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I. PROBLEM SET UP

Given a three-dimensional (3D) mesh, mesh offsetting is the upward and downward scaling of the
3D object (see Figure 1). This scaling aims to respect the shape and proportions of the object. The
focus of this review will be methods suitable for the offsetting of triangular meshes, as the data will
be received as an STL.

Figure 1: Example of a mesh offset, figure taken from [1].

Several authors discuss mesh offsetting as the Minkowski sum of the object with the set of faces,
cylinders and spheres corresponding to the the faces, edges and vertex of the structure [1, 2, 3]. Recall
that the Minkowski sum between two sets A and B is

A⊕B = {a+ b | a ∈ A, b ∈ B}, (1)

that is the point-wise sum of the two sets. These methods therefore break down the structure by
geometric characterisations into vertices, edges and faces. An offsetting of distance l is achieved
by making vertices into spheres of radius l, edges into cylinders of radius l and faces into parallel
faces [1]. The offset structure is then trimmed where the objects overlap. Chen et al. note that this
trimming process, which uses a Boolean approach, has high computation expense. This computational
complexity has motivated further research into offsetting including point-based and curve-based
approaches which we will discuss below [1, 4]. The intuitive method for mesh offsetting is to offset
in the normal direction. Hence, alternative approaches to the Minkowski sum approaches, use normal
vectors of the vertices to direct an inflation or deflation of the shape. Methods such as these are also
outlined below [5, 6].

Offsetting two-dimensional (2D) objects is far easier than offsetting 3D objects. Thus, a compu-
tationally cheap method for offsetting 3D structures is to take 2D slices, at some specified angle,
of the object. 2D offsetting can then be achieved using any of the methods discussed above. This
2D simplification, although computationally efficient, does not provide a continuous 3D offset. For
example, this method will not work efficiently where there are sharp edges in 3D that are lost through
taking the 2D slices. Hence, in this review we will focus on methods appropriate for 3D offsetting.

There are good reviews of the various approaches to mesh offsetting in Chen et al. [1] and Liu
et al. [3]. In this report, we first review the ‘Minkowski sum’ approaches that use the geometry and
topology of the structure to offset in Section II. We then outline the approaches that use the normal
vectors of the vertices to offset in Section III.
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II. MINKOWSKI-SUM APPROACHES

Point-based methods
Chen et al. [1] propose a method for offsetting a structure using a point-based approach. The

authors motivate the use of a point based representation due to precise methodology and the expected
low computational cost. The proposed method is as follows;

1. Generate a point set for the offset structure; points of the faces move in the normal direction
by the prescribed distance of offsetting. The points of the edges are transformed into spheres
centred at the edge points with arcs starting and ending at the edge points of the neighbouring
face normals. The vertex points are transformed into spheres bounded by the neighbouring edges,

2. Delete any points that now lie inside the boundary,
3. Construct a final geometry from the boundary remaining boundary points.
Note that this method is likely to be highly dependent on the choice of grid generation. My

understanding is that Chen et al. used a uniform grid. Adaptive sampling of points, for example using
more points where the surface is more complicated, is likely to produce different results. Either way,
Chen et al. present promising results, and claim their method to have limited applications. However,
there is little discussion on how to deal with complex structures that might introduce intersecting
offsets.

For further details on general point-based methods in processing a struture, see Moenning [7].

Curve-based methods
Jun et al. [4] propose a curve-based approach which is similar to the point-based approaches

discussed above, but outputs compound curve instead of a point set. Of course, computing an analytic
representation of the surface is expensive, and Jun et al. suggest calculating the offset elements for
convex areas of the structure only can produce accurate results whilst reducing the computational
costs.

The discussed method deals with faces, edges and vertices separately in the following ways;
• Faces are offset by the required distance in the normal directions,
• Edges are labelled to be convex, concave or flat. The type is determined by the relationship

between the adjacent faces connected to the edge. Only convex edges are transformed into
cylinders in the offsetting process,

• Vertices are labelled as convex, concave, flat or saddles. The type is determined by the labelling
of the edges connected to the vertex (see Figure 2). Note that when the connecting edges are a
variety of different types there may be difficulty in using them to label the vertex. Only convex
vertices are transformed to spheres in the offsetting process.

Figure 2: Figure showing table of how a vertex labelling is prescribed from the labelling of the edges, taken from [4].

Jun et al. [4] distinguish two types of interference that might occur due the initial offsetting;
• Local interference: occurs between adjacent elements. This type of interference will be resultant

from intersections between spheres and cylinders resulting from a vertex and an edge attached
to that vertex, or between a cylinder and offset face resulting from an edge and the face of that
edge. As local interference is (comparatively) cheaper to compute in a 3D setting, this is dealt
with in a ‘local-offsetting scheme’ during offsetting,
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• Global interference: occurs between “topologically disjoint” elements. For example, this would
occur in concave structures. Computing the full global interference in a 3D setting is expensive,
so Jun et al. propose to deal with global interference in a 2D setting.

Hence at the offsetting stage, only the local interference is considered. The global interference is
dealt with alongside the construction of the curve-based representation of the structure which is found
by taking 2D slices through the 3D object. Treating the global interference in the 2D setting aimed
at reducing computational cost.

The authors claim that the method is numerically stable and yield accurate results. When compared
to a point-based approach, the computations for the curve-based were around 10x faster. This approach
is further implemented in [8]. As the method is constructed around making use of the geometry and
topology of the structure, the authors claim efficiency. However, a naive understanding suggests that
this method can be costly and slow, namely computing the labelling of each edge and then each node
correspondingly, and taking 2D slices to construct a curve representation - a complex output which
may not be required for the purpose of simply offsetting.

III. NORMAL VECTORS OF VERTICES

Multiple normal vectors of a vertex
For a triangular mesh, we can use the normal direction by moving the face of the element or the

individual vertices. Kim et al. [5] note that moving just the faces can results in intersections and gaps
(see Figure 3). A method using multiple normal vectors to offset and smooth sharp edges is proposed.

Figure 3: Figure showing how shifting element faces (a), single vertices (b) and multiple vertices (c) produces different
results. Figure taken from [5].

An STL data structure does not supply a normal vector to each vertex, so Kim et al. use the faces
around the vertex to define such a value to be the weighted sum of the normal vectors of the faces
surrounding the vertex [5]. This supplies a single normal vector for each vertex. When using multiple
normal vectors, each vertex is represented by the set of normal vectors of each of the faces around
it. The author propose using a single vertex normal where the geometry is sufficiently smooth, i.e.
the cross product of the normals of the faces is less than a prescribed tolerance, and using multiple
vertex normals where there are sharp edges.

A difficulty with offsetting using the vertex normal is where there is a sharp edge along the surfaces
(see Figure 4). Such surfaces can create gaps and overlapping surfaces. Kim et al. manage these by
constructing a ‘blend surface’ by “recursively dividing the two vertex normal vectors at each end
point of the edges while the cross product of the vectors is less than allowance”.

This method seems to be simple to use, and the authors claim effectiveness and low computation
cost. Note that for n vertices, the complexity is O(n) + bO(n) where b is the time complexity in
constructing the blend surfaces. The only caveat mentioned is that this method is robust only when
the original structure is complete, i.e. the surface is a closed loop or a closed 2D manifold. This
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Figure 4: Figure showing how shifting multiple vector normals can results in overlaps or gaps. Figure taken from [5].

papers extends the work done in [9, 10]. These papers include more of the technical detail of this
vertex normal stepping with respect to implementation. This method is also implemented in a later
paper by Kim et al. [11].

Self-intersection removal
Jung et al. [6] discuss offsetting as a two step process; the initial “raw” offsetting, the initial

growth/shrinkage of the original mesh, and the regularisation which deals with intersections. The
authors distinguish the triangular elements in the mesh to be one of three groups;

• Valid triangles: elements that remain are the regularisation, they are said to be in a ‘valid region’,
• Partially valid triangles: elements which are partially valid, and hence need to be split into two

or more elements to enable removal of the invalid part,
• Invalid triangles: elements that are totally removed through the regularisation.
The method proposed in the paper is aimed at the regularisation step in the offsetting [6]. Following

the raw offset, the suggested algorithm steps through the mesh sequentially, gradually growing valid
regions until an intersection is met. The method is given to be

1. Remove invalid elements,
2. Mark remaining elements as ‘unvisited’,
3. Compute where there are self intersections (partially valid triangles),
4. Choose a ‘seed triangle’, that is an initial starting triangle, and mark as valid,
5. Grow the valid region by connecting adjacent elements until an intersection is reached,
6. Trim and stitch appropriately.
Testing intersection between every element pair has O(n2) complexity where n is the number

of triangular elements in the mesh. To reduce this cost, Jung et al. introduce buckets as a means of
splitting the domain into more manageable groups of elements for which to test intersection [6]. Where
a bucket capacity C is prescribed, this method reduces the complexity to O(Cn log2(n/C))+O(Cn).

Similar to Kim et al. [5], this method also requires an initial closed surface to allow the valid region
to grow. A disadvantage of this method is that as it is sequential, the parallelisation possiblities are
limited. However, an idea to extend this idea and possibility speed up the algorithm is to choose
multiple seed triangles and grow multiple regions. Taking this approach has parallelisation potential.

Authors recommend ‘Exact Polyhedral Machining, Cha-Soo Jun, Dong-Soo Kim, Sehyung Park’,
but I do not have access to this.

CONCLUSION

This report distinguishes offsetting methods into one and two types; those that compute the Minkowski
sum between the initial object and the set of faces, cylinders and spheres resultant from the offsetting,
and those that use the normal vector at the vertices to offset. A critical view supports the use of the
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second vertex normal approach, as the implementation seems to be simpler, and the analysis of the
approaches is deeper - see [5, 9]. However, implementation of the various method is required to
directly compare the computational times, and accuracy.
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