THE ANDRE-OORT CONJECTURE FOR THE MODULI
SPACE OF ABELIAN SURFACES

JONATHAN PILA AND JACOB TSIMERMAN

ABSTRACT. We provide an unconditional proof of the André-Oort con-
jecture for the coarse moduli space Az 1 of principally polarized Abelian
surfaces, following the strategy outlined by Pila-Zannier.

1. INTRODUCTION AND NOTATION
Set H, to be the Siegel upper half space
H, ={Z € M,(C) | Z = Z',Im(Z) > 0}.

Let Ag1 denote the coarse moduli space of principally polarized Abelian
varieties of dimension g.

Our main theorem is the following, proving the André-Oort conjecture
for .Ag,l :

Theorem 1.1. Let V C Az 1 be an algebraic subvariety, which is equal to
the Zariski closure of its CM points. Then V is a special subvariety.

We follow the general strategy of Pila-Zannier. One ingredient we need
is the following Ax-Lindemann-Weierstrass theorem: We denote by

m:Hy — Az

the natural projection map. We consider Hy C R® with coordinates provided
by real and imaginary part of the complex coordinates in C3, and call a set
semialgebraic if it is a semialgebraic set in R. Let V C As 1 be an algebraic
variety, Z = 7 %(V), and Y C Z an irreducible semialgebraic subvariety
of Hy. We say that Y is mazimal if for all semialgebraic subvarieties Y’
containing Y with Y’ C Z, Y is a component of Y”.

Theorem 1.2. Let Y C Z be a maximal semialgebraic variety. Then Y is
a weakly special subvariety.

Fix F;, C Hy to be the standard fundamental domain [8]. We shall also
need the following bound on heights of CM points

Theorem 1.3. Let x € Fy; be a CM point, and let H(x) be the height of x.
There exists an absolute constant 6(g) > 0 such that:

H(z) <, |Gal(Q/Q) - (w)"9).
1
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The proofs of 1.2 and 1.1 rely on ideas and results from o-minimality.
We refer readers desiring some background on o-minimality to the brief
introductory descriptions in [7, 6] or the sources referred to in [4, 5]. By
“definable” we mean definable in some o-minimal structure over the real
field. All the sets we require are definable in R,y exp (see [2]), and in section
5 we restrict to this usage.

We mention that for the strategy to go through, a basic requirement is
the definability in Ry, ¢qzp of the projection map 7 : F; — A1 in the case
g = 2. This was provided (for all g) in the recent work [5] of Peterzil
and Starchenko. We also use another result of these authors [4] which says
that a definable, globally complex analytic subset of an algebraic variety is
algebraic. This can be thought of as an analogue of Chow’s theorem, and
comes up for us in our proof of 1.2.

The outline of the paper is as follows: in section 2 we review background
concerning Shimura varieties. In section 3 we prove theorem 1.3. In section
4 we prove theorem 1.2. Our method is different to the one in [6] in that we
do not use the results of Pila-Wilkie, though we do make use of o-minimality.
In section 5 we combine everything to prove our main theorem 1.1.

2. BACKGROUND: SHIMURA VARIETIES

We recall here some definitions regarding Shimura Varieties. Let S denote
the real torus Resc/rGmc. Let G be a reductive algebraic group over Q,
and let X denote a conjugacy class of homomorphisms

h:S%GR

satisfying the following 3 axioms:

e The action of h on the lie algebra of Gr only has hodge weights
(0,0),(1,—1) and (—1,1) occuring.

e The adjoint action of h(7) induces a Cartan involution on the adjoint
group of Ggr

e The adjoint group of Gr has no factors H defined over Q on which
the projection of A becomes trivial.

This guarantees that X acquires a natural structure of a complex analytic
space. Moreover, G(R) has a natural action on X given by conjugation, and
this turns G(R) into a group of biholomorphic automorphisms of X. We
call the pair (G, X) a Shimura Datum. A Shimura datum (H, Xy) is said
to be a Shimura sub-datum of (G, X) if H C G and Xy C X.

Fix K to be a compact subgroup of G(Af), where Ay denote the finite
Adeles. We then define

Shi (G, X)(C) = GQ\X x G(Ay)/K

where G(Q) acts diagonally, and K only acts on G(A¢). It is a theorem
of Deligne [1] that Shx (G, X) can be given the structure of an algebraic
variety over Q, and we call Shx (G, X) a Shimura variety.
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Given two Shimura varieties Shg,(Gj, X;), and a map of algebraic groups
¢ : G1 — G2 which takes X; to Xy and K to Kj, we get an induced map
o : ShKl(G17X1> — Sth(G27X2). Given an element g € Gg(Af), right
multiplication by g gives a correspondence T, on Shg, (G2, X2). We define
a special subvariety of Shi, (G2, X2) to be an irreducible component of the
image of Shy, (G1, X1) under T} o .

We denote by G% the adjoint form of a reductive group G. Following
Ullmo-Yafaev [10], we make the following definition:

Definition. An algebraic subvariety Z of Shi(G; X) is weakly special if
there exists Shimura sub-datum (H, Xp) of (G, X) and a decomposition

(H X§) = (Hy, X1) x (Ha, X2)

and a point ys € Xo such that Z is the image of a connected component of
X1 X ya2.

In this definition, a weakly special subvariety is special iff it contains a
special point iff yo is special.

3. HEigHTS OF CM POINTS

The aim of this section is to prove that a principally polarized CM Abelian
variety in a fundamental domain for Hy has polynomial height in terms of the
discriminant of its endomorphism algebra, which is essential for us to apply
the results of Pila-Wilkie. We only need this result for Abelian surfaces, but
we give the proof in generality since the increased difficulty is only technical,
and the theorem is fundamental to the Pila-Zannier strategy. For a matrix

Z € Hy N My(Q) we define the height H(Z) to be the maximum of the

height of one of the co-ordinates of Z as a point in the affine space @92. To
ease notation, we fix the following convention: Given two positive quantities
C1 and (5 that may depend on other variables, we say C1 is polynomially
bounded in terms of Cs if there are positive constants a and b such that
1 < aCS .

Theorem 3.1. Let A be a complex, principally polarized Abelian variety
with complex multiplication. Set R = Z(End(A)) to be the center of its
endomorphism algebra and let x € Fy be the point representing A. There
exists a constant By depending only on g such that H(x) is polynomially
bounded in terms of Disc(R).

Combined with the results of [9], this proves theorem 1.3.
Proof. We first will handle the case where A is simple.

Case 1: A is simple

In this case, there is a CM field K such that A has CM by K. Let
S = {¢1...,04} denote the complex embeddings of K that make up the
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CM type of A, and set F' to be the maximal totally real subfield of K, so
that K is a quadratic extension of F'. In this case R is just the endomorphism
ring of A. Now, there is a Z-lattice I C Ok such that A is isomorphic to
CY9/ps(I) as a complex torus under the embedding

b5 : K < CI,¢(a) = (a®*,a?,...,a%).
Moreover, the order of I must be R.

Lemma 3.2. There is a v € K such that vI C Ok and [Og : vI] is
polynomially bounded in terms of Disc(R).

Proof. If R = Og, then the lemma is a known consequence of Minkowski’s
bound. For the general case, set eg = [Ok : R]. Note that

Disc(R) = Disc(Og e,
and that
erOrg C R C Og.
Set J = Ok - I, so that J is an Og-ideal with

erJ C 1 CJ.

By the above we can find a v € K with [Og : vJ] is polynomially bounded
in terms of Disc(Ok). Then

vl cvJ C Ok

and
Ok : vI] < [Ok : vepJ] < €Ok : J],
and the claim follows.
O

Lemma 3.3. Given a Z-lattice I C O there is a basis a1,...,az5 of I,
such that the absolute values of all conjugates of the a; are polynomially
bounded in terms of Disc(Ok) - [Ok : I].

Proof. Consider the standard embedding ¢ of O as a lattice in CY given
by

Y(a) = (a®)1<i<y-
Then the covolume of ¥(I) as a lattice is Disc(Ok) - [Ok : I], and every
vector in I has norm at least 1 (since the norm of every algebraic integer is

at least 1).
Now consider the lattice

1
Vol((Cg/I)l/29 ()

as an element [ in SLgy(Z)\SLay(R). Let N, A, O, denote the upper trian-
gular subgroup, the diagonal subgroup, and the maximal compact orthogo-
nal group of Sla,(R). By the theory of Siegel sets, there is a representative
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nak of | in N(R)D(R)Oq,4(R) where n has all its elements bounded by 3 in
absolute value, and the diagonal matrix d has

dig > dap >+ > dagag.

Now, since dag 24 is the norm of an element, we know that

d > =
2929 = Yol (C9 /1)1

Since the product of the d; ; is 1, we deduce that d; 1 is polynomially bounded

in terms of Disc(Og) - [O : I]. The basis corresponding to nak thus has all

its coordinates polynomially bounded in terms of Disc(Ok) - [Ok : I]. O

Now, consider again our Abelian variety A. As before, A is isomorphic
as a complex torus to C9/¢g(I) for some I C K. The principal polarization
on A corresponds to a totally imaginary element & € K, which induces the
Riemann form

E¢(a,b) = trig g(&ab”)
where p denotes complex conjugation. Moreover, since the polarization is
principal E¢ has determinant 1 as a bilinear alternating form on 1.

By changing co-ordinates, one can change the pair (I,¢) to (Iv, £(vv?)~1)
where v € K*. By lemma 3.2 we can change I to be a sublattice of Og
with e; = [Ok : I] polynomially bounded by Disc(R), so we assume that I
is of this form. Next, the determinant of F¢ as a binary form on I is

N g(€) - Disc(Ok)[Ok : I)?,
so that Ng/q(§) is bounded above by 1. Moreover, e;Ox C I, so that
tr(e2¢0k) € Z,
and so ¢ € e; ?Disc(K) "' Ok-.

We know that —&? is a totally positive element, so we can consider the

lattice
Lyi = 9(Op - (—2i?)1) C RY.

The covolume of L,; is polynomially bounded in terms of Disc(R), and
must contain an element inside a sphere with radius polynomially bounded
in terms of the covolume. Therefore, there exists an element v € Op such
that v = v2¢ has all its conjugates polynomially bounded in terms of
Disc(R). Since v must have norm polynomially bounded by Disc(R), we
can and do assume that I C Ok with [Ok : I] polynomially bounded by
Disc(R), and that & has all its conjugates polynomially bounded by Disc(R).

Now consider the representative (I,£) of A. To pick a symplectic basis
of (v™I), we simply take a basis a; of I N Op as in lemma 3.3. Next we
consider the lattice I'm(vs(I)) in (iR)9. Pick a basis as in lemma 3.3, and
refine it to the dual symplectic basis (] to a;. Since all the conjugates of
¢ are polynomially bounded in terms of Disc(R), the basis [, has all its
components polynomially bounded in terms of Disc(R) as well. Lift g] to
elements 3; = 3 + ¢, where ¢ is an element in F, such that ; € I. Note
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that ¢ is an element of e;lOF /Op, and can thus be chosen to have all its
components polynomially bounded by Disc(R). Finally, since the values
E¢(B;, Bj) might not be 0, we replace 3; by 8; —>_,; Ee(Bi, Bj)a;.

Now consider the matrix Z € H, which represents the elements 3; in terms
of the ;. Z is the matrix representing A. Moreover, the above construction
gives Z = X +1iY, where X € M,(Q) with all its denominators polynomially
bounded by Disc(R), and Y € My(K) such that all the entries of ¥ have
all their complex conjugates polynomially bounded by Disc(R), and likewise
for the denominators of the entries of Y (the denominator of an algebraic
number « is the smallest integer n with na an algebraic integer).

It is evident that Z has height polynomially bounded by Disc(R), and
that the degree of all the entries in Z is at most 4¢g. All that is left to see is
that putting Z in its fundamental domain does not increase the height by
too much, and so the following lemma completes the proof:

Lemma 3.4. Let g € N be a natural number, and Z = X +4iY be an element
in siegel upper half space Hy(C). Set h(Z) = Maz(|zi;], ﬁ) Then for
v € Spag(Z) such that - Z € Fy, all the co-ordinates of v are polynomially
bounded in terms of h(Z).

A B
¢ D
Siegel’s proof in [8] of the fact that Fy is a fundamental domain. As is well
known, C, D are such that |det(CZ + D)| is minimal, and by perturbing Z
slightly we can ensure that this determines C' and D up to the left action of
GL4(Z). Now, as in Siegel pick an element U € GL,(Z) such that UY ~1U*
is Minkowski reduced, and set

[(Ay B\ (U 0
70 = C() Do_ OUft’y

Yo - Z = Xo +1Yp.
Now, set y1,92,...,Yyn to be the diagonal elements of Yofl, and ¢, d; to
be the rows of Cp, Dy. By [8], pg. 40, eq. (87), (88) we have

Proof. Set v = . The proof involves going through and quantifying

and

(1) Y = Yﬁl[XCl +di] + Y[e]
and
@ v < v~

=1

Now, the eigenvalues of Y are polynomial bounded in terms of the co-
ordinates of Y, and their product is equal to the determinant of Y, hence
the inverses of the eigenvalues of Y are polynomially bounded in terms of
h(Z). Thus, since integer vectors have euclidean norm at least 1, equation
(1) implies that y; is polynomially bounded below by h(Z), which is to say
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that y; ' is polynomially bounded in terms of h(Z). But now equation (2)
implies that y; is polynomially bounded in terms of h(Z), and thus so are the
norms of ¢; and d;. Hence all the co-ordinates of Cy and Dy are polynomially
bounded in terms of h(Z).

Now, we can find A, B; with polynomially bounded entries such that the

matrix
(A B
me= <CQ D0>'

is in Spy(Z). Set Z; = 1 - Z. There is then an upper triangular matrix
Yo =7V ! which takes Z; into F,. The lemma now follows from lemma 3.5,
which is well known but we include for completeness.

O

Lemma 3.5. Let U € GL,(Z) be such that UYU" is Minkowski reduced.
Then U is polynomially bounded in terms of h(Y') = MAX (|ysjl, ﬁ)

Proof. Let Y = UYU", and set y1,...,y, to be the diagonal elements of Y.
Letting u; be the rows of U, we have Y[y;] = y;, and as before

n
(3) [Tvi<YI=1]
=1

Now, since the u; have euclidean norm at least 1, we have that the y,” !
are polynomially bounded in terms of h(Y'), and hence by equation 3 the
y; are polynomially bounded in terms of A(Y). Thus we conclude that the
euclidean norms of the u; are polynomially bounded in terms of A(Y"), which
implies the lemma.

O

Case ii: General A

In general, there are simple Abelian varieties A; of dimension g; with
complex multiplication by K; of CM type S; such that A is isogenous to

[

so that >, nig; = g. We assume that the types (K;,S;) are inequivalent
(which does NOT mean that the fields K; are all distinct!) so that

End(A) [ My, (K:)

and
R C ®;0,.
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For simplicity of notation we set Oy = @©;0y,. As before, define er to be
the index of R in O4 and so that

Disc(R) = €% - HDiSC(ki).

There is an embedding
gt K" — CY
given by 1s = @;¢g’, and a lattice I C @; K;" such that
A(C) =C/yps(I).

Moreover, I is invariant under multiplication by R. Consider J = Oy - I.
Then J is an O4 module with
er-J CICJ.
We thus have a direct sum decomposition
J = ®;J;
with J; an Ok, ideal, and so in fact we can decompose further
Ji = @)L, Py

with each P;; an Ok, module. By scaling with elements of K, we can
guarantee that P;; C Oy, of index at most Disc(K;)'/2. Therefore, there is
an integer N polynomially bounded in terms of Disc(O4) such that the ring

@D; (OKZ +N- an(OKz))
preserves J, and thus the ring
Z + Negr &®; 'Mni(OKi)

preserves 1.
The following lemma allows us to reduce to the case where A = A7".

Lemma 3.6. There are principally polarized Abelian varieties B; isogenous
to A, and an isogeny X : A — @B; compatible with polarizations such that
A has degree polynomially bounded in terms of Disc(Oy4).

Proof. Consider Iy = O -1, and let A° be the Abelian variety whose complex
points are
C9 /4s(1o).

Thus A has an isogeny A" to A° of degree polynomially bounded in terms
of Disc(O4). Since A° has an action by Oy, it splits as A° = @; A9, where
AY has an action of O,, and has CM type (Kj,S;). The polarization on
A induces a polarization n on A% via A of degree polynomially bounded
in terms of Disc(O4), and as the A? have no non-trivial homomorphisms
between them, 7 splits as 7 = @;n;. There is then an isogeny from AY to B;

of degree deg(n)% such that B is principally polarized. Composing with A%
completes the proof. O
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If Zy,Z3 are 2 points in the fundamental domain Fy corresponding to
principally polarized Abelian varieties with an isogney of degree C' between

H(Z1)
them, then H(Z2)

3.6 we can and do restrict to the case where A = A7,

Now, as before we can and do assume that I C }?1, I is invariant by Z +
NerMy, xn, (Ok, ), where N is an integer polynomially bounded in terms of
Disc(K1), and [OF!, : I] is polynomially bounded in terms of Disc(R). Then
the polarization on A is given by a matrix £ € Mgy,(K7) satisfying £ =
—E*, where E* denotes the transpose-conjugate matrix. As the symplectic
form defined by F takes integer values on I, we deduce that there is an
integer polynomially bounded by Disc(R), which we may take to be IV, such
that NVE has entries which are algebraic integers. Moreover, as E defines a
principal polarization of A, the determinant of F is polynomially bounded
in terms of Disc(R).

Moreover, as before let ( € Ok, be a totally imaginary element, with
entries polynomially bounded by Disc(K7) and —i¢(¢) > 0 for all ¢ € Sj.
Then the quadratic form ) on K{* defined by

Q(v1,v2) = trg, jo(¢ - v1 Ev3)

is polynomially bounded in terms of C. Thus, by lemma

is positive definite.

Lemma 3.7. There exists an invertible matriz g € Mgyx4(Ok,) such that
gEg* has entries all of whose conjugates are polynomially bounded in terms

of Disc(R).
Proof. Consider the quadratic form
Q(v1,v2) = trye, jo(¢ - v1Ev3)

as a positive-definite quadratic form on Og™ thought of as as Zm <@
Since NE has entries which are algebraic integers, the smallest non-zero
value ) can take is % By repeating the proof of 3.3, we can find a basis of
ny - [K : Q] elements v; in O} such that Q(v;, v;) is polynomially bounded
by the determinant of (), which is in turn polynomially bounded in terms
of Disc(R). Pick a subset

{wj, 1 <j<n}

of the v; which are linearly independant over K, and make them the rows of
g. For ¢ € Sy, Consider the positive definite matrix Ey4 := ¢(¢ - gEg*). By
construction, Ky is hermitian, positive definite, and has diagonal elements
polynomially bounded in terms of Disc(R). Thus all the enties are auto-
matically polynomially bounded in terms of Disc(R). As the conjugates of
¢! are also polynomially bounded in terms of Disc(R), this completes the
proof. O

Take g as in lemma 3.7, and note that g must have determinant poly-
nomially bounded in terms of Disc(R). We can thus replace (I,E) by
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(g7*(I),gEg*). Now we can pick a basis for g~1(I) of vectors whose en-
tries have all their conjugates and denominators polynomially bounded in
terms of Disc(R) as in lemma 3.3. The rest of the proof follows as in case i.

O

4. AX-LINDEMANN-WEIERSTRASS

The aim of this section is to prove theorem 1.2. We begin by showing
that we can restrict our attention to complex algebraic varieties:

Lemma 4.1. Let Z be a complex analytic submanifold of C", and W C Z be
a mazimal irreducible semi-algebraic set. Then W is a subset of a complex
algebraic subvariety of C™ of the same (real) dimension as W.

Proof. Take U to be the zariski closure of W, and let O € W be a smooth
point of X. Let m = dimU = dim W. Let 21, 22, - , 2z, be the usual co-
ordinates on C", with z;,y; being real co-ordinates such that z; = x; + iy,
as usual. We first want to ’complexify’ U into a complex variety inside
C™. Since U is a real algebraic variety over R, we consider the set of its
complex points U(C) as an abstract complex algebraic variety. Moreover,
the inclusion map i : U — R?" is given by n pairs of polynomial maps (f;, g;)
from U to R, so that i(u) = (fi(u),g1(u),..., fn(u),gn(u)). Thus we can
consider the complexified map ic : U(C) — C?>" via

ic(u) = (fi(u) +ig1(u),. .., fa(u) +ign(u)).
The map ic is the identity map on the real points U(R), and its image on
the whole of U(C) is a complex algebraic variety'.
Now, Pick local real co-ordinates ui,...,u,, for U around O, so that the
u; become complex co-ordinates for U(C) around O. Define Y to be the
pullback of Z along ic, so that

Y =iz (ZNicU(C)).

Then O € Y, and locally around O in the co-ordinates u;, Y is a complex
manifold which contains R™. Since Y is a complex manifold its tangent
space at O is a complex subspace, and since it contains R™ it must be all of
C™. Thus Y contains an open neighbourhood of U(C), and thus Z contains
an open neighbourhood of ic(U(C)). Since W was assumed to be maximal,
W must be of the same dimension as ic(U(C)), and this completes the proof.

O

We shall make use the following 2 lemmas:

Lemma 4.2. Suppose W C Ay is an algebraic variety such that a~Y(W)
has an algebraic component. Then W is weakly special.

Proof. This is the main theorem of [11]. O

IFor those familiar with Weil restriction, this simply reflects that Weil restriction is
the right adjoint to the base change functor.
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Here, Y is an algebraic subvariety of Hy if Y = Y N H, for some alge-
braic subvariety Y C C3 [11]. In view of lemma 4.1, the condition that a
component of 771 (W) is algebraic is equivalent to it being semialgebraic.

Lemma 4.3. Let W be a complex algebraic variety, and D C W be definable,
complex analytic and closed in W. Then D 1is algebraic.

Proof. By taking an affine open set in W, it suffices to consider the case
where W is an affine subset of projective space. Now, one can express W
as M\ E where M is a projective variety and F is an algebraic subvariety of
M. Theorem 5.3 in [4] then implies that the closure of D in M is a definable
in Rgp exp, complex analytic subset of M, and thus D must be algebraic by
Chow’s theorem. O

Proof of Theorem 1.2: First, by lemma 4.1 we can assume that the
Zariski closure of Y is complex algebraic. Note also that if dimZ = dimY’,
then Z must equal Y and be semialgebraic itself, so that we are done by
lemma 4.2. We can thus assume that dimZ = 2 and dimY = 1.

Define Z° to be the connected component of Z containing Y. Now con-
sider a fundamental domain F» which intersects Z° and define Zy = Z N F.
We know that Zj is definable in Ry, ¢zp by the main result of [5]. From now
on we say definable to mean definable in Ry, zp-

We define

X = {g S SPQQ(R) ’ dzm(c(g -Y N Zo) = 1}

X is a definable subset of SPy,(R). Moreover, set I'y C I' to be the
monodromy group of V', so that I'y preserves a connected component of Z.
Then for all elements of g € I'g such that Y NgF is not empty, we must have
ge X.

If V' is not hodge-generic in Ay 1, it must be contained in a 2-dimensional
special subvariety, which would mean that Z is special, contradicting the
maximality of Y. Therefore V is hodge-generic, and so I'g is Zariski dense
in Sp4(R).

Now, since X is definable it admits an analytic cell decomposition [2].
Thus X is a union of finitely many irreducible, definable components

such that each X; is real-analytically homeomorphic to an open ball of some
dimension. Note that some of the X; may be points. By analytic continua-
tion, we have X;-Y Cc Z for all 1 <i < m.

4.1. Case 1: V1 <1i < m,dimg X; - Y = 2. Since everything is locally real
analytic, we must have V1 < i < m,X;-Y = x; - Y, where z; € X; is an
arbitrary point.

Lemma 4.4. Under the assumptions above, w(Y') is an algebraic subvariety
of V.
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Proof. We have that
T(Y) = Ugeym(Y Ng - F2) = Ugeym(gY N Fy).
Now, if g € v and gY N F, #£ 0, then in fact
YNF, CFng - Z =2
and so g € X. Thus, there exists an 7 with g € X;. We thus have that
T(Y) = Ui<icmm(zi - Y N Fy),

and thus 7(Y") is a finite union of closed sets, and therefore closed. It is also
the closed image of the defineable complex analytic set Ui<j<m(z; - Y N Fy)
under the defineable map , and is thus defineable by theorem 5.6.2 in [4].
Thus 7(Y) is algebraic by lemma 4.3.

O

We now have that Y is a semialgebraic subvariety such that 7(Y) is also
algebraic. By lemma 4.2, Y must be special.

4.2. Case 2: For some 1 < i < m,dimgr X; - Y > 2. Wlog, we assume
dimg X7 - Y > 2. Take a small real analytic curve I C X7, and consider a
local complexification Ic C Sps(C). Define Y to be a connected component
of Yo = Ic - Y NH, . By analyticity, Y° is contained in Z. Moreover, the
complex dimension of Y'Y must be at least 2, and so Y» is an open component
of Z. Since I¢ is definable, Y5 is also definable. Now, define

Xy = {g c Sp4(]R)} | dimcg-YoNZy= 2}'

Note that for any point ¢ € Xo, we must have g - Z° = Z°. We now
prove that Xo NI is infinite. Assume not. Since Xo NI is finite, then
1-Y intersects only finitely many fundamental domains. Pick p € I, so that
p - Y intersects finitely many fundamental domains, and hence by lemma
4.2 p-Y is a weakly special variety. But weakly special subvarieties are
invariant by infinitely many elements of I and hence intersect infinitely many
fundamental domains. This contradiction proves that Xo NI is infinite.

Since X» is also definable, it must contain a real analytic curve U C Xs.
Consider now the group

Gz ={g9€ Sp(R) | g-2°= 2.

Thus Gz contains a 1-parameter subgroup, and so the lie algebra lie(Gy)
is a positive-dimensional vector space. Moreover, since I'g C Gz, we must
have lie(Gz) is invariant under conjugation by I'p, and therefore also by
the Zariski closure of I'yg. Thus lie(Gy) is invariant under conjugation by
Spa(R). Since Spa(R) is simple, this means that lie(Gz) = lie(Sps(R)), and
so Gz = Spa(R), which is a contradiction.
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5. PROOF oF THEOREM 1.1

Proof. Let V' C Ay be a variety defined over some number field K, which
is the closure of the CM points inside it. Consider Z = 7~ %(V) and let
Zy = FyNZ. Zy is definable. Now, let x € V be a CM point and set
{zi}1<i<m to be the galois orbit of z over K. Set w; € Zy be a pre-image of
x;, so that 7(w;) = x;. By Theorem 1.3, there is an §(g) > 0 such that the
heights of the x; are at most

H(w;) < m/%.

Thus, we can conclude by Pila-Wilkie ([7] theorem 1.8) that at least 1 (in
fact, most, but all we need is 1) x; is contained in a positive dimensional
algebraic variety. By Theorem 1.2 this must be a weakly special subvariety.
Thus all but finitely many CM point in V must have a Galois conjugate
which is contained in a positive-dimensional weakly special subvariety of V.

Since Galois conjugates of weakly special subvarieties are weakly special,
we conclude that all but finitely many CM points lie on positive dimensional
weakly special subvarieties S; of V', which are then special by virtue of
containing CM points. If V is 1 dimensional, than any special subvariety
that V' contains must in fact equal V. So we assume from now on that the
dimension of V is 2, and each of the S; has dimension 1. Assume for the
sake of contradiction that V is not special.

Now, say S; is a weakly special subvariety. Then there exist a semisimple
subgroup H; C Sps(R) and an element z € Fy such that S; = 7(H; - z).

Lemma 5.1. The set of groups H; is finite.

Proof. There are finitely many semisimple lie algebras which embed into
lie(Spa(R)), and by lemma A.1.1 in [3] these come in finitely many sets of
conjugacy classes, so we can assume wlog that there is a fixed semisimple
lie group H C Sp4(R) and elements ¢; € Sps(R) with H; = tth;I. Now,
as S; is a special subvariety, the group I'; = H; N Spy(Z) is Zariski dense in
H,;. Since I'; is also finitely generated, the set of such groups is countable
and hence the set of possible H; is countable.
Now, consider the set

B={((t,z) € Sps(R) x Fy | tHt -z C Z°},

which is definable. If (¢, z) € B, then either tHt !z is special, or by theorem
1.2 it must be contained in a special variety. But by dimension considera-
tions, that special variety must have dimension at least 2, and so it must be
V. Since we’re assuming that V' is not special, we conclude that the special
subvarieties S; are precisely the images of tHt~! - 2 for (¢,2) € B.

Since a countable definable set is finite, this proves the claim. (|

By lemma 5.1 there are finitely many groups Hi, ..., Hy,, such that every
weakly special subvariety contained in Z which intersects the upper half
plane is an H; orbit. Define U to be the pre-image of all weakly special
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subvarieties in V restricted to the fundamental domain Fj so that by the
above
U:{’LUEZO | di € {1,2,...,m},Hi-wCZ}.

We therefore have that U is definable. Moreover, since U is contained in
ZY its dimension is everywhere locally at most 2. Moreover, since U cannot
be a finite union of weakly special subvarieties of dimension 1, it dimension
must somewhere be 2. Now, let W;, i € N denote the countably many special
subvarieties of A1 which have dimension at most 2. Every weakly special
subvariety of Aj 1 is contained in one of the W;, so we know that

U = UienU N L (W5).
But now, if V' is not special than
UienV N W;

is a countable union of algebraic varieties of dimension at most 1. Since U
must somewhere have dimension 2, this is a contradiction.

O
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