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Special point problems with elliptic modular surfaces
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Abstract

We prove a “special point” result for products of elliptic modular surfaces,
elliptic curves, multiplicative groups and complex lines, and deduce a result

about vanishing linear combinations of singular moduli and roots of unity.
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1. Introduction

The objectives of this paper are twofold: to generalise the main result of [34], and
to obtain an analogue for singular moduli of Mann’s theorem [25] on linear relations
between roots of unity. In particular we affirm the “mixed André-Oort conjecture” for
products of elliptic modular surfaces (see §2.2). This is a special case of a “generalised
André-Oort conjecture” suggested by André [3], where it is affirmed in the case of a
single elliptic modular surface; it is also a special case of the Zilber-Pink conjecture
[7, 40, 41, 56]. More generally we establish a “special point” result for varieties of the
form

X:Blx...xanElx...xmeGeka,

where k, ¢, m,n are non-negative integers, B; are elliptic modular surfaces associated
with suitable congruence subgroups I'; C SL2(Z), E; are elliptic curves defined over C,
and G = Gy, = G, (C) is the multiplicative group of non-zero complex numbers (we
identify a variety with its set of complex points).

By a subvariety T C X we will mean a Zariski closed irreducible subvariety of
X. Associated with X is a collection of subvarieties called special subvarieties. These
are defined in detail below (§4). Let us say here that we may (and will) assume
that the F; are all non-CM. Then a special subvariety of X is a cartesian product of
special subvarieties in []; B;, [[; Ej, G’ and C*. In [ ; Ej (and respectively G*) these
are torsion cosets, namely translates of abelian subvarieties (respectively subtori) by
torsion points. The special subvarieties of C* we take to be subvarieties with a Zariski-
dense set of rational points. Special subvarieties of dimension 0 are called special points,
and they are Zariski-dense in any special subvariety. The “special point” result asserts
the converse of this: a subvariety T' C X with a Zariski-dense set of special points is
special. This may be equivalently stated as follows.
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1.1. Theorem. A Zariski closed algebraic subset V- C X defined over C contains only
finitely many maximal special subvarieties.

For a Shimura variety and its special subvarieties the “special point” problem is
known as the André-Oort conjecture (AO; [1, 28]) and has been affirmed, under GRH
for CM fields, in work of Klingler, Ullmo, and Yafaev [22, 51]. Unconditional results
have been obtained in various special cases [2, 9, 34, 36, 37, 50]. Each B; contains the
associated modular curve Y; = T';\H (where H is the complex upper half-plane) as a
special subvariety, so the present result includes the result of [34] affirming AO for a
product of modular curves, in particular for the Shimura variety Y (1)™ whose complex
points may be identified with C" parameterising n-tuples of elliptic curves by their
j-invariants. In the case n = 2 this is a result of André [2]; a proof that is unconditional
and effective has recently been given by Kiihne [23] and (see [23]) independently by
Bilu, Masser, and Zannier. In Y (1)™ the special points are n-tuples of singular moduli,
the j-invariants of CM elliptic curves.

For multiplicative groups and abelian varieties, the “special point” problem is
known as the Manin-Mumford conjecture. For abelian varieties it is a theorem of
Raynaud [42, 43]; for the multiplicative group it is a special case of a (“multiplicative
Mordell-Lang”) theorem of Laurent [24]; in the semiabelian setting it is due to Hindry
[21]. For k = n = 0 Theorem 1.1 recovers a rather special case. Our present result
improves that in [34] here in allowing the E; to be defined over C rather than Q.

In fact we can generalise Theorem 1.1 to a version in which some finite number of
Hecke orbits of moduli are considered to be special in addition to the CM ones, giving
a version that includes the “Mordell-Lang” statement for Y (1)™ established in our joint
paper [19] with Philipp Habegger (extending it to finite subsets of C rather than Q).

The case of Theorem 1.1 (and of its generalisation 6.6) with k£ = 0, together with
all the results mentioned above, are comprehended within the Zilber-Pink conjecture
(ZP), in which the ambient variety is a mixed Shimura variety. An additional feature
in 1.1 is the factor C* for which, by itself, the special point result reduces to a triviality.
It amounts essentially to a uniformity aspect of the result, which was already observed
in [34, §13]. Here we explicate a particular consequence: the aforementioned modular
analogue of Mann’s theorem.

Let a,b € Q. André’s original result applied to the curve az + by = 1 in Y (1)?
(which is never modular), implies that there are only finitely many pairs (j1,j2) of
singular moduli with

aji +bj2 = 1.

Theorem 1.1 applied to the product of Y (1) with G* x C"*! gives a stronger finite-
ness statement about linear relations among singular moduli and roots of unity.

1.2. Definition. Let n,/ be non-negative integers.
1. A tuple (j1,...,Jn,C1,-.-,C) is called an (n,?)-tuple if the j; are special, the
(; are roots of unity, and they satisfy a non-trivial relation

aiji+ ...+ apjn + 011+ ...+ bl +c=0
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where a;, bj, c are rational numbers.

2. An (n,?)-tuple is called non-degenerate if

(i) there do not exist a non-empty subset I C {1,...,n} and a singular modulus j
such that j; = j for alli € I and ), ;a; =0,

(ii) no proper (non-empty) subsum of b;(y + ...+ by(s + ¢ vanishes (but we allow ¢ to
be absent if ¢ = 0).

1.3. Theorem. For given n,{ there are only finitely many non-degenerate (n, £)-tuples.

Modulo some rather elementary considerations to characterise special subvarieties
of linear subvarieties, this theorem follows from [34, Theorem 13.2]. For roots of unity
only (i.e. n = 0) the result is due to Mann [25]. It preceded the Manin-Mumford
conjecture, which may be deduced from it in the multiplicative case (see [12]). Mann’s
result is effective (even explicit); ours is not. For further developments see [15, 13] and
§7.8. For £ = 0 and n = 2 the finiteness result follows from the proof of AO for Y (1)? in
[33] (see also Kiihne [23, Theorem 3]). None of these results appear to enable effective
determination of the finitely many (2,0)-tuples, as asked at the AIM conference on
“Unlikely intersections in algebraic groups and Shimura varieties”, Centro De Giorgi,
Pisa, 2011. Here again we frame a version allowing a finite number of Hecke orbits.

We follow the strategy of [34], opposing the Counting Theorem for rational points
on definable sets in o-minimal structures [38] with lower bounds for the size of the
Galois orbit of a special point as originally proposed by Umberto Zannier for reproving
the Manin-Mumford conjecture [39]. This shows the efficacy of the Point-Counting
strategy in the mixed setting. As in [34] we also use o-minimality in other parts of the
argument, and it is crucial to the uniformity aspects (which are crucial to 1.4).

A key ingredient in this strategy is a certain functional algebraic independence
statement which I have dubbed “Ax-Lindemann-Weierstrass”. The statement and proof
here generalise those in [34]; the proof, which uses point counting in definable sets as
in [34, 37, 52|, is therefore presented efficiently, in §5.

The proof of Theorem 1.1 is carried out in §6. It has an inductive structure
in which it is crucial to observe that the special subvarieties (and even weakly special
subvarieties) occur as “special points” of certain semialgebraic families. This was easily
observed in [34] for the case of products of modular curves, and has also been carried out
for Siegel modular varieties [37] and general Shimura varieties [50]. The corresponding
structure here is somewhat cumbersome in detail; §4 is devoted to this. Finally the
proof of 1.4 is carried out in §7.

The present results overlap with those of Habegger [18], with no inclusion in either
direction. Habegger treats fibred products of elliptic surfaces over a general base curve,
while we treat cartesian products of elliptic surfaces over a modular base curve.

Acknowledgements. I thank Philipp Habegger, Jacob Tsimerman, and Boris Zilber
for helpful conversations and communications. Part of the research and writing of this
paper was carried out while I was participating in the “Model Theory and Applications”
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programme at the Max Planck Institute for Mathematics (April-June 2012). I thank the
organisers for inviting me to participate, and the Max Planck Institute for its hospitality
and for the excellent environment it provides for mathematics. I am grateful to the
Clay Mathematics Institute for supporting my visit.

2. Preliminaries

Elliptic modular surfaces

2.1. Notation. The semidirect product SLy(Z) >< Z? acts on H x C by

(5 8)-wo)ea= (g 05

This action may be extended to SLy(R) >< R? in the obvious way. We will write

b

lg,7)=ctr+d forg= (i d

) S SLQ(R), T e H.

For a congruence subgroup I' < SLo(Z) we set
I'" = {(g9,)\) € SLy(Z) < Z*: g € T}.

We take a fundamental domain Fr for the action of I" on H consisting of finitely many
images vFp of the usual fundamental domain Fy for SLy(Z) with v € SLo(Z). For
TeHwelet L, ={a+ 7€ C:0<a,f <1}, a(closure of a) fundamental domain
for A =7+ Z7 on C. Then

Ff={(r,2): 7€ Fr,z2€ L}

is a fundamental domain for the action of I't on H x C.

2.2. Elliptic modular surfaces. Let I' C SLy(Z) be a congruence subgroup, which
we assume does not contain —id, and so acts effectively on H. The quotient of H x C
by 't is a quasiprojective algebraic surface fibred over the modular curve Yr = T'\H,
with a section. Such a surface, which we will denote Br, is called an elliptic modular
surface. It is an elliptic surface: the fibre over y € Y, the image of 7 € H, is the
elliptic curve corresponding to 7 € H. For further information see [47, 49]. The map
m: H x C — Br is given by suitable quotients of theta-functions (see e.g. [33] for the
case of the Legendre surface L : y?> = z(z — 1)(z — \), L = I'(2)\H x C).

Uniformisation, group action, real coordinates, definability

We will be dealing throughout with certain transcendental uniformisations 7 :
U — X, where X is a quasi projective variety, and 7 is invariant under the action of
some discrete subgroup I' of a real group G of biholomorphic automorphisms of U.
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2.3. Definition.

1. For an elliptic modular surface X = I'"\H x C as above, we have Ux = H x C
and 7wy the quotient map. We have I'y = I'", with fundamental domain Fx = Flf“ as
described above, and Gx = SLy(R) >< R?. We take real coordinates on Uy by writing
(1,2) = (x,y,u,v) where 7 = x 4+ iy and z = u + v7. We use real and imaginary parts
on X.

2. For an elliptic curve X = E we choose some o € H such that C/A,, where A, =
Z + Zo, is analytically isomorphic to E. So Ux = C, the uniformisation mx given e.g.
by the Weierstrass p-function and its derivative. We have I'x = 72, Gx = R? (where
(u,v) acts by translation by u + vo). We take Fx = {w=u+vo € C:0 < wu,v < 1}.
We put real coordinates on C by writing w = u+ vo, and use real and imaginary parts
on X.

3. For X = G we take Ux = C and mx = exp. We have 'y = Z and Gx = R,
with u € R acting by translation by 2miu. We take Fix = R xi[0,27). We use Re(z) /27
and Im(z)/27 as real coordinates on Ux, real and imaginary parts on X.

4. For X = C we take U = C and wx = id, the identity map. We take I'x =
Gx = {1} and Fx = C, and we use real and imaginary parts on Ux and X.

5. In general X is a cartesian product of quasiprojective varieties X; of the above
kinds. Then Ux,I'x,Gx, Fx are the corresponding cartesian products of Ux,, I'x,,
Gx,, Fx, and the real coordinates on Ux, X are the cartesian product of the real
coordinates on Ux,, X;.

Different forms of X are considered in various parts of the paper. We try to make
it clear in each (sub-)section which form of X is being considered and drop “X” as a
subscript.

2.4. Definability and point-counting. For the definition of an “o-minimal structure
over R” and a summary of key properties see [34]. For a development of the theory
see [11]. To apply the Counting Theorem [38, 34] it is essential that the uniformising
maps, restricted to the relevant fundamental domains, are definable in an o-minimal
structure over R (and indeed in the same structure). In fact, all these (restricted)
maps are definable in R, exp. For the elliptic modular uniformisations this is due to
Peterzil-Starchenko [31]. On the other factors the definability in Rap exp is obvious.
The o-minimality of Rap exp is due to van den Dries-Miller [14], building on the o-
minimality of Reyp, due to Wilkie [53], and of R,,. The latter follows from Gabrielov’s
theorem [17], as observed by van den Dries [10].
Henceforward, definable means definable (with parameters) in Rap exp-

“Subvarieties” of U

In all the cases we consider U is open in the corresponding ambient complex space
CcV, and semialgebraic as a subset of the relevant ambient real space RN, We will call
such a domain a semialgebraic complex domain.
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We will need to consider various complex algebraic “subvarieties” of our uniformis-
ing spaces U. Due to the H factors, these U are not themselves complex algebraic, and
may not contain any complex algebraic subvarieties of cN (e.g. H does not, being
biholomorphic via an algebraic map to the open unit disc).

2.5. Definition. For a semialgebraic complex domain U, a subvariety of U will mean
a non-empty connected component W of U NY for some complex irreducible variety

Y cCV.

3. Special points
Special points

In this subsection we take
X =B; x...x B, xG" x CF, U:(HXC)RXCEXCk.

Let 0 € H. The Hecke orbit of o is GL;L (Q)o. We say 11, 7o are Hecke equivalent
if they are in the same Hecke orbit.

3.1. Definition. Let ¥ ¢ H and d € N*.
1. A special point of H is a point 7 € H with [Q(7) : Q] = 2. A X-special point of H
is a point 7 such that 7 is either special or in the Hecke orbit of o for some o € Y.
2. Let 7 € H. A 7-special point of C is a division point of the lattice A.
3. An exp-special point of C is a rational multiple of 2ms.
4. A d-special point in C is a point t with [Q(¢) : Q] < d.

3.2. Definition. With X, U as above, let ¥ C H, d € N*. A point

(T1y 215+ s Trs Zrs Wiy o v oy Wiy Cly o v oy Moy 1y ooy t) € U

is called (X%, d)-special if:
1. each 7; is X-special,
2. each z; is 1;-special,
3. each (; is exp-special, and
4. each t; is d-special.

We now define, for a subset S C Y(1)(C), the (S, d)-special points of X. This will
be in terms of the j-invariant of the elliptic curves parameterised by the corresponding
points of the B;. For z € C write E, for an elliptic curve with j-invariant j(E) = z.
Such a curve is unique up to isomorphism over C. We consider an elliptic curve E,
to be S-special if it is isogenous to Ej for some s € S. Suppose z = j(7),y = j(0)
where 0,7 € H. Then E, and E, are isogenous precisely if 7 € GL3 (Q)o. As j~!(x)
is an SLy(Z)-orbit in H, this condition is independent of the pre-image chosen. We will
then say that z,y (like 7,0) are Hecke equivalent and in the same Hecke orbit (it is
obviously an equivalence relation). The following definition is therefore independent of
the chosen ¥ C j~1(S) provided it contains at least one pre-image of each s € S.
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3.3. Definition. Let S C Y(1)(C) and d € NT. Let ¥ C H consist of one element
o € j7Y(s) for each s € S. An (S,d)-special point of X is the image under 7 of a
(3, d)-special point of U.

Galois orbits of special points

In this subsection we take
X:le...xanGg

and fix a finite subset S C Y (1)(C). We may assume that the elements of S are
non-special and pairwise Hecke inequivalent. We set K = Q(.5).

3.4. Definition. Let u € X be an S-special point. We define the S-complexity of
u, denoted Ag(u), as follows. Let us write u = (Py,..., Py, y1,...,y¢) with P, € E; a
torsion point of order T; and y; € G torsion of order R;.

1. If F; is CM, we let D; be the discriminant of the endomorphism ring of F;, and
take A(P;) = max(|D;|,T;).

2. If E; is isogenous to E for some s € S, we let N; be the minimal degree of a
cyclic isogney Es — E; and take A(P;) = max(N;, T;).

3. We take A(y;) = R;.
Finally we set

Ag(u) = max (A(F;), Ay;)).

3.5. Lemma. With X,S fized as above and K = Q(S), there exist positive constants
¢,0, depending on X, S, such that, if u € X is S-special,
(K (u) : K] > cAg(u)°.

Proof. It suffices to show there exist ¢,d > 0 such that, if P is one of the P;, and y is
one of the y;,
[K(P): K] >cA(P)’, [K(y):K]>cA(R)°.
In the following, ¢;, d; are positive constants depending (at most) on X, S.
Let B be a transcendence basis of K and d = [K : Q(B)]. We deal with K (y) first.
We have [Q(y) : Q] > ¢; A% for suitable ¢; for any §; < 1, by estimates for the Euler
¢-function (see e.g. Hardy and Wright [20, Th. 327]). Then

[K(y) : K] > (1/d)[Q(B,y),Q(B)] = (1/d)[Q(y) : Q] > (c1/d)A(y)".

The argument for P is similar. First suppose that P lies in a CM fibre E whose
endomorphism ring has discriminant D. Suppose T' < |D[®. Let v = j(E). By Siegel
we have

[Q(v) : Q] > 2(8)| D

for suitable positive c2(9) (ineffective) for any d, < 1/2. Since there is a rational map
from B to the corresponding modular curve Y, and a finite map from Y to Y (1),

[K(P): K] > (1/d)[Q(B, P) : Q(B)] = (1/d)[Q(P) : Q] = e2|D|** > e3A(P)*
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by our assumption on 7. On the other hand if T > |D|®, we have (by Silverberg [48],
Corollary 3 and Lemma 5), if L is a field of definition for F

[L(P): L] > esT°([L: Q]) "

for suitable positive ¢4 provided d4 < 1; take say 6 = 1/2. A field of definition L for F
may be taken with [L : Q] < ¢5[Q(v) : Q] < ¢g|D| < ¢TY/?® (effectively) and so

[K(P): K] > ¢s|Q(P) : Q] > ¢;TH* = ez A(P)Y/4,

Finally we suppose that P lies on E having a cyclic isogeny of degree N to Fj,
s € S. Suppose first that s is algebraic. Suppose T' < N®. By the results of Masser
and Wiistholz [27] (or their subsequent improvements [8, 29]) we know that

QU(E), §(Ey)) : QH(E))] = esN*

for suitable positive cg, ds (cs depends on E but we may take dg = 1/(4 + o(1)) [29]).

Then
[K(P): K] > (1/d)[Q(B, P) : Q] > cgN% > coA(P)%.

So suppose T' > N8. We have an isogeny ¢ : Es — E of degree N. Let Q € ¢~ 1(P), a
point of order at least NT'. By results of Masser [26],

Q(Q) : Q] > e10(NT)*1° > ¢1T1

so that
[Q(P) : Q] > ¢10T%* /N > ¢, T2

and then
[K(P) . K] Z Clg[Q(P) : Q] Z 013T612 Z 013A(P)513.

If s is transcendental we assume s € B then [Q(j(FE)) : Q(j(Es)] = deg®n and the
rest of the argument is the same. O

Height bounds for special points

We need to show that the pre images in U of special points in X lying in a fixed
fundamental domain for the I'-action have height that is bounded by a power of their
complexity.

Suppose y € G is a special point, a root of unity of (minimal) order R. Then the
pre image ¢ € Fgg of y is of the form ¢ = 27mig where ¢ € Q and H(q) < R (in fact
H(q) = R).

Consider now the uniformisation 7 : H x C — B of an elliptic modular surface B,
with fundamental domain F'g.



3.6. Lemma.
1. If P € B is special then its pre-image (1,z) € F corresponds (in the real
coordinates) to a point (x + iy, u + vT) where x € Q, y is quadratic, and u,v € Q, and

H(x,y,u,v) < CA(P).

2. If P € B s s-special but not special, where s € C with pre-image o € Fy,
then the pre-image (1,z) € F of P has z = u + vt with u,v € Q and there is a

9= (CCL Z) € GL3 (Q) with T = go such that

H(u,v,a,b,c,d) < CA(u)'®.

Proof. 1. The assertion for 7 is (easy and) established in [34, 5.7]. For z it is easy.
2. The assertion for z is again easy. For 7 it is (not hard and) in [19, 5.2]. O

4. Special subvarieties

For this section (and the next) it is convenient to omit the E; factors from X, by
viewing F; as the corresponding fibre of some elliptic modular surface. Let then

X =B; x...x B, x G x CF, U:(HXC)nX(CgX(Ck.
We define “linear”, “weakly special” and “special” subvarieties of U. We start by
defining them in a product of elliptic modular surfaces.

Linear subvarieties of Ux for X = By X ... X B,

4.1. Definition. Let n be a non-negative integer. An augmented partition will mean a
collection T of disjoint subsets Ty, a = 1,...,#T of {1,...,n}, each with a distinguished
subset T9 C T, (with 79 = T, and TS = 0 allowed). We set T = R, — RJ, the
complementary set. The underlying set of T we denote T = U,T,.

For a subset A C {1,...,n} we let
Ut = (HxC)*™
coordinatised by 7;,z2;,7 € A. We let

x4 =1]B;

JjEA

and we have a uniformisation
A - UA —- X A.

invariant under the corresponding product I'4 = IT;¢c AF;“.
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Let T be an augmented partition whose underlying set is A. For each partitand T,
of T let 51 be the smallest index in T,. We let SLo(R)# be SLo(R)## whose elements
are tuples indexed by A, and we let

SLy(R)T < SLy(R)4

be the set of tuples g = (g;) € SLa(R)? with the condition that gjr = 1 for each
a=1,...#T. We now let
UT c U x SLy(R)4

be the subset defined by the equations

Tj = 95T;T

where j € T,,a=1,...,#T, and
Zj:()

forall j € Tf, a=1,... #T.
We view this as a family of subsets of U4 parameterised by points of SLy(R)%,
the fibre over g € SLy(R) being denoted

UTe c U4,
We observe that UT"9 is stable under the action of

G =1 [{(gja9; Vjer, : @ € SLa(R)}T.

For now we make no rationality assumptions on g. But let us observe here that if
g € GLF (Q)# then UT9, and we set X9 = 4 (UT9), then the restriction 779 of 74

to UT»9 ig invariant under
T, _
e =111 el
a jeT,

a product of congruence subgroups. It has a fundamental domain F7'9 contained in
finitely many translates under I'* of a fundamental domain for 74 : U4 — X4 under
r4.

4.2. Definition. Let R, S, T be augmented partitions. We write R < T if the following
conditions are satisfied:
1. Each partitand R, of R is a union of partitands of T. We will write b < a if
T, C R,.
2. Each RS C U, T
We write
(R,S)=<T

if R<T,S<Tand RUS=T.
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Suppose R, S,T are augmented partitions with (R, S) < T. We write
SLy(R) )T = SLy(R)F x SLy(R)® x SLy(R)”

to denote the subset consisting of pairs (k, h, g) such that k, h are “consistent” with g,
meaning that if Ty, T. C R, and jI* = jI' then, for each j € T., we have

hj = gjhe,

and for each j € T, we have
hj = g

and likewise for S. Now suppose as before that A = T. Put B = R. We will use
variables o, w; for U® to distinguish them from the corresponding variables in U4.
We let

MS =CN, N =) #5(#S.+2),

denote the space of coefficients p = (pjx,7;,s;) of a system of equations comprising
(assuming some choice of h € SLy(R)“ has been made), for each a = 1,...,#S and
j € 8¢, an equation

U(hj,75)z; =7Tjs + 85 + Z Pkl (i, ) 2k
kest

We let
Lf=CN, N=) #R.(#R}+1),

denote the space of coefficients ¢ = (g;5,) of a system of equations comprising (assuming
some choice of k € SLy(R)? and a choice of (0;,w;) € UP have been made), for each
a=1,...,#Rand j € RY an equation

(ki) (25 = ws) = > qinl(kn, i) zn-
heRf

4.3. Definition. With (R,S) < T and further notation as above we define now the
subset
WEST c U4 x UP x SLy(R)F5T 5 L 5 M®

to be the tuples (7, z,0,w, k, h, g, q, p), satisfying:
(1,2) e UT9;

(o,w) € UB;

Ti = 04,

the equations corresponding to ¢ € M?, given h;

AN

the equations corresponding to p € L, given k and w.
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In the applications T and g € SLo(R)” will be fixed, and we view W (5T ag a
family of subsets
(R7S)7T T,g
(U’w7k7h7g’q7p) C U

parameterised by the points of the projection

PSIT c UB x SLy(R) 5T 5 L x M®

of its points with the given ¢, and we in turn view PQ(R’S)’T as a family of copies Uf*

fibred over the points with the given g and k of SLy(R)(F5):T x LE x M3,
4.4. Definition. A linear subvariety of UT*9 is a subvariety of the form

(R,S),T
(o,w,k,h,g,q,p)

W(R,S),T

(R,S),T
S (o,w,k,h,g,9,p)

for some (o, w, k, h,g,q,p) . Abusing the notation, we refer to

as the translate of W %5 T

R,k
(khgap) DY (0,w) € U,

We may observe that U7 is a linear subvariety of itself by taking (R, S) < T with
R empty and S to be the same partition as T but S¢ = T, with equations zj = 0 for
jesd

Weakly special and special subvarieties of Ux for X = By X ... X B,

(R,S),T
W(U,w,k,h,g,q,p)

1. The components of k, h, g all belong to the image of GL3 (Q) in SLy(R);
2. The components of ¢ all belong to Q;

4.5. Definition. A linear subvariety is called weakly special if

3. For each partitand R, of R, either the corresponding coordinates of p belong to
Q or they all belong to some imaginary quadratic field and the corresponding
0;,7 € R, all belong to this same field.

Since the o; corresponding to j € R, are (for a weakly special subvariety) related
by elements of GL3 (Q), the last condition is equivalent to one of them being in the
appropriate quadratic field.

We will refer to an element g € SLo(R) as belonging to GL3 (Q) if it belongs to
the image of the latter in the former. One may observe now that U7 is weakly special
just if g consists of matrices from GLJ (Q).

4.6. Definition. Let X C H. A weakly special subvariety W((ff;g’ig a.p) is called

Y-special if (o, w) is a ¥-special point of UB.

It is easily seen that these subgroup schemes over special subvarieties in H" are
indeed special subvarieties as defined in [40, 41].
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Linear, weakly special, and special subvarieties of Ux for X = G*

Now we have to define analogous notions for G*, where the combinatorial baggage
is much lighter. Let ¢ be a non-negative integer. Let B C A C {1,...,¢}. We write

cA=c*4

coordinatised by (;,7 € A, and for CB we will use 14,7 € B to distinguish the variables
from the two spaces. We also write G for the corresponding factors in G*, and we
have

expy : ct — G4

We let
NB,A — CBX(A*B)

denote the space of coefficients r = (7},,,) of a system of equations comprising, for each
j € B, an equation

G=m= ) Timom

meA—B
4.7. Definition. With B ¢ A C {1,...,¢} and further notation as above we define
the subset
WAt xCP x NPA

to be the set of tuples (¢, n,r) satisfying the above equations.
We view W54 as a family of subsets Wﬁ’f) cch parameterised by points (n,7) €
CP x NBA,

4.8. Definition. An exp-linear subvariety of C4 is a fibre of W54 for some B C A.

A linear subvariety W(i’f) is called exp-weakly special if the coordinates of r are all
rational. An exp-weakly special subvariety W(lz ’;4) is called exp-special if n € CP is a
special point.

Linear, weakly special, and special subvarieties of Ux for X = ck

Finally we need the analogous notions for C* as uniformisation of itself by the
identity map.

4.9. Definition. Let d € N*. An id-linear subvariety of CF is a Zariski closed
(irreducible) subvariety of CF. An id-weakly special subvariety of C* is the same thing,
and a (d-id )-special subvariety of C* is a Zariski closed (irreducible) subvariety with a
Zariski-dense set of d-special points.

Linear, weakly special, and special subvarieties of U

Let R be an augmented partition, A C {1,...,¢}, k a non-negative integer. Let
U=(HxC)"xc*xck

4.10. Definition. A linear subvariety of U is a cartesian product of linear subvarieties
in (H x (C)R, C4, and CF. Likewise for weakly special and special subvarieties.

13



4.11. Definition. A weakly special subvariety T'C X is the image w(W) where W is
a weakly special subvariety of U. Likewise for special subvarieties.

A weakly special T' C X is a subvariety (Zariski closed and irreducible). To
see this, note we have observed that T is the image of W over a finite number of
fundamental domains, hence its algebraicity may be seen for example by results of
Peterzil-Starchenko [32, Theorem 5.3]. We observe a further fact in this direction
below. In particular, the image

XT9A = r(UT9 x ) c XT x G4

is a special subvariety.

We now assume that there are no C* factors:
X:le...xanGe

Then the linear subvarieties of U come in finitely many semialgebraic families

W (B.9).T,(B,4)

indexed by the combinatorial data: (R,S) < T, B C A C {1,...,¢}. In particular,
the linear subvarieties form a definable (even semialgebraic) family. A countable set of
parameters (k, h, g,q,p,r) give rise to weakly special subvarieties. For a given choice
of these we may take

D = ((R7 S)7T7 k? h7g7Q7p7A7B7T)

and view the set W9)T:(B4) with those parameters fixed as a set
WP cU™9 x CA x URF x CB
which we view as a family of weakly special subvarieties
Wiy € U x T
parameterised by points
((o,w),n) e UP = UR* x CB.

The special subvarieties correspond to the parameters being special points.
4.12. Definition. A set D as above we call a weakly special format.

4.13. Proposition. With D a weakly special format as above, the set
WP cumI xCcAxUE xCP
18 a special subvariety.
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Proof. Immediate from the definitions. O

Therefore, with X? = 7p(UP), we have that 7(W?P) is a special subvariety
TP c X x XP,

and corresponds to a family of weakly special subvarieties of X parameterised by the
points of XP. The fibre T” C X is a special subvariety precisely if z € X is a special
point.

Recalling that UP = U%* is a certain subvariety of U E, the uniformisation

uP - xP

is invariant under a group I'” which is the cartesian product of (I'})* for suitable
congruence subgroups I'Y of I';, with fundamental domain Fp.

4.14. Proposition. The uniformisation
T:UxUP = X x xP

has a fundamental domain consisting of (the intersection of U x UP with) finitely many
fundamental domains for the action of I x T'A on U x U4.

Proof. Immediate by previous observations. o

5. Ax-Lindemann-Weierstrass
In this section we continue to take
X =B; x...x B, x Gt x C*, U= (HxC)" xC’xCF,
and a Zariski closed algebraic subset V' C X. We set
Z=r"YV), Z=11'NF

the latter being a definable set (the former generally not).
By a mazimal algebraic subvariety of Z we mean an algebraic subvariety W of U
in the sense of 2.4, with W C 7~!(V), and maximal among such objects.

5.1. Theorem. A mazximal algebraic subvariety W C Z 1is weakly special.

Proof. The proof closely follows the scheme of proof of [34, 6.8], with which the reader
is assumed to be familiar, with modifications for the interaction between the H and C
factors parameterising elliptic modular surfaces. The subvariety W is parameterised by
algebraic functions on some choice of variables corresponding to the factors of U. The
variables for the H factors will be called H-variables. The variables for the C factors will
be called gp-variables (respectively exp-variables, respectively id-variables) according
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as they correspond to elliptic modular factors (respectively G factors, respectively C
factors) of X.

Choice of parameterising variables

We choose a set of parameterising variables as follows. First we take a maximal set
of algebraically independent H-variables 7; (so all other H-variables are algebraically
dependent on W on these). Next we choose a maximally independent (over the 7;)
subset of the p-variables among which we denote by z; the ones whose corresponding
H-variable is among the 7;, the others w,. Next we choose a maximal independent
(over the 7;, z;, w,) of the exp-variables, calling these (;. Finally we choose a maximal
set of independent id-variables, t.. The various sets of variables we will also regard as
tuples denoted 7, z, w, (,t.

The other variables are “dependent”, and parameterised by algebraic functions.
The “dependent” H-variables are parameterised by algebraic functions o;(7). Among
the dependent gp-variables we distinguish those that have a corresponding H-variable
among the 7;, parameterising these by ¢;(7, z,w), and those parameterising these by
Y;(7,z,w). The dependent exp-variables are parameterised by 0;(7, z,w, (), and the
dependent id-variables by (7, z,w, (,t). The tuples we denote o, ¢, 1, 0, k. For reasons
of brevity it is sometimes convenient to concatenate tuples into a single tuple and write
e.g. ¢1p. The dependencies are

o=o(t), oY=0oY(r, z, w), =00, z, w, () k==r(T, z, w, ¢, t).

Then W may be parameterised locally as

(T’ Z’ w7 C’ t; J’ ¢7 ¢7 9’ KJ)
where the semi-colon separates the free and dependent variables.
The T-dependencies

Exchanging variables if need be, we are able (as is [34]) to take some “free” H-
variable, say 71, to its boundary. We distinguish cases according to whether the cor-
responding g-variable is among the free variables, or the dependent ones, taking the
former case that it is z; first. We write 7 for the tuple of free H-variables excluding 71,
and Z for the free p-variables with free corresponding gp-variables excluding z;. So we
have

<7—17 7A—7 21, 27 w, C? ta g, ¢7 77Z}7 07 ﬁ) CZ
locally on some product of open disks and an “upper-half disk” U; for 7 on its bound-
ary, and by analytic continuation everywhere, where now the dependencies are
U:O'(Tl’%)a ¢¢=¢¢(7'177°7Z, w)7 0:‘9(7—17727 Z, va)? ﬁ:%(Tl:f—)Zawant)'

b

We take gg = (CCL d

form

) € SLy(Z) with a/c € Uy. Then we take g € SLy(Z) of the

([ a b+sa
g_gs—(c d+SC)7 s € R.
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For sufficiently large s and 7 € U{, g1 € U] and all the parameterising functions are
well-defined and non-singular. Therefore we have

<9T17 7:7 21, 25 w, Ca t? 0-(97—177:)7 ¢¢9/€(971a7:>---)> cZz

where the variables not indicated remain as previously. Then the I'-transforms of this

1

locus are also contained in Z, in particular the g~ "-image

(7_17 727 gg(Tl)Zla 27 w, C? t) 0-(97-177:)7 ¢¢9H(9717%7z1727"')> cZz

for the same domains of the variables. For fixed 7,7, w, (,t, the z; dependence may
be extended to the whole zj-plane less finitely many points. Then we may change
variables calling ¢,(71)z1 again z; to find

(7—17 %7 21, 27 w, Cu t; J(g’rlv'f-)v gbdje’{(g’rh%vzl/gg_l(’rl)u27"')> C Z.

Now we act by further elements of I" to bring the locus back into our fixed fundamental
domain, where it will intersect Z in a set of the full dimension of W.

We choose elements h; to bring the dependent H-variables back to their funda-
mental domain. The action by h; affects the corresponding w; and ;. If we set

Vi
ghi (OZ)

ho = (o hioi, ), w* = (.., < v = )

then we have

(r1 7 210 2, 0%, G 65 halgm, ), G0 0k(gm1, 7,2 /0g1 (1), 2,07, ) ) € 2,

Now we may rename variables to replace w* by w and we find
(ris 72 21 2w, G holgr,7), 6 0k(gm 721/ Ly (1), 2, oy wiln, (04), ) ) © 2.

Finally, we choose translations A; on the variables parameterised by the coordinates of
oY*, and p; translations of the coordinates of 8 such that, writing A, 4 for the tuples
and

Wgs,hJ\,u

for the locus

(7’17 7, 21, 2, w, ¢, t; ho(gr,..), ¢¢*(g71,..7z1/£g—1(T1),..,wiﬂhi(ai),..) — A,

0(97—17 “721/69*1(7-1)7 "7wi£hi<ai)7 7<) — M H(ngv 0y zl/gg*1<7—1)7 "7wi£h¢(0i); 0y <7t))7

we have

dimR W, sk ) Z = dimR 1% sh, e
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Now since all the functions here are algebraic, it is straightforward to see (as estab-
lished in [34, 5.3, 5.4, 5.5]) that, for a large integer s, the height of all the h;, €5, , Ai, p;
are bounded polynomially in s.

We may take an element of I' corresponding to the data gg, s, h, A\, u by taking
identity elements for the remaining group variables. Considering gy to be fixed, the
corresponding element will be denoted

(gs, h, A\, u) € T.

For any gg = (CCL 2) with a/c as above, sufficiently large real s, and any h, A, 4 in
the respective real groups we have an algebraic locus
Wigaham)

given by
(7’1, T, 21, 2, w, ¢, t; ho(gr,..), gb@[}*(gﬁ,..,zl/ég—l(ﬁ),..,wifhi(ai),..) — A,

e(ng, ..,Zl/fgfl(Tl), ..,wiﬁhi(o—i), ,9) — [L,li(ng, ..,21/6971 (7'1), ..,wiéhi(ai), ..,g,t).

This is a definable family of open subsets of complex algebraic varieties. Then the set
R = Rgo = {(gs, h, )\,u) eG: dimR (W(gs,hJ\,H) N Z) = dimR W}

(with certain coordinates of (g, h, A\, ) fixed as described above) is a definable set with
“many” rational (indeed integer) points. Here “many” means that, for some positive
c,d, we have N(R,T) > ¢T° for (arbitrarily) large T, where N (R, T') counts the rational
points of R up to height 7. And for (gs, h, A, ) € R we have W, ., C 7 (V) by
analytic continuation.

Then R contains some semi-algebraic “blocks” (see [34, 3.4]) B that (as T in-
creases) contain arbitrarily many integer points. Thus we can choose (gs, h, A, i) de-

pending semialgebraically on some real parameter x such that the family

W(x) = W(957h7>\,u)(w)

is contained in Z, and contains some W, 1 y ) corresponding to an integer point

(gs; h7 )‘7 ,u) (ZE()) el

of R at a smooth point sq (if all the integer points in B are in its singular set, then we
consider the singular set, which has some bounded degree in terms of the degree of the
blocks. Since we have “many” integer points, we eventually find a smooth one).

First we may observe that, near the smooth point (gs, h, A, ut)(zg), we have

W (z) =W, ham@ Cm (V)
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also for complex values of the parameter x. This is because for each fixed choice of values
for the “free” variables, the functions that define 7=(V') are complex analytic functions
vanishing for real x in a neighbourhood of x(, which therefore vanish identically.

Now suppose that one of the functions

™ = h,-(x)cri(gs(x)ﬁ,f') € C(m,7,7)
is nonconstant. Then x is algebraic over
C(ry,7,7")

and we have an algebraic subvariety W/Nn =1 (V') of dimension dim W +1 parameterised
by
(Tl,%,r*,zl,é,w,g,t; . )

But since W was assumed to be maximal, its I' translate Wy n x u)(x,) 18 also maximal.
So such a W' contradicts our hypothesis on W. Thus the function

hi(z)oi(gs(x)m1,7)

must be constant.

Now suppose that o; does not have its real locus coincident with that of 7. Then
by a suitable choice of fundamental domain for the corresponding variable, and small
enough domain for 77, we can take h; = 1. However, gs(x) is certainly non-constant,
and we conclude that o; does not depend on 7. The same argument shows that none
of the functions 6;, x; depend on 7.

Suppose then that o; does have its real axis coincident with 7. Considering two
[-points on the z-curve we find, as in [34, p1817], that o; satisfies an identity, namely

1 —ac(sy —s1)  a?(sy —s1)
—c%(s9 —51) 1+ ac(sy — sy

)) ,h € SLy(Z).

o(gt) = ho(1), g= 98195_21 - (

We may choose families g; for any a/c in the real boundary of 7y, and it follows as in
[34, p1817-1818] (or see [35]) that o; is itself an SLy(R) transformation, and indeed is
given by an element of GL3 (Q). Then o; depends only on 7y, as an element of SLy(RR)
cannot depend complex algebraically on another variable.

This takes care of the dependencies of the o; on 71 in this case (that the p-variable
associated to 71 was among the free variables). The other case however may be argued
with only a slight variation. We then have W C Z parameterised by

<7—17 72, z, w, C? t; g, ¢17 (57 wa 97 HJ)

on some suitable product of disks and an “upper-half disk” for 7y. Here ¢ parameterises
the p-variable z; associated to 7. Now for families g, as above an sufficiently large s
we have

<g7—1; 727 <, W, C, t; U(nga")7 ¢1(gTIJ")7 QZA5¢9/{(QT1,..)> -t

19



whence

<7-17 7A—7 Z, w, Ca t) 0-(97-17“)7 Eg(Tl) ¢1(g7—1:">7 lebe’f(gﬁw-)) CZ.

Then as before

<T17 7:7 2, w*7 C? ta hO’(ng,..), 69(7]) (bl(ng?“)? (;31&*9/{(97’1,..)) cz

from which, after renaming variables, the locus

(7-15 727 zZ, w, C? t? hO’(ng, ")7 Eg(Tl) ¢1 (nga 3] wighi (Ui)a ")7 éw*eﬁ@ﬁ, wzghz (ai)v ))

is contained in Z and the argument proceeds in the same way to show that o; is either
independent of 71 or depends only on 7 through an element of GL;r (Q).

Thus, we see that the dependencies among the non-constant H variables are given
pairwise by elements of GL3 (Q). Also we have seen that the 6;, x; do not depend on
the 7,. Similarly, a dependent g-variable cannot depend on any H-variable other than
the one it is associated to, because we can carry out the argument to vary W without
having to “move” this variable.

The z and w dependencies

Now we consider the dependencies among gp-variables. Let us consider some ¢;.
Among the free p-variables we now denote by z; those whose associated H-variable is
free or independent of 7;, and by wj those whose associated H-variable is dependent
on 7; or is 7; itself. We have

W (...,Ti,...,zj,...,wa,...,Cb7...,tc7...;...,qﬁi(..Ti,..,zj,..,wa,..),...> C Z.

We find some region where ¢; and all the other algebraic functions remain defined for
zj+ s\, where A € A; the lattice in the z; variable, for all sufficiently large real positive
s. Then the maximality of W leads to identities (as in [34, p1819)])

¢¢(...,Zj+82>\,...>:¢i(...,2’j+81>\,...)—a7'i—6.

Here s1, 59 are large positive integers s; # s2, a, 8 € Z, and the identity holds for all z;
and all other variables. Differentiating with respect to z;, the algebraic function with
a period is constant, and we see that ¢; depends linearly on z;, say

¢j:qzj+b

where ¢,b may of course depend on the other variables. However, since s1, s2 € Z we
see that
Nag\

for some 0 # N € Z, and since we may take any A € A; we in fact have
Nqu C A;.
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This restricts ¢ to a countable set (so it cannot depend on the other variables), moreover
as the H-variable associated to z; is independent of 7;, we must have ¢ = 0.

If we repeat the same argument with the wy, we also find linear dependence in the
above form. Then ¢ is again independent of all other variables, and we find that

¢i = qikwi + b(7;)
k

where N;rqixAr C A;. Now the lattices are in the same Hecke orbit, but will not have
CM for general 7;, so we have g € Q. Now we consider the dependence on 7;. We take
a positive integer p such that

_ (1 ps ,
g—(o 1)€I‘,, s € L.

We may assume 7; in a region where b(g7;) is defined for all sufficiently large real s.
We have

<...,g7’i, ey 2y ey Way eey Gy vy by o3 Oy 9Tiy o)y ooy @i (s Gy ooy Wy o), - ) CcZ

1

and we take the g~ "-image to get

(...,7'7;, vy Zgyeeny Wa, ...,Cb, ...,tc, ...;O’(..,gTi, ..), e 7€g(7—i)¢i(--797—i7 vy Weq, ..), .. > C Z.

We transform o back to our fixed fundamental domain to see that the locus

Wq
(..,Ti, "7Zj7 ey T ..,Cb, ...tc, ceey hO’(..,gTi, ..), ---7€g(Ti)¢i(--7g7—i7 .y Wq, ..), ) C Z
Ch,(o%)

and rename variables
(.., Tiy o eZjsees Way ooy Cpy ey by 3 RO (s 9Ty )y ooy Lg (T3) i (s gTis ooy By, (O )W, ) ) C Z.

Then ¢; (and the other p-variables) can be brought back to a fixed fundamental region
by a suitable (respective) lattice element. This leads to an identity

¢i(--77—i —|—p8, ..,ghk (ak)wk, ) = ¢z(; Tiy ey Wk, ) — XT; — B
We may consider this identity in particular with all w; = 0. This gives
b(t; +ps) =b(1;) —ar, —

for suitable a, 3 € Z. Differentiating twice, the algebraic function with a period is
constant and we see that

b(ti) = qr? +r7i + 8
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where moreover ¢,r € Q. Now we consider transforming 7; by a general family of g as
before. This leads to

£(r) (3 autus (orgrwi +bgms) ) = > quwe +b(rs) — ari = B.
k k

Considering all wg = 0 shows that ¢ =0 and r,s € Q, i.e. that

¢i =D qxwk +77i+ 5, qig, 1,5 €Q
k

where wy, are the free p-variables whose associated H-variable is dependent on 7; (pos-
sibly 7; itself).

Now we consider the p-dependencies of ;. Here there are two cases. In the first
the associated H-variable o; depends on some free 7;. We can exchange o; and 7;, and
argue as above. This leads to the same form as above

wi:Zkak—l—TGi‘FSa QRaraseQ
k

where wy, are the p-variables whose associated H-variable is dependent on 7; (possibly
7; itself). In the second case the associated H-variables is constant. Now the same
analysis finds

Vi =Y qikwi + b;
k

over wy whose associated H-variables are constant with ¢, such that NgyAr C A; for
suitable integer NV (some fixed o; may have CM, so it is possible that the g belong to
the associated field).

The ¢ dependencies

We consider now the dependence of the #;, which we have already seen do not
depend on the 7;. We denote all the free p-variables by z;. Proceeding with a similar
analysis changing z; to z; + s\, A € A; we find that

ei:qu—i—b

where gA; C 2miZ. This however forces ¢ = 0. Thus 6; does not depend on any of
the free p-variables. By similar arguments the dependence of the 0; on the ¢; must be
linear of the form

0; = ZCMC@ +b;, qeeQ, b eC.

Finally, the id-variables cannot depend on any of the variables except the t-
variables. This completes the proof. O
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6. Proof of Theorem 1.1

In this section we will prove Theorem 1.1, but we start with a version omitting
the E;-factors and the C* factors. Let

X:le...xanGg.

6.1. Theorem. Let V C X x C* be a Zariski closed algebraic subset, let X C H be
a finite set, and d a positive integer. Then there is a finite set D = D(V') of weakly
special formats and a positive integer A = A(V, 3, d) with the following property.

Let y € C¥ be a d-special point and Vy, C X the corresponding fibre of V. If
T C Vy is a mazimal (X, d)-special subvariety then there exists D € D and u € UP a
(X2, d)-special point with A(u) < A such that

T = W(Wf ).
Proof. Replacing V' by the Zariski closure of its X-special points, we may assume that
V' is defined over some finite algebraic extension of a finitely generated extension of Q.
Viewing V' as a definable family of fibres V,, C X, the set of D such that some translate
WP c V, and is maximal among such translates is a definable set, but countable by
Ax-Lindemann-Weierstrass. Therefore this set is finite, and we denote it D.

Now let h € {0,...,dim X} and suppose it is established that there is a A}, such
that, for y € C* a d-special point, any maximal special W C V,, of dimension dim W > h
is of the form W = W where u € UP with A(u) < Ay (and note that we know this
for h = dim X), then we establish the same assertion for h — 1.

Let then D;,_1 C D be the subset of elements D whose translates W,f have di-
mension h — 1, and let y € C* be a d-special point. Let VyD C XyD be the subvariety
of points 7p(u) € XP for which W, C V,, (Zariski closed subvariety by 4.13). Write
Z?? = WBI(VyD) N Fp and suppose u € Zf a Y-special point such that W, C V,, but is
not contained in any special subvariety W[ ' C V, of larger dimension. The degree of
the field K of definition of V,, and all its special subvarieties of dimension > h over
K is bounded depending only on V| X, d, and so u has, for suitable positive ¢, J, at least

cA(u)’

conjugates u* over this field for which WL is likewise not contained in any special
subvariety of larger dimension. Each such point gives rise to an Y-special point ¢* €
Zf . Now apply the Counting Theorem to the family V' as in [19]; the coordinates
7 of the o¢* that are Hecke equivalent to ¢ € ¥ may not be algebraic, but they are
the images of rational points in GL3 (R) under the map g — go, and the Counting
Theorem is applied to a definable subset Y in a suitable product of H and GL3 (R),
as in [19, Proof of Theorem 3]. The height estimate in the GLJ (R) factors is provided
by Lemma 3.6, and one finds that the »-special points give rise to points in Y which
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are rational in the GLJ (R) coordinates, quadratic in the H coordinates and of height
at most
CA(u)¥

for suitable constants C, K. The points are thus contained in c¢A(u)¢ blocks with
e = 0/2 say and these blocks are projected back to H" to obtain ¢/A(w)¢ there. If
A(u) is sufficiently large compared to Ay, C, K, ¢,d this means that Z, contains a
semialgebraic variety of larger dimension than W, and by [36, Lemma 4.1] there is
a complex algebraic subvariety of 771(V) containing it, and by Theorem 5.1 a weakly
special subvariety of larger dimension containing at least one (in fact many) of these
points, which must then be special. This contradicts the fact the W2 are not contained
in any larger special subvariety, and implies that A(u) < Ap_; for some suitable
constant Ap_1 (V).

Repeating this argument leads to the conclusion for h = 0, which proves the
theorem with A = max(Agim x,.--,40). O

Now let
X:le...xanGeka.

6.2. Theorem. Let V C X be a Zariski closed algebraic subset, ¥ C H a finite set,
and d a positive integer. Then V' contains only finitely many mazimal (X, d)-special
subvarieties.

Proof. Viewing V as a family of subsets of By x ... x B,, x G* and applying Theorem
6.1, we see that there are only finitely many possibilities for (D, u) for a maximal special
subvariety W C V, for any d-special y € C*. For each such (D,u) we consider the
d-special points of C* such that WP c Vy. The Zariski closure of this set consists of
finitely many d-special subvarieties of C¥, Y(P-4) Then the finite set of WP x y(Pw
includes all the maximal (¥, d)-special subvarieties of V. 0

Now we return to the setting of Theorem 1.1. We will prove a more general version
allowing U-special points in [[ B;, and d-rational points in C*. Let

X:B1x...xanElx...xmeszCk.

6.3. Definition. Let X as above, S C Y (1)(C) a finite set, and d a positive integer.
An (S, d)-special point of X is a point

R: (Pl,...,Pn,Ql,...,Qm,yl,...,yg,tl,...,tk)

such that
1. Each P; € B; is a torsion point on an S-special fibre;
2. Bach Q; € Ej is a torsion point;
3. Each y;, is a torsion point;
4. Each t; is a d-special point.
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Now suppose X, S, d as above. We want to define (S, d)-special subvarieties of X.
Now some of the F; may be S-special, and then we can regard X as a subvariety of
X' obtained by adding additional elliptic modular factors B] and regarding V' C X'.
Therefore in framing the definition we may assume that the F; are all non-S-special.

6.4. Definition. Let X, S,d as above, with all the E; non-S-special. Then an (.S, d)-
special subvariety of X is a cartesian product of

1. An S-special subvariety of By X ... X By;

2. A torsion coset of Ey X ... X Ep,;

3. A torsion coset of G;

4. A d-special subvariety of CF.

6.5. Proposition. Suppose X, S, d as above with all the E; non-S-special. Let
S*=SU{j(E;),i=1,...,m}

and put
X' =By x...x B, x B, x...xB xG'xCF.

If T C X' is an (S*,d)-special subvariety of X which contains an (S, d)-special point
of X then it is an (5, d)-special subvariety of X.

Proof. Since the FE; are not S-special, there cannot be relations between the 7-
coordinates in X’ corresponding to them and the other 7-coordinates, and 7' must
factor into a product. O

6.6. Theorem. Let S C Y (1)(C) be a finite set and d a non-negative integer. Let V C
X be a Zariski closed algebraic subset. Then V contains only finitely many maximal
(S, d)-special subvarieties.

Proof. Let S* = SU{j(F;),i =1,...,m}. View V C X C X’ as above and apply
Theorem 6.2 to find finitely many maximal (S*,d)-special subvarieties of V. Take
the finite subset that contain (S, d)-special points of X. Then these are the maximal
(S, d)-special subvarieties of V. O

6.7. Remarks. 1. One would like to extend “finite generation” to the fibres. This
would encompass Mordell-Lang in products of elliptic curves and G*.

2. It would be interesting to see if the the present methods could prove the special
point problem for powers P of the Poincaré biextension P of an elliptic modular curve

studied in [4, 5, 6].

7. Linear relations between singular moduli

Let us call elements gi,...,9, € GL3 (Q) “independent modulo SLy(Z)” if they
are in distinct SLy(Z) orbits when considered in PSLa(R), i.e. there are no relations
g; = g; as fractional linear transformations of H where v € SLa(Z).
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7.1. Proposition. Suppose gi,...,9, € GL (Q) are independent modulo SLo(7Z).
Then the functions

17j(ng)= cee 7j(gn7—)
on H are linearly independent over C.
Proof. We use the g-expansion

o0

j(r) = Z c(m)q™ = é + 744 + Z c(m)g™

m=—1

where ¢ = exp(2mit) and ¢(m) € Z are well known to be positive, in fact they grow
rapidly by a result of Petersson (see e.g. [30, §3, eqn. (24), p 202]).

If g € GL(Q) we may write g = yh where v € SLo(Z) and hT = r7 + s where
r,s € Q with 0 < rand 0 < s < 1. Let us write g ~ r7 + s in this situation. The
gi are SLy(Z)-inequivalent iff the corresponding linear functions r;7 + s; are distinct.
Different g; may have the same r;, so we will re-index them as g;; so that

gijNTiT+5ij, r<...<rg.
Suppose the functions are linearly dependent over C, so we have a relation

Zaijj(gijT) :b, aij,bE (C
%,J

Let us consider 7 = it with t € [1,00) . We have g = exp(—27t) and so
oo

(*) Z c(m) Z a;;q"" exp (27Tim8¢j) =b

m=—1 1,7

identically in q. Thus, apart from the constant term
T44) a;; =b
2]

the coefficient of each distinct power of ¢ on the left-hand side of (x) must vanish.
Now it is easy to see that for infinitely many suitable m, the only contribution to the
coefficient of t™"* comes from the 71 terms (just take m to be a large prime number),
and so, since ¢(m) # 0, for infinitely many m we have

Z a1; exp (27m'm81j) = 0.
1,5

As the exp(2mis;;) are distinct, we must have a;; = 0 for all j. Then the same holds
for ro,...,r and finally we see that b = 0 as well. O

26



In the following, a “partition” of {1,..., N} will mean a pair (Ao, {A1,...,An})
where Ay C {1,..., N}, possibly empty, and Ay, ..., Ay is a partition of {1,..., N}\ 4y
in the usual sense (no A;,j > 0 is empty, and the partitands are unordered). We allow
Aog={1,..., N}, M =0.

7.2. Proposition. Suppose V. C Y (1)" is a linear subvariety defined over C. Then
a mazimal weakly special Y C j7Y(V) has the following form. There is a “partition”
(Ao, {A1,..., Ax}) of {1,...,n} and ¢; € C for i € Ay such that (z1,...,2,) € Y
provided

Zi = GijZj

for some g;; € SLa(Z) whenever i,j € A,k >0, and
zi=c¢ €C

for each i € Ay.

Proof. Let Y C j7!(V) be a maximal weakly special subvariety. Choose I maximal
such that the variables z; are algebraically independent on V. Then every other z; is
linearly dependent on them, so by Proposition 7.1 the corresponding z; must satisfy a
relation z; = g;;2; for some i € I, with g;; € SL2(Z) or be constant. O

A weakly special subvariety T as in Proposition 7.2 is uniquely determined by the
“partition” A = (Ag,{A1,...,An}) and the tuple ¢ = (¢ : k € Ap). Let us denote
it Ta,.. Let us say that a “partition” B = (By,{B1,...,Bxr}) is a refinement of A if,
for each i > 0, B; C A; for some j > 0, while By C Ap. If B is a refinement of A
but B # A then we must have h > m, and then the corresponding T’z 4 has bigger
dimension than T’ ..

7.3. Proposition. Let V C Y(1)™ be a linear subvariety defined over C, and T C C"
weakly special. Then T is a mazrimal weakly special subvariety of V' if and only if:

1.TCV

2. T =Ty, for some “partition” A and tuple c

3. There is no refinement B of A with B # A and tuple d with d; = ¢; for i € By
such that Tp q C V.

Proof. Clear from the discussion above. O

7.4. Proposition. Let V C Y (1)" be a linear subvariety defined over C and T =T .
a weakly special linear subvariety as above. Then T C V if and only if, for any linear

equation
n

Zaixi =b

i=1
vanishing on V. we have

Zai:(h j=1,...,m, and Zaici:b.

ieAj ’iGAO
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Proof. Take new variables &;,7 = 1,...,m. Putting x; = ¢ fori € A;,5=1,...,m
and a; = ), A, @i we see that the above equation holds on T' just if

k
Do =b= ) aic
=1

1€ AQ
for all choices of the &;, which means that o; = 0,5 =1,...,m and b = Zz‘er a;c; as
required. O

We also observe the following.

7.5. Proposition. Let V C Y (1)" be linear, defined over C, and S C Y (1)(C). IfT is
a maximal S-special subvariety of V' then it is also a maximal weakly special subvariety
of V.

Proof. Suppose T' = Ty .. Since T is special, all the ¢; are special. If Ts . is weakly
special with T' C T'g 4 then d; = ¢; are special, so Tg 4 is special. O

In G, if we consider linear relations

l
V. Zaimi =b
i=1

to be solved in roots of unity z; = (; we see that, if ((y,...,(,) is a solutions for which
some subsum } 4 a;(; vanishes, then we can multiply the corresponding (;,7 € A by
an arbitrary root of unity (, yielding a torsion coset of positive dimension. Torsion
cosets T' C V thus corresponds to a “partition” (Ag,{A41,...,An}) of {1,...,n}, and
tuple ¢ = (C1,---,Cn) of roots of unity such that >, , a;¢; =0 fori=1,...,k while
> ica, @G = b. Putting A = (Ao, {A1,...,4An}) and ¢ = (¢; : © € Ag) we may call
this coset T4 ¢. The parameter ¢ is unique if we specify that ¢; = 1 for the smallest
index in each A;,j > 1.

Then T4 ¢ is maximal if there is no refinement (By,{Bi,...,B}) of the parti-
tion A = (Ao, {A1,...,4,}) and tuple n = (n1,...,m,) of roots of unity with the
same properties such that T4 ¢ C T'g,,, but B # A. The zero-dimensional torsion cosets
T C V which are maximal correspond to the indecomposable solutions (no subsum van-
ishes) in the terminology of Dvornicich-Zannier [15]; sometimes called non-degenerate
solutions.

According to Mann’s theorem [25], see also refinements and extensions in [15],
given d, ¢ there are only finitely many indecomposable solutions, and indeed this is
obtained with explicit effective bounds. We state a more general form of Theorem 1.3
allowing S-special j-invariants for any finite S C C and d-special coefficients.

7.6. Definition. Let d be a positive integer, let n,¢ non-negative integers and let
S CY(1)(C).
1. A tuple (j1,---,Jn,C1,---,Ce) is called an (S, d, n, £)-tuple if the j; are S-special,
the (; are roots of unity, and they satisfy a non-trivial relation
arji+...tanjn +01G1+ ...+ bl +c=0

where a;, b;, c are algebraic numbers, each of degree < d over Q.
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2. An (5,d,n, ¢)-tuple is called non-degenerate if

(i) there does not exist a non-empty subset I C {1,...,n} and a singular modulus j
such that j; = j foralli € I and ), ; a; =0,

(ii) no proper (non-empty) subsum of bi;(; + ... + by(s + ¢ vanishes (but ¢ may be
absent if ¢ = 0).

7.7. Theorem. For given d,n, ¢ and finite S C Y (1)(C) there are only finitely many
non-degenerate (S, d,n, ¢)-tuples.

Proof. Let d,n, ¥, S be given and apply Theorem 6.2 to the variety
VCcX, X=C'xGtxcrnt!

defined by
a1+ .o+ apTy 01y + ..+ by +c=0

where (z1,...,2,) € C", (y1,...,y¢) € GY, and p = (ay,...,an, b1, ..., bs,c) € CVTEHL
For p € C""*! we let V,, € C" x G be the fibre of V. We see that, for any p
whose coordinates have degree < d over QQ, there are just finitely many possibilities for
maximal

T = TAJ' X TB,C C Vp.

We see that T4 ; determines j uniquely, as does T ¢ determine ¢ (with the above
normalising assumption ¢; = 1 on least indices in partitands). Then T is of dimension
zero just if the (S, d, n, ¢)-tuple (4, () is non-degenerate. O

7.8. Remarks. 1. For roots of unity only (i.e. n = 0), an effective result on (in our
terms) non-degenerate (0, d,0,¢)-tuples was obtained by Schinzel [45], substantially
improved by Zannier [54], and further in [15].

2. For arbitrary complex coefficients, an effective bound on the number of non-
degenerate solutions to a linear equation in roots of unity is due to Schlickewei [46],
substantially improved by Evertse [16]. The corresponding uniform AO statement
for families of subvarieties of Y (1)™ follows from AO for all such powers Y (1)” by
“automatic uniformity” as shown by Scanlon [44]. On such uniformity aspects of ZP
see Zannier [55, 1.3.8] and the Appendix B by Masser.

3. The result presumably holds (and is implied by ZP) with finite generation on
the G points as well, but this is not accessible to the present methods.
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