



































































































































cutigesintgntoy.p tyne.cn Ift
Ageneric p ty space will be

denoted d F P Here 7 is a G alget

end is not completed unless specified

Mostof the time I will work with complete separablemetric

spaces Polish spaces There will alwaysbe
endowed with their Bord T algebra I typically dented X P X

Y B Y etc Note that R X is countably generated

faking finite intersections of complement of the generating openset E

countably
determined i.e priv o B X then per if p voce

It follows that B X P X 2 xxx

RL.fi
luTEgg

many span

is that hea randomvariable

then X naturally puckes IPonto a pity measure on E
poofter called the distributionof

X denoted L x P X X P 2 x A P utd X As AGE

Marginal are the puchforward measuresof projections on a productspace

Say Y T is a pity spece Let profx Y I be the projecti

onthe firstcoordinate e likewise projay Then

µ prop IT is called the fruit marginalof a 40 prompt in the 2ndone

This is equivalent to saying
p AI T Ax

B x p
K AFRA
BE Y
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fceatygyia.is fear fewXxY 11this really

text to ftp.i.fi
Fabiniconstructigmeasures

Def A ptykernel or Xx a mapping
0 X R Y 1913 such that

for each E X O x is a pitymeasure a BCM

foreach BERCY OC B is measurable

The Fubon let U F Xx R X RED p be apty measure X O a

ptybernelThen thereexists a uniquepty measure a 02,71 at

TCA B pHOK B At R X BER Y
For a non negative riv f on it the function x f f xy Ofoly
in measurable

ff.tt fpthfflxylofx.ly

RL Note that T Ax 7 Fp Eff plat so projx T p
Onthe other hand v propy IT is givenby v B X B plow06B

I Aspecial case is when 0 x r is a fixedptry measure on X

T i then called the product measure denoted now

DIffÉ Lt Air Yr be too pty measures A coupleof no is a

pity space
d F P with twovariables X I X Y R Y sit

P p Y PP v

FL We sometimes refer to IT X Y P which is aptg measure a Xxx as thecoupling

Thesetof suchmeasures is denoted M p u TED Xxx projx T p profy If






































































































































Rt If no furtherrequirement are given X Y p v with X projx Yprojay gives

the independent coupling So couplings always exists in MIMio

Def A complety XY 0 saidto be determinists if Y T X forsome measurable function
or Monge

T X Y

This is equivalent to say.ly that Y T X and T p u

Or thatthe distributionof X Y is concentrated on thegraph of a measurdefunctiont

For that provides a changeof variables fycylol.ly t lplolx f
Or that L x y T It T p
Such a nap T is called a Mange transport

Given L XY such T above is uniquep.ee
While Mmid 0 a transportermay

fail to exit e.g p dog f d

Examples the increasingrearrangementon
R

For a pity measurepo R Let Fp k p 9 3 F be if right cont
inverse Ff t if x R Field 1 If Uniffo I then Y FYx m

ie Iol F f Leton M Unitas p Ff is a transportmap
If he

has no atom then the reverse work X p por Y F Unit out hence

X F Frix in a complyof pin

OIY.IT II c.xnr a to

f no no o
ftp.usf.gl ylit

I mo
Pe riv

apothmops plans

e Up ultv pA AI ftp.ngfllxyotfproftofollwwhenwequf.gg






































































































































Lee If pilotonless then deterministic fromspot couplings are

dense in all couplings

Proof Suppose X Y are compett Dividethen it and set Kim Li n
otion Kin KinxLj are small et a petite

Xx Y

If in Kinkin T kin 4 l do so TEPAY
then I IT site ff.tt felt E fee.at

wiC'at

0
where we in the

moklesof contoff whichis our contbold testfunction
Thengiven it M par consider Ti

kin y in

T Ftp Fpi Cpi vi margindiof

Then it I I T pi is a Mage comply
whichagrees

with

T or end Kim Lj it

by preting it together one weget a
Range coupleys

In IT

General Polish X Y see A Protdi
PhD 03






































































































































Disectingmeasureflisintegrations

We sow above how to usep
a kendo to obtain a pty measureon Xxx Wenow

want to reversethis procedure This is called disintegration inanalyst regular conditioning

in pty
Consider RFP a sub s algebraG We know that conditional expeditionsexits
that MA 1g i e g memorable v.v It is defined IP e1 i outsideofsome

Dnullset which may dependon A As A I verdesIae

easily be leftwith no wed or which
my

objectare jointly
illentifont

Def O 1 7 far is called a regale conditionalpity for 7givenG if

Fact DC A a Fb is G measurable Fan of in aptymeasureonCRM

Faq 0C A Elka g Rec

In If hi a complete separable metricspace F R R then a regular conolptgf7p.mg
exists isunique

Furthermore if He is a countably
determined algebra then

7Ney PINI 0 w Al flu Katy Kean
If X in e g m.vn takingwhen i X OXD I T x then

O w w ed Cut xD L P es

RI Thil is oftenstatedforG T E the O Al 4 141Y x a 0 fixt fail for
I S

See KS chips Pertheserthy 67

Let us apply thistothe particular case of 1.7
XxY h x B ry Let P

G 1 r projx Note that O A telling G measurable means it is a function

composite Of A f projx ul i.e it R X measurable

By restricting O
i to Y we obtain a pitykernel

stilldenoted 0 s

O x B GAB 1G H di x er or

Eg SoxB IT ftp.t it
Axor

xB dm for re profx I




























































pPX for D XxBCY 6 1 uniquely
determine Tom 8h Xxx

Wemaywrite 100 saythisisthe disintegrationof it alongitsfiremarginal

Exemple Martingale couplings
We
say that a coupling x 4 of pin mitigate coupling

if E Y ok X es we write L x y M pro

Let L XY Note that Y TX x1,0 xdy plot ere

In lead by measurabilityofQ fyof.ly i Borel measurable FA B R

E yea fftakyot fploklfyof.ly as required

Sothe compleyis a martingale one if fyolxidyl xpel.tl a e i e the

RKernel O is bergeantre preserving

Exemple Knothe Rosenblattrearrangement in IR Let p r PCR will p
Leb

1 Let µ proje p y T x for T For'ofp Thinpins a curlingoff
2 Let piz p jn.tt Mic p 0

p go2
let 92T2 Xiii whereT2 Flyin FoCai
i e for x Gy fixed we treat theconoldistribe

x2 2 yay
3 Lt pig Me 02

81 0,2022
ett my mapt

Note thatJacobian matrixofthischangeofvariables i uppertriangular
with positiveentrieson

thediagonal

Exemple Gluing Let Xi pi 17,9 bePolishptyspees.dkE Mpipe I EMMmaps

Then thereexits M pipaps withprojic T Te projay top

Protishetch
Disintegrate 0120M

T2 Me 02 8hby the car marginal

I Colxidantg Q X ok p26ha Qp Xudg



Lemme TEM pro FT Xx at Y it

X T X Y I T 4 W

cher X U p Uniff3

couplings
randomicationsof maps

Remarks
on thevsour.es

As advertised these notes follow I borrow from

Villani 03 Topics in OptimalTransportation

Villani 09 Optimaltransport Oldand
New

Santambrogio 15 OptimalTransport for Applied
Mathematician

there are all wonderful books


