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Abstract. We derive a novel thin-film equation for linear viscoelastic media describable by generalized
Maxwell or Jeffreys models. As a first application of this equation we discuss the shape of a liquid rim near
a dewetting front. Although the dynamics of the liquid is equivalent to that of a phenomenological model
recently proposed by Herminghaus et al. (S. Herminghaus, R. Seemann, K. Jacobs, Phys. Rev. Lett. 89,
056101 (2002)), the liquid rim profile in our model always shows oscillatory behaviour, contrary to that
obtained in the former. This difference in behaviour is attributed to a different treatment of slip in both
models.

PACS. 83.60.Bc Linear viscoelasticity – 47.50.+d Non-Newtonian fluid flows – 68.15.+e Liquid thin films

1 Introduction

The understanding of the dynamics and in particular the
stability of thin polymeric films on substrates has ad-
vanced considerably in recent years [1,2]. This achieve-
ment is to a large part the result of the development of
novel experimental methods and model systems, and a di-
rect involvement of quantitative theoretical modeling.

On the theoretical side, the use of thin-film equations,
based on the lubrication approximation to the hydrody-
namic equations for Newtonian liquids has been particu-
larly successful [3]. As a consequence of this success, how-
ever, the inherent limitations of the classical lubrication
approach to polymeric films have become evident as well.
In the range where the polymer chain length begins to
become comparable with the film thickness, the entangle-
ment of the polymers in the film begins to influence the
thin-film dynamics, in particular at film rupture [4]. An
example for such a signature is the profile of a decaying
film in the vicinity of a hole opening in the film. This
profile can, depending on polymer chain length and film
thickness, be oscillatory or monotonely decaying. These
effects have been related to the viscoelastic dynamics of
the polymer films, and if this is correct, require an ex-
tension of the existing lubrication models to include these
properties of the liquid.

In order to describe this and other non-Newtonian ef-
fects in thin films, various models have been discussed in
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the literature. They can roughly be grouped into three dif-
ferent classes (but mixtures of these appear as well). In the
first, non-Newtonian behaviour is accounted for by assum-
ing a nontrivial frequency dependence of the stress-strain
relation in the form

τ (ω) = η(ω)γ̇(ω) , (1)

where η is the shear viscosity of the liquid [5,6].
In the second class, more general linear relationships

between τ and γ̇ are assumed, with the simplest class
being that of generalized Maxwell models. A typical
example is the model put forward by Herminghaus et
al. [7] which will be referred to in the paper [8]; but also
other approaches in a similar vein have appeared in the
literature [9,10].

These models can be extended to also account for
so-called convective nonlinearities [11]. Nonlinearities be-
come important when the shear in the film becomes large
such that the stress tensor gets advected by the flow and
rotated by the vorticity. The key case for which we want
to apply the thin-film equation is the decay of a capillary
ridge. This experimentally well-studied case does not in-
volve large flow in the region in which we use the thin-film
equation. The same is true for the early dewetting dynam-
ics of spinodal dewetting, for which our thin-film equation
can be applied as well. Therefore, we here restrict our-
selves to linear relationships only.

In the third class, special assumptions are made on a
nonlinear relationship between τ and γ̇. This is, e.g., the
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case for the power law fluids in which

τ = Kγ̇
n (2)

is assumed, with n often determined from fits to experi-
mental data. This class comprises the case of shear-thin-
ning and shear-thickening fluids, and since it allows a sim-
ple generalization of the thin-film equations for Newtonian
fluids, it has been frequently considered in the discussion
of thin-film phenomena [12–16].

All of these modelling approaches are often used in
conjunction with additional ad hoc or phenomenological
modelling assumptions. This has led to conflicting in-
terpretations of experimental results. As the models are
fairly complex, often nonlinear, and do contain a number
of different parameters which are often also unknown,
the value of the conclusions drawn from these approaches
remains hard to judge.

Given the success of the lubrication approximation
for the dynamics of thin films of Newtonian character,
we were prompted to look at this issue for the case of
non-Newtonian liquids from a more conceptual point of
view, in the context of the mathematical and physical
assumptions underlying the thin-film equations. Here, we
are thus not immediately concerned with the explanation
of experimental results, but we rather pose the question
of the derivation of a thin-film equation based on the
lubrication approximation for the hydrodynamics of
viscoelastic fluids.

The plan of this paper is thus as follows. We first de-
fine the class of viscoelastic model liquids which we will use
throughout the paper and put it in the context of the phe-
nomenological models recently discussed in the literature
(Sect. 2). We then introduce some elementary concepts
needed for the derivation of a thin-film lubrication equa-
tion, which we subsequently obtain from a scaling analysis
of the equations of viscoelastic hydrodynamics (Sect. 3).
In Section 4, we study the shape of a liquid rim in a dewet-
ting film, and conclude in Section 5 with a discussion of
our finding in the context of recent results in the literature.

2 Viscoelastic hydrodynamics

2.1 Conservation laws

We here first state the hydrodynamic equations of vis-
coelastic media, and begin with the conservation laws. For
the situations we will address, the liquid can be assumed
to be incompressible with mass density ρ. The equation
of mass conservation thus reduces to

∇ · u = 0, (3)

with the velocity field u = (ux, uy, uz). The equation of
momentum conservation is given by

ρ
du

dt
= −∇pR + ∇ · τ , (4)

with the reduced pressure pR = p+V . In this expression, p
is the hydrostatic pressure, while the pressure induced by

forces such as gravity or van-der-Waals–type dispersion
forces is given by V . The deviatoric (traceless) part of
the stress tensor is τ (which is symmetric). With d/dt =
∂t+u ·∇ we denote the material (or total) derivative, and
with ∇ = (∂x, ∂y, ∂z) the gradient operator.

2.2 Constitutive equations

In a Newtonian liquid τ is proportional to the strain rate
γ̇, i.e. to the gradient of the velocity field γ̇ij = ∂iuj+∂jui
(which holds for incompressible fluids). In a purely (lin-
early) elastic medium the stress would be proportional to
the strain and not to the strain rate. In order to describe
a viscoelastic fluid one therefore needs a model constitu-
tive relation for the dependence τ (γ̇) which interpolates
between purely viscous and purely elastic behaviour.

A frequently used example for such a viscoelastic
model is the linear Jeffreys model (see [17–19])

τ + λ1 ∂tτ = η (γ̇ + λ2 ∂tγ̇) , (5)

which contains two relaxation time constants λ1 and λ2

as well as the shear viscosity η. This model is sufficiently
rich as it allows a purely viscous response of the liquid:
sudden deformations allow for arbitrarily high stresses in
the liquid. We note that it is equivalent to a special case
of the generalized Maxwell model

τ = τ 1 + τ 2 , (6)

τ ` + β` ∂tτ ` = µ` γ̇, ` = 1, 2 (7)

with a relaxation time constant β1 = λ1 and β2 = 0 and
the two shear viscosities µ1, µ2. The relationship between
the generalized Maxwell and the Jeffreys model follows
from the differentiation of τ 2 = µ2γ̇ with respect to time;
this yields the relationship between the parameters

λ1 = β1, η = µ1 + µ2 , λ2 = λ1

µ2

µ1 + µ2

. (8)

Since the latter fraction obviously is always less than or
equal to one, we generally have λ1 ≥ λ2.

We note that in particular the model introduced by
Herminghaus et al. [8,7] is equivalent to our model. The
authors assume, like us, a stress tensor of the form of equa-
tion (6) where τ 1 = µ1γ̇, while τ 2 = ES. Here E is the
elasticity module and Sij a tensor obeying the equation

(∂t + ω0)Sij = ∂iuj + ∂jui . (9)

Identifying the relaxation frequency ω0 with λ−1

2
and

defining µ2 = Eλ2 then establishes the relationship be-
tween the models.

3 Lubrication approximation

We now turn to the derivation of a lubrication equation
for the viscoelastic dynamics of the linear Jeffreys model,
and begin by stating some general relationships we will
use for this purpose in the following.
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3.1 Parametrizing the thin film

For a flat liquid film on top of a solid substrate (we choose
the coordinate system such that the xy-plane is the sub-
strate surface) we can parameterize the surface of the liq-
uid by a local film thickness z = h(x, y, t). For incompress-
ible liquids the time derivative of h(x, y, t) is coupled to
the flow field according to

∂th = −∇|| ·

∫ h

0

u|| dz, (10)

with the index || denoting the xy-components of a vector
parallel to the substrate; for example ∇|| = (∂x, ∂y) and
u|| = (ux, uy).

At the free film surface the components of the stress
tensor tangential to the surface vanish because we neglect
the vapor phase (we consider a film effectively in vacuum).
The normal component of the stress tensor is given by the
Laplace pressure

(τ − p1) · n = 2σ κn, (11)

with the surface tension σ and the local normal vector
pointing out of the fluid

n =
1

√

1 + (∇||h)2

(

−∇||h, 1
)

. (12)

In equation (11) we denote by 1 the 3 × 3 unit matrix;
κ is the local mean curvature with the sign chosen such
that the curvature of a spherical droplet of liquid is neg-
ative. We further define the two tangential vectors t and
p for later use such that all three vectors are mutually
orthogonal and t points towards the up-hill direction:

t =
1

√

(∇||h)2
[

1 + (∇||h)2
]

(

∇||h

(∇||h)
2

)

, (13)

p =
1

√

(∇||h)2







−∂yh

∂xh

0






. (14)

Finally, the substrate is supposed impermeable and we
assume a Navier slip boundary condition for the velocity
components parallel to the substrate

uz = 0 and ui =
b

η
τiz, (15)

with i = x, y and the slip length b.

3.2 Scaling

For very thin films the length scale of the film thickness
H is much smaller than the lateral length scale L parallel
to the substrate surface. Thus, ε = H/L¿ 1 is a natural
small parameter which we will use to simplify the system
presented in Section 2.

In order to retain the incompressibility condition (3) in
every order in ε, the velocity scale normal to the substrate
is ε times the velocity scale in the substrate plane U . The
time scale is then given by T = L/U . We balance pressure,
viscous forces and surface tension so that the pressure
scale P is

P =
η

T ε2
=
U η

H ε
(16)

and the scale for the surface tension is U η/ε3.
The scaling of the strain rate tensor components γ̇ij

are determined by the scalings of velocity and length. If
in addition corresponding components of the stress and
strain rate tensor are of the same order (a scaling also
used in [20] in the lubrication region) we get the following
scaling relationships:

r|| = L r∗|| (z, h, b) = H (z∗, h∗, b∗), (17)

u|| = Uu∗
|| (t, λ1, λ2) = T (t∗, λ∗

1
, λ∗

2
), (18)

uz = εU u∗z (p, V, pR) = P (p∗, V ∗, p∗R), (19)

σ =
U η

ε3
σ∗, (20)





τxx τxy τxz
τyx τyy τyz
τzx τzy τzz



 =
η

T









τ∗xx τ
∗
xy

τ∗xz
ε

τ∗yx τ
∗
yy

τ∗yz
ε

τ∗zx
ε

τ∗zy
ε
τ∗zz









, (21)

with the superscript “∗” denoting the dimensionless quan-
tities. The scaling of the stress tensor components τij is,
although physically motivated, not the only one used in
the literature. In [21,22], the in-plane components τij with
i, j ∈ {x, y} are scaled as τij = (η/ε2 τ) τ∗ij . For the nonlin-
ear model used in [21,22] this prescription is necessary in
order to get a well-defined thin-film limit. By an appro-
priate choice of the length scale we can scale σ∗ to one. In
the following, in order to avoid clumsy notation we drop
the “∗”; if not stated otherwise, all quantities from now
on are to be considered dimensionless.

3.3 Dimensionless equations

The mass conservation equation (3) is already dimension-
less. For the component of the momentum equation (4)
parallel to the substrate we have

ε2 Re
dui
dt

= ε2 (∂x τxi + ∂y τyi) + ∂z τzi − ∂i pR, (22)

with i = x, y and for the normal component

ε4 Re
duz
dt

= ε2 (∂x τxz + ∂y τyz + ∂z τzz)− ∂z pR. (23)

Here Re = ρU L/η is the Reynolds number which we as-
sume to be of order unity or smaller. In dimensionless form
the linear Jeffreys model (5) is given by (i = x, y, z)

τii + λ1 ∂tτii = 2 (∂iui + λ2 ∂t∂iui) , (24)

τxy + λ1 ∂tτxy = γ̇xy + λ2 ∂tγ̇xy, (25)
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τxz + λ1 ∂tτxz = ∂zux + λ2 ∂t∂zux

+(∂xuz + λ2 ∂t∂xuz) ε
2, (26)

τyz + λ1 ∂tτyz = ∂zuy + λ2 ∂t∂zuy

+(∂yuz + λ2 ∂t∂yuz) ε
2 (27)

with γ̇xy = ∂xuy + ∂yux. The other occurrences of compo-
nents of γ̇ have been expanded in derivatives of u.

The kinetic condition at the film surface (10) is invari-
ant under rescaling, while the boundary condition at the
substrate (15) becomes

uz = 0 and ui = b τiz, (28)

for i = x, y.
For the boundary condition at the film surface (11) we

distinguish between the normal component

τzz − 2 (τxz ∂xh+ τyz ∂yh)

1 + ε2 (∇||h)2

+ε2
[

τxx (∂xh)
2 + τyy (∂yh)

2 + 2τxy ∂xh ∂yh
]

1 + ε2 (∇||h)2
−
pR
ε2

=

1

ε2
∇

2

|| h+ε
2
[

∂2

x h (∂yh)
2−2 ∂xh ∂yh ∂x∂yh+∂

2

y h (∂xh)
2
]

[

1+ε2 (∇||h)2
]

3

2

(29)

and the two tangential components. Multiplying (11) with
t and p from the left, we get

0 =
[

1− ε2 (∇||h)
2
]

(∂xh τxz + ∂yh τyz)

+ε2
[

τzz(∇||h)
2 − τxx(∂xh)

2−τyy(∂yh)
2−2 τxy ∂xh ∂yh

]

(30)

and

0 = τyz ∂xh− τxz ∂yh

+ε2
{[

(∂yh)
2−(∂xh)

2
]

τxy+(τxx−τyy) ∂xh ∂yh
}

, (31)

respectively.

3.4 The thin-film equation

We now pass to the lubrication equation which can be
obtained as the lowest-order equation in h. For the parallel
and normal momentum equation (22) and (23) we have

∂zτzi = ∂ipR, (32)

0 = ∂zpR, (33)

respectively, with i = x, y. The constitutive equations (24)
to (25) do not contain ε’s. The leading-order terms in (26)
and (27) are

τxz + λ1 ∂tτxz = ∂zux + λ2 ∂t∂zux, (34a)

τyz + λ1 ∂tτyz = ∂zuy + λ2 ∂t∂zuy. (34b)

The boundary conditions at the film surface z = h(x, y, t)
(29) to (31) are to leading order

pR = −∇
2

|| h+ V (h), (35)

0 = ∂xh τxz + ∂yh τyz, (36)

0 = ∂xh τyz − ∂yh τxz, (37)

respectively. For ∇||h 6= 0 the last two conditions can be
summarized to

0 = τxz = τyz. (38)

At this point it is useful to note the following: the flow
field u, the pressure p and therefore also the film shape
h do only depend on τxz and τyz. Neither the constitutive
equations for these fields (34a) and (34b) nor the boundary
conditions (38) couple to the other stress components. We
thus have a closed system of equations for u, p, h, τxz, and
τyz only.

To proceed further, we first note that according to the
normal component of the momentum equation (33), pR is
independent of z. Integrating the parallel components of
the momentum equation (32) with respect to z from z to
h(x, y, t) then yields

τiz = (z − h) ∂ipR. (39)

Upon substitution of (39) into the linear constitutive re-
lation (34) we obtain

(1 + λ2 ∂t) ∂zui = (1 + λ1 ∂t) [(z − h) ∂ipR] . (40)

If we integrate this expression from 0 to z, use the bound-
ary condition (28) for ui and the value of τiz at z = 0 from
(40) we obtain

(1+λ2 ∂t) (ui+b h ∂ipR) = (1+λ1 ∂t)

[(

z2

2
−hz

)

∂ipR

]

.

(41)
Integrating this one more time from z = 0 to z = h(x, y, t)
we find

(1 + λ2 ∂t)





h
∫

0

ui dz + b h2 ∂ipR





−λ2 ∂th
(

ui|z=h + b h ∂ipR
)

=

− (1 + λ1∂t)

(

h3

3
∂ipR

)

+ λ1

h2

2
∂th ∂ipR. (42)

Using the kinematic condition (10) in (42) we obtain as
the lubrication approximation to the linear Jeffreys model
the equation

∂th+ λ2

[

∂2

t h+ ∇|| ·
(

u|||z=h
∂th
)]

=

∇|| ·

{[

(1 + λ1 ∂t)
h3

3
+ (1 + λ2 ∂t) b h

2

]

∇|| pR

}

−∇|| ·

[(

h2

2
λ1 + b h λ2

)

∂th∇||pR

]

(43)

with pR at the film surface given by (35).



M. Rauscher et al.: A thin-film equation for viscoelastic liquids of Jeffreys type 377

We are now left to find an expression for u|z=h in terms
of h(x, y, t). Observing that (41) can be written as an or-
dinary differential equation in time

ui + λ2∂tui = gi , (44)

where

gi :=−(1+λ2∂t) bh∂ipR+(1+λ1∂t)

[(

z2

2
−hz

)

∂ipR

]

,

(45)
we can represent the solution as

ui =
1

λ2

∫ t

−∞

e−
t−t′

λ2 gi(x, y, z, t
′) dt′ =:

1

λ2

L[gi]. (46)

Integration by parts can be used to simplify (46) at z =
h(x, y, t) to the form

λ2u|||z=h
= −

(

λ1

h2

2
+ λ2bh

)

∇||pR

+(λ2 − λ1)

(

h2

2
Q|| − hP||

)

, (47)

where

Q|| =
1

λ2

L
[

∇||pR
]

, R|| =
1

λ2

L
[

h∇||pR
]

, (48)

or, equivalently,

Q||+λ2∂tQ||=∇||pR, R||+λ2∂tR||=h∇||pR. (49)

Using this in (43) we find the lubrication equation

(1+λ2∂t)∂th+(λ2−λ1)∇|| ·

[(

h2

2
Q||−hR||

)

∂th

]

=

∇|| ·

{[

(1+λ1 ∂t)
h3

3
+(1 + λ2 ∂t) b h

2

]

∇|| pR

}

. (50)

The system of equations (49) and (50) is the central
result of the paper. It constitutes a lubrication equation
for the linear Jeffreys (generalized Maxwell) model with-
out any further assumptions on the flow of the viscoelastic
medium on the surface.

It is worth to note some general features of this novel
lubrication model. Firstly, the dependence of the Jeffreys
model on higher-order derivatives of the stress and strain
rate tensors is reflected by a second derivative of the film
height with respect to time. Secondly, even for this simple
model system the equations are more involved due to the
presence of nonlinear terms with mixed time and space
derivatives.

We finally comment on the limiting cases the equa-
tion assumes in specific limits. For λ2 → 0 it collapses to
a single equation. This limit corresponds to the simplest
Maxwell model with only one stress tensor contribution.
In the case λ1 = λ2 we recover the thin-film equation
of Newtonian liquid, multiplied on both sides by a factor
(1 + λ1 ∂t).

4 The shape of a rim in a dewetting film

As an application of the novel lubrication equation we
investigate the issue of the shape of the rim of a dewetting
viscoelastic thin film. In reference [7], Herminghaus et al.
have shown that in viscoelastic thin films based on the
generalized Maxwell model, both oscillatory rim profiles
as well as monotonely decaying profiles are possible, in
accord with experiment.

In order to address this question we consider the lin-
ear stability of the system (49) and (50). For this it is
enough to consider the 2D situation of a cross-section of
the rim. Since we are not interested in the behaviour near
the contact line, we further neglect van der Waals forces
represented by V (h).

Technically, we perform an analysis on the same level
as in [7]. We only look at the linear problem of the decay
of the capillary response the opening hole creates towards
the flat film state. For this we shift the coordinate system
to the frame co-moving with the rim located at s(t), i.e.,
we let

h(x, t) = h(ξ, t), Q(x, t) = Q(ξ, t), R(x, t) = R(ξ, t),
(51)

with ξ = x − s(t) and where Q is the first component of
Q|| and R is the first component of R|| in 2D. This yields

∂th− ṡ∂ξh+ λ2

(

∂2

t h− 2ṡ∂t∂ξh+ ṡ2∂2

ξh− s̈∂ξh
)

+(λ2 − λ1)∂ξ

[

(∂th− ṡ∂ξh)

(

h2

2
Q− hR

)]

=

∂ξ

[

−

(

h3

3
+ bh2

)

∂3

ξh− ∂t

{(

λ1

h3

3
+ λ2bh

2

)

∂3

ξh

}

+ṡ∂ξ

{(

λ1

h3

3
+ λ2bh

2

)

∂3

ξh

}]

, (52)

together with

Q+ λ2∂tQ− λ2ṡ∂ξQ = −∂3

ξh (53)

and
R+ λ2∂tR− λ2ṡ∂ξR = −h∂3

ξh . (54)

If we then perturb around a flat reference state with h0 =
const, Q = 0 and R = 0, by setting

h = h0 + δ · ϕ, Q = δ · ψ1, R = δ · ψ2 (55)

and by assuming a quasi-steady state in which the shape
of the rim changes only slowly and the speed ṡ is constant,
we find for the perturbation equations for (52), (53), (54),
keeping only the O(δ) terms

−ṡ∂ξϕ+ λ2ṡ
2∂2

ξϕ+

(

h3

0

3
+ bh2

0

)

∂4

ξϕ

−ṡ

(

λ1

h3

0

3
+ λ2bh

2

0

)

∂5

ξϕ = 0 (56)

and

ψ1−λ2ṡ∂ξψ1=−∂
3

ξϕ, ψ2−λ2ṡ∂ξψ2=−h0∂
3

ξϕ. (57)
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Note that equation (56) does not contain any contribu-
tions from ψ1 or ψ2 and hence we can simply solve it by
making the normal mode ansatz ϕ = eωξ, requiring that
the solutions decay to ϕ → 0, since h → h0, Q = 0 and
R = 0 as ξ → ∞. Hence, the solutions must always have
ω with a negative real part.

However, we find that in the equation for the growth
rate,

−ṡ+ λ2ṡ
2ω +

(

h3

0

3
+ bh2

0

)

ω3

−ṡ

(

λ1

h3

0

3
+ λ2bh

2

0

)

ω4 = 0 , (58)

all coefficients ṡ
(

λ1

h3

0

3
+ λ2bh

2

0

)

,
(

h3

0

3
+ bh2

0

)

, λ2ṡ
2 and ṡ

are positive constants. From the form of the polynomial we
can thus conclude that normal modes with negative real
ω will never be a solution of equation (58). Consequently,
the solutions which decay to zero as ξ →∞ have to be os-
cillatory, as in the special case of the Newtonian fluid with
λ1 = λ2. This is in contrast to the results by [7], where
it is argued that viscoelasticity will introduce a change in
shape to a monotonely decaying rim towards the undis-
turbed portion of the film.

5 Conclusions

In this paper, we have derived a novel thin-film equation
for viscoelastic media based on a linear Jeffreys model.
As a first application of this equation we have studied the
rim profile in a dewetting thin film, and find that it always
has oscillatory behaviour. At first sight this result seems
in contrast to the finding by Herminghaus et al. [7] which
is based on the same viscoelastic model of the liquid.

In order to identify the origin of this apparent con-
tradiction we propose to distinguish between four classes
of thin-film dynamics. They refer to either a Newtonian
or viscoelastic liquid, considered with weak or strong slip
behaviour.

While the difference between the two types of liquid is
evident, the latter distinction is, so far, less appreciated.
The strong slip limit corresponds to a plug flow regime,
for which a different scaling of the liquid dynamics needs
to be performed.

In references [23,24] two of us (AM and BW), together
with others, have studied the properties of a lubrication
model for a Newtonian fluid in the plug flow regime. Math-
ematically, this regime is characterized by a different scal-
ing of the slip length. In the plug flow regime, the scale of
the slip length is not only large as compared to the film
thickness but also large as compared to the lateral length
scale, i.e., b = (L/ε) b∗ = (H/ε2) b∗. This model exhibits a
transition from solutions with an oscillatory decay of the
profile to such with a monotone decay.

Herminghaus et al., in their discussion of a viscoleastic
thin film, also consider plug flow (i.e., the limit of infinite
slip length). By contrast, in this paper we assume that the

scale of the slip length is the same as the scale of the film
thickness, see equation (17).

As a consequence, out of the four regimes, namely
Newtonian or viscoelastic with weak slip, and Newto-
nian or viscoelastic with plug flow, our equation (50) cov-
ers two regimes, namely Newtonian and viscoelastic with
weak slip. The model presented in [7] in principle covers
the other two regimes, namely Newtonian and viscoelas-
tic with plug flow, however only the strong viscoelastic
regime is discussed in detail. In the notation of [7] the
Newtonian limit is given by ω0 →∞ but in the derivation
of equation (4) as well as equation (6) of that paper, terms
proportional to ω0 are neglected. In fact, the model pre-
sented in [7] in equation (3) also shows a transition from
oscillatory decay for slow rim speed to monotone decay
for large rim speed, if the time derivative of the strain is
dropped.

Apparently, one cannot reach the plug flow regime sim-
ply by increasing b in our equation (50). Therefore, we are
led to conclude that the essential mechanism underlying
the morphology change in the rim profiles is not primarily
due to the bulk properties of the liquid (be they Newto-
nian or not), but rather determined by its hydrodynamic
interaction with the underlying substrate. Since, however,
viscoelastic liquids usually show strong slip while Newto-
nian liquids usually have weak slip, bulk and slip prop-
erties in experimental systems are coupled; in most cases
one will therefore observe oscillatory decay for Newtonian
liquids and monotone decay for viscoelastic films. It is a
challenge for future experiments to see whether the dis-
tinction between the two effects could be made to appear,
and the four suggested regimes become observable.

As a final remark we note that in order to fully under-
stand the dynamic behaviour of rupturing thin films, the
thin-film models based on the lubrication approximation
need to be extended to account for convective nonlineari-
ties, which are relevant in the rim and in particular near
the contact line.

We thank Peter L. Evans (Institute of Mathematics, Hum-
boldt University Berlin) for helpful discussions. Ralf Blossey
and Markus Rauscher thank the Weierstrass Institute for Ap-
plied Analysis and Stochastics (WIAS), where this work was
begun, for its kind hospitality. Andreas Münch acknowledges
support via DFG grant MU-1626/3-1 and the DFG research
center MATHEON, Berlin.

References

1. R. Seemann, S. Herminghaus, K. Jacobs, J. Phys. Con-
dens. Matter 13, 4925 (2001).

2. P. Müller-Buschbaum, J. Phys. Condens. Matter 15,
R1549 (2003).

3. J. Becker, G. Grün, R. Seemann, H. Mantz, K. Jacobs,
K.R. Mecke, R. Blossey, Nature Mater. 2, 59 (2003).

4. G. Reiter, Phys. Rev. Lett. 87, 186101 (2001).
5. L.D. Landau, E.M. Lifshitz, Fluid Mechanics

(Butterworth-Heinemann, Oxford, 1987).
6. S.A. Safran, J. Klein, J. Phys. II 3, 749 (1993).



M. Rauscher et al.: A thin-film equation for viscoelastic liquids of Jeffreys type 379

7. S. Herminghaus, R. Seemann, K. Jacobs, Phys. Rev. Lett.
89, 056101 (2002).

8. S. Herminghaus, K. Jacobs, R. Seemann, Eur. Phys. J. E
12, 101 (2003).
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14. A. de Ryck, D. Quéré, Langmuir 14, 1911 (1998).
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