LIE ALGEBRAS

1. BASIC NOTIONS

1.1. Background. In this section I use some material, like multivariable analysis, which is not necessary for
the main body of the course, but if you know it (and hopefully if you don’t but are willing to think imprecisely
at some points) it will help to put the course in context. For those worried about such things, fear not, it is
non-examinable.

In mathematics, group actions give a way of encoding the symmetries of a space or physical system.
Formally these are defined as follows: an action of a group G on a space! X isamap a: G x X — X,
written (g.z) — a(g, z) or more commonly (g, z) — g.z which satisfies the properties

(1) e.x = z, for all x € X, where e € G is the identity;
(2) (g192).x = g1.(g2.x) forall 1,92 € Gand z € X.

Natural examples of actions are that of the group of rigid motions SO; on the unit sphere {z € R? :
[|z|| = 1}, or the general linear group GL,,(R) on R™.

Whenever a group acts on a space X, there is a resulting linear action (a representation) on the vector
space of functions on X. Indeed if Fun(X) denotes the vector space of real-valued functions on X, then
the formula

9(f)x)=flg "x), (9€G, feFun(X),z e X),

defines a representation of G on Fun(X). If X and G have more structure. e.g. that of a topological
space or smooth manifold, then this action may also preserve the subspaces of say continuous, or
differentiable functions. Lie algebras arise as the “infinitesimal version” of group actions, which loosely
speaking means they are what we get by trying to differentiate group actions.

Example 1.1. Take for example the natural action of the circle S! by rotations on the plane R?. This
action can be written explicitly using matrices:

_( cos(t) —sin(t)
9(t) = ( sin(t)  cos(t)
where we have smoothly parametrized the circle S! using the trigonometric functions. Note that for
this parametrization, g(t)~! = g(—t). The induced action on Fun(R?) restricts to an action on C*(R?)
the space of smooth (i.e. infinitely differentiable) functions on R?. Using our parametrization, it makes

sense to differentiate this action at the identity element (i.e. at ¢ = 0) to get an operation v: C*°(R?) —
C>°(R?), given by

P (rtat-0-( 3 )

_df  df
=y~ xd—y
It is immediate from the product rule for differentiation, that the operator v constructed in the above
example obeys the “Leibniz rule”:
v(f.9) =v(f).g+ fr(g)

An operator on smooth functions which satisfies this property is called a derivation. It’s not hard to
see that any such operator on C*°(R?) will be of the form a(z,y) 4 + b(z, y)% where a,b € C*(R?).
Thus, heuristically for now, we think of the infinitesimal version of a group action as the collection of
derivations on smooth functions we obtain by “differentiating the group action at the identity element”.
(For the circle the collection of vector fields we get are just the scalar multiples of the vector field v, but
for actions of larger group we would attach a larger space of derivations). It turns out this set of

Date: November, 2012.
m being deliberately vague here about what a “space” is, X could just be a set, but it could also have a more geometric
nature, such as a topological space or submanifold of R™.
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derivations forms a vector space, but it also has a kind of “product” which is a sort of infinitesimal
remnant of the group multiplication®. Let’s set this up a little more formally.

Definition 1.2. A vector field on X = R™ (or, with a bit more work, any manifold) is a (smooth) function
v: R™ — R", which one can think of as giving the infinitesimal direction of a flow (e.g. of a fluid,
or an electric field say). The set of vector fields forms a vector space which we denote by ©x. Such
fields can be made to act on functions f: X — R by differentiation. If v = (a1, as, ..., ay) in standard

coordinates, then set
i=1

?

This formula gives an action of © x on the space of smooth functions C*°(X), since if f € C*(X), then
so is v(f). This action is linear, and interacts with multiplication of functions according to the Leibniz
rule, that is, if v is a vector field, and f1, fo € C*°(X) then

v(fif2) = v(f1)-fa + frv(fo),

in other words, vector fields act as derivations on smooth functions in the above sense. Note we can
talk about vector fields and derivations interchangeably, since the derivation given by a vector field
completely determines the vector field, and any derivation comes from a vector field (this is an exercise
that is worth checking).

Note that if we compose two derivations v, o v, we again get an operator on functions, but it is
not given by a vector field, since it involves second order differential operators. However, it is easy
to check using the symmetry of mixed partial derivatives that if v, v, are derivations, then [v1, 5] =
V1 0 vy — Vg o vy is again a derivation. Thus the space Ox of vector fields on X is equipped with a
natural product® [, .] which is called a Lie bracket. The derivatives of a group action give subalgebras of
the algebra ©x.

Example 1.3. Consider the action of SO3(R) on R?. Using the fact that every element of SO3(R) is a
rotation about some axis through the origin it is not too hard to find the space of vector fields on R3
which can be associated to this action, and check that it forms a Lie algebra. Indeed as we saw before,
the action of the circle fixing the z-axis gives the derivation —y% + x%, and the derivation obtained
from rotation about any other axis will be obtained by an orthogonal change of coordinates. It can

be shown that these form the 3-dimensional space g = spanR{x% — y%, yd% — z%, z% - x%}, and
moreover it is then not hard to check that g is closed under the bracket operations [-, -]. (This also gives

a non-trivial example of a 3-dimensional Lie algebra).

1.2. Definitions and Examples. The definition of a Lie algebra is an abstraction of the above example
of the product on vector fields. It is purely algebraic, so it makes sense over any field k.

Definition 1.4. A Lie algebra over a field k is a pair (g, [., .]q) consisting of a k-vector space g, along with
a bilinear form [., .]g: g x g — g taking values in g known as a Lie bracket, which satisfies the following
axioms:

(1) [, .]q is alternating, i.e. [z,z]g =0forallxz € g.

(2) The Lie bracket satisfies the Jacobi Identity: that is, for all z, y, z € g we have:

[JC, [y7 Z]Q]E + [y7 [zvx}g]g + [Zv [x7y]9]ﬂ =0.
Remark 1.5. It is easy to check directly from the definition that the Lie bracket we put on the space of
vector fields © x satisfies the above conditions.

Note that by considering the bracket [z + y,z + y]4 it is easy to see that the alternating condition
implies that for all x,y € L we have [z,y]y; = —[y, x|y, that is [, .]4 is skew-symmetric. If char(k) # 2,
the alternating condition is equivalent to skew-symmetry. Note that a Lie algebra is an algebra with
a product which is neither commutative nor associative, and moreover it does not have an identity
element®. We will normally simply write [, .] and reserve use the decorated bracket only for emphasis
or where there is the potential for confusion.

Example 1.6. (1) If V is any vector space then setting the Lie bracket [.,.] to be zero we get a (not
very interesting) Lie algebra. Such Lie algebras are called abelian Lie algebras.

2To be a bit more precise, it comes from the conjugation action of the group on itself.

3This is in the weakest sense, in that it is a bilinear map © x x © x — ©x. Itis not even associative — the axiom it does satisfy
is discussed shortly.

“4This makes them sound awful. However, as we will see this is not the way to think about them!



LIE ALGEBRAS 3

(2) Generalising the example of vector fields a bit, if A is a k-algebra and §: A — A is a k-linear
map, then we say 0 is a k-derivation if it satisfies the Leibniz rule, that is, if:

0(a.b) =0(a).b+ a.0(b), Va,be A.

It is easy to see by a direct calculation that if Dery(A) denotes the k-vector space of k-derivations
on A, then Dery(A) is a Lie algebra under the commutator product, that is:

[(51,52] = 51 o 62 - 52 O 51.

Indeed the alternating property is immediate, so the only thing to check is the Jacobi identity,
which is an easy computation.

(38) For a more down-to-earth example, take g = gl,, the k-vector space of n x n matrices with
entries in k. It is easy to check that this is a Lie algebra for the commutator product:

[X,Y]= XY - V.X.

Slightly more abstractly, if V' is a vector space, then we will write gl(V') for the Lie algebra
End(V') equipped with the commutator product as for matrices.

(4) If g is a Lie algebra and N < g is a k-subspace of g on which the restriction of the Lie bracket
takes values in N, so that itinduces a bilinear form [., .|y : NxN — N, then (N, [, .]n) is clearly
a Lie algebra, and we say N is a (Lie) subalgebra of g.

(5) Letsl, = {X € gl, : tr(X) = 0} be the space of n x n matrices with trace zero. It is easy to check
that sl,, is a Lie subalgebra of gl,, (even though it is not a subalgebra of the associative algebra
End(V')). More generally we say any Lie subalgebra of gl(V') for a vector space V' is a linear Lie
algebra.

(6) If Ais an associative k-algebra, then if a € Alet §,: A — A be the linear map given by

S.(b) =ab—ba, be A

One can check that 4, is a derivation on A, and that this is equivalent to the statement that
(A, [.,.]4) is a Lie algebra, where [., .] 4 is the commutator bracket on 4, thatis [a,b]4 = a.b—b.a.
Thus any associative algebra can be given the structure of a Lie algebra. (This is a generalisation
of the case of n x n matrices).

Remark 1.7. One could begin to try and classify all (say finite-dimensional) Lie algebras. In very low
dimension this is actually possible. For dimension 1 clearly there is a unique (up to isomorphism®)
Lie algebra since the alternating condition demands that the bracket is zero. In dimension two, one
can again have an abelian Lie algebra, but there is another possibility: if g has a basis {e, f} then we
may set [e, f] = f, and this completely determines the Lie algebra structure. All two-dimensional
Lie algebras which are not abelian are isomorphic to this one (check this). It is also possible to classify
three-dimensional Lie algebras, but it becomes rapidly intractable to do this in general as the dimension
increases. In this course we will focus on a particular class of Lie algebras, known as semisimple Lie
algebras, for which an elegant classification theorem is known.

2. HOMOMORPHISMS AND IDEALS

We have already introduced the notion of a subalgebra of a Lie algebra in the examples above,
but there are other standard constructions familiar from rings which make sense for Lie algebras. A
homomorphism of Lie algebras (g, [.,.]y) and (g¢’,[.,.]¢’) is a k-linear map ¢: g — g’ which respects the
Lie brackets, that is:

¢(la, blg) = [#(a), (b)ly Va,beg.
An ideal in a Lie algebra g is a subspace I such that for all a« € gand z € I we have [a,z]g € I. It
is easy to check that if ¢: g — ¢’ is a homomorphism, then ker(¢) = {a € g : ¢(a) = 0} is an ideal
of g. Conversely, if I is an ideal of g then it is easy to check that the quotient space g/I inherits the
structure of a Lie algebra, and the canonical quotient map ¢: g — g/I is a Lie algebra homomorphism
with kernel 1.

Remark 2.1. Note that because the Lie bracket is skew-symmetric, we do not need to consider notions
of left, right and two-sided ideals, as they will all coincide. If a nontrivial Lie algebra has no nontrivial
ideals we say it is simple.

Just as for groups and rings, we have the normal stable of isomorphism theorems, and the proofs
are identical.

50f course I haven’t said what an isomorphism of Lie algebras is yet (see below) but you probably know...
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Theorem 2.2. (1) Let ¢: g — o' be a homomorphism of Lie algebras. The subspace ¢(g) = im(¢) is a
subalgebra of ¢’ and ¢ induces an isomorphism ¢: g/ker(¢p) — im(o).
(2) If I C J C gareideals of g then we have:

(a/7)/(1/]) =g/ ]
(3) If 1, J are ideals of g then we have
(I+J)/J=I/(INJ).

3. REPRESENTATIONS OF LIE ALGEBRAS

Just as for finite groups (or indeed groups in general) one way of studying Lie algebras is to try and
understand how they can act on other objects. For Lie algebras, we will use actions on linear spaces, or
in other words, “representations”. Formally we make the following definition.

Definition 3.1. A representation of a Lie algebra g is a vector space V' equipped with a homomorphism
of Lie algebras p: g — gl(V'). In other words, p is a linear map such that

p([z,y]) = p(x) o p(y) — p(y) © p(z)

where o denotes composition of linear maps. We may also refer to a representation of g as a g-module.
A representation is faithful if ker(p) = 0. When there is no danger of confusion we will normally
suppress p in our notation, and write z(v) rather than p(z)(v), forz € g,v € V.

We will study representation of various classes of Lie algebras in this course, but for the moment we
will just give some basic examples.

Example 3.2. (1) If g = gl(V) for V a vector space, then the identity map gl(V) — gl(V) is a rep-
resentation of gl(V') on V, which is known as the vector representation. Clearly any subalgebra
g of gl(V') also inherits V' as a representation, where then the map p is just the inclusion map.
(2) Given an arbitrary Lie algebra g, there is a natural representation ad of g on g itself known as
the adjoint representation. The homomorphism from g to gl(g) is given by

ad(7)(y) = [z,y], VYz,y€ 0.

Indeed the fact that this is a representation is just a rephrasing® of the Jacobi identity. Note that
while the vector representation is clearly faithful, in general the adjoint representation is not.
Indeed the kernel is known as the centre of g:

i) ={r€g:[r,y] =0,Vy € g}.

Note that if € 3(g) then for any representation p: g — gl(V') the endomorphism p(z) com-
mutes with all the elements p(y) € End(V) forall y € g.

(3) If g is any Lie algebra, then the zero map g — gl, is a Lie algebra homomorphism. The corres-
ponding representation is called the trivial representation. It is the Lie algebra analogue of the
trivial representation for a group (which send every group element to the identity).

(4) If (V, p) is a representation of g, we say that a subspace U < V is a subrepresentation if ¢(x)(U) C
U for all z € g. It follows immediately that ¢ restricts to give a homomorphism from g to gl(U),
hence (U, ¢|1) is again a representation of g. Note also that if {V; : i € I} are a collection of in-

variant subspaces, their sum ), _; V; is clearly also invariant, and so again a subrepresentation.

There are a number of standard ways of constructing new representations from old, all of which
have their analogue for group representations. For example, recall that if V' is a k-vector space, and U
is a subspace, then we may form the quotient vector space V/U. If ¢: V' — V is an endomorphism of V'
which preserves U, that is if ¢(U) C U, then there is an induced map ¢: V/U — V/U. Applying this to
representations of a Lie algebra g we see that if V' is a representation of g and U is a subrepresentation
we may always form the quotient representation V/U. Next, if (V, p) and (W, o) are representations of
g, then clearly V' @ W the direct sum of V' and W becomes a g-representation via the obvious homo-
morphism p @ o. More interestingly, the vector space Hom(V, W) of linear maps from V' to W has the
structure of a g-representation via

(3.1) z(p) =c(x)op—gop(x), VYxeg, éeHom(V,W).

6Check this! It's also (for some people) a useful way of remembering what the Jacobi identity says.
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It is straight-forward to check that this gives a Lie algebra homomorphism from g to gl(Hom(V, W)).
One way to do this is simply to compute directly’. Another, slightly quicker way, is to notice that
Endy(V @ W) = Homy(V @ W,V & W) contains Endy(V'), Endy (W) and Homy(V, W) since

Homy (V@ W,V & W) = Homy(V, V) ® Homy(V, W) @ Hom (W, V') & Hom, (W, W),

thus we may combine p and o to give a homomorphism 7: g — gl(V&W). Since Homy (V, W) is clearly
preserved by 7(g), it is a subrepresentation of gl(V & W), where the latter is a g-representation via the
composition of 7: g — gl(V & W) with the adjoint representation ad: gl(V & W) — gl(gl(V & W)). It
is then easy to see that the equation (3.1) describes the resulting action of g on Homy (V, W).

An important special case of this is where W = k is the trivial representation (as above, so that the
map o: g — gl(k) is the zero map). This allows us to give V* = Hom(V, k), the dual space of V, a
natural structure of g-representation where (since o = 0) the action of x € gon f € V* is given by
p*: g — gl(V*) where

7"@)(f) = —F o (pla) (f € V).
If «: V — V is any linear map, recall that the transpose map o': V* — V* is defined by o/ (f) = fo o,
thus our definition of the action of x € gon V* is just8 —p(z)t. This makes it clear that the action of g on
V* is compatible with the standard constructions on dual spaces, e.g. if U is a subrepresentation of V,
the U° the annihilator of U will be a subrepresentation of V*, and moreover, the natural isomorphism
of V with V** is an isomorphism of g-representations.

We end this section with some terminology which will be useful later.

Definition 3.3. A representation is said to be irreducible if it has no proper non-zero subrepresentations,
and it is said to be completely reducible if it is isomorphic to a direct sum of irreducible representations.

Example 3.4. Giving a representation of gl; is equivalent to giving a vector space equipped with a
linear map. Indeed as a vector space gl; = k, hence if (V, p) is a representation of gl; we obtain a
linear endomorphism of V by taking p(1). Since every other element of g, is a scalar multiple of 1 this
completely determines the representation, and this correspondence is clearly reversible.

If we assume k is algebraically closed, then you know the classification of linear endomorphisms is
given by the Jordan canonical form. From this you can see that the only irreducible representations
of gl, are the one-dimensional ones, while indecomposable representations correspond to linear maps
with a single Jordan block.

4. NILPOTENT LIE ALGEBRAS

We now begin to study particular classes of Lie algebra. The first class we study are nilpotent Lie
algebras, which are somewhat analogous to nilpotent groups. We need a few more definitions.

Definition 4.1. If V,W are subspaces of a Lie algebra g, then write [V, W] for the linear span of the
elements {[v,w] : v € V,w € W}. Notice that if I, J are ideals in g then so is [I, J]. Indeed to check this,
note thatifi € I,j € J,x € g we have:

[z, [i, 4]] = =[&, [4, 2]) = [J, [z, 4] = [4, [, 5]} + [[w, ], 4] € [, J]
using the Jacobi identity in the first equality and skew-symmetry in the second.

Definition 4.2. For g a Lie algebra, let C°(g) = g, and C(g) = [g,C*"!(g)] for i > 1. This sequence of
ideals of g is called the lower central series of g, and we say g is nilpotent if CN (g) = 0 for some N > 0. If
N is the smallest integer such that CV(g) = 0 then we say that g is an N-step nilpotent Lie algebra.

For example, a Lie algebra is 1-step nilpotent if and only if it is abelian. The definition can be
rephrased as follows: there is an N > 0 such that for any NV elements 1, x2, ...,z of g the iterated Lie
bracket

[z1, [z2,[. .-, [xN—1,2N]] .. .] = adzi(adza(...adzy_1(2N)) ...) = 0.
In particular, all the elements ad(z) € gl(g) for z € g are nilpotent.

Remark 4.3. The ideal C''(g) = [g, g] is known as the derived subalgebra® of g and is also denoted'® D(g)
and sometimes g'.

7As1did in the previous version of the notes.

8Note that the minus sign is crucial to ensure this is a Lie algebra homomorphism — concretely this amounts to noticing that
A+ —A? preserves the commutator bracket on n X n matrices.

9Oddly, not as the derived ideal even though it is an ideal.

10Partly just to cause confusion, but also because it comes up a lot, playing slightly different roles, which leads to the different
notation. We'll see it again shortly in a slightly different guise.
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Lemma 4.4. Let g be a Lie algebra. Then

(1) If g is nilpotent, so is any subalgebra or quotient of g.
(2) If g/3(g) is nilpotent, then g is nilpotent.

Proof. The first part is immediate from the definition. Indeed if h C g is a subalgebra of g then clearly
we have C*(h) C Ci(g), so that if CV(g) = 0 we also have C¥ (h) = 0. Similarly, an easy induction say
shows that if h is an ideal, then C?(g/h) = (C?(g) + h)/b, and so again if C (g) = 0 we must also have
CN(g/h) = 0.

For the second claim, taking h = 3(g), an ideal of g, we see from the first part that if g/3(g) is nilpotent
so that there is some N with (C¥(g) +3(g))/3(g) = C™(g/3(g)) = 0, and so C¥(g) C 3(g). But then it is
clear that CV*1(g) = 0, and so g is nilpotent as required. O

Remark 4.5. Notice that if I is an arbitrary ideal in g, and I and g/ are nilpotent it does not follow that
g is nilpotent. Indeed recall that if g is the non-abelian 2-dimensional Lie algebra, then g can be given a
basis z, y with [z, y] = y. Hence k.y is a 1-dimensional ideal in g (which is thus abelian and so nilpotent)
and the quotient is again 1-dimensional and so nilpotent. However, ad(z) has y as an eigenvector with
eigenvalue 1, so g cannot be nilpotent, and indeed C(g) = k.y for all i > 1.

Example 4.6. Let V' be a vector space, and
IZ(OZF()CF1CF2C...CF»,L:V)

a sequence of subspaces with dim(F;) = ¢ (such a sequence is known as a flag or complete flag in V). Let
n = nz be the subalgebra of gl(V') consisting of linear maps X € gl(V') such that X (F;) C F;_; for all
i > 1. We claim the Lie algebra n is nilpotent. To see this we show something more precise. Indeed for
each positive integer k, consider the subspace
= {zecgl(V):2(F) C F_}

(where we let 0 = F} for all | < 0). Then clearly n* C n, and n* = 0 for any k& > n. We claim that
C*(n) C n**+1, which will therefore prove n is nilpotent. The claim is immediate for k = 0, so suppose
we know by induction that C*(n) C nk*!. Thenif € nand y € n**!, we have xy(F;) C z(F;_j_1) C
F;_x_o, and similarly yx(F;) C F;_j_», thus certainly [z,y] € n*+2 and so C**!(n) C n**+2 as required.

In fact you can check that C*(n) = n**1, so that nis (n — 1)-step nilpotent i.e. C"~2(n) # 0, and
C"1(n) = 0 (note that if dim(V) = 1 then n = 0). If we pick a basis {e1,ea,...,e,} of V such that
F; = span(e1, e, ..., ¢;} then the matrix A representing an element x € n with respect to this basis is
strictly upper triangular, that is, a;; = 0 for all i > j. It follows that dim(n) = (), so when n = 2 we
just get the 1-dimensional Lie algebra, thus the first nontrivial case is when n = 3 and in that case we
get a 3-dimensional 2-step nilpotent Lie algebra.

Note that the subalgebra t C gl,, of diagonal matrices is nilpotent, since it is abelian, so a nilpotent
linear'! Lie algebra need not consist of nilpotent endomorphisms. Nevertheless we will show there is
a close connection between the two notions.

Lemma 4.7. If x € gl(V') be a nilpotent endomorphism then ad(x) € gl(gl(V")) is also nilpotent.

Proof. The map A,: gl(V)) — gl(V) given by y — xy is clearly nilpotent if z is nilpotent, and similarly
for the map p,: gl(V) — gl(V) given by y — ya. Moreover, A\, and p, clearly commute with each other,
so since ad(z) = A, — p, it is also nilpotent. Indeed for m > 0 we have

(ha = )™ = i(l)i (7 )t

and so if 2™ = 0, so that A} = p? = 0, then if m > 2n, every term on the right-hand side must be zero,
and so ad(z)™ = 0 as required. O

For the next proposition we need the notion of the normaliser of a subalgebra.
Definition 4.8. Let g be a Lie algebra and let a be a subalgebra. The subspace
Nyg(a)={z €g:[z,a] € a,Va € a}
is a subalgebra of g (check this using the Jacobi identity) which is called the normaliser of a. It is the

largest subalgebra of g in which a is an ideal.

Hwe say a Lie algebra is linear if it is realized as a subalgebra of gl(V') for some finite-dimensional vector space V.
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Proposition 4.9. Let n be a Lie algebra, and (V, p) a representation of w such that for every x € n, the linear
map p(x) is nilpotent. Then the subspace

Vt={veV:p(x)(v)=0,Vr €n}.
is non-zero.

Proof. We use induction on d = dim(n), the case d = 1 being clear. Clearly the statement of the propos-
ition is unchanged if we replace n by its image in gl(V'), so we may assume that n is a subalgebra of
gl(V). Now consider a C n a proper subalgebra'?. Since the elements a € a are nilpotent endomorph-
isms, the previous lemma shows that ad(a) € gl(n) is also nilpotent, hence ad(a) also acts nilpotently
on the quotient™ n/a. Since dim(a) < dim(n), by induction (applied with V = n/a and a) we can find
z ¢ asuch that ad(a)(x) = [a, z] € afor all a € a. It follows that for any subalgebra a its normaliser

Ny(a)={z €n:[z,a] €a,Va € a}

strictly contains a. Thus if a is a proper subalgebra of n of maximal dimension, we must have N, (a) = n,
or in other words, a must actually be an ideal of n.

Now if n/a is not one-dimensional, the preimage of a one-dimensional subalgebra in n/a would be
a proper subalgebra of n strictly containing a, which again contradicts the maximality of a. Thus n/a is
one-dimensional, and we may find z € nso thatk.z @ a =n.

By induction, we know that V® = {v € V : a(v) = 0,Va € a} is a nonzero subspace of V. We claim
that z preserves V. Indeed

a(z(v)) = [a,2](v) + z(a(v)) =0, VYaecaveV

since [a, z] € a. But the restriction of z to V' is nilpotent, so the subspace U = {v € V* : z(v) = 0} is
nonzero. Since U = V" we are done. O

Remark 4.10. The notation V" used above will be used later: if g is any Lie algebra and (V,p) is a
representation of g, then we write

Ve={veV:pl)(v)=0,Vz € g}.
It is called the (possibly zero in general) subrepresentation of invariants in V.

Definition 4.11. If g is a Lie algebra and = € g, we say that an element x is ad-nilpotent if ad(x) € gl(g)
is a nilpotent endomorphism. For convenience'* we say that g is ad-nilpotent if all of its elements are.

Theorem 4.12. (Engel’s theorem) A Lie algebra g is nilpotent if and only if ad(x) is nilpotent for every « € g.

Proof. In the terminology of the above definition, the theorem states that a Lie algebra is nilpotent if
and only if it is ad-nilpotent. As we already noted, it is immediate from the definition that a nilpotent
Lie algebra is ad-nilpotent, so our task is to show the converse. For this, note that it is clear that if g is
ad-nilpotent, then any quotient of it is also ad-nilpotent. Hence using induction on dimension along
with Lemma 4.4 (2), it will be enough to show that 3(g) is a non-zero. Now

slg) ={z€0:[za]=0,vz € g}
={z€g:—ad(z)(z) =0,Vz € g}
_ gad(G),

hence applying Proposition 4.9 to the adjoint representation of g, it follows immediately that 3(g) # 0

and we are done.
O

The following is an important consequence of the Proposition 4.9.

Corollary 4.13. Let g be a Lie algebra and (V, p) a representation of g such that p(x) is a nilpotent endomorphism
forall € g. Then there is a complete flag F = (0 = Fy C Fy C ... C F,, = V) such that p(g) C nr.

1211 lecture 1 insisted that a was non-zero, but actually we don’t need this.

13The notation here can be a bit confusing: the Lie algebra n is an a-representation by the restriction of the adjoint represent-
ation of g to a. Since a is a sub-a-representation of g, the quotient g/a is an a-representation. Note however that it is not itself a
Lie algebra unless a is an ideal of g.

14Though because of the following theorem this terminology won’t be used much.
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Proof. Let us say that g respects a flag F if p(g) C nr. Use induction on dim(V'). By the Proposition
4.9, we see that the space V¢ # 0. Thus by induction we may find a flag 7’ in V/V" which n respects.
Taking its preimage and extending arbitrarily (by picking any complete flag in V'¢) we get a complete
flag in V, we obtain a flag which g clearly respects as required. O

5. SOLVABLE LIE ALGEBRAS

We now consider another class of Lie algebras which is slightly larger than the class of nilpotent
algebras. For a Lie algebra g, let D°g = g, and D*"'g = [D'g, D'g]. D'g is the i-th derived ideal of g.
Note that C'(g) = D'g is Dg the derived subalgebra of g.

Definition 5.1. A Lie algebra g is said to be solvable if DV g = 0 for some N > 0.

Since it is clear from the definition that D’g C C’(g), any nilpotent Lie algebra is solvable, but as
one can see by considering the non-abelian 2-dimensional Lie algebra, there are solvable Lie algebras
which are not nilpotent.

Example 5.2. Let VV be a vector spaceand F = (0 = Fy < I} < ... < F,, = V) acomplete flagin V. Let

that is, br is the subspace of endomorphisms which preserve the complete flag 7. We claim that br
is solvable. Since any nilpotent Lie algebra is solvable, and clearly g is solvable if and only if D'g is,
the solvability of g will follow if we can show that D'g = nz. To see this, suppose that z,y € bz and
consider [z, y]. We need to show that [z, y](F;) C F;_; for each 4, 1 < i < n. Since x,y € bz, certainly
we have [z,y](F;) C F; forall,1 < i < n, thusitis enough to show that the map [z, y] induced by [z, y]
on F;/F;_; is zero. But this map is the commutator of the maps induced by z and y in End(F;/F;_1),
which since F;/F;_; is one-dimensional, is abelian, so that all commutators are zero.

If we pick a basis {e1, €2, ..., e, } of V such that F; = span(ey, ..., ¢;), then gl(V) gets identified with
gl,, and br corresponds to the subalgebra b,, of upper triangular matrices. It is straight-forward to
show by considering the subalgebra t,, of diagonal matrices that b,, is not nilpotent.

We will see shortly that, in characteristic zero, any solvable linear Lie algebra g C gl(V) is a subal-
gebra of br for some complete flag 7. We next note some basic properties of solvable Lie algebras.

Lemma 5.3. Let g be a Lie algebra, ¢: g — b a homomorphism of Lie algebras.
(1) If ¢ is surjective, then ¢p(D*g) = D*(¢(g)). In particular ¢(g)) is solvable if g is, thus any quotient of
a solvable Lie algebra is solvable.
(2) If g is solvable then so are all subalgebras of g.
(3) Ifim(¢) and ker(¢p) are solvable then so is g. Thus if I is an ideal and I and g/1 are solvable, so is g.

Proof. The first two statements are immediate from the definitions. For the third, note that if im(¢) is
solvable, then for some N we have Dim(¢) = {0}, so that by part (1) we have D" (g) C ker(¢), hence
if DMker(¢) = {0} we must have DY+ g = {0} as required. O

Note that, as mentioned above, the part 3) of the above Lemma is false for nilpotent Lie algebras.
5.1. Lie’s theorem. In this section we will assume that our field k is algebraically closed of characteristic zero.

Lemma 5.4. (Lie’s Lemma) Let g be a Lie algebra and let I C g be an ideal, and V' a finite dimensional repres-
entation. Suppose v € V' is a vector such that x(v) = A(z).v for all x € I, where \: I — k. Then X\ vanishes on
o, 1] C 1.

Proof. Let + € g. For each m € N let W,,, = span(v,z(v),...,z™(v)}. Thus the W, form a nested
sequence of subspaces of V. We claim that ha™(v) € A(h)z™v + W,y forall h € I and m > 0. Using
induction on m, the claim being immediate for m = 0, note that

ha™(v) = [h,z]a™  (v) + zha™  (v)
€ (A([h, 2])a™ o+ Win—a) + 2(A(R)2™ ! (v) + W)
€ AMh)z™(v) + Wi,
where in the second equality we use induction on m for both h, [h, z] € I.
Now since V is finite dimensional, there is a maximal n such that the vectors {v, z(v),...,z"(v)}
are linearly independent, and so W,,, = W, for all m > n. It then follows from the claim that WV, is

preserved by = and every h € I. Moreover, the claim shows that for any & € I the matrix of [z, h]
with respect to the basis {v, z(v) ..., 2™ (v)} of W, is upper triangular with diagonal entries all equal to
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A([z, h)). Tt follows that tr([z, h]) = (n + 1)A([z, h]). Since the trace of a commutator is zero', it follows
that (n + 1)A([z, h]) = 0, and so since char(k) = 0 we conclude that \([z, h]) = 0. O

Theorem 5.5. (Lie’s theorem) Let g be a solvable Lie algebra and V is a g-representation. Then there is a
homomorphism X: g — gl, (k) and a nonzero vector v € V such that x(v) = A(z).v forall x € g.

Proof. We use induction on dim(g). If dim(g) = 1, then g = k.z for any nonzero x € g, and since k is
algebraically closed, x has an eigenvector in V' and we are done. For dim(g) > 1, consider the derived
subalgebra D'g. Since g is solvable, D'gis a proper ideal of g. The quotient g/ D'g is abelian, and taking
the preimage of any codimension one subspace of it gives a codimension 1 ideal I of g. By induction
we may pick a homomorphism A: I — k such that the subspace U = {w € V : z(w) = A(h).w,Vh € I}
is nonzero. Now if x € g, then

h(z(w)) = [h, z](w) + zh(w)
= A([h, z])(w) + A(h).z(w)
= Ah).z(w).

where in the second equality we used Lie’s Lemma. Thus g preserves U. Now since I is codimension
one in g, we may write g = kz @ I for some = € g. Taking an eigenvector v € U of « completes the
proof. O

The analogue of Corollary 4.13 for solvable Lie algebras is the following:

Corollary 5.6. Let b C gl(V') be a solvable subalgebra of gl(V'). Then there is a complete flag F of V' such that
bCbr.

Proof. By induction on dim(V'), where Lie’s theorem provides the induction step. O

Note that this theorem shows that if g is a solvable Lie algebra, then any irreducible representation of
g is one-dimensional. Since the converse is clearly true, we can rephrase Lie’s theorem as the statement
that any irreducible representationa of a solvable Lie algebra is one-dimensional. As such it is natural
to note the following simple Lemma.

Lemma 5.7. Let g be a Lie algebra. The one-dimensional representations of g are parametrized by the vector
space (g/Dg)* as follows: if (V, p) is a a representation of g and dim(V') = 1, then p: g — End(V) = k, and
p(Dg) = 0, so that p induces a linear functional o.: g/Dg — k.

Proof. If p: g — gl(V), then since dim (V') = 1, the associative algebra End (V') is commutative, so that
gl(V) is abelian. Thus

p([z,y]) = p(@)p(y) — p(y)p(z) =0, (Va,y € g),
hence p(Dg) = 0, and p induces o € (g/Dg)* as claimed. Conversely, given a: (g/Dg)*, the map
p: g — gl (k) given by x — oz + Dg) is a Lie algebra homomorphism, because

p([z,y]) = 0 = a(z + Dg)a(y + Dg) — a(y + Dg)a(x + Dg)
0

An isomorphism classes of one-dimensional representations of g are thus given by the space of linear
functionals (g/Dg)*. We will refer to an element « € (g/Dg)* as a weight of g. They should be thought
of as the generalization of the notion of an eigenvalue of a linear map. Lie’s theorem shows that if g
is a solvable Lie algebra (hence in particular if g is nilpotent), then any irreducible representation is
one-dimensional, so that (g/Dg)* parametrizes the irreducible representations of g. For o € (g/Dg)*
let us write k, for the representation (k, ) of g on the field k given by «.

6. REPRESENTATIONS OF NILPOTENT LIE ALGEBRAS

In this section we assume that k is an algebraically closed field of characteristic zero.

A representation (p, V) of the one-dimensional Lie algebra gl; (k) on a k-vector space V is given,
once we chose a basis vector e of gl,(k), by a single linear map ¢: V' — V via the correspondence
¢ = p(e). Thus the classification of representation of gl; (k) is equivalent to the classification of linear
endomorphisms'® This classification is of course given by the Jordan normal form (at least over an al-
gebraically closed field). In this section we will see that a (slightly weaker) version of this classification
holds for representations of any nilpotent Lie algebra.

157t i important here that p([z, h]) is the commutator of p(z) and p(h) both of which preserve Wy, — by the claim in the case of
p(h), and by our choice of n in the case of p(x) —in order to conclude the trace is zero.
16Essen’cially the same is true for representations of the abelian group Z.
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6.1. Generalised eigenspaces. We begin by reviewing some linear algebra. Let x: V' — V be a linear
map. Let V) be the generalized eigenspaces for « with eigenvalue A:

Va={veV:3IN>0,(z—N"(v) =0}
(thus V} is zero unless A is an eigenvalue of z).

Lemma 6.1. Let z: V' — V be a linear map. There is a canonical direct sum decomposition

V=W,

A€k

of V into the generalized eigenspaces of x. Moreover, for each A, the projection to ay: V — V) (with kernel the
remaining generalized eigenspace of x) can be written as a polynomial in x.

Proof. Let m, € k[t] be the minimal polynomial of z. Then if ¢: k[t] — End(V') given by ¢ — x denotes

the natural map, we have k[t]/(m;) = im(¢) C End(V). If m, = Hle(t — Ai)™ where the \; are the

distinct eigenvalues of z, then the Chinese Remainder Theorem shows that

k

k[t]/ (ma) 2= @D KIH]/(t = Xa)™,

i=1

It follows that we may write 1 € k[t]/(m,) as 1 = e1 + ... + e according to the above decomposition.
Now clearly e;e; = 0if i # j and e = ¢;, so that if U; = im(e;), then we have V = Di<i<r Ui
Moreover, each ¢; can be written as polynomials in x by picking any representative in k[t] of e; (thought
of as an element of k[t]/(m;)). Note in particular this means that each U; is invariant under im(¢).

It thus remains to check that U; = V). Since (t — \;)™e; = 0 € k[t]/(my), it is clear that U; C Vy,. To
see the reverse inclusion, suppose thatv € V), so that, say, (z—X\;)"(v) = 0. Write v = v;+. . .+vy, where
vj € U;. Now since (z — \;)"(v) = 0, and each U; is stable under im(¢) it follows that (z — X;)"(v;) =0
foreach j, (1 <j <k). If1 <l <kand! # k, thensince (¢t — \;)" and (¢ — \;)™ are coprime, we may
find a,b € k[t] such that a.(t — X\;)™ + b.(t — \)™ = 1.

Setting t = x in this equation, and applying the result to the vector v; we find:

a.(t — )\1)” + b(t - )\l)”l)(vl)
Ai)" (o) + (8= A)™ (vn)

v = ]..Ul = (
6.1) = (
0

)

where the first term is zero by the above, and the second term is zero since v; € U;. It follows that
v =1v; € U; and so V), C U; as required.
O

Next it is convenient to introduce some notation.

Definition 6.2. A sequence of maps of g-representations
Uv—svow
is said to be exact at V if im(«) = ker(3). A sequence of maps

0—>U-—sv_Low_— o

is called a short exact sequence if it is exact at each of U, V and W, so that « is injective and /5 is surjective
and im(«) = ker(B). If V is the middle term of such a short exact sequence, it contains a subrepresent-
ation isomorphic to U, such that the corresponding quotient representation is isomorphic to W, and
hence, roughly speaking, V' is built by gluing together U and W in some fashion.

The crucial step in our generalisation of a Jordan decomposition is to show that if g is nilpotent, and
U and V are non-isomorphic one-dimensional representations, then they cannot be “glued together”
in any way other than by taking their direct sum.

Lemma 6.3. Let g be a nilpotent Lie algebra, and let o, 8 € (g/Dg)* be distinct. Any exact sequence of
g-representations

0 Ke 1% ks 0

splits, that is, V = ko @ kg.
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Proof. Suppose (V, p) is a representation as in the statement of the Lemma. Clearly, if « € g, then p(x)
has eigenvalues a(x), 8(z). Since o # § we may find x¢ € g such that a(z) # (), and hence p(x¢)
has distinct eigenvalues, and so is diagonalizable. But then it is easy to see that ad(p(xz¢)) € gl(gl(V)) is
diagonalizable with three distinct eigenvalues {0, +(a(x) — B(x))} and moreover the zero eigenspace is
exactly the abelian subalgebra of matrices which preserve the eigenlines of p(z). Since g is nilpotent,
the image p(g) lies in the 0-generalized eigenspace of p(z(), and hence the eigenlines of p(z() are
subrepresentations, isomorphic to k., and kg as required. O

The next theorem defines the analogue for nilpotent Lie algebras of the generalised eigenspaces
spaces for a single linear map.

Theorem 6.4. Let by be a nilpotent Lie algebra and (V, p) a finite dimensional representation of ). For each
A€ (g/Dg)*, set

Ww={veV: forall x € b,3In > 0such that (p(z) — M\«))"(v) = 0}.

V:@VA
A

that is, V' is the direct sum of subrepresentations indexed by the one-dimensional representations occuring in V.

Then

Proof. We first show that the V) form a direct sum. Indeed suppose we have a relation v +ve+. . .4v;, =
0 where v; € V), say, for pairwise distinct A1, A2, ..., Ax € (g/Dg)*. Since (g/Dg) is not a finite union of
codimension 1 subspaces'”, we may find an z € g such that \;(z) # \;(x) for i # j. But then since Vj,
is clearly contained in the generalized \;(z)-eigenspace of p(x), and generalized eigenspaces form a
direct sum, we see that each v; must be zero. Note this also shows that there can be only finitely many
nonzero V)s.

We now prove the theorem by induction on dim(V'), the result being clear if dim(V') = 1. By Lie’s
theorem, we may pick a g-invariantline L < V. Consider the representation U = V//Landletq: V — U
denote the quotient map. By induction we have U = @, Uy, (Where the U)s are defined in the same
way as the Vys) a direct sum of g-subrepresentations. Now since L is 1-dimensional, we have L = k,
for some a € (g/Dg)* so that L C V.

Let Wy = ¢~!(U,), a subrepresentation of V. Clearly V), C W, with equality if A = a. We claim
that g1 (Uy) = L @ V) if @ # . Clearly the theorem follows once we have established the claim. If
dim(W,) < dim(V), the claim follows by induction, so we are reduced to the case where V' = W), for
some A # a.

By Lie’s theorem, the representation U = V/L contains a 1-dimensional subrepresentation, whose
preimage in V' is a 2-dimensional subrepresentation W which lies in an exact sequence as in Lemma
6.3. It follows that W splits as a direct sum W = L & L', where L’ = k, so that L' C V,. But then V/L’
has dimension less than dim(V'), so that by induction it splits as a direct sum L & (V/L’), and since Vy
is clearly the preimage of (V/L’),, (because L’ = kj) it follows that V' = L @ V), as required..

O

Remark 6.5. The (nonzero) subrepresentations V), are known as the weight spaces of V, and X € (/Dh)*
for which V) # 0 are known as the weights of V.
7. CARTAN SUBALGEBRAS

In this section we work over an algebraically closed field k.
Let g be a Lie algebra. Recall that if §j is a subalgebra of g then the normalizer Ny(h) of g is

Ng(h) ={x €g:[z,h] € h,Vh e}

It follows immediately from the Jacobi identity that Ny(b) is a subalgebra, and clearly Ny(b) is the
largest subalgebra of g in which b is an ideal.

Definition 7.1. We say that a subalgebra ) is a Cartan subalgebra if it is nilpotent and self-normalizing,
thatis, Ny(h) = b.

It is not clear from this definition if a Lie algebra necessarily has a Cartan subalgebra. To show this
we need a few more definitions.

17For this one needs to assume that the field k is infinite.
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Definition 7.2. If z € g, let go , be the generalized 0-eigenspace of ad(z), that is
go.x = {y € g: IN > 0 such that ad(z)" (y) = 0}

We say that = € g is regular if gg , is of minimal dimension. Note that it follows from the formula:

n

A ad()"l5:2] = 3 () ) () ()" o)

k=0

that go , is a subalgebra of g. (The formula can be established, for example, by an easy induction.)
Lemma 7.3. Let x € g be a regular element. Then g ,, is a Cartan subalgebra of g.

Proof. We first show that b is a self-normalizing in g. Indeed if z € Ny(h) then [z, 2] € b (since certainly
x € b), so that for some n we have ad(z)"([z,2]) = 0, and hence ad(z)"*!(z) = 0 and z € b as
required'®.

To show that b is nilpotent, we use Engel’s theorem, that is we will show that for each y € § the
map ad(y) is nilpotent as an endomorphism of . To show ad(y) is nilpotent on ), we consider the
characteristic polynomial of ad(y) on g and . Since b is a subalgebra of g, the characteristic polynomial
xY(t) € k[t] of ad(y) on g is the product of the characteristic polynomials of ad(y) on h and g/h, which
we will write as ¥ (¢) and X} (¢) respectively.

We may write x¥(t) = > ._, ck(y)t" (where n = dim(g)). Pick {h1, ho,...,h,} a basis of b, so that
we may write y = >.._, z;h;. Then we may view the coefficients ¢ as polynomials in the coordinates
{z; : 1 < i < r}. Similarly, we have x§ = >, _, dx(y)t*and x§ = > i ei(y)t' where the d;,e; are
polynomials in the {z; : 1 < i < r}. Now we know that if y = x then ad(x) is invertible on g/b, since it
has no 0-eigenspace there, so that x3 has ey(x) # 0, and thus the polynomial e, is nonzero.

Now for each y € h the number min{: : ¢;(y) # 0} is clearly dim(go , ). However, suppose we write
Xi(t) =t° 2;3 dp1st®, where dg # 0 is a nonzero polynomial in the {z; : 1 <4 < r}. Then we would
have

Xy(f,) = ts(ds + d5+1t + .. .)(60 +ept+ .. ) =t’dseqg + ...,

hence if we pick z € g , such that d;(z)eo(z) is nonzero, then go , has dimension s, so by the assump-
tion that « is regular, we must have s > r. On the other hand s < r since x; has degree r, thus we
conclude that s = rand x7 (t) = " forall y € gy ,. Hence every ad(y) is nilpotent on gy ,, so that go , is
a Cartan subalgebra as required.

O

In the course of the proof of the above Proposition we used the following fact about the coefficients
of the characteristic polynomial. It was crucial because, whereas the product of two arbitrary nonzero
functions may well be zero, the product of two nonzero polynomials (over a field) is never zero. For
completeness we give a proof'”. (To apply it to the above, take V = g, A = h and ¢ = ad).

Lemma 7.4. Suppose that V and A are finite dimensional vector spaces, ¢: A — End(V') is a linear map, and
{a1,az2,...,a} is a basis of A. Let

Yalt) = 3 cila)t’ € K[f

-

Il
o

be the characteristic polynomial of ¢(a) € A. Then if we write a = Zle x;a,, the coefficients c;(a) (1 <1 < d)
are polynomials in k[z1, 2, . .., Tk].

Proof. Pick abasis of V' so that we may identify End (V') with Mat,, (k) the space of n x n matrices. Then
each ¢(a;) is a matrix (a?*),<; j<p, and if a = Zle z;a;, we have

k

Xa(t) = det(tl, = Y zip(as)),

i=1

which from the formula for the determinant clearly expands to give a polynomial in the z; and ¢, which
yields the result. O

18Note that this didn’t use the fact that z is regular, hence go,, gives a self-normalizing subalgebra of g for any = € g.
191f this all seems overly pedantic then feel free to ignore it.
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Remark 7.5. As an aside, there’s no reason one needs to pick a basis of a vector space V in order to talk
about the space k[V] of k-valued polynomial functions on it. For example, one can define k[V] to be the
subalgebra of all k-valued functions on V' which is generated by * the space of functionals on V. (This
is fine if k is algebraically closed at least, if that is not the case then one should be a bit more careful,
e.g. recall if k is finite, then an element of k|t] is not a function on k).

8. THE CARTAN DECOMPOSITION

In this lecture we work over an algebraically closed field k of characteristic zero.

Our study of the representation theory of nilpotent Lie algebras can now be used to study the struc-
ture of an arbitrary Lie algebra. Indeed, if g is any Lie algebra, we have shown that it contains a Cartan
subalgebra b, and the restriction of the adjoint action makes g into an h-representation. As such it
decomposes into a direct sum

g= @ gx-

Ae(h/Db)*
The next Lemma establishes some basic properties of this decomposition.

Lemma 8.1. Let g, b be as above. Then b = go. Moreover, if \, y are one-dimensional representations, then

[gka g,u] g g)\—i—,u-

Proof. Clearly h C go, since b is nilpotent. Consider go/h as an h-representation. By Lie’s theorem it
contains a one-dimensional submodule L, and since § acts nilpotently on gy be definition, h acts as zero
on L. But then the preimage of L in gy normalizes h which contradicts the assumption that h is a Cartan
subalgebra.

The second part follows from the identity:

81 (ad(x) - (@) + p(@))" [y, 2] = Y (T;) [(ad(z) = A(@)-1)"(y), (ad(x) — p(w).1)""*(2)).
i=0
which is straight-forward to establish by induction on n. O

Definition 8.2. By the previous Lemma, if b is a Cartan subalgebra of g then g decomposes into a direct

sum
g :b®@gA~

A#£0

This is known as the Cartan decomposition of g. The set ® of non-zero A € (g/Dg)* for which the
subspace g, is non-zero is called the set of roots of g, and the subspaces gy are known? as the root spaces
of g.

Although we will not prove it in this course, any two Cartan subalgebras of g are conjugate by an
au’comorphism21 of g, that is, given any two Cartan subalgebras b, h, there is an isomorphism a: g — g
such that a(h1) = b, so that the decomposition of g is unique up to automorphisms.

9. TRACE FORMS AND THE KILLING FORM

In this section we introduce certain symmetric bilinear forms, which will play an important role in
the rest of the course. See the Section 22 for a brief review of the basic theory of symmetric bilinear
forms®.

Definition 9.1. If g is a Lie algebra, and let (V, p) be a representation of g. we may define a bilinear
formty : g x g — k on g, known as a trace form by setting

ty(z,y) = trv (p(z)p(y)).

2;¢. in the terminology for representations of nilpotent Lie algebras discussed above, the roots of g are the weights of g as

an h-representation.

2ln fact, they are even conjugate by what is known as an inner automorphism.

22Part A Algebra focused more on positive definite and Hermitian forms, but there is a perfectly good theory of general
symmetric bilinear forms.
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Clearly, ty is symmetric and bilinear, because tr(ab) = tr(ba), for any endomorphisms a, b of V, but
it also satisfies another important property: it is invariant, that is:

tV([xayL Z) = tv(.’ﬂ, [ya Z])

To see this, note that

tv([z,y], 2) = tr(p([z,y])p(2))
= tr(p(z)p(y)p(2)) — tr(p(y)p(x)p(2))
= tr(p(x)p(y)p(2)) — tr(p(x)p(2)p(y))
= tr(p(x), p([y, 2]))

where in the second line we again used the fact that tr(ab) = tr(ba).

Definition 9.2. The Killing form x: g x g — k is the trace form given by the adjoint representation, that
is:

r(z,y) = tr(ad(z)ad(y)).

Note that if a C g is a subalgebra, the Killing form of a is not necessarily equal to the restriction of
that of g. We will write x9 when it is not clear from context which Lie algebra is concerned.

If a is an ideal in g, then in fact the Killing form is unambiguous, as the following Lemma shows.

Lemma 9.3. Let a be an ideal of g. The Killing form x° of a is given by the restriction of the Killing form k% on
g, that is:

Proof. If a € a we have ad(a)(g) C a, thus the same will be true for the composition ad(a;)ad(az) for
any a1, as € a. Thus if we pick a vector space complement W to a in g, the matrix of ad(a; )ad(az) with
respect to a basis compatible with the subspaces a and W will be of the form

A B

0 0.
where A € End(a) and B € Homy(a, W). Then clearly tr(ad(a;)ad(az)) = tr(A). Since A is clearly
given by ad(a;)|qad(az2)|., we are done. O

The Killing form also allows us to produce ideals: If a denotes a subspace of g, then we will write

al for the subspace
{z €g:k(x,y)=0,Yy € a}.

Lemma 9.4. Let g be Lie algebra and let a be an ideal of g. Then a™ is also an ideal of g.
Proof. Suppose that z € gand z € a*. We need to show that [z, z] € a*. Butif y € a we have

K([‘rv'z]ay) = —H([Z,.I‘],y) = —Ii(Z, [at,y]) =0,

since [z,y] € a since a is an ideal. Hence [z, 2] € a* as required. O

10. CARTAN CRITERIA FOR SOLVABLE LIE ALGEBRAS

In this section k is an algebraically closed field of characteristic zero.
We now wish to show how the Killing form yields a criterion for determining whether a Lie algebra
is solvable or not. For this we need a couple of technical preliminaries.

Lemma 10.1. Let g be a Lie algebra and let b be a Cartan subalgebra, so that the Cartan decomposition of g is
h @ P,co 9r Let o, 3 be roots. Then there is an r € Q such that the restriction of (3 to (g, §—a] is equal to rov.

Proof. The set of roots @ is finite, thus there are positive integers p, ¢ such that 5+ta € @ for all integers
twith—p<t<gbutf—(p+1l)a¢ Pand+ (¢+1)a¢ ®. Let M =P _,_,, 9p+ta- If 2 € [ga, 9-0]
is of the form [z,y] where z € g.,y € g, then since ad(2)(gs+¢a) € 9p+(g+1)a = 10}, we see that
ad(z) and ad(y) preserve M. Thus the action of ad(z) on M is the commutator of the action of ad(x)
and ad(y) on M, and so tr(ad(z), M) = 0. On the other hand, we may also compute the trace of ad(z)
on M directly:



LIE ALGEBRAS 15

o
I

tr(ad(z), M)
Z tr(ad(z>7 gﬂ+to¢)

—p<t<q

= > (B(2) + ta(2)) dim(gpta)-

—p<t<q

since any h € h acts on a root space gy with unique eigenvalue A\(h). Rearranging the above equation
gives 3(z) = ra(z) for some r € Q as required (where the denominator is a sum of dimensions of
subspaces which are not all zero, and hence is nonzero). O

Proposition 10.2. Suppose that g is a Lie algebra, and suppose that Dg = g. Then there is an « € g for which
k(z,x) # 0.

Proof. Suppose that b is a Cartan subalgebra of g, and that g = @, c4,,(0y 91- Then by our assumptions

we have
g=Dg=[gal=[ P o P o= lor0al

AedU{0} ned®U{0} A
Now since we know that [gx, g,.] € g+, and moreover ) = gy, it follows that we must have

b = [ba m + Z[gk7g—>\]a
A

where the sum is over those roots A such that —\ is also a root. Now since Dg = g we see that g is not
solvable, and hence ) # g. Thus there is at least one root 5 € ®. Since 8 by definition vanishes on Db,
there must be an « € ® for which 5([ga, 9—a]) # {0}. Picking = € [ga, 9—] such that 5(z) # 0, we find
that:
k(z,x) = tr(ad(z),ad(z)) = Z dim(gy)(A(z))?,
A€d

since the action of ad(z) on g, has unique eigenvalue A(x). Now by Lemma 10.1 we know there are
rational numbers 7 o, € Q such that A\(z) = r) o(z) for each A € ®, and hence

r(z,x) = () dim(gn)r3 o)a(2)?,

re®
Now B(z) = ra,qa(z), and () # 0, hence a(x) # 0 and rg o # 0. It follows that x(z,z) # 0 also. O

The Killing form can be used to detect when a Lie algebra is solvable.

Theorem 10.3 (Cartan’s criterion for solvability). A Lie algebra g is solvable if and only if the Killing form
restricted to Dy is identically zero.

Proof. Consider the derived series D*g, (k > 1). If there is some k with D¥g = D¥*lg = D(D*g), then
by Lemma 9.3 and Proposition 10.2 there is an 2 € D¥g with

K9 (x,x) = nDkg(x,as) # 0,

and hence & is not identically zero. Thus we conclude D¥*!g is a proper subspace of D*g for each k,
and hence since g is finite dimensional, it must be solvable as required.

For the converse, if g is solvable, then by Lie’s theorem we can find a filtration 0 C F; C F> C ... C
F, = g of ad-stable subspaces with dim(F;) = i. Now if z,y € g the maps induced by ad(z)ad(y)
and ad(y)ad(z) on F;/F;_; are equal, since gl; is commutative. Thus it follows that if z = [z, y] € Dy,
then ad(z) = [ad(z),ad(y)] maps F; into F;_; and hence for all z € Dg we have ad(z)(F;) C F;_.
But now if 21,22 € Dg, then ad(z)ad(z2)(F;) C F;—2, and hence ad(z;)ad(z2) is nilpotent, and so
k(z1, 22) = tr(ad(z1)ad(z2)) = 0 as required.

O

11. SEMISIMPLE LIE ALGEBRAS, EXTENSIONS AND SEMI-DIRECT PRODUCTS.

Suppose that g is a Lie algebra, and a and b are solvable Lie ideals of g. It is easy to see that a + b is
again solvable (for example, because 0 C a C a + b, and a and (a + b)/a = b/(a N b) are both solvable).
It follows that if g is finite dimensional, then it has a largest solvable ideal ¢ (in the strong sense: every
solvable ideal of g is a subalgebra of t).
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Definition 11.1. Let g be a finite dimensional Lie algebra. The largest solvable ideal ¢ of g is known as
the radical of g, and will be denoted rad(g). We say that g is semisimple if rad(g) = 0, that is, if g contains
no non-zero solvable ideals.

Lemma 11.2. The Lie algebra g/rad(g) is semisimple, that is, it has zero radical.

Proof. Suppose that s is a solvable ideal in g/rad(g). Then if s’ denotes the preimage of s in g, we see
that s’ is an ideal of g, and moreover it is solvable since rad(g) and s = s’ /rad(g) as both solvable. But
then by definition we have s’ C rad(g) so that s’ = rad(g) and s = 0 as required. O

Thus we have shown that any Lie algebra g contains a canonical solvable ideal rad(g) such that
g/rad(g) is a semisimple Lie algebra. We thus have an exact sequence®

0 rad(g) g g/rad(g) —0,

so that, in some sense at least, every finite dimensional Lie algebra is “built up” out of a semisimple
Lie algebra and a solvable one. Slightly more precisely, if

0 Ll g g2 0
is an exact sequence of Lie algebras, we say that g is an extension of gs by g;. Thus Lemma 11.2 can be
rephrased as saying that any Lie algebra is an extension of the semisimple Lie algebra g/rad(g) by the
solvable Lie algebra rad(g).

Definition 11.3. Suppose that g, b are Lie algebras, and we have a homomorphism ¢: g — Derk(bh),
the Lie algebra of derivations* on h. Then it is straight-forward to check that we can form a new Lie
algebra h x g, the semi-direct product of g and b by ¢ which as a vector space is just g ® h, and where the
Lie bracket is given by:

[(@1,91), (T2, y2)] = ([71, 22] + d(y1)(72) — P(y2)(21), [y1,2]),

where z1, 22 € b, y1,y2 € g. This is the Lie algebra analogue of the semidirect product of groups, where
you build a group H x G via a map from G to the automorphisms (rather than derivations) of H. The
Lie algebra ), viewed as the subspace {(z,0) : z € h} of h x g, is clearly an ideal of h x g and it is easy
to check that we then have an extension

0——h——=hxg—g——0.
Thus semi-direct products give us examples of extensions of Lie algebras.
In fact, semidirect products correspond to a relatively simple kind of extension.

Definition 11.4. An extension of Lie algebras

0——=g g—> g 0
is said to be split if there is a map s: go — g such that ¢ o s = idg,. If such a map exists, then its
image s(g2) is a subalgebra of g which is isomorphic to g and is complementary to g;, in the sense that
g = g1 P g2 as vector spaces. In fact we have g = g; x s(g2) where s(g2) acts by derivations on g, via
the adjoint action (since g; is an ideal in g).
Note that there may be many ways to split an exact sequence of Lie algebras (see the problem sheet).

In characteristic zero, the extension of Lie algebras given by the rad(g) and g/rad(g) is always split:

Theorem 11.5. (Levi’s theorem) Let g be a finite dimensional Lie algebra over a field k of characteristic zero, and
let v be its radical. Then there exists a semisimple subalgebra s of g such that g = ¢ x s.

Note that in particular s is isomorphic to g/rad(g). We will not prove this theorem in this course.

Remark 11.6. (More of a cultural aside.) Note that an extension does not a priori have to split! We saw
this already for representations of nilpotent Lie algebras: If g = n; the one-dimensional Lie algebra,
then its natural 2-dimensional representation on k? given by the inclusion ny — gl, (k) gives a non-split
extension

0 ko —— k? ko 0
where kg is the trivial representation, and i: kg — k? is the inclusion ¢ ~ (¢,0). In fact it’s easy to see
using linear algebra that for gl; (k) = ny, an extension of one-dimensional representations k, and kg
automatically splits if & # 3 while there is, up to isomorphism, one non-split extension of k., with itself

(a, B € (gl (k)")-

230f Lie algebras rather than representations, but exactly the same definitions apply in this case also: the image of the
incoming morphism is the kernel of the outgoing morphism. In particular the zeros at each end record the facts that the map
from rad(g) to g is injective (since it is an inclusion) and the map from g to g/rad(g) is surjective (since it is a quotient map).

24Recall that the derivations of a Lie algebra are the linear maps o: h — f such that a([z, y]) = [a(z), y] + [z, a(y)].
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12. CARTAN’S CRITERION FOR SEMISIMPLICITY

The Killing form also gives us a way of detecting when a Lie algebra is semisimple. Recall that a
bilinear form B: V x V' — k is said to be nondegenerate if {v € V : Vw € V, B(v,w) = 0} = {0}. To
prove it we first note the following simple result.

We have the following simple characterisation of semisimple Lie algebras.

Lemma 12.1. A finite dimensional Lie algebra g is semisimple if and only if it does not contain any non-zero
abelian ideals.

Proof. Clearly if g contains an abelian ideal if contains a solvable ideal, so that rad(g) # 0. Conversely,
if s is a non-zero solvable ideal in g, then the last term in the derived series of s will be an abelian ideal
of g (check this!). |

Theorem 12.2. A Lie algebra g is semisimple if and only if the Killing form is nondegenerate.

Proof. Let gt = {z € g : k(z,y) = 0,Vy € g}. Then by Lemma 9.4 g is an ideal in g, and clearly the
restriction of s to gt is zero, so by Cartan’s Criterion, and Lemma 9.3 the ideal g* is solvable. It follows
that if g is semisimple we must have g* = {0} and hence x is non-degenerate.

Conversely, suppose that  is non-degenerate. To show that g is semisimple it is enough to show
that any abelian ideal of g is trivial, thus suppose that a is an abelian ideal. Then if z+ € aand y € g
is arbitrary, the composition ad(x)ad(y)ad(z) must be zero, since ad(y)ad(z)(z) € a for any z € g, as
a is an ideal, and since a is abelian ad(a)(b) = O for all a,b € a. But then clearly (ad(y)ad(z))? = 0,
so that ad(y)ad(z) is nilpotent and x(a,z) = 0 for all z € g. But then a C g* = {0} and a = {0} as
required. O

13. SIMPLE AND SEMISIMPLE LIE ALGEBRAS

Definition 13.1. We say that a Lie algebra is simple if it is non-Abelian and has no nontrivial proper
ideal. We now show that this notion is closed related to our notion of a semisimple Lie algebra.

Proposition 13.2. Let g be a semisimple Lie algebra, and let I be an ideal of g. Then g = I & I+,

Proof. Since g is semisimple, the Killing form is nondegenerate, hence (see for example notes on the
course webpage) we have

(13.1) dim(I) 4 dim(I+) = dim(g).

Now consider I N I*+. The Killing form of g vanishes identically on I N I+ by definition, and since it is
an ideal, the Killing form of 7N I+ is just the restriction of the Killing form of g. It follows from Cartan’s
Criterion that I N I+ is solvable, and hence since g is semisimple we must have I N I+ = 0. But then
by Equation (13.1) we must have g = I @ I+ as required (note that this is a direct sum of Lie algebras,
since [I,I+] Cc INT*). O

Proposition 13.3. Let g be a semisimple Lie algebra.

(1) Any ideal and any quotient of g is semisimple.
(2) Then there exist ideals g1, g2, - .. 9x C g which are simple Lie algebras and for which the natural map:

g1 DG D...Dgr — 9,

is an isomorphism. Moreover, any simple ideal a € g is equal to some g; (1 < i < k). In particular the
decomposition above is unique up to reordering, and g = Dag.

Proof. For the first part, if I is an ideal of g, by the previous Proposition we have g = I & I+, so that
the Killing form of g restricted to I is nondegenerate. Since this is just the Killing form of I, Cartan’s
criterion shows that I is semisimple. Moreover, clearly g/I = I+ so that any quotient of g is isomorphic
to an ideal of g and hence is also semisimple.

For the second part we use induction on the dimension of g. Let a be a minimal non-zero ideal in g.
If a = g then g is simple, so we are done. Otherwise, we have dim(a) < dim(g). Then g = a ® at, and
by induction a* is a direct sum of simple ideals, and hence clearly g is also.

To show the moreover part, suppose that g = g1 ® g2 @ ... g is a decomposition as above and «a
is a simple ideal of g. Now as 3(g) = {0}, we must have 0 # [g,a] C a, and hence by simplicity of a it
follows that [g, a] = a. But then we have

k
a=[ga = [EBgi,a] =[g1, 0] ® [g2.0] ® ... D g, a],
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(the ideals [g;, a] are contained in g; so the last sum remains direct). But a is simple, so direct sum
decomposition must have exactly one nonzero summand and we have a = [g;, a] for some i (1 < i < k).
Finally, using the simplicity of g; we see that a = [g,, a] = g; as required. To see that g = Dg note that it

is now enough to check it for simple Lie algebras, where it is clear®.

O

14. THE JORDAN DECOMPOSITION

If V is a vector space and = € End(V'), then we have the natural direct sum decomposition of V" into
the generalized eigenspaces of x. This can be viewed as giving a decomposition of the endomorphism
x in a semisimple (or diagonalisable) and nilpotent part, as the next Lemmas show.

Lemma 14.1. If x,y € End(V') are commuting linear maps then if both are nilpotent, so is x + y, and similarly
if both are semisimple, so is x + y.

Proof. For semisimple linear maps this follows from the fact that if s is a semisimple linear map, its
restriction to any invariant subspace is again semisimple. For nilpotent linear maps it follows because

@+y)" =Y (Z) aky"r,
k=0
so that if n is large enough (e.g. n > 2dim(V)) each of these terms will be zero (since = and y are
nilpotent). ]

Proposition 14.2. Let V be a finite dimensional vector space x € End(V'). Then we may write x = x5 + xp,
where x; where x4 is semisimple and x,, is nilpotent, and x4, and x,, commute, i.e. [z, x,] = 0. Moreover, this
decomposition is unique, and if U is a subspace of V preserved by x, it is also preserved by x5, x,,

Proof. Let V = @, Vi be the generalised eigenspace decomposition of V, and let py: V' — V) be the
projection with with kernel LA V. If we set z, to be ), A\.py, clearly z, and = commute, and their
difference x,, = = — x, is nilpotent. This establishes the existence of the Jordan decomposition.

To see the uniqueness, suppose that x = s+n is another such decomposition. Now since s commutes
with z, it must preserve the generalised eigenspaces of x, and so, since z; is just a scalar on each V),
clearly s commutes with z,. It follows s and n both commute with =, and z,,. But then by Lemma 14.1
zs — s and n — x,, are semisimple and nilpotent respectively. Since s +n = x5 + x,, they are equal, and
the only endomorphism which is both semisimple and nilpotent is zero, thus s = z; and n = z,, as
required.

Finally, to see that =, and x,, preserve any subspace U which is preserved by x, note that if U =
&b rek U is the decomposition of U into generalised eigenspaces of z, then clearly U, C V), (VA € k)
and since z; is a scalar on V), it certainly preserves Uy, and hence all of U. As z,, = © — x; clearly z,,
also preserves U.

t

Lemma 14.3. Let V be a vector space and x € End(V). If x is semisimple then
ad(z): End(V) — End(V)

is also semisimple, and similarly if x is nilpotent. In particular, if © = x5 + x,, is the Jordan decomposition of
x, then ad(x) = ad(x,) + ad(x,,) is the Jordan decomposition of ad(z). In other words, ad(x)s = ad(xs) and
ad(x), = ad(xy,).

Proof. If x is semisimple, then let {e; : 1 < ¢ < n} be a basis of eigenvectors, so that z(e;) = A;e; say
(thus we are not assuming the \; are distinct here). It is easy to check that if e;; denote the matrix
coefficients with respect to this basis (i.e. e;;(v) = e;(v)e; where {e : 1 < ¢ < n} is the dual basis of
{e; : 1 <i < n})thenad(z)(e;;) = (Ai — Aj)es;, so that {e;;,1 < ¢,j < n} is a basis of eigenvectors for
ad(z) and hence ad(x) is semisimple.

If = is nilpotent, then ad(z) = A\, — p, where )\, and p, denote left and right multiplication by x.
Since A, and —p, are clearly nilpotent if x is, and evidently commute, ad(z) is nilpotent by Lemma
14.1. O

We now return to Lie algebras. The above linear algebra allows us to define an “abstract” Jordan
decomposition for the elements of any Lie algebra (over an algebraically closed field).

25This is one reason for insisting simple Lie algebras are nonabelian.
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Definition 14.4. Suppose that g is a Lie algebra and = € g. The endomorphism ad(z) € gl(g) has a
unique Jordan decomposition ad(x) = ad(z)s + ad(z),, in gl(g). Then if s,n € g are such that ad(s) =
ad(z), and ad(n) = ad(z),,, we say the Lie algebra elements s, n are an abstract Jordan decomposition of
xZ.

Note that that if g = gl(V") for some vector space V, then Lemma 14.3 shows that the abstract Jordan
decomposition for an element z € gl(V) is just the naive one (i.e. the one for x thought of as a linear
map from V to itself).

14.1. The abstract Jordan decomposition and derivations of semisimple Lie algebras. Unless expli-
citly stated to the contrary, in this section we work over a field k which is algebraically closed of characteristic
zero.

Let g be a Lie algebra. Then Der(g) the Lie algebra of k-derivations of g is a Lie algebra, which
we may view as a subalgebra of the Lie algebra gl(g). The map ad: g — gl(g) is in fact a Lie algebra
homomorphism from g into Der(g). Its image is denoted Innk(g).

Lemma 14.5. Let a be a semisimple Lie algebra.

(1) Suppose that a is an ideal of a Lie algebra g. Then there is a unique ideal I in g such that g is the direct
sum of ideals a @ I.
(2) All derivations of a are inner, that is, Dery(a) = Inny(a).

Proof. For the first part, consider the Killing form  of g. Let  be the Killing form of g and let at =
{r € g : k(z,a) = 0,Ya € a}, then a' is an ideal in g. Now a N a' is an ideal of g on which the
Killing form vanishes, so that by Cartan’s Criterion® it is solvable. But since it is also an ideal of the
semisimple Lie algebra g, it follows that ana® = {0}. Now since « is nondegenerate on a, we also have
dim(a) + dim(a') = dim(g) so that g = a @ a' as required”. For uniqueness, note thatif g =a @ I, is a
direct sum of ideals, then [a, I] = 0 and so clearly I C a*.

For the second part, note that the Lie algebra of derivations D = Der(a) is a subalgebra of gl(a)
containing the image I of ad as the subalgebra of “inner derivations” which, since it is isomorphic to
a, is semisimple. We first claim that this subalgebra is an ideal: indeed if ad(z) is any inner derivation,
and 6 € D, then

[6,ad(2)](y) = d[z,y] — [z,d(y)]
= [0(2), 9]
= ad(d(x))(y)-

thus [§,ad(z)] € I, and hence I is an ideal in D. Now since I is semisimple, by the first part we see
that D = I @ I+, thus it is enough to prove that I+ = {0}. Thus suppose that § € I*. Then since
[I,I1] c InIt+ = {0} we see that

[0,ad(x)] = ad(d(z)) = 0,Vz € qa,

so that, again by the injectivity of ad, we have § = 0 and so I+ = {0} as required. O

Lemma 14.6. Let a be a Lie algebra and Dery(a) C gl(a) the Lie algebra of k-derivations on a. Let 6 € Dery(a).
If 6 = s + n is the Jordan decomposition of ¢ as an element of gl(a), then s,n € Dery(a).

26Again we use the fact that the Killing form on an ideal is the restriction of the Killing form for the whole Lie algebra.

27To see the claim about dimensions, note that « gives amap 6: g — a*, where 0(z)(a) = k(z,a) for € g,a € a. Clearly
ker(6) = a*. Since & is non-degenerate on a, the map 6 is injective when restricted to a, and hence it is surjective. But then it’s
kernel has the required dimension.
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Proof. We may decompose a = ), ay where a, is the generalized eigenspace of z with eigenvalue
A € ksay. If z € a) and y € a,, then one can check by induction®® that
n - n T n—r
6= k) () = 3 (1) 6= A (06
r=0
hence [z,y] € ax;,. It follows immediately that s is a derivation on a, and since n = § — s we see that
n is also. U

Theorem 14.7. Let g be a semisimple Lie algebra. Then given any x € g has an abstract Jordan decomposition:
that is, there exist unique elements s,n € g such that x = s + n and [s,n] = 0, and ad(s) is semisimple, while
ad(n) is nilpotent.

Proof. As noted above, since g is semisimple, ad: g — gl(g) is an embedding, and the conditions on s
and n show that if they exist, they must satisfy ad(s) = ad(z); and ad(n) = ad(x),, where ad(z) =
ad(z)s + ad(x), is the Jordan decomposition of ad(z) € gl(g). Thus it remains to show that ad(z),
and ad(z),, lie in the image of ad. But ad(z) acts as a derivation on I = im(ad), so by Lemma 14.6
so do ad(z)s and ad(x),. But then by Lemma 14.5, we see that ad(z), = ad(s) for some s € g and
ad(z), = ad(n) for some n € g. The conditions on s,n € g then follow from the injectivity of ad, and
we are done. O

Remark 14.8. One can show that the Jordan decomposition is compatible with representations, in the
sense that if (V, p) is a representation of a semsimple Lie algebra g and « = s + n is the Jordan decom-
position of x € g, then p(z) = p(s) + p(n) is the (naive) Jordan decomposition of p(x) € gl(V). The
main point, of course, is to show that p(s) and p(n) are, respectively, semisimple and nilpotent endo-
morphisms of V. The proof, which we shall not give here, is similar to the proof of the existence of the
abstract Jordan form, except that one also needs to use Weyl’s theorem (which we will prove later in
the course!)

15. THE CARTAN DECOMPOSITION OF A SEMISIMPLE LIE ALGEBRA

In this section we work over an algebraically closed field k of characteristic zero.

Although the Cartan decomposition makes sense in any Lie algebra, we will now restrict attention
to semisimple Lie algebras g, where we can give much more precise information about the structure of
the root spaces than in the general case.

Proposition 15.1. Suppose that g is a semisimple Lie algebra and b is a Cartan subalgebra.
(1) Let & be the Killing form. Then k(gx, 9,) = 0 unless A + p = 0.
(2) Ifao € ®the —a € .
(3) The restriction of k to by is nondegenerate.

Proof. For the first part, from the previous Lemma we know that [gx,g,] C gr+,. Thusifz € gy,y €
g, we see that ad(z)ad(y)(g,) € gr4u+r- But then picking a basis of g compatible with the Cartan
decomposition it is clear the matrix of ad(x)ad(y) will have no non-zero diagonal entry unless A = 0,
hence x(z,y) = 0 unless A + 1 = 0 as required.

For the second part, recall that if « is a root, then « # 0 and g, # 0. If —a ¢ ® then g_, = 0 and so
g~ = g, which is impossible since « is nondegenerate.

For the third part note that h* contains all the g, for o € ® by part (1). Since « is nondegenerate, by
dimension counting this must be equal to h*. It follows that x|, must be nondegenerate as claimed. [

28For n = 1 the identity is clear. For n > 1 we have

G = O+ )" ([ y)) = (6= A+ ) Q6 =N"(@), (6 = )" " (v)]

r=1
=3 ()6 =N @), (6= "))+ = N6 = ) (@)
r=0
n+1
= n n r n+l—r
_Za((r> + (" DG =N @), 6= @ @)
n+1
=S ("6 - @, 6w )
r=0

where we interpret (’z) aszeroifi ¢ {0,1,...,k}.
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Lemma 15.2. Let g be a semisimple Lie algebra and b a Cartan subalgebra. Then b is abelian. Moreover, all the
elements of b are semisimple.

Proof. We show that [, h] = Dh = 0. By part (3) of Proposition 15.1 it is enough to show that D lies in
the radical of x|,. Suppose that =,y € h. Then we claim that:

(15.1) s(w,y) = tr(ad(z)ad(y)) = ) dim(ga) A@)Ay).
Aed

Indeed each g, (for A € ® U {0}) is an h-subrepresentation, so we may compute the trace of ad(z)ad(y)
on each in turn and then add the resulting expressions. Now b is solvable, so we may find a basis for
g with respect to which each ad(z) has an upper triangular matrix, and since ad(x) has the unique
eigenvalue A(x) on g, the diagonal entries of the matrix must all equal A\(z). It follows that the matrix
of ad(z)ad(y) is upper triangular with diagonal entries A(z)A(y), and so summing over A € ® U {0} we
obtain Equation (15.1). Now A is a one-dimensional representation of h, so it vanishes on Db. It is then
immediate from Equation (15.1) that x(z,y) = 0, and so « € rad(k,) = {0} as claimed.

Next suppose that « € h has Jordan decomposition z = s + n in g. Now ad(s), ad(n) must preserve
h since ad(x) does, and thus since | is self-normalising, we see that s,n € §j. Thus it is enough to show
that h contains no nilpotent elements. But if n € § is nilpotent, then ad(n) is nilpotent on g, and hence
on each gy. But then 0 = tr(ad(n)4,) = dim(gx)A(n), so that A(n) = 0. But then we see from Equation
(15.1) that n is in the radical of k), so n = 0 as required. |

Remark 15.3. Since the restriction of s to b is non-degenerate, it yields an isomorphism from h* to b,
indeed if A € h* then there is a unique ¢ €  such that x(tx,y) = A(y) for all y € b, and the assignment
A — ty is clearly linear. (See the notes on bilinear forms for more details.)

Remark 15.4. Some textbooks study semisimple Lie algebras g via maximal toral subalgebras. These are
subalgebras of g consisting entirely of semisimple elements, maximal with this property. It follows
readily from the above Lemma and the Cartan decomposition that Cartan subalgebras of semisimple
Lie algebras are maximal toral subalgebras, though we will not use this fact.

Proposition 15.5. Let g be a semisimple Lie algebra and let by be a Cartan subalgebra, and g = h @ ¢ 9a the
associated Cartan decomposition.

(1) Ifx € go,y € ggand h € by then
w(hs [z, y]) = a(h)r(z, y).

(2) The roots o € ® span bh*.

(3) The subspace by, = [ga, 9—a] C b is one-dimensional and «(h,) # 0.

4) If o € ©, we may find eq € 9o, fo € 9o and ho € b 50 that the map e — eq, f — fo and b — hg

gives an embedding sly — go B o B g—a.
Proof. For (1) we have
k(b [2,y]) = w([h, 2], y) = Kla(h)z, y) = a(h)r(z, y),

as required.

For (2), suppose that W = span{®}. If W is a proper subspace of h*, then we may find an & € h such
that a(h) = 0 for all @ € ®. But then it follows from our formula for the Killing form in terms of the
Cartan decomposition that x(h,z) = 0 for all € h, which contradicts the nondegeneracy of the form
K b

| For (3), as in the remark above, since x|, is nondegenerate it yields an isomorphism h* — b, given
by A — t where (t5,h) = A(h) for all A € §. Since we know that ® spans b*, it follows that {t, : a € ¥}
spans ). Suppose thatz € go, y € g_o. Thenby (1) we see that [z, y] = x(z, y)ta, so that h, C span{t, }.
Since « is nondegenerate on g, @ g_, we may find z € go,y € g_o such that x(x,y) # 0, hence
ho = span{t,} as required.

Next we wish to show that a(h,) # 0. For this note that if a(h,) = 0 then pick z € g, ¥ € g—q SO
that z = [z,y] € b, is nonzero. Then [z,z] = a(z)r = 0 = —a(z)y = [z, y], so that a = k-span{z, y, z}
is a solvable subalgebra of g. In particular, by Lie’s theorem we may find a basis of g with respect to
which the matrices of ad(a) act by upper triangular matrices, and so ad(z) = ad([z, y]) acts by a strictly
upper triangular matrix, and hence is nilpotent. Since we also know z € h we have ad(z) is semisimple,
hence ad(z) is both semisimple and nilpotent, which implies it is zero, contradicting z # 0.

Given a(hy) # 0, it is clear that there is a unique h, € h, such that a(h,) = 2. Nextif e, € g, is
nonzero, then using the nondegeneracy of x and part (1) we can pick f, € g_, so that [e,, fo] = ha It
is easy to check that {eq, fa, ha} span an copy of sl in g which establishes (4).
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O

Remark 15.6. A triple of elements {e, f, h} in a Lie algebra g which obey the relations of the standard
generators of sl (that is, [e, f] = h, [h, e] = 2¢, [h, f] = 2f) is called an sl>-triple. Given « € ®, the copy
of sl, attached to a in the previous proposition will be denoted sl,.

Lemma 15.7. Let g be a semisimple Lie algebra and b a Cartan subalgebra with Cartan decomposition g =
b P, co a. Then

o The root spaces g, are one-dimensional.
o Ifa € ®and ca € ® for some ¢ € Z then ¢ = £1.

Proof. Choose a nonzero vector e, € g,. Then as above we may find an element e_, € g_, such that
[ea,e—a] = hq € b (since « restricted to g, © g_. is nondegenerate). Consider the subspace:

M = k.eq ® k.to ® @gpa.
p<0

(this is a finite direct sum as g is finite-dimensional). Then since ad(e,)(e,) = 0, and [ga, §—a] = k-ha,
and [eq, ha] = 2e,, it is easy to see that M is stable under e,, e_, and h,. We commute the trace of i,
on M in two ways: on the one hand, it a commutator and so has trace zero. On the other hand it acts
semisimply on each of the direct sums defining M, so that

0= tr(ha) = a(ha) + Y _ dim(gpa).pa(ha)
p<0

(1= p.dim(g_pa).

p>0

[
2
>

Since we know that a(h,) # 0, the only way the above equality can hold is if dim(g,,) = 0 for p > 1
and dim((g_,) = 1. Since —« € @ if and only if a € ¥, this completes the proof. O

We can refine somewhat the structure of the Cartan decomposition we have already obtained, using
the same techniques. Suppose that «, 5 are two roots in g such that 8 # ko for k € Z. Then we may
consider the roots which have the form « + k. Clearly, since g is finite dimensional, there are integers
p,q > 0 such that a + k8 € ® for each k with —p < k < ¢, but neither —(p + 1) nor (¢ + 1)« are not in
®. This set of roots is called the a-string through 3.

Proposition 15.8. Let 5 — pa, ..., 5 + qo be the o-string through 8. Then we have

B(ha) = #(ha, ts) = m I

In particular 8 — B(hqa).c € ®. Moreover, if o € ® and ¢ € k has ca. € ® then ¢ € {£1}.

Proof. We consider the subspace M = @7p§k§q Oa+kp- Pick eq € go and e_, € g_, such that 0 #
[ea,e—a] = ho and so that {e,,e_q, ho} form the standard generators of sl; as above. It is clear that
€as ha, e preserve M, so we tr|y;(ha) = 0, and so, using the fact root spaces are 1-dimensional, we
have the identity:

S (B4 ka)(ha) =0,
—p<k<q
and so
(alg+1)/2=p(p+1)/2)a(ha) + (p+q+ 1)B(ha) =0,
and so since p+ ¢+ 1 # 0 and a(hy) = 2, we obtain:

B(ha) =p—q.

as required. Since 8 + (p — ¢)a is certainly in the a-string through £ it follows that 5 + 3(h,).cc € .
For the second part, taking 8 = ca we see that 2c = p — ¢ € Z, and so ¢ = %(p —q). Butnow ifp — g
is even we can immediately conclude as before that ¢ = £1. On the other hand, if p — ¢ is odd, the

a-string through 8 = 259 o has the form:

—(p+Q)a (p—Q)a (p+q)
5 N

which clearly then contains a so that o € ®. But then we get a contradiction as « = 2(3a). O
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Remark 15.9. In fact, if o, 8 € ® and o+ € P, then [g,, 95] = go+s- Indeed let sly act on g via the triple
{€a,ha,e_q} as in the proof above. Then the sly-representation M = Epr <k<qBatkp 1S easily seen to
be an irreducible representation (because each h, weight space is one-dimensional and the eigenvalues
all have the same parity as 5(ha). Then the explicit description of the irreducible representations of sl,
worked out in the problem sheet shows that e, is injective except on the subspace gs+4, and so in
particular on gg, hence [gq, 93] is nonzero and hence all of g, 3.

16. h AND INNER PRODUCT SPACES:

In this section we work over an algebraically closed field k of characteristic zero.

Recall that since x|, is non-degenerate, it gives an isomorphism : h* — h. For A € h*, we write ¢, for
0(N), so that k(tx, h) = A(h), (VA € b*, h € h). Givenaroot o € ®, we have seen that g, Bg_o P [ga, 9—a]
span a subalgebra isomorphic to sly. We will denote this subalgebra as sl,. We note the following
simple lemma.

Lemma 16.1. Let o € ®. Then if {eq, fo, ha} are a standard basis for s\, then we have

M

t& «
ho = ——1 By = e
K(ea7f06) H(tout(x)

Moreover k(ty,ta).-k(ha, ha) = 4.
(2) If o, B € ® then k(ha, hg) € Zand k(tq,ts) € Q.
Proof. The first equality follows immediately from the results of the previous lecture. For the second,
note that
2 = a(hy) = k(ta, ha) = K(ta, k(eq, fo)ta) = E(ta, ta)k(€a; fao),
and substitute into the first expression. The last expression follows from calculating (g, hy) using
the second expression.

Using the Cartan decomposition to compute x(x,y) for z,y € h we see that (since we now know
that root spaces are one-dimensional)

K(has hg) = D y(a)y(B) € Z.
yeP

Finally, the first part of the Lemma now immediately gives x(t.,t3) € Q. O
Let (—, —) denote the bilinear form on §* which is obtained by identifying h* with b: that is
(A w) = Rl(tx, ).

Clearly it is a nondegenerate symmetric bilinear form, and via the previous Lemma, (o, 8) = k(tq,t3) €
Qforall a, 8 € .

Lemma 16.2. The Q-span of the roots ® is a Q-vector space of dimension dimy (h*).

Proof. We know that ® spans h*, so we may pick a subset {a1, as, ..., a;} which forms a k-basis of h*.
To prove the Lemma it is enough to show that every 5 € ® lies in the Q-span of the {«a; : 1 < ¢ < [}.

But now if we write § = 25‘:1 cja  for ¢; € k, then we see that (o, ) = 22:1 (cvi, aj)cj. But the matrix

C = (o, ¢j);,; is invertible since (—, —) is nondegenerate, and its entries are in Q hence so are those of
C~!. But then we have (¢;) = C7*((a;, 3)), and the objects on the right-hand side all have Q-entries,
so we are done. O

Let b, denote the Q-span of the roots. Although you are perhaps more used to inner product spaces
over R or C, the definition of a positive definite symmetric bilinear form makes perfectly good sense
over Q. We know show that (—, —) is such an inner product on ho-

Lemma 16.3. The form (—, —) is positive definite on hg,.
Proof. Using the root space decomposition to compute x we have

(AMA) = klta,ta) = Y alta)? = (a,\)? >0,

acd acd

and since we may have equality if and only if (o, A\) = 0 for all @ € ®, and the elements of ® span h* it
follows that the form is definite as required. O
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17. BASES FOR ROOT SYSTEMS

In this section we study the geometry which we are led to by the configuration of roots associated to
a Cartan decomposition of a semisimple Lie algebra. These configurations will turn out to have a very
special, highly symmetric, form which allows them to be completely classified.

We will work with an inner product space”, that is a vector space equipped with a positive definite
symmetric bilinear form (—, —). Such a form makes sense over any field which has a notion of positive
elements, and so in particular over R and Q. Since the roots ¢ associated to a Cartan decomposition
of a semisimple Lie algebra naturally live in the Q-inner product space b, we will assume our field is
Q unless otherwise stated. We let O(V') denote the group of orthogonal linear transformations of V,
that is the linear transformations which preserve the inner product, so that g € O(V) precisely when
v,w € V then (v,w) = (g(v), g(w)) for all v, w € V.

Definition 17.1. A reflection is a nontrivial element of O(V') which fixes a subspace of codimension 1
(i.e. dimension dim(V) — 1). If s € O(V') is a reflection and W < V is the +1-eigenspace, then L = W=
is a line preserved by s, hence the restriction s|;, of s to L is an element of O(L) = {£1}, which since s
is nontrivial must be —1. In particular s has order 2. If v is any nonzero element of L then it is easy to
check that s is given by
2(u,v)

v
(v,0)
Given v # 0 we will write s, for the reflection given by the above formula, and refer to it as the
“reflection in the hyperplane perpendicular to v”.

s(u) =u—

We now give the definition which captures the geometry of the root of a semisimple Lie algebra.

Definition 17.2. Let V be a Q-vector space equipped with an inner product (—, —). A finite subset
® C V\{0} is called a root system if it satisfies the following properties.

(1) @ spans V;

(2) If @ € ® then ca € ® if and only if ¢ = £1;

@) If a € @ thens,: V — V preserves ®;

4) If o, 8 € ® then 2(5, )/ (e, ) € Z.

If (—, —) denotes the inner product on b, then we have shown that the roots in h* form a root system
in the above sense: one simply has to translate the information about the elements ¢, € b obtained in
our analysis of the Cartan decomposition: the crucial fact is that, for the roots arising from a semisimple
Lie algebra we have

2(8, @) 2tq
(a, @) Ii(ta,ta)) = lha) € Z.
We established that 3(h,) € Z using root strings, and moreover the properties of root strings also
showed that s,(8) = 8 — B(ha).a € @, hence properties 3) and 4) hold. Since 1) and 2) were also
explicitly checked, we see that the roots ® in b, do indeed form a root system.

Remarkably, the finite set of vectors given by a root system has both a rich enough structure that
it captures the isomorphism type of a semisimple Lie algebra, but is also explicit enough that we can
completely classify them, and hence classify semisimple Lie algebras.

= k(tg,

Definition 17.3. Let (V,®) be a root system. Then the Weyl group of the root system is the group
W = (sq : @ € ®). Since its generators preserve the finite set ® and these vectors span V/, it follows
that it is a finite subgroup of O(V).

Example 17.4. Let g = sl,,, Thenlet 9,, denote the diagonal matrices in gl,, and b the (traceless) diagonal
matrices in sl,,. As you saw in the problem sets, ) forms a Cartan subalgebra in s(,,. Let {¢; : 1 <i <n}
be the basis of 9}, dual to the basis {E;; : 1 <i < n} of 9, in gl,,. Then b is the quotient space

n
ho = {Z cigi ¢ € QH/A{Q.(e1+ ... +en)},
i=1
the roots in b, are the (images of the) vectors {e; —¢; : 1 <14,j < n,i # j}. The Weyl group W in this
case is the group generated by the reflections s, which, for « = ¢; — ¢; interchange the basis vectors ¢;
and ¢, so it is easy to see that W is just the symmetric group on n letters.

29That is, one with a notion of distance and angle. Apart from working over Q rather than R, this is pretty much the vector
geometry of Geometry L.
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A key step in the classification process is to find a good basis for V: we assume that ® spans V, so
certainly we may find a subset of ® which is a basis, but it turns out we can find a class of particularly
well adapted bases.

Definition 17.5. Let (V, ®) be a root system, and let A be a subset of ®. We say that A is a base for ® if

(1) Aisabasis for V.
(2) Every 8 € A canbe writtenas >
sign.

acA Ca Where ¢, € Z and the non-zero c,s all have the same

Given a base of ® we may declare a root positive or negative according to the sign of the nonzero
coefficients which occur when we write it in terms of the base. We write @ for the set of positive roots
and ¢~ for the set of negative roots.

We now show that any root system has a base exist. The first crucial point is that the angle between
roots are very constrained. For convenience we will write

a7.1) (a, 5 = 22D

(@, @)
which we call a Cartan integer.

Lemma 17.6. Let (V,®) be a root system and let v, 5 € @ be such that « # £5. Then (a,5)(8,a) €
{0,1,2,3}. It follows that the angle between two such roots o, 3 lies in the set

{m/2,7/3,2n /3,7 /4,37 /4,7/6,5m/6}.
Moreover, the ratios of root lengths which are not perpendicular must be 1,2,1/2,3 or 1/3.

)

Proof. By assumption, we know that both (a, 5) and (8, ) are integers. On the other hand, by the
cosine formula (i.e. by Cauchy-Schwarz) we see that if § denotes the angle between « and 3, then:

(17.2) (o, BY(B, o) = 4cos(H)? < 4.
Since cos(6)? determines the angle between the two vectors (or rather the one which is at most )
and (8,a)/{a, B) = ||a|*/]|B]]*> (where we write ||[v||> = (v,v)), the rest of the Lemma follows by a

case-by-case check as we see from the following table:

(. 8) | (B} | 0 [lel1?/118117

0 0 /2 | undetermined
1 1 | x/3 1

—1 | -1 |2a/3 1

1 2 | n/4 2

—1 | -2 |[3n/4 2

1 3 /6 3

—1 | -3 |57/6 3

]

We now show that any root system must possess a base. In fact we show a little more. If v € V, we
say that v is regular® if (v, @) # 0 forall a € ®. Since V is not a finite union of proper subspaces, regular
vectors certainly exist. Given such a v, write ®*(v) = {a € ® : (v,&) > 0}, and &~ (v) = —PT (v).
Clearly ® = & (v)| | P (v). We say a root o € @ (v) is decomposable if we can find roots «; € @1 (v)
and nonnegative integers n;, (1 < i < s, s > 2), such that & = Y./ n;o;. Let A(v) be the set of
indecomposable roots, i.e. the roots which are not decomposable, in ®* (v).

Proposition 17.7. Let (V, ®) be a root system, and let v € V be a regular vector. Then A(v) is a base for (V, ®)
and every base is of this form.

Proof. Let A(v) be the indecomposable roots in ®* (v) as above. We first show that every root in &+ (v)
is a nonnegative integer combination of indecomposable roots. Indeed let m = min{(v,a) : @ € ®*}.
If v € ®(v), and we have v = 7| n;o; where n; € Z>g and a; € ®*(v), then clearly (v,v) >
>-7_, ni.m, hence for any such expression the sum ) ;_, n; is bounded above by (v, a)/m. If we write
v = Zle n;o; where Zle n,; is maximal possible, then we claim each +; is indecomposable. Indeed
otherwise there is some 4 such that v, is decomposable, so that we may write v, = 23:1 m;B; for some

t > 2, positive integers m;, and 8; € ®*(v), (1 < j < t). But theny = 37, nja; + 22:1 m;n;B; and

30In the lecture I used f € V*. Since any such f is of the form (v, —) for some v € V this makes no difference, and since later
I switched to thinking of f in that form, I'm writing everything in terms of v here for simplicity.
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D kot Mk (Z;Zl mi)n; > 3 + 20 > Y57 n,; contradicting our maximality assumption. Since
® also spans V, this shows that A(f) spans V, hence since ® = ®*(v) U —®7(v) in order to show that
A(v) is a base it only remains to show that A(f) is linearly independent.

We check this in a number of steps.
Step 1: The angle between any two vectors «, 5 € A(v) is obtuse, that is («, ) < 0: To see this suppose
that (a, ) > 0. Then one can check® using the table from the proof of the Lemma from last time on
the angles between roots that if we take (o, ) > (8, 8) then (8,a) = —1. But then s, (8) =8 —a € @,
so that either 3 — a.or a — 8 lie in @, and hence either « or 8 will be decomposable.
Step 2: Linear independence: Suppose that we have }° () o = 0 for co € Q, (a € A). Gathering
all the positive and nonpositive coefficients let

z = Z Cat = Z (—cp)B

ca>0 cg<0

Then we have:
(272) = Z ca.(—05)(a,ﬁ) <0,
a,B:cq>0,c5<0

so by positive definiteness we must have z = 0. But since (v,2) = >, _ca(v,a) > 0 with equality
if and only if the sum is empty we conclude that for all 5 € A we have c¢g < 0, but then we have
0 = > .,<0(—¢p)B, and pairing with v again we deduce that for all 3 we have cs = 0, and so Ais a
linearly independent set.

Step 3: Finally we need to show that any base A is of the form A(v) for some regular v € V. For a € A,
let P, = {v € V : (v,a) > 0}. This is a half-space in V. It can be checked that [ ., P. is non-empty
(indeed this holds for any linearly independent set in V, not just a base®) so we may pick some v € V
in this intersection. Then since any root is a nonpositive or nonnegative combination of the roots in
A, it follows the vector v is regular, and moreover it is clear that ®+ C ®* (v) the set of positive roots
associated with A, and since @~ = —®™, we see similarly that = C &~ (v), and since @ is the disjoint
union of both ®* L1 &~ and ®*(v) U ®~(v) it follows that ®*(v) = ®*. Finally, since A(v) are the
indecomposable roots in ®* = & (v), we must certainly have A(v) C A, and since both are bases of V'
it follows that A = A(v) as required. O

Our proof shows that for a given root system one can always find a base, but it will not be unique:
different choices of regular v can lead to different positive systems ®*(v) and hence different bases.
This ambiguity is however controlled by the action of the Weyl group, as we will now see. From
now on fix a base A for our root system, and thus have the corresponding positive and negative roots
¢+, &, Let W, be the subgroup of W generated by the reflections s, for & € A. The elements of A are
called simple roots, and the corresponding reflections s, are called simple reflections.

Lemma 17.8. If oo € A, then the reflection s, preserves the set ®T\{a}. Moreover, if p = £ 3" c4+ o, then
(p,7) = (1/2)|]7]]*> > 0 for all v € A and hence ®+ = &T(p)

Proof. Lety € ®*\{a}. Since A is a base, we may write v = ;. cs3 where c5 € Zx¢ forall § € A,
and so
$a(y) = (o — {a,v))a + Z cgf € D.
BEA,BF#a
Now since v # %« (since it is positive) there must be some 5y € A\{a} with ¢, > 0. But then by
the definition of a base we must have s,(y) € ®*, and clearly s,(vy) # « since this would imply
v = sqo(a) = —a € . For the final part, note that if v € A we must have

1 1
sy(p) = 37(57) + 37(5 Z @)
a€dt\{v}
1 1
=—51t5 >«
a€@T\{~v}

=p—=7

31This either follows just inspecting the table, or by noting that by inequality proved there for «, 8 with 8 # +a we have
(e, B).(B, ) < 4 and so since («, ) and (B, a) are integers at least one must be £1.

3Just extend your linearly independent set to a basis, and take the dual basis with respect to the inner product- the inter-
section of half-spaces then become the set of vectors whose coordinates with respect to the appropriate dual basis vectors are
positive.
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now since by definition s, (p) = p — %7 the result follows immediately. The fact that @+ = &1 (p)
(in the notation of Proposition 17.7 then follows immediately from the proof of that proposition. O

Definition 17.9. Given a root system equipped with a base A = {a4,...,a,} we may define a height
function ht: V' — Q by setting ht(v) = Y. | ¢; where v = >_!_, ¢;a;. Note that it follows from the
definition of a base that the height function is integer-valued on ®, and ht(5) = 1 if and only if 5 € A.

Note that this height function is a special case of the height function used in the proof of Weyl’s
theorem — if {w; : 1 < i < r} denotes the dual basis to the base A with respect to the inner product,
then ht(3) = (6, 3) where § = 3"\, w;.

Proposition 17.10. Suppose that 3 € ®. Then there is a w € Wy and an o € A such that w(3) = o

Proof. First suppose that 3 € ®*. We prove the statement by induction on the height of 3. The state-
ment being clear if /5 is of height 1, we may assume h(5) > 0. We claim there is some v € A such that

(8,7) > 0. If not then writing 8 = Z%A ¢, we see that

(B:8) =Y y(B,7) <0,

yeA
so by positive definiteness we would have 8 = 0.

Now taking v with (3,v) > 0, we see that s, () € ®* using the previous Lemma (since f3 is certainly
not equal to « as h(3) > 1, and moreover h(s(5)) = h(B) — (7, 8) < h(B). Thus by induction we are
done. Finally we need to consider the case § € ®~. But then we have —3 € ®*, and so there is a
w € Wy such that w(—8) = v for some v € A. But then clearly (s,w)(8) = v and we are done. O

Corollary 17.11. The Weyl group W is generated by the reflections {s~ : v € A}, that is W = W,

Proof. If § € ® then we have just shown in the previous proposition that there is a w € W such that
w(B) = v for some v € A. But the clearly sg = w™'s,w € W), and so since W is generated by the sgs
we have W = W, as required. O

Theorem 17.12. Suppose that A and Ay are bases of (V, ®). Then there is a w € W such that w(A) = A;.

Proof. By Proposition 17.7 we know any base is determined by a regular element v € V: given v, the
base it yields is the set of indecomposable roots in ®*(v). Thus it is enough to show that there is a
w in W such that w(®f) = ®*, where & and ®* are the positive roots corresponding to A; and A
respectively.

Suppose v is a regular vector such that ®*(v) = ®]. We claim that there is a w € W such that w(v)
satisfies (w(v),a) > 0 for all @ € A. This immediately implies that (w(v), «) > 0 for all « € ®*, so that
®F = &+ (w(v)), and thus w(®]) = @, since (w(v), @) > 0 if and only if (v, w™(a)) > 0.

To prove the claim, first consider p = § 3~ .4 . By the Lemma 17.8 we know that s, (p) = p — a for
all & € A. Now choose w € W such that (p, w(v)) is as large as possible. Then if « € A, we must have

(UJ(U), p) 2 (Sa-w(v)a p) = (UJ(U), Sa(p)) = (’LU(’U),p - Oé) = (’U)(’U),p) - (’U)(U),O().
Thus it follows that (w(v), ) > 0 for all « € A, and since (v, «) # 0 for all & € ® (as f was assumed to
be generic) the claim follows.
]

Remark 17.13. In fact W acts simply transitively on the bases of (V, ®), that is if w(A) = A then w = 1.
The proof (which we will not give) consists of examining the minimal length expression for w in terms
of these generators {s, : &« € A}.

18. WEYL’'S THEOREM

In this section we assume that our field is algebraically closed of characteristic zero.

In this section we study the representations of a semisimple Lie algebra. Recall from Section 3
the definition of an irreducible representation. The Appendix in Section 23 reviews the other basic
representation theory that we will need in this section. Our goal is to show, just as for representations
of a finite group over C, that every representation is a direct sum of irreducibles.

If (V,p) and (W, o) are representations of g, then a linear map ¢: V. — W is a homomorphism of
representations if

¢(p(x)(v)) = o(z)(¢(v)) VweguveV
We will write Homg (V, W) for the space of homomorphisms from V' to W. To make the notation less
cluttered, where there is no danger for confusion we will often suppress the notation for the map
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p: g — gl(V), so that, for example, the condition for ¢ to be a homomorphism will be written simply
as ¢(z(v)) = z(¢(v))-

The following Lemma was on a problem sheet, and is proved in the appendix (the proof is identical
to the corresponding results for representations of groups). For it we suppose that our field k is algeb-
raically closed (but not necessarily of characteristic zero).

Lemma 18.1. (Schur’s Lemma). Let (V, p) and (W, o) be irreducible representations of g. Then a g-homomorphism
¢: V. — W is either zero or an isomorphism. Moreover, if k is algebraically closed, then Hom(V, W) is one-
dimensional.

Definition 18.2. We say that a representation V' of a Lie algebra is semisimple if any subrepresentation
has a complement, that is, if U is a subrepresentation of V' then there is a subrepresentation W such
thatV =Ua W.

Lemma 18.3. Let V' be a representation of g. Then we have

i) V is semisimple if any surjection of representations q: V. — W has a right inverse.
ii) If the representations of g are semisimple then they are completely reducible.

Proof. For the first part, if U is a subrepresentation of V, then consider the quotient map ¢: V — V/U.
If s is a right inverse for ¢, then we claim W = im(s) is a complement to U. Certainly if w € U N T the
g(w) = 0, since U is the kernel of ¢. But then as w € T'we have w = s(u) for some u € V/U, and hence
u = q(s(u)) = g(w) = 0, so that w = s(0) = 0. Hence U and T form a direct sum, and since s is clearly
injective, by dimension it U @ T' = V' as required.
For the second part, use induction on dim(V'). If V is irreducible then we are clearly done, otherwise
V has a proper subrepresentation U. But then U has a complement in V, say V = U @ T. But since
dim(U), dim(T") < dim(V), they are completely reducible, hence V is completely reducible as required.
O

Remark 18.4. In the problem sets it is checked that if a representation is semisimple then any subrepres-
entation and any quotient representation of it is also semisimple. Knowing this, the above proof shows
that if a representation is semisimple then it is completely reducible (whereas in the above we showed
that if all representations of a Lie algebra g are semisimple, then they are all completely reducible.)

Theorem 18.5. (Weyl's Theorem). Let V' be a finite dimensional representation of a semisimple Lie algebra over
an algebraically closed field k of characteristic zero. Then V' is semisimple, and hence completely reducible.

Lemma 18.3 shows that the proof of Weyl’s theorem reduces to showing that if g: V' — W is a
surjective map of g-representations, then ¢ has a right inverse s: W — V. (Such a map s is also often
called a section of g, and we say that s splits the map q.)

19. CASIMIR OPERATORS

Let g be a semisimple Lie algebra. Let {z1,..., 2, } be a basis of g and let {y1, 2, ..., y,} be the dual
basis of g with respect to the Killing form i.e. x(z;,y;) = d;; (1 < 4,5 < n) (such a basis exists because
the Killing form is nondegenerate). If (V, p) is a representation of g, we set

Cy = Z p(z:)p(yi),

the Casimir operator of V. It is clear that if (W, ¢) is any other g-representation and ¢: V — W is a g-
homomorphism, then Cy o o = o o Cy, hence we will normally suppress the subscript in the notation
and speak of “the Casimir operator” rather than the Casimir of a particular representation.

Remark 19.1. 1t is straight-forward to check that the Casimir is independent of the choice of basis

{z1,...,z,} of g. Indeed if {z1,...,2,} is a different basis, then we may write z; = Z?Zl cijx; for
some scalars ¢;;. Then if {t;}1<;<, is the dual basis for {z;}1<,<, and we write t; = Z?Zl d;jy; then

setting C' = (¢;;) and D = (d;;) the condition that {¢;}}; is the basis dual {z;}}_; is precisely that
D' = C~'. and this immediately implies that ", p(z;)p(t;) = >y p(xi)p(yi)-

Lemma 19.2. Suppose that g is a semisimple Lie algebra and V' is a representation of g. The element C' € gl(V')
is a g-endomorphism of (V, p).
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Proof. For convenience, in this proof we will suppress map p: g — gl(V) and for « € g write « for both
the element of the Lie algebra and p(x) € gl(V). Let z € g and consider [C, z]. Then we have:

n
2] = E TiYiZ — ZXiY;
i=1

= 2wl 2w = )+

Z ilyi, 2] — [z, 2ilys

Now if [y;, 2] = >°7_, aijy;, using the fact that the bases {z;}7_; and {y;}_, are dual with respect to the
Killing form «, we see that a;; = x([y;, 2], ;) and hence since « is 1nvar1ant this is equal to x(y;, [z, ;]),
which in turn is equal to b;; where [z,z;] = Y1 | bj;z;. It follows immediately that [C,z] = 0 as
required.

|

We will need to use the following facts about representations of semisimple Lie algebras which were
studied in Problem sheet 5.

Lemma 19.3. Let {e, h, f} be the standard basis of sl;.

i) If V is any sly-representation and v € V has e(v) = 0 and h(v) = m.v then v generates an irreducible
representation of dimension m + 1.

ii) Let g be a semisimple Lie algebra with a Cartan decomposition g = b © @ cq 9o, and let (V, p) be a
representation of g. Then if ho = 2to/k(ta, ta), the eigenvalues of p(ha) on V are integers.

Proof. The first part follow by explicit calculation using the relations of {e, h, f}. For the second part,
by using the sl, subalgebra of g given by « the question reduces to the case g = sl, where it follows by
induction using the explicit description of irreducible representations: if dim(V') = n+1, the element i
acts semisimply with V = @}'_ Vi,_ax, where each V; is a 1-dimensional h-eigenspace with eigenvalue
i,and e(Vi) C Viya, f(Vi) C Vi O

Note that in particular, all the weights which occur in a finite dimensional representation of g lie®
in gy = spang(®). It follows that if we pick a base A of the root system (b, ) then they have a well
defined height ht(\) € Q.

Lemma 19.4. Let g be a semisimple Lie algebra with Cartan decomposition g = b © €D, c4 9o and suppose that
p: g — gl(L) be an irreducible representation of g. Then C, = A.idy, where X is a nonnegative rational number.
Moreover A = 0 if and only if L is the trivial representation.

Proof. Let @ be the positive roots associated to the base A. Then pick nonzero e, € g, such that
K(€a,e—q) = 1 (which is possible because « is nondegenerate on g, ¢ g_,), and pick {h; : 1 < i < r},
{h} 1 <i < r} dual bases of h) (again this is possible because « is nondegenerate on bh). Then it is clear
that the Casimir operator C' can be written

C = Z eaea—i—eaea—&—Zhh’

acdt

- Z(Qe aCa + [€ase_a —i—Zhh’

aedt

Z (2e_q€a +ta) + Z hih;

acdt =1

Now since L is irreducible, by Schur’s Lemma C'y acts by some scalar ¢ on L, and to compute c we
just need to calculate C'v (v) for some nonzero vector v in L. Let L = P, ;. L be the weight space
decomposition of L for the action of fj. Since the weights of L are a finite set, we may pick a weight
A of maximal height. Then since p(go)(Lx) C Lxtq, and ht(A + ) > ht()) for all « € @7, it follows
that A\ + « is not a weight for all @« € ®*. But then if v € L,\{0}, we must have e,(v) = 0 for all
a € ¢*. Moreover, we may pick v € L, to be a (nonzero) weight vector, that is, a vector v € Ly such

33Because, for example, by, = {Aep*: (N a) €Q,Va € P}
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that p(h)(v) = A(h).v for all h € b. But then computing Cy (v) in terms of the above expression for C'
we find that

C(v) = ( D2 Mlta) + I A(hi)A(R).v

aedt

But now since by definition (h;, h;) = 8; ; we have v = Y7, k(v, hj)h; = 3_i_; K(v, hi)hj for all v € b
so that
(A A) = k(ta,ta) = O klta, ha)hj, > k(ta, By)hy)

i=1 j=1

= Klta, hi)r(tx, b))
i=1

= > AmIA®).

and hence

c=( Y Ata) + AN =N D a)+ (A A) =2(Mp) + (AN
acdt acdt

Recall that for each o € ® we have a copy of sl; in g denoted sl, which is given by the span of
{ease_qa,ta}. Since e,(v) = 0, it follows from part i) of Lemma 19.3 that v generates an irreducible
representation of sl,, of dimension A(h, )+ 1, hence A(h,,) is a nonnegative integer, and hence certainly
/\(ta) € QZO-

Since A € hg), by positive definiteness we have (A, A) > 0 with equality if and only if A = 0 thus it
follows that ¢ > 0 unless A = 0. But if A\ = 0 then A(h,) = 0 and so again from part i) of Lemma 19.3 it
is clear that k.v is the 1-dimensional representation of sl,, so that p(es)(v) = p(e_q)(v) = 0. But then it

is clear that k.v is a subrepresentation of L, and so by irreducibility L = k.v and L = L9 as claimed.
(|

Remark 19.5. The really important part of the above Lemma is to establish that if V' is a nontrivial
irreducible representation, then Cy is nonzero, so that the Casimir allows us to pick out the invariants
in a representation, as the next Proposition shows.

Recall that any finite-dimensional representation V' of any Lie algebra g has a composition series,
that is, a filtration by subrepresentations 0 = Vo C Vi C ... C Vj, = V where V;/V,_ is irreducible. The
irreducible representations which occur in this way are called the irreducible constituents of V. (They
are in fact independent of the composition series — see the appendix in Section 23 for more details).

Proposition 19.6. Let V be a finite dimensional representation of a semisimple Lie algebra g.

i) The invariants V8 of V' are exactly the 0-generalised eigenspace (and hence eigenspace) of V.
ii) The direct sum of all other generalised eigenspaces of Cv yields a complement for V8 in V.
iii) The quotient representation V/V'9 contains no irreducible constituent isomorphic to the trivial repres-
entation. In particular, if ¢: V. — W is a surjective g-homomorphism, then q restricts to a surjection
Ve - We,

Proof. Let Cy be the Casimir operator and let V' = P, ., V, be the decomposition of V' into generalised
eigenspaces for C. Since C is a g-endomorphism of V, each generalised eigenspace is a subrepresenta-
tion of V.

Now for any +, the induced action of Cy on any composition factor of V, must be by the scalar y
(since that scalar must be an eigenvalue34 Ais an of the Casimir on V). In the case where v = 0, Lemma
19.4 implies thatif 7 = (0 = Fy C Fy C ... C F, = Vp) is a composition series for V}, each irreducible
constituent F; /F;_; is trivial, and so the composition series is actually a complete flag in V{. But then
the image of g in gl(V}) lies in nx, and is therefore nilpotent. As g is semisimple this implies the image
is zero, and so Vp C V9. By the definition of the Casimir, it is then immediate that C'y = 0 on Vp, i.e. Vo
is actually the zero-eigenspace of C'y.

34This is just linear algebra: check that you see that if a: V' — V is a linear map preserving a subspace W, then if X is an
eigenvalue of o on V/W it is also an eigenvalue of « on V.
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On the other hand, if v # 0, then since Cy acts on any irreducible constituent of V., by ~, so that
again by Lemma 19.4, the irreducibles which occur are all non-trivial, and so certainly V¢ NV, = {0}.

It follows that
v=viae (V)

Y#0
and V9 has a complement as claimed. For the final part, note thatif ¢: V' — W is any g-homomorphism
then since ¢ o Cy = Cyw o ¢ (as you see directly from the definition of the Casimir operator), we have
q(Vy) C W), where V, and W, denote the generalised A-eigenspace of Cy and Cyy respectively. Hence
if ¢ is surjective then we must have ¢(V;) = Wy, and so the result follows from the fact that V, = V¢
and Wy = We.
O

Remark 19.7. The above proof also shows that the sum U = @, _, Vi of the generalised eigenspaces
of Cy with nonzero eigenvalue may be described as g.V = p(g)(V) = span{p(z)(v) : z € g,v € V}.
Indeed we have V' = V; @ U = V9 @ U as g-representations, so that g.V C U, but since Vj = V9
also shows that Vj is the kernel of Cy (rather than just the 0-generealised eigenspace), we see that
U=0Cy(V)Cp(g)p(g)(V)) Cg.Vandso U = g.V as claimed.

Theorem 19.8. (Weyl's theorem) Let g be a semisimple Lie algebra, and let q: V- — W be a surjective g-
homomorphism. Then q has a right inverse, and hence every g-representation is semisimple.

Proof. Consider the natural inclusion
¢«: Hom(W, V) — Hom(W, W),

given by s — ¢ o s. It is easy to see that ¢. is a surjective map of representations of g. Now clearly
Hom(W, W) contains a copy of the trivial representation of g, given by the scalar multiples of the
identity. It follows from the previous proposition that Hom(W, V') must have a copy of the trivial
representation mapping to this subrepresentation. But this means there is a g-invariant linear map
s: W — V such that ¢.(s) = go s = idw, i.e. the map ¢ has a splitting. The fact that V' is semisimple
now follows from Lemma 18.3.

O

Remark 19.9. The complete reducibility of representation of a semisimple Lie algebra also now follows
from Lemma 18.3. In fact, though we do not need it, a completely reducible representation is always
semisimple (see the appendix on representation theory) so the apparently stronger statement that any
g-representation is semisimple is actually equivalent to the statement that any g-representation is com-
pletely reducible.

20. CARTAN MATRICES AND DYNKIN DIAGRAMS
In this section we describe the data which is used in the classification of semisimple Lie algebras.

Definition 20.1. Let (V, @) be a root system. The Cartan matrix associated to (V, @) is the matrix

C = ((a, O‘j>)£ﬁ,j:1'
where {ay, as, ..., a;} = Aisabase of (V, ®). Since the elements of W are isometries, and W acts trans-
itively on bases of ®, the Cartan matrix is independent of the choice of base (though clearly determined
only up to reordering the base A).

Definition 20.2. The entries ¢;; of the Cartan matrix are all integer with diagonal entries equal to 2,
and off-diagonal entries ¢;; € {0, —1, -2, -3} (where i # j) such that if ¢;; < —1 then ¢j; = —1 so that
the pair {c;;, ¢;; } is determined by the product ¢;;.c;; and the relative lengths of the two roots (e.g. see
the table in the Lemma about angles between roots). As a result, the matrix can be recorded as a kind
of graph: the vertex set of the graph is labelled by the base {c,...,a;}, and one puts (a;, o). (a;, ;)
edges between «; and «;, directing the edges so that they go from the larger root to the smaller root.
Thus for example if (a;, ;) = —2 and (@, ;) = —1 so that [|a;]|* > ||a;||?, that is, a; is longer than o,
we record this in the graph as:
i g — o

The resulting graph is called the Dynkin diagram.

For the next theorem we need to formulate what it means to have an isomorphism of root systems.

This is given in the natural way: if (V, ®) and (V’, ®’) are root systems, a linear map ¢: V' — V' is an
isomorphism of root systems if



32 LIE ALGEBRAS

(1) The map ¢ is an isomorphism of vector spaces.

(2) (@) = @', and {a, 5) = (¢(a), #(B)) forall o, § € @.
Note that ¢ need not be an isometry (e.g. we could scale V' by a nonzero constant ¢ € Q to obtain (V, c®)
a distinct, but isomorphic root system to (V, ®@).

Theorem 20.3. Let (V, @) be a root system. Then (V, ®) is determined up to isomorphism by the Cartan matrix,
or Dynkin diagram associated to it.

Proof. Given root systems (V,®) and (V’, ®’) with the same Cartan matrix, we may certainly pick a
base A = {aq,...,a¢} of (V,®) and abase A’ = {f4,..., B¢} of (V/, @) such that («;, ;) = (5;, 5;) for
alli,5, (1 <i4,5 < {). We claim the map ¢: A — A’ given by ¢(a;) = 3; extends to an isomorphism
of root systems. Clearly, since A and A’ are bases of V' and V' respectively, ¢ extends uniquely to an
isomorphism of vector spaces ¢: V — V', so we must show that ¢(®) = ®’, and (¢(a), ¢(8)) = (o, 8)
for each o, 8 € .

Let s; = sq, € O(V) and s, = sg, € O(V’) be the reflections in the Weyl groups W and W' respect-
ively. Then from the formula for the action of s; it is clear that ¢(s;(c;)) = s;(8;) = si(¢(a;)), so since
A is a basis it follows ¢(s;(v)) = s;(¢(v)) for all v € V. But then since the s;s and s}s generate W and
W' respectively, ¢ induces an isomorphism W — W', given by w — w’ = ¢ o w o ¢ 1. But then given
any o € ® we know there is a w € W such that o = w(¢;) for some j, (1 < j < ¢). Thus we have
o) = p(w(ay)) = w'(p(ej)) = w'(B;) € ¥, so that () C @'. Clearly the same argument applied to
¢! shows that ¢~ 1(®’) C @ so that ¢(®) = ®'.

Finally, note that it is clear from the linearity of ¢ and of («, ) in the second variable, that (a,v) =
(¢(a),o(v)) forall « € A, v € ®. In the same fashion as above however, if & € @ is arbitrary, then we
may find w € W such that o = w(a;) € A, and thus ¢(«) = w'(5;), whence we have

(d(a), 6() = (W' (8;), 6(7)) = (B;, (W) "' (7))
= {aj,w™ (7)) = (w(ey),7) = (@,7).

as required. 0

Thus to classify root systems up to isomorphism it is enough to classify Cartan matrices (or Dynkin
diagrams).

Definition 20.4. We say that a root system (V, ®) is reducible if there is a partition of the roots into two
non-empty subsets ®; LI &5 such that (o, 8) = 0 for all &« € &1, 5 € ®y. Then if we set V; = span(®;)
and V2 = span(®,), clearly V = V; & V5 and we say (V, @) is the sum of the root systems (V;, ®1) and
(Va, ®2). This allows one to reduce the classification of root systems to the classification of irreducible
root systems, i,e. root systems which are not reducible. It is straight-forward to check that a root system
is irreducible if and only if its associated Dynkin diagram is connected.

Definition 20.5. (Not examinable.) The notion of a root system makes sense over the real, as well as
rational, numbers. Let (V, ®) be a real root system, and let A = {a3,a2,...,0;} be a base of ®. If
v; = oy/||a;]| (1 <4 <) are the unit vectors in V' corresponding to A, then they satisfy the conditions:
(1) (vs,v;) =1foralliand (v;,v;) <0ifi#j,
(2) If i # j then 4(v;,v;)* € {0,1,2,3}. (This is the reason we need to extend scalars to the real
numbers - if you want you could just extend scalars to Q( V2, \/5), but it makes no difference
to the classification problem).

Such a set of vectors is called an admissible set.

It is straightforward to see that classifying Q-vector spaces with a basis which forms an admissible
set is equivalent to classifying Cartan matrices, and using elementary techniques it is possible to show
that that the following are the only possibilities (we list the Dynkin diagram, a description of the roots,
and a choice of a base):

o Type A, (£ > 1):

£
V:{U:ZCM%GQSSZQZO},@:{@'*%:1§z‘7éj§€}
i=1
A:{Ei+1—€i11§i§£—1}
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Type B, (£ > 2):

° ®o---0——>e@
V=0Q®={deite;:1<i,j<li#j}U{e;:1<i<l},
A:{€1,€i+1—€illgigf—1}

Type C¢ (¢ > 3):

° o---0——oeo
V=0Q®={te;+te;:1<i,j<li#jIuU{2:1<i<{},
A={2€1,€i+1—€illgi§€—1}

Type D, (¢ > 4):

V=0Q®={de+e;:1<i,j<li#j}
A={e1+es,g41—6:1<i<l—-1}

o Type G».
e<——0o
Lete = + &3 + €3 € Q3, then:

V={veQ®: (v,e)=0},®=1{e;—¢j:i#£j}U{£(3e;—e):1<i<3}

A:{El —82,6—361}
o Type Fy:

° oe——>eo °
vV =qQ"

1
(I):{:lzé‘i:1§i§4}U{:|:Ei:|:€j:i#j}U{i(:té"l:l:é‘Qié‘gi&;)}

1
A ={ey —€3,63 —€4,64, (61 —€2 — 3 —€4)}.

2
Type E, (n =6,7,8).

These can all be constructed inside Eg by taking the span of the appropriate subset of a base,
so we just give the root system for Eg.

8 8
1
8 ) ; _ —1)%ig. - )
V—Q,@—{ialiaj.z#]}U{ZE_l( 1) 52.2_1%622},

1
AZ{é‘l +82,€i+1—€i,§(81 +€8—(€2—|—63—|—...—|—87)) : ISZSG}

Note that the Weyl groups of type B, and C; are equal. The reason for the restriction on ¢ in the
types B,C,D is to avoid repetition, e.g. B2 and C, are the same up to relabelling the vertices.

Remark 20.6. 1 certainly don’t expect you to remember the root systems of the exceptional types, but
you should be familiar with the ones for type A, B, C'and D. The ones of rank two (i.e. A2, By and G2)
are also worth knowing (because for example you can draw them!)
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21. THE CLASSIFICATION OF SEMISIMPLE LIE ALGEBRAS

Only the statements of the theorems in this section are examinable, but it is important to know these statements!

Remarkably, the classification of semisimple Lie algebras is identical to the classification of root
systems: each semisimple Lie algebra decomposes into a direct sum of simple Lie algebras, and it is
not hard to show that the root system of a simple Lie algebra is irreducible. Thus to any simple Lie
algebra we may attach an irreducible root system.

A first problem with this as a classification strategy is that we don’t know our association of a root
system to a semisimple Lie algebra is canonical. The difficulty is that, because our procedure for at-
taching a root system to a semisimple Lie algebra involves a choice of Cartan subalgebra, we don’t
currently know it is a bijective correspondence — possibly the same Lie algebra has two different Cartan
subalgebras which lead to different root systems. The theorem which ensures this is not the case is the
following, where the first part is the more substantial result (though both require some work):

Theorem 21.1. Let g be a Lie algebra over any algebraically closed field k.

(1) Let b, b’ be Cartan subalgebras of g. There is an automorphism ¢: g — g such that ¢(h) = b’.

(2) Let g1, g2 be semisimple Lie algebras with Cartan subalgebras by, o respectively, and suppose now k is
of characteristic zero. Then if the root systems attached to (g1, h1) and (g2, b2) are isomorphic, there is
an isomorphism ¢: g1 — go taking b1 to bo.

Once you know that the assignment of a Dynkin diagram captures a simple Lie algebra up to iso-
morphism, we still need to show all the root systems we construct arise as the root system of a simple
Lie algebra. That is exactly the content of the next theorem.

Theorem 21.2. There exists a simple Lie algebra corresponding to each irreducible root system.

There are a number of approaches to this existence theorem. A concrete strategy goes as follows:
one can show that the first four infinite families A, B, C, D correspond to the classical Lie algebras,
slpt1, 509041, §Pyy, S02¢, Whose root systems can be computed directly (indeed you did a number of
these calculations in the problem sets). This of course also requires checking that these Lie algebras are
simple (or at least semisimple) but this is also straight-forward with the theory we have developed. It
then only remains to construct the five “exceptional” simple Lie algebras. This can be done in a variety
of ways — given a root system where all the roots are of the same length there is an explicit construction
of the associated Lie algebra by forming a basis from the Cartan decomposition (and a choice of base
of the root system) and explicitly constructing the Lie bracket by giving the structure constants with
respect to this basis (which, remarkably, can be chosen for the basis vectors corresponding to the root
subspaces to lie in {0, £1}). This gives in particular a construction of the Lie algebras of type Es, E7, Eg
(and also A, and D, though we already had a construction of these). The remaining Lie algebras can
be found by a technique called “folding” which studies automorphisms of simple Lie algebras, and
realises the Lie algebras G5 and Fy as fixed-points of an automorphism of D4 and Eg respectively.

There is also an alternative, more a posteriori approach to the uniqueness result which avoids show-
ing Cartan subalgebras are all conjugate for a general Lie algebra: one can check that for a classical Lie
algebra g C gl,, as above, the Cartan subalgebras are all conjugate by an element of Aut(g) (in fact you
can show the automorphism is induced by conjugating with a matrix in GL,, (k)) using the fact that a
Cartan subalgebra of a semisimple Lie algebra is abelian and consists of semisimple elements. This
then shows the assignment of a root system to a classical Lie algebra is unique, so it only remains to
check the exceptional Lie algebras. But these all have different dimensions, and the dimension of the
Lie algebra is captured by the root system, so we are done.*

We conclude by mentioning another, quite different, approach to the existence result, using the
Serre’s presentation: just as one can describe a group by generators and relations, one can also describe
Lie algebras in a similar fashion. If g is a semisimple Lie algebra and A = {a;,..., o} is a base of the
corresponding root system with Cartan matrix C' = (a,;) then picking bases for the sl,,-subalgebras
corresponding to them, it is not too hard to show that g is generated by the set {eq, fo, ha : @ € A},

The Serre presentation gives an explicit realisation, given an arbitrary root system, of the relations
which one needs to impose on a set of generators for a Lie algebra labelled {e,, fo,ho : a € @} as
above obtain a semisimple Lie algebra whose associated root system is the one we started with. This
approach has the advantage of giving a uniform approach, though it takes some time to develop the
required machinery.

3This is completely rigorous, but feels like cheating (to me).



LIE ALGEBRAS 35

22. APPENDIX 1: BACKGROUND ON SYMMETRIC BILINEAR FORMS

In this section we review the basics of symmetric bilinear forms over a field k. It is all material that
is almost in Part A Algebra, but perhaps not quite phrased there the way we use it. We shall work to
begin with over an arbitrary field k.

Definition 22.1. Let V be a k-vector space. A function B: V' x V — ks said to be bilinear if it is linear
in each factor, that is if

B(Avg + Agvg, w) = A\ B(vy, w) + Ay B(va, w),
and
B(’U, /\1’[1)1 + )\ng) = )\18(1), U)l) + )\QB(’U, wg),

for all v, v1,ve, w, w1, we € V, A1, A2 € k. We say that it is symmetric if B(v, w) = B(w, v). The radical of
a symmetric bilinear form is the subspace:

rad(B) ={v eV : B(v,w) =0,Yw € V}.

We say that B is nondegenerate if rad(B) = {0}. Let Bil(V') denote the vector space of bilinear forms on
V, and*® SBil(V') for the space of symmetric bilinear forms on V.

Lemma 22.2. There is a natural isomorphism ©: Bil(V') — Hom(V, V™).

Proof. Suppose that B € Bil(V). Then define ©(B) = # € Hom(V,V*) as follows: given v € V, let
6(v): V — k be the function given by §(v)(w) = B(v,w). The linearity of B in the second variable then
ensures that (v) € V*, while the linearity of B in the first variable ensures that the map v — 0(v) is
linear, so that 6 is induce a linear map from V to V*.

Conversely, given §: V' — V*, define By by By (v, w) = 6(v)(w). It is easy to see that By € Bil(V),
and that § — By gives a linear map Hom(V, V*) — Bil(V') which is clearly inverse to the map O, so
they are both isomorphisms. U

Remark 22.3. The lemma shows that giving a bilinear form on V' is equivalent to giving a linear map
from V to V*. Note that we made a choice in the above construction, since given B € Bil(V') we could
have defined 6 by 6(v)(w) = B(w, v). For symmetric bilinear forms the two possible choices agree, but
for arbitrary bilinear forms they establish different isomorphisms.

From now on we will only work with symmetric bilinear forms. The kernel of § = ©(B) is clearly
the subspace of v € V such that 8(v)(w) = 0 for all w € V, which is exactly the definition of rad(B) as
required.

Now fix B € SBil(V'). Then if U is a subspace of V, we define
Ut ={veV:Bw) =0,YweU}.

If 0: V — V* is the associated map from V to V*, then clearly U+ = §=1(U"). When B is nondegener-
ate, so that 6 is an isomorphism, this shows that dim(U+) = dim(V') — dim(U). The next Lemma shows
that this can be refined slightly.

Lemma 22.4. Let V be a finite-dimensional k-vector space equipped with a symmetric bilinear form B. Then for
any subspace U of V we have the following:

(1) dim(U) + dim(U+) > dim(V).

(2) The restriction of B to U is nondegenerate if and only if V. = U & U+,

Proof. For the first part, define a map ¢: U — V* by ¢(u)(v) = B(u,v), (u € U,v € V). Then U~ is by
definition exactly the subspace of (im(¢))° (i.e. the annihilator of im(¢) under the natural identification
of V with its double dual (V*)*). It follows that dim(U+) + dim(im(¢)) = dim(V'), and hence certainly

dim(U*L) + dim(U) > dim(V').

For the second part, it is immediate from the definitions that B is nondegenerate when restricted to

U if and only if UNU* = {0}, i.e. if and only if the sum of U and U is direct. But then the equivalence
follows immediately from the dimension inequality in the first part.

O

36This is not standard notation — it would be more normal to write something like Sym?(V*) but then I'd have to explain
why...
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22.1. Classification of symmetric bilinear forms. This subsection is not needed for the course®” but
might be clarifying. There is a natual linear action of GL(V') on the space Bil(V): if ¢ € GL(V) and
B € Bil(V') then we set g(B) to be the bilinear form given by

9(B)(v,w) = B(g~ (v),g7 (w)), (v,weV),
where the inverses ensure that the above equation defines a left action. It is clear the action preserves
the subspace of symmetric bilinear forms.

Since we can find a invertible map taking any basis of a vector space to any other basis, the next
lemma says that over an algebraically closed field there is only one nondegenerate symmetric bilinear
form up to the action of GL(V), that is, when k is algebraically closed the nondegenerate symmetric
bilinear forms are a single orbit for the action of GL(V).

Lemma 22.5. Let V' be a k-vector space equipped with a nondegenerate symmetric bilinear form B. Then if
char(k) # 2, there is an orthonormal basis of V, i.e a basis {v1, ..., v, } of V such that B(v;,vj) = 6;j.

Proof. We use induction on dim(V). The identity®®
1
B(v,w) = §(B(v + w,v+w) — B(v,v) — B(w,w)),

shows that if B # 0 we may find a vector v € V such that B(v,v) # 0. Rescaling by a choice of square
root of B(v,v) (which is possible since k is algebraically closed) we may assume that B(v,v) = 1.
But if L = k.v then since B, is nondegenerate, the previous lemma shows that V' = L @ L+, and if
B is nondegenerate on V it must also be so on L*. But dim(L+) = dim(V) — 1, and so L has an
orthonormal basis {v, ..., v,_1. Setting v = v, it then follows {v1,...,v,} is an orthonormal basis of
V as required. O

Remark 22.6. Over the real numbers, for example, there is more than one orbit of nondegenerate sym-
metric bilinear form, but the above proof can be modified to give a classification and it turns out that
there are dim (V') + 1 orbits.

23. APPENDIX 2: REPRESENTATION THEORY BACKGROUND

We recall here some basics of representation theory used in the course, all of which is covered (in
much more detail than we need) in the Part B course on Representation theory. Let g be a Lie algebra.
The main body of the notes proves all that is needed in the course, but the material here might help
clarify some arguments. We will always assume our representations are finite dimensional unless we
explicitly say otherwise.

Definition 23.1. A representation is irreducible if it has no proper nonzero subrepresentations. A rep-
resentation (V, p) is said to be indecomposable if it cannot be written as a direct sum of two proper
subrepresentations. A representation is said to be completely reducible if is a direct sum of irreducible
representations.

Clearly an irreducible representation is indecomposable, but the converse is not in general true.
For example k? is naturally a representation for the nilpotent Lie algebra of strictly upper triangular
matrices ny C gly(k) and it is not hard to see that it has a unique 1-dimensional sub representation,
hence it is indecomposable, but not irreducible.

A basic observation about irreducible representations is Schur’s Lemma:

Lemma 23.2. Let g be a Lie algebra and let (V, p), (W, o) be irreducible representations of g. Then any g-
homomorphism ¢: V. — W is either zero or an isomorphism. Moreover, if k is algebraically closed, then
Homg(V, W) is one-dimensional.

Proof. The proof is exactly the same as the proof for finite groups. If ¢ is nonzero, then ker(¢) is a
proper subrepresentation of V, hence as V' is irreducible it must be zero. It follows V' is isomorphic to
¢(V'), which is thus a nonzero subrepresentation of W. But then since W is irreducible we must have
W = ¢(V) and ¢ is an isomorphism as claimed.

Thus if Homy (V, W) is nonzero, we may fix some ¢: V' — W an isomorphism from V' to W. Then
given any g-homomorphism a: V' — W, composing with ¢~! gives a g-homomorphism from V to

%50 in particular you don’t need to know it for any exam...

38Note that this identity holds unless char(k) = 2. It might be useful to remember this identity when understanding the
Proposition which is the key to the proof of the Cartan Criterion: it claims that if g = Dg then there is an element € g with
k(x, ) # 0. Noting the above identity, we see this is equivalent to asserting that « is nonzero.
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V, thus it is enough to assume W = V. But then if a: V — V is a g-endomorphism of V, since k is
algebraically closed, it has an eigenvalue X and so ker(a — ) is a nonzero subrepresentation, which
must therefore be all of V, that is @ = A.idy, so that Homy(V, V') is one-dimensional as claimed. O

Definition 23.3. A representation (V, p) is said to be semisimple if any subrepresentation U has a com-
plement, that is, there is a subrepresentation W such that V. = U @ W. A representation is said to be
completely reducible if it is a direct sum of irreducible representations.

Lemma 23.4. If V is a semisimple representation, then any subrepresentation or quotient representation of V is
semisimple.

Proof. Supose that ¢q: V' — W is a surjective map, and that V' is semisimple. We claim that W is
semisimple. Indeed if W is a subrepresentation of W, the ¢~ (W;) = V; is a subrepresentation of V/,
which has a complement V5. Then it follows easily that ¢(V2) is a complement to W1 in W: indeed it is
clear that W = W; + ¢(V2) since V = ¢~ }(V;) & Vs, and if w € ¢(V2) N Wy, we may write w = ¢(v) for
some v € V;, but then v € ¢~ 1 (W), hence w € ¢~ (V1) N Va = {0}.

Next, if U is a subrepresentation of V/, then picking a complement U’ to U, so that V = U @ U’, the
corresponding projection map 7: V' — U with kernel U’ shows that U is isomorphic to a quotient of V/,
and hence is also semisimple. O

Lemma 23.5. fLet (V, p) be a representation. Then the following are equivalent:
i) V is semisimple,
i) V' is completely reducible,
iii) V' is the sum of its irreducible subrepresentations.

Proof. Once we know that any subrepresentation of a semisimple representation is again semisimple,
the proof of part i7) of Lemma 18.3 shows that ¢) implies i7). Certainly ii) implies i) so it is enough
to show that ¢4¢) implies ¢). For this, suppose that V is the sum of its irreducible subrepresentations
and that U is a subrepresentation of V. Let W be a subrepresentation of V' which is maximal (with
respect to containment) subject to the condition that U N W = {0}. We claim that V' = U & W. To
see this, suppose that U ® W # V. Then by our assumption on V' there must be some irreducible
subrepresentation X with X not contained in W @ U, and hence X N (W @ U) = {0}. But then we
certainly have® (X @ W) N U = {0}, which contradicts the maximality of 1, so we are done. O

Lemma 23.6. Let g be a Lie algebra. A representation is semisimple if and only if every surjective map of
representations q: V. — W has a right inverse, that is there is a map of representations s: W — V such that
gos=idwy.

Proof. Suppose that V' is semisimple. Then given a surjection ¢: V — W, we may find a complement
U to the subrepresentation ker(q). Clearly then ¢ is an isomorphism from U to W, and its inverse
gives the required homomorphism s. For the converse, if U is a subrepresentation, then the quotient
map ¢: V' — V/U has a right inverse s. We claim that V' = U @ s(V/U). Suppose that u € V lies in
the intersection. Then v = s(w) for some w € V/U, and hence (since U is the kernel of ¢) we have
0= g(u) = ¢(s(w) = w, so that u = 0. Thus U N s(V/U) = {0}, and thus by dimension counting we see
that V =U & s(V/U) and s(V/U) is a complement as required. O

Remark 23.7. Our proof of Weyl’s theorem showed any surjective map of representations splits, hence
any representation is semisimple, and hence completely reducible. Thus it only uses the chain of im-
plications:

surjections split = semisimple = completely reducible,

while above we have shown that in fact all three statements are equivalent.

As we saw in our study of representations of nilpotent Lie algebras, it is not always the case that
a representation is a direct sum of irreducible representations, i.e. a representation is not always com-
pletely reducible, and for these representations the notion of a composition series is useful: It shows
that, even if a representation is not completely reducible, we may still think of it as being built out of
irreducibles. Indeed using induction on dimension, it is easy to see that any representation may be
filtered by subrepresentations 0 = Vo C Vi C ... C Vi = V where each successive quotient V;/V;_;
is irreducible. We call such a filtration a composition series for V, and the irreducible representations
Vi/Vic1 (1 < i < k) are called composition factors.

39Since both are just expressing the fact that the sum X + W + U is direct.
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Although we don’t use it in the course, the following result is shows that the composition factors are
actually independent of the filtration: If L is a simple representation then write [L, V] for the number
of times L occurs in the composition series (i.e. [L,V]=#{i:1<i <k, V;/V,_1 = L}.

Lemma 23.8. (Jordan-Holder). The numbers [L, V] are independent of the composition series.

Proof. Use induction on the dimension of V. Clearly if this is 1, then V' is irreducible and the result
is clear. Now suppose that (V;)¥_,) and (W;)._, are two composition series for V. There is a smallest
Jj such that W; N V; is nonzero, and then since V; is irreducible we must have V; N W; = Vi, that is,
Vi € W;. But then the induced map Vi — W;/W;_; must be an isomorphism by Schur’s Lemma, so
that W; = W;_; @ V4. and so setting

WIGBVl)/Vl 1fZ<],
Wit/ V1 if j <1-—1.
we obtain a composition series of V/V;, whose composition factors are those of the composition series

(W)L_; for V, with one fewer copy of the isomorphism class of Vi = W, /W, _;. By induction it has the
same composition factors as the filtration {V;/V; : 1 < i < k}, and we are done. O

wi={

Remark 23.9. If we take g = gl; (k), then a representation (V, p) of g is completely determined by the
linear map o = p(1). Subrepresentations of V' correspond to subspaces which are invariant for the
linear map «, and the existence of eigenvalues shows that the irreducible (finite dimensional) repres-
entations of gl; (k) are one-dimensional and hence completely reducible representations are the ones
for which « is diagonalisable (or in the terminology favoured in this course, “semisimple”!) Notice
that Lemma 23.4 then yields that fact shows that if a linear map is diagonalisable, it is diagonalisable
on any invariant subspace.

24. APPENDIX 3: REVIEW

In this section we briefly review the main ideas and results of the course.

i) The definition of a Lie algebra (crucially the Jacobi identity) and examples. Basic structure:
ideals, quotients, isomorphism theorems.

ii) Nilpotent and Solvable Lie algebras: Engel’s theorem and Lie’s theorem. The main technique
to prove results for such algebras is induction (using the lower central series or derived series
normally). For Lie’s theorem we need to work over an algebraically closed field k of character-
istic zero, and the assumption that k is of this form is in place for essentially all the remaining
results in the course. This is for two (different and equally important) reasons:

(1) If a field k is algebraically closed, then any endomorphism of a k-vector space has an ei-
genvalue. (This is actually an ”if and only if” statement).

(2) If k has characteristic zero, and A € k, then for any integer n € Z-, we have n.A = 0
if and only if A = 0. This comes up because we can often calculate the trace of a linear
endomorphism « by choosing an appropriate basis, and then if we know « has a single
eigenvalue A (where k is algebraically closed), we see that if tr(«) = dim(V).A = 0 if and
only if A = 0. (This is, for example, how the proof of Lie’s Lemma works.)

iii) It’s also worth noting that the proof of Lie’s Lemma uses another idea which comes up in many
proofs in the course (it’s one of the basic ideas of the course): If z,y, z € g are elements of the
Lie algebra g, and (V, p) is a representation of g, then if z = [z, y] and p(z), p(z), p(y) all preserve
a subspace W of V, the trace of p(z) on W is zero, since it is the commutator [p(x), p(y)]. Note
it is crucial that p(z) and p(y) preserve W not just p(z): consider the representation of sly(k) on
k? with standard basis {e1, e2}. If {e, h, f} is the standard basis of sly, then h preserves k.e;, and
h = e, f], but f does not preserve W and tryy(h) = 1. Proofs which use this trick combine it
with some other way of computing tryy (p(2)).

iv) Representations of nilpotent Lie algebras: linear endomorphisms decompose a vector space
naturally into generalised eigenspaces. Representations of nilpotent Lie algebras behave in a
similar way: every representation decomposes into a direct sum of subrepresentations each of
which is a successive extension of the same one-dimensional representation.

v) Cartan subalgebras: the existence proof uses the notion of a regular element, and Engel’s the-
orem. This theory also yields the Cartan decomposition, using the representation theory of
nilpotent Lie algebras.

vi) Cartan’s Criterion for solvable and semisimple Lie algebras: Bilinear forms play a huge role in
the course through the Killing form. The proof of Cartan’s criterion (or rather the preparatory
Lemma 10.1)



vii)

viii)

ix)

xi)
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The Jordan decomposition: This gives a generalisation of the Jordan decomposition of a linear
map to the case of any semisimple Lie algebra. The idea of the proof that the decomposition
exists is to show that a derivation of a semisimple Lie algebra is inner, and that the semisimple
and nilpotent parts of a derivation are again derivations.

The compatibility of the Killing form and the Cartan decomposition of a semisimple Lie algebra
is the key to the detailed structure of semisimple Lie algebras. We use the trace trick of i)
above a number of times to get information about the root spaces.

Weyl’s theorem: This uses the Casimir operator to detect the invariants in a representation, and
then deduces semisimplicity of an arbitrary representation from this, roughly following the
pattern of Maschke’s theorem for representations of finite groups. (You can think of the Casimir
element as a substitute for the “averaging” element 3 p(g) used in Maschke’s theorem.)
Root systems: this part of the course has a different feel from the rest as it uses just elementary
facts about reflections in Euclidean vector spaces (i.e. a vector spaces with a positive definite
bilinear form, and hence a notion of angle and distance). The existence of a base and the ana-
lysis of the Weyl group are the crucial results, e.g. that the Weyl group acts transitively on the
collection of all bases in a root system. Thess results shows that root systems are determined
up to isomorphism by the Cartan matrix.

The classification theorems: Putting everything together, semisimple Lie algebras are classified
by Cartan matrices (or Dynkin diagrams) and these can be completely classified. We don’t have
time in the course to prove all of this, but the statements(only!) which are required should be
known, and there are two main results:

(1) The uniqueness result: the procedure which associates a root system to a semisimple Lie
algebra is well-defined, that is, the root system attached to a semsimple Lie algebra is
unique. The procedure involves a choice of a Cartan subalgebra, so it is enough to know
that if any two Cartan subalgebras are conjugate by an automorphism of the semisimple
Lie algebra. This is in fact true for any finite dimensional Lie algebra over an algebraically
closed field (but uses some ideas we did not cover in the course).

(2) The existence result: Given any root system, there is a semisimple Lie algebra with that root
system. This can be proved in a number of ways which only require the sort of techniques
already used in the course.



