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Rarefaction—undercompressive fronts in driven films
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We consider experiments by Ludviksson and LightfotChE J.17, 1166(1971)] on thin liquid

films driven up a vertical plate by a thermally induced surface tension gradient with a counteracting
gravitational force, and revisit their theoretical analysis, which neglects the effects of curvature, for
predicting the climbing rate of the front. We present a new theory for the lubrication mathel
curvature effects, and get rising rates that depend on the microscopic length scale at the contact line.
The predictions are, in general, in better agreement with the experimentl99® American
Institute of Physicg.S1070-663199)01310-7

In a series of experimeritdn 1971, Ludviksson and parameterg, u, and y denote the liquid density, viscosity,
Lightfoot (LL) studied thin liquid films driven up a plate by and the thermally induced surface tension gradigng the
a thermal gradient, with a counteracting gravitational force gravitational acceleration. The pressprbecomes important
Using a simplified model that omitted the effects of curva-in regions of strong curvature. Neglecting curvature, they
ture, they predicted the climbing rate of the rising front. dropp from the above equations to get tbenservation law
Their analysis explains qualitative features of the experi-
ments, but always overestimates the climbing rates, in one hy+[F(h)]x=0. 2
case by up to 40%. They suggest that in the extreme casefpe injtial value problem witth(x,0)=hy(x) can be solved
surface effects might play a role. ) implicitly using the method of characteristids{x, t) = hq[ x

A subseqL_Jent paper of Teletzket al (see pp. 66—72 —F'(h)t], which, for jump initial data,
notes these discrepancies and attempts to understand the dy-
namics via an extended lubrication model that includes the h,, if x<0,
additional pressure contribution from surface tension, as well ho(x) = 0. if x=0
as other effects. Via an analysis of traveling wave solutions, ' ’
they conclude that the revised theory does not explain theesults in an unphysical multivalued film height after a finite
experimental dynamics. A recent paper of Kataoka andime t>0. In a common procedure in other applications of
Troiar? revisits the Teletzke approach and, with some corconservation lawse.g., gasdynami¢sLL replaced this re-
rections to the numerical method, finds good agreement besult with a classical(centeredl rarefaction-shock solution
tween traveling wave theory and the shape of the front protsee the left column, p. 1168, in Ref), 1
files in the original LL experiment. In their analysis they use . ,
the LL experimental climbing film thickness as a fitting pa- N, I X<F'(ho)t
rameter to the numerical computations of the theoretical pro-  h(x,t)=14 (F")~X(x/t), if F'(h.)tsx<F'(hpt,
file. 0, if F'(hyt<x.

Via a new analysis of the full lubrication modtle (3)
show that the actual dynamical behavior is quite different . ) .
from that of the model in Ref. 1. Instead of a classicalNOte that(3) consists of an expanding rarefaction wave, and
“rarefaction-shock” proposed by LL to describe the large- ©f & jump discontinuity, or shock, fromy, to 0 traveling at
scale structure of the film, we show that curvature effects$Pe€ds(hm,0;F) given by the Rankine—Hugoniot condition,
cause a ‘“rarefaction-undercompressive shock” to form, with F(h,)—F(h_)
a lower climbing rate and larger thickness of the film front.  s(h_,h,;F)= —
The deviation from classical theory depends strongly on the o

microscopic length scale at the contact line. We make newne |eft and right edges of the rarefaction wave are of height

4

predicti_ons for rise rates in Marangoni-driven films. h.. andh,, and travel with characteristic spe&d(h..) and
LL introduces the model F’(h,,), respectively. Nonseparation of the rarefaction wave

(h3p), yh?  pghd and the leading shock measshm,O;F)zF’(hm), equiva-

h+[F(h)],= 3 , F(h):=2—— 3. (1) lently, h,=3v/(4pg). A graph of (3) is shown fort

K B oK =1000 by the dashed line in Fig. 1, after rescaliBgwith

to describe the evolution of fluid profile(x,t) at a position the scalings of the next section. This is the solution that
x in the downstream directiofi.e., away from the bajhThe  arises with second-order diffusion. For comparison we also

1070-6631/99/11(10)/2812/3/$15.00 2812 © 1999 American Institute of Physics
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see the appearance of a very flat plateau of heightb),
separating the two. The corresponding discontinuous solu-

N ) ‘ tion of the conservation law,

= ! T h.+f(h),= 7
Zoost \T - f(h),=0, (@)
(';, is a rarefaction-undercompressive shock, shown in Fig. 1 by
o % ! a solid line, given by
208 215 = |
2500 —-250 ) 250 h., if x<f'(hot,
X

(f))"Y(x/t), if f'(hot=x<=f'(hyt,

FIG. 1. Comparison of the classical rarefaction-shock soluiiashed ling h(x,t)= h if f’(h C)t<X$S(h b;f)t (8)

and the new rarefaction-undercompressive sH@gk solid ling] with the uer u uer =t

solution(+) of the initial value problem for the full PDEB) att=1000. A b, if s(hy.,b;f)t<x,

close-up of the leading front is shown in the inset. Hbere=0.85 andb

=0.025. Circles correspond to the solution bf+[f(h)l,=ehy, €  with a plateau extending betweéh(h,)t ands(h,.,b;f)t.

=0.05, with no precursor. The discontinuous solution and the smooth profile agree very
well on a large scale, with the major deviations near the
edges of the rarefaction wave and at the leading front. There,

include the solution of the PDE obtained by introducing acurvature smoothes out the sharp discontinuity over a length
small amount of second-order diffusion; it is denoted byOf O(1); see thenset. This picture persists in time, hence
circles in the figure. the smoothed front travels at the same spewg(b)
Though there is some qualitative agreement with experi=S(Nuc.b;f) as the discontinuous shock, given by the
ments, in the sense that LL did observe a sharp leading edg@@nkine—Hugoniot conditiori4). The separation indicates
and, for the initial stages, a smooth draining portion of thethat the shock velocity exceeds the characteristic velocity for

solution, some discrepancies are noticeable. The theoretic® left state of the shoclg(h,c,b;f)—f'(h,J)>0. Shocks
predictions always exceed the experimental rising rates, bgpr which characteristics emanate from the shock trajectory

up to 40%. The experimental front profiles shown in Fig. 10are calledundercompressivehocks.

in their article are nearly horizontal less than 2 mm away AN extensive study in Ref. 4 found that undercompres-
from the front, and appear to have a constant shape aft&/Ve shocks are the typ_lcal leading fror!t in long-time solu-
some hours of spreading. This is inconsistent with nonsepdlons of (6), as long as.. is above a certain threshofig(b).
rating rarefaction-shock solutions. Below, we show that thel N® undercompressive shock is followed by a rarefaction

inclusion of curvature leads to a different solution for theWave for h..>hyc, or a second, slower shock, if,<h..
conservation law2) than (3). <hy.. For the latter case, the signature of such a double

Including the effect of surface tension and henceSNock has been found in very recent gxpenmérﬁsr h..
curvaturé?~S we replace(2) with <h,, .the soluﬂon to(6)_evo|ves into a S|mple.compresswe
traveling wave with farfield statds, andb. In this case, one
o finds that surface tension induces a capillary ridge. Traveling
ht+[F(h)]X:_ﬁ(h3hxxx)x’ ®)  waves with capillary ridges have been observed for films
. o . significantly thinner than those in the LL experimehts.
where o denotes the surface tension coefficient. As in RefSCharacteristicaIIy, capillary ridges do not appear in the ex-
2, 3, we assume a small precursor layer of microscopic thickperimental profiles reported by LL. The unusual “undercom-
nessb ahead of the film. This makes sense for a completely,ressive” shock dynamics is due to the fourth-order structure
wetting fluid® and LL suggest that a precursor layer of lessof the diffusive term on the right-hand side @.

than 0.1um indeed is present in their experiment. The new solution(8) is slower than that of LL(13),
Rescaling h, x, and t with H=3y/(2pg), |  which explains the deviations found by LL when they com-

=[30v/(2p*g*) 1", andT=2,u/3(120ypg)"*v* we ob-  pared their predictions with the experimental observations.

tain We computed the precursor heights for whish.(b)
he+[F()],=—(h3h,),, f(h):=h?—h3, 6) matched the experimental rising rates, and found them to be

consistent with the previously mentioned range liorAlso

Note that hereb andh,, have been resealed with respect tonote that LL observe marked nonuniformities in the climbing
the aforementioned scalings. Using the values for the temrate, which is in accordance with the sensitivitylofo mi-
perature gradient, etc. reported by LL to calculate the dimeneroscopic changes at the contact line.
sionless precursor height for their experiment, we find a di-  Our computations show that the undercompressive front
mensionles$©<0.06. speeds,; decreases with. This raises a new question, since

We integrated the PDEB) numerically with a finite dif-  the speed of the front in turn affects the height of the precur-
ference scheméusing smoothed jump initial datdy(x,0) sor that can develop:the faster the front advances, the
=[h,+b—tanh§)(h.—b)]/2, where h,=0.85 and b smallerb. It would be interesting to know whether equilibra-
=0.025. The profile at=1000 is marked by a *+" in Fig. tion of these two effects can play a role in selecting a specific
1; in addition to a rarefaction wave and a leading front, wes,..
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TABLE I. Dimensionless heights and rising rates of the undercompressivgnaintain higher precision in the surface tension gradient. For
profile, for different precursor thicknesses. The LL theory predicted a di'future comparisons, we include Table I, which shows the
mensionless rise rate of 0.25 for smill . NN ’

theoretical predictions fdn,. ands for three orders of mag-

b hue S(hye,b:f) nitude inb.
0.0001 0.8946 0.0943
0.001 0.8542 0.1247 ACKNOWLEDGMENTS
8'82 8'2253 8';‘7&2 We thank X. Fanton, A. M. Cazabat, P. G. de Gennes
0:1 0:5679 0:2736 and M. Shearer for useful conversations. A.B. and A.M. are

supported by a PECASE award administered by the U.S.
Office of Naval Research and by a Sloan research fellowship.

. Another interesting observatlop by LLis that’, after the 1V, Ludviksson and E. N. Lightfoot, “The dynamics of thin liquid films in

film has spread for several hours, its shape remains constanihe presence of surface-tension gradients,” AIChEL7).1166 (1971).

and appears in their Fig. 10 to be very flat. In our numerical?G. F. Teletzke, H. T. Davis, and L. E. Scriven, “How liquids spread on

simulations we found, in fact, that fdr<0.044,h,(b)>3, Solids,” Chem. Eng. Commurg5, 41 (1987. _

wheref has its maximum. implving a neqative characteristic D. E. Kataoka and S. M. Troian, “Stabilizing the advancing front of

) » IMplying ge thermally driven climbing films,” J. Colloid. Interface ScR03 335

speed for the leading edge of the rarefaction wave. Hence thgiggg.

edge moves backward in the |aboratory frame of reference‘,‘A.' L. 'Bertozzi, A. M'anh, and M. Shearer, “Undercompressive shocks in

while the front continues to advance, consistent with the ob-thin film flow,” Physica D (acceptedt . .

servation of LL. It would be interesting to observe this dy- P. Carles and A. M. Cazabat, “On the origin of the bump in the profile of
‘ A h g . . Yy surface-tension-gradient-driven spreading films,” in Mat. Res. Soc. Symp.

namical behavior in an experiment, possibly using a con- proc.,248 519 (1992.

trolled prewet surface. °P. G. de Gennes, “Wetting: Statics and dynamics,” Rev. Mod. P&Ys.

; ; ; i o 827(1985.

. EXpe”me.nta“StS. may.therefore consider further StUdles7A. L. Bertozzi and M. P. Brenner, “Linear stability and transient growth
in the LL regime of film thicknesses to allow observation of . yriven contact lines,” Phys. Fluid8, 530 (1997).
the full profile, including the rarefaction wave and its ongo- ®A. L. Bertozzi, A. Minch, X. Fanton, and A. M. Cazabat, “Contact line
ing separation from the leading undercompressive front, SRtab“iEy agci ‘ggggr(clcéggfessive shocks’ in driven thin film flow,” Phys.

H H H H H ev. Lett.81, .
W.hlle reducmg uncertainties that compllcate th.e C.Ompa.nson’A. M. Cazabat, F. Heslot, S. M. Troian, and P. Carles, “Finger instability
with theory. For example, they could choose liquids with @ o this spreading films driven by temperature gradients,” Natuomdon)
less temperature-dependent viscosity than squalane, and4é 824(1990.

Downloaded 16 Apr 2012 to 129.67.184.167. Redistribution subject to AIP license or copyright; see http://pof.aip.org/about/rights_and_permissions



