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Abstract

We consider an incomplete market model with one traded stock and two correlated Brownian motions W, W. The
Brownian motion W drives the stock price, whose volatility and Sharpe ratio are adapted to the filtration ﬁ::(;/\‘;z)og&T
generated by W. We show that the projections of the minimal entropy and minimal martingale measures onto E}T are
related by an Esscher transform involving the correlation between W, W, and the mean-variance trade-off process. The

result leads to a new formula for the marginal exponential utility-based price of an f;r-measurable European claim.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we consider a two-factor continuous-time incomplete market model without asset price jumps.
The model comprises two correlated Brownian motions W, W, with fixed correlation p € [—1,1]. The
Brownian motion W drives a stock price process S, and the parameters of the stochastic differential equation
for § are progressively measurable with respect to the filtration F:=(# )y, generated by W. Many
stochastic volatility models fit into this framework, though we do not rely on a Markovian diffusion structure.
This class of models has been studied by Tehranchi (2004) in particular.

The main result is that the projections of the minimal entropy martingale measure QF and the minimal

martingale measure QM onto the sigma-field F r are related by an Esscher transform involving the correlation
p and the mean-variance trade-off process at time 7, K= fOT if dz, where / is the Sharpe ratio of the stock.
Some related characterisations of martingale measures in such models have appeared in the literature, notably
in Hobson (2004) and Rheinldnder (2005), but the succinct result we report here has not been previously
observed.

Our result can be seen as recasting the representation equations in Hobson (2004) and Rheinlénder (2005),
and also as providing a striking consequence of the well-known distortion power technique (Tehranchi, 2004;
Zariphopoulou, 2001) for solving utility maximisation problems in such incomplete models. Finally, our result
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leads to a new formula for the marginal utility-based price (Davis, 1997) of an ?T—measurable European
claim in this incomplete market.

In exponential indifference pricing, it is well known that the marginal price of the claim (Davis, 1997) is the
expectation of the payoff (suitably discounted) under the minimal entropy measure. With logarithmic utility
the corresponding measure is the minimal martingale measure O™, and this measure is also prominent in
quadratic hedging approaches. The Esscher transform between these measures can be viewed as quantifying
the extra premium charged by an agent with exponential utility compared with an agent who has a logarithmic
or quadratic criterion.

In the distortion power solution to utility maximisation problems, a value function u(x) = EU(X7), in
which U is the utility function, X7 is optimal terminal wealth and x is initial wealth, is obtained in the form

u(x) = Ux)[E? MC 1/ 5]5. Here, { is an ?T-measurable random variable, J is known as the distortion power and
depends on the correlation p (and, with power utility, on the risk aversion parameter), and PM is a measure

which, with exponential utility, is the projection of QM onto /3777. Our results stem from translating this
representation into a representation for the solution of the dual to the primal utility maximisation problem,
and combining this with the representation equation in Hobson (2004) and Rheinldnder (2005).

2. The market model and main theorem

Let (2,7, P) be a probability space supporting two correlated Brownian motions W:=(W)q,<r and
W::(Wz)ogth with fixed correlation p € [—1,1]. Let F:=(# )y, <7 be the completion of the filtration

generated by the pair (W, W), and denote by ﬁ:(%z)ogKT the completion of the filtration generated by w.
A stock price S:=(S;)y<,<7 18 driven by the Brownian motion W, and is described by

dS[ = O'[S[(;L[ dr + dW[)

We work in a world with zero interest rates, so that S represents a discounted price. The volatility (6,)y<,;<7
and Sharpe ratio (or market price of risk) (4/)g<,<7 are progressively measurable processes with the volatility
bounded away from zero (further integrability conditions are given later). Aside from constant correlation, the
crucial assumption we make is the following.

Property 1. The volatility o, and Sharpe ratio ., are %,—measurable forall t €0, T7.

In particular, this implies that the increasing process K,:= f(; 25 du, 0<t< T, sometimes called the mean-
variance trade-off process, is F-adapted.

Remark 1. The above assumption is restrictive, but encompasses stochastic volatility models (Fouque et al.,
2000; Hobson, 2004), without requiring a Markovian structure. One could associate the volatility with another
It6 process Y, writing o, = f(¢, Y,;) for some function f, with Y following a process of the form:

dY[ == a[dt+b[dW[,

and yet more structure could be added by assuming the processes 4, a, b are also functions of Y, making the
model Markovian. Our analysis is valid without such assumptions.

Consider the class .# of equivalent local martingale measures O~P on % r with density processes given by
Z, =2 =80 W -y WY, 0<i<T, O

where & is the Doléans exponential and W+ is a Brownian motion independent of W. Here y is an F-adapted
process, and we assume A, are such that the Novikov condition E exp(%(K T+ fOT lﬁ? d#)) < oo is satisfied, so
that (Z,)g<,<r is a (P, F)-martingale, and measures Q € .# are equivalent to P.

The minimal martingale measure Q™ of Follmer and Schweizer (1991) corresponds to i, = 0,0<¢<T. For
models with continuous price trajectories, O™ minimises the reverse relative entropy H(P, Q)=
E[—log(dQ/dP)] over all Q € .# (Schweizer, 1999), though the original appearance of this measure in
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finance was in a quadratic hedging context. Under O™ the traded asset price becomes a local martingale, but
the drift of any Brownian motion orthogonal to W is left unchanged. This corresponds to leaving unhedgeable
risk unpriced.

The minimal entropy martingale measure QF is defined by

E .
= min H(Q, P
QO =arg min) (O, P),
where H(Q, P) is the relative entropy of Q € .# with respect to P:

do do\ . -
H(Q. P)= E(E log @> if Q<P on Fr,

+o00 otherwise.

Let QE, QM denote the projections of QF, OM onto %T. A simple calculation establishes that

doM .

P E(—=pi- W)r. (2)
Similarly, suppose that OF is given by

do* 1

?—é&(—}w W—<&- W),
for some choice iy = ¢ of the integrand in (1). Then éE is given by

dot =

ar El=(pA+ p) - Wiy, 3)

where p = /1 — pZ.

The following theorem is the main result of the paper.
Theorem 1. The measures O™, QF, projected onto the sigma-field F 1., are related by the Esscher transform
déE _ exp(0Kr)
dQM - E§M exp(@KT)’
where 0 = —%(1 —p?)and K1 = fOT /lf dt is the mean-variance trade-off at T.

Esscher transforms have a long history in actuarial pricing, and have been used by some authors to define a
possible pricing measure in incomplete markets (Bithlmann et al., 1996; Gerber and Shiu, 1994). In this
context the Esscher transform is quantifying the “economic premium’ (Bithlmann, 1980) associated with
pricing under the minimal entropy measure QF (and hence with exponential hedging) over and above pricing
with the minimal measure Q™ (and essentially leaving unhedgeable risk unpriced).

3. Proofs

The proof of Theorem 1 rests on fusing two results. The first is a representation equation of Hobson (2004)
for the so-called g-optimal measure (¢ € R) in stochastic volatility models. For ¢ = 1, the g-optimal measure is
the minimal entropy measure, and Hobson’s result reduces to a representation equation of Rheinldnder
(2005). The second result is the well-known distortion solution (Tehranchi, 2004; Zariphopoulou, 2001) for
utility maximisation problems in two-factor incomplete markets, suitably translated into a representation for
the optimal measure of the dual to the primal utility maximisation problem.

For ¢ = 1, the Hobson representation equation is as follows.

Proposition 1 (Hobson, 2004; Rheinlinder, 2005). Suppose there are previsible processes n and & and a finite
constant ¢ such that

IKr=Mr+Lr+1i[L; +c 4)
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where

t t
M, = / n,( AW, + 2,du), L,= / ¢, d Wﬁ
0 0

Then, provided fOT(n, — ) dt has an exponential moment under P, the minimal entropy measure QF is given by

do* 1
S = E(h W= Wy, 5)
and the constant c is given by

dof  doF
Flog dP} (6)

¢=H(Q, P)= E[
The salient point concerning the above proposition is that, provided a solution to (4) is found, in the form of

the processes 1, £ and the constant ¢, then the minimal entropy measure is identified via (5), provided certain
integrability conditions are satisfied.

The second ingredient we need to prove Theorem 1 is the distortion power solution (Tehranchi, 2004) for
utility maximisation problems in models such as ours. The consequences of this solution for the dual problem
will be exploited to obtain an alternative expression for the constant ¢ in (4). Combining all these results will
lead to our final theorem.

The primal utility maximisation problem is as follows. Given an initial endowment x, an investor who forms
a self-financing portfolio involving S will generate wealth process X:=(X,)q<,;<7 given by

t t
X, =x+ / 0Ty dy At 4 / oumy dW,, (7
0 0

where m:=(m;)y<,<r is the wealth held in the stock and represents the agent’s trading strategy. We write
X = X" if we need to emphasise dependence on n at any point. A trading strategy is an adapted process ©
satisfying fot o2n2 du<oo for all t € [0, T, so that the stochastic integral in (7) is well defined.

With an exponential utility function U(x) = —exp(—7yx),7>0,x € R, the objective is to maximise expected
utility of wealth at time T, over some class .o/ of admissible trading strategies. The value function is
u(x)=sup EU(X7). (8)
ne.o/

A minimal assumption on the set .27 of admissible strategies is such that the expected utility EU(X7,) is well
defined for all = € .&/. However, to exclude pathologies such as “‘doubling strategies” one usually imposes
further integrability on the set of admissible strategies. We follow Tehranchi (2004), and define .7 as the set of
strategies 7 satisfying E'sup,cp 77 €xp(—)'X7) <oo for some )" >7. There are other possible characterisations of
admissibility in exponential utility maximisation problems, and these are discussed in depth in Delbaen et al.
(2002) and Schachermayer (2001), to which the interested reader is referred.

We then have the following proposition, due to Tehranchi (2004), which extends results of Zariphopoulou
(2001) to a non-Markovian scenario.

Proposition 2 (Tehranchi, 2004). The value function in (8) is given by
u(x) = UE?" exp(0K )]/, ©)
where QM is the projection of the minimal martingale measure onto ?T, given by (2), and 0 = —%(1 —p?).

We shall also use the convex dual to this problem. Let V' : RT — R denote the convex conjugate of the
utility function U:

V()= gug[U(x) —xyl, y>0, (10)
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satisfying the bidual relation
Ux)= inf [V(y)+xy], xeR.
yeR*

The dual problem is to minimise the expectation of V' (ydQ/dP) over local martingale measures Q € .#, and
its value function is

. d
v(y)= Qnelt;/EV(ydg> (11)

We need a lemma relating the constant ¢ = H(QF, P) in (6) to the expectation in (9).

Lemma 1. The constant ¢ = H(QE, P) in (6) is given by

log E2" exp(0K ),

1
= HO P =~

where 0 = —1(1 — p?).
Proof. For U(x) = —exp(—yx) we have, from (10), that V' (y) = (y/y)(log(y/y) — 1), and so (11) gives
o) = V) +2 HQ" ), (12)

It is well known (for example Delbaen et al., 2002; Schachermayer, 2001) that the value functions u(x) and v(y)
are conjugate:

v(y) = sup [u(x) — xy]l, u(x) = inf [u(y) + xy].
xeR yeR

Using this with (12) connects the primal value function with the minimal entropy:
u(x) = —exp[—yx — H(Q", P)].

Comparing this with Proposition 2 gives
exp[—H(Q", P)] = [E®" exp(0K )]/ 7",

from which the result follows. O

Proof of Theorem 1. Since the Brownian motions W, W have correlation p, write W = pW +p] W+, where
p=+/1—p?and W+ is orthogonal to W. Define also a Brownian motion W< orthogonal to W by

Wt =pW — pW+.
We have, using (2) and (3),

do®  doF /doM

doM  dp dp

_ El-ph+ 5 Wy
E(—pl- W)y

_ T
= &(=p<- W)rexp<—pp'/0 Mzdt)- (13)

Note that since the left-hand side is ?T-measurable, this implies that the process ¢ identifying the minimal
entropy measure in our model is F-adapted. We shall use this shortly.
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_Now use the fundamental representation equation (4), which we re-write in terms of the Brownian motions
W, W+, and use Lemma 1 to substitute for the constant ¢, giving (4) in the form

1 r ~ T ~ o1
K= [ n+pz)die |- pepaivi+ | (W,+25?> di

Slog E2” exp(0K 7). (14)
l—p
Now, the left-hand side of (14) is %T-measurable, and we know that ¢ is also ﬁ—adapted. Therefore, to find a

process 7 that satisfies (14) we need to eliminate the stochastic integral with respect to W+, so that n must
satisfy

pn, —pé =0, 0<i<T.
With this choice of 7, (14) becomes, on multiplying by 5°> = 1 — p? and re-arranging terms,

~ 1 T T 1 ~
P& Wy =3 [ Gdr—pp [ ntidr=— 37Ky —log B exp(OK )
0 0
or, equivalently,
~ r exp(—3p°Kr)
E(=p&- W)rexp (—pﬁ / 2 dz) ==,
0 E?" exp(0K 1)
and the result follows from (13). [

4. A new formula for the marginal price of a claim

A corollary of Theorem 1 is the following representation, in incomplete models of the class studied here, for
the marginal exponential-utility-based price (Davis, 1997) of a European claim paying an .# r-measurable
random variable G at time 7.

Corollary 1. With exponential utility, the marginal price of a European F r-measurable claim G has the
representation

E®"[exp(0K )G
EQ" [exp(0K 7)]

Proof. The marginal utility-based price of Davis (1997) has, with exponential utility, a representation as the
OF-expectation (suitably discounted) of the payoff (see Becherer, 2003 for example). When the payoff is % 7-

p=

measurable this expectation reduces to one under OF, and the result is immediate on writing j = E2 G and
using Theorem 1 to express the price as a QM-expectation. [
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