf(c)At — rcAt.
which implies that Alitr_xblo[Ac/ At) = vf(c) —re.
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The growing domain dilutes the concentration, but a larger domain produces
more ¢. Equation (A.2) becomes,

) &2
5:.=Da—65+7f(c)—'rc. (A4)

Setting = e~ ", where z is the fixed domain variable, (A.4) becomes,

2
D(e™%) %—g— +vf(c) —re (A.5)

dc

ot
which represents the equation on a domain growing at a constant strain rate, r, but
transformed to a fixed domain z € [0, L].
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