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Abstract. This lecture is concerned with some recent applications of mathematical
logic to Diophantine geometry. More precisely it concerns applications of o-minimality, a
branch of model theory which treats tame structures in real geometry, to certain finiteness
problems descending from the classical conjecture of Mordell.

Mathematics Subject Classification (2010). Primary 03C64, 11G18.

Keywords. O-minimal structure, André-Oort conjecture, Zilber-Pink conjecture.

1. Introduction

This is a somewhat expanded version of my lecture at ICM 2014 in Seoul. It surveys
some recent interactions between model theory and Diophantine geometry.

The Diophantine problems to be considered are of a type descending from the
classical Mordell conjecture (theorem of Faltings). I will describe the passage from
Mordell’s conjecture to the far-reaching Zilber-Pink conjecture, which is very much
open and the subject of lively study by a variety of methods on several fronts. The
model theory is “o-minimality”, which studies tame structures in real geometry,
and offers powerful tools applicable to certain “definable” sets. In combination
with an elementary analytic method for “counting rational points” it leads to a
general result about the height distribution of rational points on definable sets.
This result can be successfully applied to Zilber-Pink problems in the presence of
certain functional transcendence and arithmetic ingredients which are known in
many cases but seemingly quite difficult in general.

Both the methods and problems have connections with transcendental number
theory. My further objective is to explain these connections and to bring out the
pervasive presence of Schanuel’s conjecture.

Though the broad family of Diophantine problems is the same, o-minimality
is a rather different flavour of model theory to that employed in the Diophantine
results of Hrushovski [62, 64] and the subsequent developments (e.g. [24, 129];
for more on “stability” and its applications see [63, 65]). However, both flavours
involve fields with extra structure and hinge on suitable tame behaviour of the
definable sets.

As there are excellent survey papers on these developments (e.g. [130, 131]),
this exposition will stay at a broader level and keep technicalities to a minimum.
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2. From Mordell to Zilber-Pink

The Mordell conjecture. Diophantine geometry deals in the first instance
with the solution of systems of algebraic equations in integers and in rational
numbers. It is a broad subject with a central place in number theory going back
to antiquity. The problems we will consider are finiteness questions. One seeks to
show that certain forms of Diophantine problems have only finitely many solutions,
or a solution set that has a finite description in certain specific terms.

The ur-conjecture here is the Mordell conjecture asserting the finiteness of the
number of rational points on curves of genus at least 2. For example, a non-singular
plane quartic curve. This conjecture was proposed by Mordell [94] in 1922, and
proved by Faltings [46] in 1983. In the meantime it evolved into the Mordell-
Lang conjecture (ML; see Lang [77], I, 6.3) proved in the work of Faltings, Hindry,
Laurent, McQuillan, Raynaud, Vojta, and others; see e.g. [90, 97, 18].

This was the first of three crucial steps in the evolution of the Mordell conjecture
into what is known as the Zilber-Pink conjecture (ZP).

The Mordell-Lang conjecture. The first step, due to Lang (e.g. [76]),
recasts the conjecture in terms of a subvariety (i.e. irreducible closed algebraic
subset defined over C; we identify varieties with their sets of complex points) V
of a (semi-abelian) group variety X. The conjecture concerns the interaction of
V' with certain “special” subvarieties of X distinguished in terms of its group
structure.

The simplest result of “Mordell-Lang” type concerns a curve V. C X = an.
Here G, = G, (C) = C* is the multiplicative group of non-zero complex numbers,
so V is the set of solutions in (C*)? of some irreducible (over C) polynomial
F(x,y) = 0. The result, which appears in Lang [76] is the following. If there are
infinitely many points (€,m) € V such that (&,n) is a torsion point of (C*)?, then
F' has either the form zy™ = { or x™ = (y™ for some non-negative integers n,m
(not both zero) and root of unity ¢. In the exceptional case V' is a torsion coset: a
coset of an irreducible algebraic subgroup (subtorus) of X by a torsion point, and,
being positive-dimensional, contains infinitely many torsion points. Observe that
a torsion point is a torsion coset (of the trivial group).

With a view to generalisations, torsion cosets of X = G}, will be called “special
subvarieties” and torsion points “special points”. The (countable) collection of
special subvarieties will be denoted S = Sx. For later use, general cosets of
subtori will be called “weakly special subvarieties”. We observe that special points
are Zariski dense in any special subvariety.

The Multiplicative Manin-Mumford conjecture, which is a special case of a
theorem of Laurent [79] (for V defined over Q it may be deduced from results of
Mann [82]; see Dvornicich-Zannier [42] for generalisations, see also an independent
proof by Sarnak [126]), asserts the converse. Consider a subvariety V C X.

(%) If special points are Zariski-dense in V then V is a special subvariety.

Since the Zariski-closure of any set of points consists of finitely many irreducible
components (*) may be equivalently formulated as (') or (*”) as follows.
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(+') A component of the Zariski closure of a set of special points is special.
(*") V' contains only finitely many mazimal special subvarieties.

If one replaces the group of torsion points by the division group I' of a finitely
generated subgroup of G}, and takes special subvarieties to be cosets of subtori by
elements of T, then (x) is the “Multiplicative Mordell-Lang conjecture”, a theorem
of Laurent [79].

The Manin-Mumford conjecture (MM; proved by Raynaud [122, 123]) is the
statement (x) for a subvariety of an abelian variety with its torsion cosets as “spe-
cial subvarieties” (the original formulations of Manin and Mumford concerned a
curve of genus at least two embedded in its Jacobian); for the division group of
a finitely generated subgroup it is ML. Note that ML, in both the multiplicative
and abelian settings, is ineffective (one cannot bound the height of points, though
one can bound their number).

While there is no explicit mention of rational points in the formulation of ML,
implications for these, including the original Mordell conjecture, are recovered via
the Mordell-Weil theorem: the group of rational points on an abelian variety over
a number field is finitely generated ([78], I.4.1, [18]).

The André-Oort conjecture. André [1] and Oort [98] made conjectures
analogous to the Manin-Mumford conjecture where the ambient variety X is a
Shimura variety (the latter partially motivated by a conjecture of Coleman [33]).
A combination of these has become known as the André-Oort conjecture (AO).

Shimura varieties have a central role in arithmetic geometry, in particular in
the theory of automorphic forms see e.g. [91]. As the formal definition (see e.g.
[91, 92]) is rather involved, I will just give some examples. The simplest examples
are modular curves, for example the curve Y (1) = SLy(Z)\H whose set of complex
points is just the affine line C, parameterising isomorphism classes (over C) of
elliptic curves by their j-invariant (see e.g. [155]). However, the André-Oort
conjecture is trivial for one-dimensional ambient varieties; the simplest non-trivial
cases concern cartesian products of modular curves. The paradigm examples of
Shimura varieties are the Siegel modular varieties A, parameterising principally
polarised abelian varieties of dimension g [17].

Associated with a Shimura variety X is a countable collection § = Sx of
special subvarieties, the zero-dimensional ones being called special points. For
example, in Y(1)2, a special subvariety of dimension 1 is: a “vertical line” x = j
or “horizontal line” y = jo where jy is the j-invariant of an elliptic curve with
complex multiplication (“CM”; i.e. a “singular modulus” see e.g. [155], §6); or
the zero set of a modular polynomial ®x(z,y) (see e.g. [155]). The other special
subvarieties are Y (1)? itself and special points, being the points for which both
coordinates are singular moduli. There is also a larger (uncountable) collection of
weakly special subvarieties which includes, in addition, all vertical and horizontal
lines. In A, the special subvarieties become rather complicated to describe, but
special points are again those x € Ay for which the corresponding abelian variety
A, is CM (see e.g. [98]). Special points are Zariski dense in any special subvariety,
and AO asserts the converse:
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Let X be a Shimura variety and V' C X a subvariety. Then (x) holds.

Equivalently, AO may be formulated as ('), or (¥”) which we take as the
“official” version.

Conjecture 2.1 (AO). Let X be a Shimura variety and V C X. Then V contains
only finitely many mazimal special subvarieties.

The simplest non-trivial case of AO, for Y (1)? (and more generally products
of two modular curves), was established unconditionally by André [2]. AO is
open in general, though it is known to be true under the Generalised Riemann
Hypothesis for CM fields (by work of Edixhoven, Klingler, Ullmo, and Yafaev
[43, 45, 71, 144]) and it is known unconditionally in several cases and under various
additional hypotheses on the special points in question (see [152]). In particular,
AO for arbitrary products of modular curves was affirmed using o-minimality and
point-counting in [108]. We will describe this approach below as well as further
results which have been established by the same methods. Though unconditional,
theses results are ineffective in that they do not produce a bound on the height of
the special points. The only effective result known is for products of two modular
curves, due recently to Kiithne [74] and Bilu-Masser-Zannier [16].

The broader class of mized Shimura varieties (see e.g. [120]) includes for
example the “mixed” variety X, associated with A4, namely A, fibered at each
point by the abelian variety parameterised by that point, and analogous varieties
with additional level structure (see e.g. [17]). These include elliptic modular
surfaces. More exotic examples, like the Poincaré bi-extension ([13]), include copies
of G,,, as special subvarieties. The second step in the evolution of ZP is to enlarge
the category of “ambient” varieties to that of mixed Shimura varieties, which also
have a geometrically defined collection of “special subvarieties” [120].

This gives a class of varieties in which all the Diophantine problems so far
considered can be comprehended. The “special point conjecture” () in this setting
was formulated by André [1]. It contains AO and MM for CM abelian varieties,
but it does not include the full MM or ML statements.

The Zilber-Pink conjecture. One further extension, which significantly
enlarges its scope and reach, gives the Zilber-Pink conjecture. The setting is again
V C X where X is a mixed Shimura variety, but instead of special subvarieties T'
contained in V', we consider (components of) intersections V NT, with T a special
subvariety, which are atypical in dimension (see below).

This idea has three independent sources, expressed in different formulations.
Zilber [159] formulated a version (“CIT”) in the setting of semi-abelian varieties,
motivated by his work on the model theory of complex exponentiation (see below).
Bombieri-Masser-Zannier [20] proved a theorem and formulated a conjecture about
curves in Gy, originating with a question of Schinzel [132], leading to a result for
intersections of subvarieties with one-dimensional tori and the formulation of a
general conjecture in [21]. Pink [121] formulated a conjecture encompassing MM,
ML, and AO by the same device of “unlikely intersections”, meaning intersections
of a variety V C X with special subvarieties of codimension exceeding dim V.
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The irreducible components of the intersection of two subvarieties VW C X
typically have dimension

dimV 4+ dim W — dim X,
as one would expect by “counting conditions” (and never less if X is smooth [95]).

Definition 2.2. Let X be a mixed Shimura variety with collection S of special
subvarieties, and let V' C X. An irreducible component A C VNT, where T € S
is called an atypical subvariety (of V in X ) if

dimA >dimV +dimT — dim X.

Conjecture 2.3 (ZP). Let X be a mized Shimura variety and V.C X. Then V
contains only finitely many maximal atypical subvarieties.

This is essentially the formulation of Zilber and Bombieri-Masser-Zannier in
Pink’s setting. There are several alternative formulations; see [22] for a proof
that they are equivalent in the multiplicative setting. As it is always atypical for
a proper subvariety of X to contain a special subvariety, ZP for X and all its
special subvarieties implies the assertion (x”), the “special point” or “generalised
André-Oort” conjecture for X, via an inductive argument.

There has been a lot of work on problems subsumed within ZP. Nevertheless
it is open even in the multiplicative case. I will describe a theorem established in
work of Bombieri, Masser, Zannier, and Maurin that affirms ZP for a curve in Gy,,.

An atypical subvariety of a curve in G, is either a point in its intersection
with a subgroup of codimension at least 2, or the curve itself if it is contained in
a subgroup of codimension 1. The following definition is convenient.

Definition 2.4. For a mixed Shimura variety X with its collection S of special
subvarieties and a non-negative integer k we let SI*! denote the (countable) union
of all special subvarieties of X of codimension < k.

Theorem 2.5 ([20, 89, 22]). Let V C Gy, be a curve defined over C. If V is not
contained in a proper special subvariety then V NSP is a finite set. O.

An alternative proof (for V defined over Q, the algebraic closure of Q in C) is
given in [19] and, in conjunction with the “Bounded height theorem” of Habegger
[52] leads to an effective result [53]. A proof of the main result of [20] using
o-minimality and point-counting has been developed by Capuano [28].

ZP formally implies ML ([159, 121]), which may be seen in the multiplicative
setting for curves as follows. Let V' C an be a curve and suppose that cq,...,c, €
C* are multiplicatively independent (no nontrivial monomial on them gives unity).
Define

V' ={(z,y,21,..-,2k) EGifk (xyy) €Vyzi=ci=1,...,k}.

Two multiplicative conditions on (x,y,Z) € V* will in general mean that x and y
belong to the division closure of the multiplicative group {ci, ..., cx) generated by
C1y...,¢k. Thus ZP for all G;;, implies ML for all GJ,,.
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I do not give a survey of results. The known results for abelian varieties are less
complete than those for G}, and in the Shimura setting less complete still. Below
I will discuss various specific problems that have been tackled using o-minimality
and point-counting. See Zannier [156] for further discussion and references on ZP
as well as more general problems under the rubric of “unlikely intersections”, and
[157] for some specific problems and applications. See also Chambert-Loir [29)].
For analogous results in other settings see [85, 30].

3. Transcendental Number Theory

Classical results. Transcendental number theory is concerned primarily with
the algebraic nature of the values of special functions, especially the exponential
function. I want to mention two famous results: Lindemann’s theorem (also known
as the Lindemann-Weierstrass theorem) and Baker’s theorem (see e.g. [8]). Here
log z means any determination of the logarithm of z € C*.

Theorem 3.1 (Lindemann (-Weierstrass)). Let x1,...,z, € Q be linearly inde-
pendent over Q. Then e**,...,e" are algebraically independent over Q. O

Theorem 3.2 (Baker). Suppose that x1,...,z, € Q. If logzy,...,logz, are
linearly independent over Q then they are linearly independent over Q. O

Baker’s theorem has been partially extended to elliptic and abelian functions
in work of Baker, Bertrand, Masser, Philippon, Wiistholz and others (see e.g. [9]).
These developments also impacted substantially on Diophantine problems, but I
want to note in particular that the Masser-Wiistholz isogeny estimates led to a new
proof [86] of the Mordell conjecture. More recently, Kiihne [74] uses quantitative
results for linear forms in (elliptic and classical) logarithms in his unconditional
proof of AO for products of two modular curves.

So the methods of Diophantine geometry and transcendence theory are cognate;
but the underlying conjectures are also cognate in the work of Zilber on the model
theory of exponentiation described below.

Schanuel’s conjecture. Schanuel’s conjecture (SC; see Lang [77], p31) seems
to encapsulate all reasonable transcendence properties of the exponential function.

Conjecture 3.3 (SC). Let z1,...,2, € C be linearly independent over Q. Then
tr. deg.(@(@(zl7 cey Zn, €T eR) >,

The special case with all the z; algebraic recovers Lindemann’s theorem. The
special case with all the exp z; algebraic is open for n > 2, the best result known
towards “algebraic independence of logarithms” is Baker’s theorem.

“Ax-Schanuel”. Ax [5] (see also [4]) established Schanuel’s conjecture in the
setting of a differential field (apparently also conjectured by Schanuel; see [5]); this
theorem is known as “Ax-Schanuel”.
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Let Q C C C K be a tower of fields and {D;,...,Dy} a set of commuting
derivations of K with C'= (1, ker D,,. By “rank” below we mean rank over K.

Definition 3.4. Elements z1,...,2, € K are called linearly independent over Q
modulo C' if there is no nontrivial relation ), ¢,z, = ¢ where ¢, € Q, c € C.

Ty,

Ax’s theorem is then the following. Condition (a) encapsulates “y, = e
in a general differential field. However, by the Seidenberg embedding theorem
[133, 134], a finitely generated differential field may be embedded into a field of
meromorphic functions.

Theorem 3.5 (“Ax-Schanuel”). Let x,,y, € K*,v=1,...,n, with

(a) for all p,v, Dy, =y, Dy, :

(b) the x, are linearly independent over Q modulo C [or (b’), the y, are mul-
tiplicatively independent over C|].
Then

tr. deg.cC(Z1, .-y Tny Y1, -+ Yn) =N+ rank(Dugcl,)

p=1,...muyv=1,..n"

This implies a (weaker) variant in the complex setting that will be important
in the sequel. A statement along these lines was established by Ax [6] in the
semiabelian setting.

We consider 7 : C" — Gy, given by z — e(z) = exp(2miz) on each coordinate.
Fix V C Gj. Ax-Schanuel implies that the “best” intersections of 7#=(V) with
algebraic subvarieties W C C" are achieved by weakly special W. We formulate a
precise statement as follows.

Definition 3.6. 1. A component with respect to V is a complex analytically
irreducible component A of W N7 ~1(V) for some irreducible algebraic W c C".

2. If A is a component w.r.t. V we define its defect 6(A) to be dim Zcl(A) —
dim A where Zcl(A) is the Zariski closure of A.

3. A component A w.r.t. Vis called optimal for V if there is no component B
w.r.t. V with A C B, A# B, and 6(B) < d(A). Note that if A is optimal it must
be a component of Zcl(A) N7~ (V).

4. A component A w.r.t. V is called weakly special if it is a component of
W N~ Y(V) for some weakly special W = Zcl(A).

Then Ax-Schanuel implies the following statement (see [111]).
Theorem 3.7. An optimal component w.r.t. V C Gy, is weakly special. O

In particular, we have §(W) = 0 just if W C 7=1(V). An optimal component
with defect zero is then a maximal irreducible algebraic subvariety contained in
-1
7 H(V).

Corollary 3.8. A mazimal algebraic subvariety W C n=1(V') is weakly special. O
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Another way to formulate the corollary is that if algebraic functions z1, ..., 2z,
(say elements of the function field C(W)) are linearly independent modulo con-
stants (i.e. the locus z1,..., 2, is not contained in any weakly special subvari-
ety) then the exponentials exp z1, ..., exp z, are algebraically independent over C,
which is a functional analogue of Lindemann’s theorem. Accordingly I call the
assertion of the corollary and its various analogues “Ax-Lindemann”; see also [15].

Tsimerman [141] has recently given a new proof of Ax-Schanuel via o-minimality
and point-counting.

4. Model Theory

Model theory of C and R. See e.g. [160]. The first-order theory of
the complex field (C, +, x,0,1) is just the theory of algebraically closed fields of
characteristic zero and is categorical (has a unique model up to isomorphism) in
every uncountable power. This is a very strong property of a theory. Algebraically
closed fields are also “strongly minimal”: the definable subsets of C are either finite
or cofinite. Indeed, by quantifier elimination, the definable (with parameters from
C) subsets of C" are precisely the constructible sets: the Boolean algebra generated
by the zero-sets of polynomials (with coefficients in C) in C". The theory is also
decidable.

Strong minimality fails for the real field as the order is definable, whence in-
tervals are definable; however (Tarski-Seidenberg theorem) the definable sets are
just the semi-algebraic sets: finite boolean combinations of sets defined by finitely
many polynomial equalities and inequalities. The theory is again decidable (Tarski
[139]). A definable subset of R is still relatively simple, being a finite union of points
and (possibly unbounded) intervals.

Model theory of complex exponentiation. The integers are definable
in the complex numbers with exponentiation:

Z={z€C:Vwe C(exp(w) =1— exp(zw) =1)}.

Therefore, by Gédel’s Theorem, the first-order theory of Cexp = (C, +, X, 0,1, exp)
is undecidable and the definable sets can be “wild”. The theory is very far from
categorical. Nevertheless, Zilber showed that categoricity can be recovered if one
works with a stronger infinitary logic. He used a Hrushovski-style construction in
which Schanuel’s conjecture plays a fundamental role to construct [158] a candidate
“logically perfect” algebraically closed field of power continuum with a “standard”
(cyclic kernel) exponentiation, Bexp, and conjectured that this field is isomorphic
t0 Cexp (entailing SC and more; see e.g. [34, 35]).

Considering the first-order theory of this structure led Zilber to his “CIT”
conjecture [159] in the setting of G}, and more generally semiabelian varieties: it
is the “difference” between SC and a uniform version of SC that admits first-order
axiomatization.
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Conjecture 4.1 (Uniform Schanuel Conjecture; USC). Let V C C*" be a closed
algebraic set defined over Q with dimV < n. There exists a finite set u(V') of
proper Q-linear subspaces of C™ such that if

(215 ey 2m, €7, .)€V

then there is M € (V) and k € Z" and such that (z1+2miky, . .., z,+2mik,) € M.
Moreover if M is codimension 1 (in C") then k = 0.

Part of this program has been carried out for the j-function by Harris [59] and
more generally for Shimura curves [36] by Daw-Harris. A very general picture of
“special subvarieties” and generalised Schanuel conjectures is set out in [161].

Model theory of real exponentiation. O-minimality grew out of the
attempt to understand the model theory of the real field with exponentiation.
The real exponential has no overt periodic behaviour, thus no obvious source of
“Godelian problems”. Upon proving the decidability of the real field, Tarski [139]
asked whether the theory of the real field with exponentiation, i.e. the structure
Rexp = (R, +, %, 0,1,exp), is decidable.

In studying this question, van den Dries [38] noted the key role played by the
above mentioned finiteness property of semi-algebraic sets and formulated the con-
dition “a definable subset of R is a finite union of points and intervals” that is the
key defining property of a general theory of “o-minimal structures” subsequently
undertaken by Pillay and Steinhorn [118] (see also [73, 119]). They prove the fun-
damental Cell Decomposition Theorem, from which the remarkable tameness and
uniformity properties of o-minimal structures flow. For completeness I include a
“model-theory free” definition of an o-minimal structure over the real field. Being
a “structure” means that the sets in J,, X, are precisely the definable sets (with
parameters) in a suitable expansion of the real field.

Definition 4.2. 1. A pre-structure is a sequence X = (X,,)p=1,2,... where each X,
is a collection of subsets of R".

2. A pre-structure X is called a structure (over the real field) if, for all n,m =
1,2, ... with m > n, the following conditions are satisfied:

(i) Xy, is a Boolean algebra

(ii) 3, contains every semi-algebraic subset of R"

(iii) if A € X, and B € 3,,, then A x B € ¥4,

(iv) if A € 3, then 7(A) € X,, where 7 : R" — R™ is a coordinate projection.
If 3 is a structure and Z C R™ we say that Z is definable in X if Z € 3,,.

3. A structure X is called o-minimal if the boundary of each set in 3 is a finite
set of points.

A function f : R™ — R™ is said to be definable in a structure X if its graph is.
If A,...,f,... are sets or functions then R4, _ y . denotes the smallest structure
containing A, ..., f,.... By a definable family of sets we mean a definable subset
Z C R™ x R™ which we view as a family of fibres Z, C R" as y varies over the
projection of Z onto R™ (which is definable, along with all the fibres Z,)). A family
of functions is definable if the family of their graphs is.
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In the sequel, a definable set will mean a definable set in some o-minimal
structure over R. The o-minimal condition has very strong consequences for de-
finable sets and functions. For example, a definable function is continuous (and
also differentiable) except at finitely many points. Moreover, in a definable fam-
ily of functions, the number of points of discontinuity (or of non-differentiability)
is bounded uniformly for all members of the family. Another example (relevant
later): in a definable family, the set of parameters for which the fibre has a given
dimension is definable. For these and other properties see van den Dries [39].

Of course the theory is only useful if there are non-trivial examples. van den
Dries observed that the o-minimality of the structure R,,, generated by all restricted
analytic functions, i.e. all f : T — R where T C R™ is a compact box and f is
analytic on an open neighbourhood of T', follows from a fundamental theorem of
Gabrielov [49] on subanalytic functions.

This is a large and useful structure, but did not answer the question raised by
van den Dries for the (unrestricted) exponential function. This was affirmed by
Wilkie [148] (who in fact established the “model-completeness” of Rexp, giving its
o-minimality in view of the results of Khovanskii [68]).

Theorem 4.3 (Wilkie [148]). The structure Rexp, is o-minimal. O

The structure R,y oxp generated by the union of Rey, and Ry, is o-minimal
([41], see also [40]). Note that in general the structure generated by the union of
o-minimal structures need not be o-minimal ([125]): there is no “largest” minimal
structure over R. Larger and stranger o-minimal structures followed ([138, 125]),
but Ray, exp suffices for all the applications we will consider (R,, doesn’t).

Macintyre and Wilkie [80] affirmed Tarski’s original question assuming SC.

Theorem 4.4 ([80]). Assuming SC, the theory of Rexp is decidable. O

5. Counting Points

Counting rational points in algebraic varieties. Counting solutions
to a Diophantine equation up to a given height T" and probing the behaviour of
their number N(T') as T — oo is a well-travelled path in Diophantine geometry,
especially in connection with Waring’s problem and, more recently, the Batyrev-
Manin conjectures; see e.g. [61]. For example, it is believed (see [137]) that there
is no positive integer n which can be written as a sum of two fifth powers in two
essentially different ways. This amounts to saying that all solutions in non-negative
integers to
X +YP=U"+V°

are trivial in that {X,Y} = {U,V'}. Hooley proved (see [60], improved in [26]) that
there are at most O (T°/3+¢) non-trivial solutions with 0 < X, Y, U,V < T, which
are thus dominated by the 272 + O(T) trivial ones. The conjectures of Bombieri
and Lang (see e.g. [18], 14.3.7, [61], F.5.2) imply that all but finitely many rational
points on a variety lie in the geometrically defined “special set”.
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Thus, conjecturally, general Diophantine problems, like the special ones of
Mordell-Lang type, only have infinitely many solutions if there is a “reason”.

Counting rational points in definable sets. Prompted by questions
posed by Sarnak (motivated by his analytic proof of the multiplicative Manin-
Mumford conjecture [126]; see also [127]), Bombieri-Pila [23] counted integer points
up to a given height on plane curves in various categories (convex, transcenden-
tal real-analytic, algebraic) by an elementary real-variable method. The same idea
was applied to rational points on a real analytic plane curve in [104]. Heath-Brown
[60] introduced a variant p-adic “determinant method” applicable to rational points
on algebraic varieties in any dimension, which prompted the idea of applying the
“real” version to count rational points in higher-dimensional sets defined by ana-
lytic conditions.

We define the height of a rational number xz = a/b in lowest terms (i.e.
ged(a,b) = 1) by H(x) = max(|al, |b]), and the height of a tuple x = (z1,...,2,) €
Q" by H(x) = max(H(z;),i =1,...,n). For aset Z C R" we put

Z(QT)={reZ:xeQ",H(x) <T},
and define the counting function of Z by
N(Z,T)=#2Z(Q,T).

We would like to have a result expressing that a “reasonable” set Z C R™ has
“few” rational points unless there is a “reason”. We will take “reasonable” to mean
definable. If Z contains positive dimensional semi-algebraic subsets (e.g. a piece
of a line or circle) then these may contain quite a lot of algebraic points; thus we
will exclude such subsets from the counting.

Definition 5.1. Let Z C R™. We define the algebraic part Z*& of Z to be the
union of positive-dimensional connected semi-algebraic subsets of Z.

The algebraic part is a coarse analogue of the “special set”. But one cannot
expect finiteness of rational points outside the algebraic part in view of curves like
y = 2%. The following theorem provides a sense in which there are “few” rational
points outside the algebraic part of a definable set.

Theorem 5.2 (Counting Theorem; Pila-Wilkie [116]). Let Z C R™ be a definable
set and € > 0. Then there is a constant c¢(Z,€) such that, for all T,

N(Z — 78, T) < ¢(Z,e)T¢. O

Suppose Z is the image of a map ¢ : (0,1)* — R™. The underlying analytic
idea of [23], extended to higher dimension in [105], is that Z(Q,T) is contained in
the intersection Z NV of Z with “few” hypersurfaces V' of some suitable degree
d = d(Z,¢), whose number depends on the maximum size of coordinate functions
of ¢ and some number (depending on ¢) of their partial derivatives. The key to
proving the Counting Theorem is a parameterisation theorem ([116], Thm 2.3) by
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means of which the intersections Z NV can be realised as images of finitely many
maps whose derivatives up to a given order are bounded uniformly as V varies
in the family of all hypersurfaces of given degree. This o-minimal version of the
“Algebraic Lemma” of Yomdin-Gromov [154, 50] allows the analytic idea to be
applied inductively; it yields a result which is uniform for definable families.

One can establish a bound of the same quality for algebraic points of bounded
degree. For a definable set Z and k > 1 put

Z(k,T)={2xe€Z:[Q(z;):Q <k,H(zx;) <T,i=1,...,n},

Nk(Z7 T) = #Z(va)7

where H(x) here is the multiplicative height (see [18], 1.5.7) of an algebraic number.
Then for definable Z, positive k and € > 0 we have

Nu(Z — Z¥8,T) < «(Z, k, e)T".

The result is again uniform for Z in definable families.

A further refinement, necessitated by applications, makes the result look more
like a generalised “special point” statement. Namely, one shows that Z(k,T) is
contained in “few” definable connected subsets which locally coincide with semial-
gebraic sets (“blocks”), and which come from finitely many (depending on Z, k, €)
definable families. For the precise statement I refer to [108].

To make the result effective for a particular o-minimal structure one would
need an effective bound on the number of connected components of a definable set
in that structure, as a function of the “complexity” of the formula which defines
it. This is known in only special cases [11].

Non-archimedean analogues have been announced by Cluckers-Comte-Loeser
[31]. For an earlier result about integer points on definable curves, including a much
stronger bound for curves in R,,, see Wilkie [151]. For a still earlier application
of Khovanskii theory to “unlikely intersections” see Cohen-Zannier [32].

Wilkie’s conjecture. The Counting Theorem cannot be much improved in
general (see [105]); in particular one cannot in general replace the <. T° bound
with a power of log T. However, Wilkie ([116], 1.11) has conjectured:

Conjecture 5.3. Let Z be definable in Rex,. Then there are constants C(Z), c(Z)
such that

N(Z — 78, T) < C(log T)°.

Partial results are established in [27, 66, 67, 107], some for sets definable in the
larger o-minimal structure Rpg,g. It would be nice to go further and establish such
results for the structures in which (the restrictions of) the uniformising maps of
mixed Shimura varieties are definable.
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6. O-minimality and “special point” problems

The setting. The basic strategy is due to Zannier, who proposed using the
Counting Theorem to give a new proof of MM. This was implemented in [117].
He and Masser saw that the same strategy could be applied to certain “relative
Manin-Mumford” problems posed by Masser ([87], further described below). These
turn out to be also special cases of ZP.

The generalisation of the Counting Theorem to algebraic points [106], and
the analogies between MM and AO (as highlighted e.g. in [153, 142]) prompted
the idea of applying the same idea to the latter problem: for products of Y'(1),
for example, the “special points” correspond to tuples of j-invariants of elliptic
curves with complex multiplication. These are precisely the points j(z) where
z € H={r € C:Im(7) > 0} is a quadratic irrationality, thus they correspond to
algebraic points in H" of bounded degree.

Indeed all the “special point” problems take a similar form. The ambient variety
X has a transcendental uniformisation

m:U—=X

by a complex domain U with certain properties. Examples (set e(u) = exp(2miu)):

(1) X = G&a U= (Cna 71—(“17 s aun) = (e(ul)v ce e(un));

(ii) X an abelian variety, U = cdimX , ™ periodic under a suitable lattice A;
(iil) X =Y ()™, U =H", and 7(uy,...,u,) = (G(u1),...j5(un));

(iv) X = Ay, U = H,, Siegel upper half-space, 7 is Spy,(Z)-invariant [17].

While a general abelian variety is not a mixed Shimura variety, it is a subvariety
of one, and the “induced” ZP on its subvarieties is equivalent to the statement of
ZP when X is endowed with its torsion cosets as “special subvarieties” [121].

This picture is essentially the same for any Shimura (or mixed Shimura) variety
X, where U may be taken to be an open domain in some ambient complex affine
space, m is invariant under a discrete arithmetic subgroup I' of a real algebraic
group G acting on U as biholomorphisms, and where U and the (graph of the) G
action on it are semi-algebraic.

In each case, the pre-images of special points are algebraic points of bounded
degree, when considered in suitable real coordinates on U (e.g. for an abelian
variety we take a basis of A to define our real coordinates). Thus the search
for special points in V' C X can be translated into a search for their pre-images
(which we will also just call special points) in 7=1(V). This set is in general far
from algebraic.

Moreover, components of pre-images of special subvarieties are algebraic (in a
sense described below) and appear in definable families. For example in Y'(1)™ they
are the just the subvarieties of H" defined by some collection of equations of the
form z; = g;j2;, where (i,j) € E C {1,...,n}? and g;; € GL3 (Q) acting by Mobius
transformations. Here E is any set, possibly empty, and we allow ¢ = j in which
case the fixed point z; is quadratic. They sit in the family of subvarieties defined
by relations from SLg(R), and this family is definable (indeed semi-algebraic).
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As the map 7 is invariant under the group I' acting on U (in the examples: Z",
A, SLy(Z)", Spa,(Z)), we may restrict our attention to a fundamental domain F
for this action, which may also be taken to be semi-algebraic. We let

Z=1YV)NF
and we are now interested in certain algebraic points of bounded degree in Z.

Definability. The map e: C — C* (i.e. its graph in C x C*) is not definable
in any o-minimal structure, due to the infinite discrete group acting, and the same
holds for the map m : U — X for every mixed Shimura variety X of positive
dimension. But in all the examples given so far, the restriction of 7 to a suitable
fundamental domain F' for I' is definable in Ran, exp-

Theorem 6.1 (Peterzil-Starchenko [103]). The restriction of m : Hy — Ay to the
classical fundamental domain for the Spy,(Z) action is definable. O

Indeed the corresponding assertion holds for X, generalising the earlier result
by the same authors for Weierstrass p-functions [100] established in the course
of a study of non-standard complex tori. The generalisation of this result to all
Shimura varieties has been announced by Klingler-Ullmo-Yafaev [72], and to all
mixed Shimura varieties by Gao [48]. With these results, o-minimal methods are
available across the full breadth of the Zilber-Pink conjecture.

The strategy. The Counting Theorem tells us that Z(k,T) is contained in
“few” blocks contained in Z2!#. In the arithmetic settings, one then has essentially
two tasks to turn this statement into the Diophantine conclusion:

(i) to characterise Z*8 as (essentially) coinciding with the exceptional locus in
the Diophantine problem, i.e. weakly special subvarieties. This is a problem in
functional transcendence.

(ii) to reduce “few” (i.e. <. T°) to finite. This is effected by playing off the
upper bound against a lower bound for the size of the Galois orbit of a special
point.

Characterising the algebraic part. We need to understand Z*#, but
it is more natural to consider first 7—(V)2l2, which turns out to be a union of
complex algebraic subvarieties (intersected with U). These will generally not be
fully contained in Z (or indeed in F).

I have not defined weakly special varieties except in the case of exponentiation,
but they may be characterised by the following result of Ullmo-Yafaev [145]. By
an “algebraic subvariety of U” we will mean a (complex analytically irreducible)
component of WNU where W is an algebraic subvariety of the ambient space (we
always assume that the uniformising space U is semialgebraic).

Theorem 6.2 (Ullmo-Yafaev [145]). Let X be a Shimura variety. A subvariety
W C X is weakly special if and only if the components of its pre-image in U are
algebraic subvarieties. O
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Weakly special subvarieties are thus precisely the algebraic varieties preserved
(as algebraic) by «r. It turns out that the algebraic part of 7=1(V) is equal to the
union of weakly special subvarieties of positive dimension it contains:

Theorem 6.3 (“Ax-Lindemann”). For X and m : U — X as in our examples, a
mazimal algebraic W C 7= Y(V) is weakly special. O

Thus, the algebraic part of 77 1(V), a coarse analogue of the special set, turns
out to be a close relative. For the exponential function this follows, as already
observed, from Ax-Schanuel; for abelian varieties it is likewise due to Ax [6]; see
also [25, 69]. For A, it is due to Pila-Tsimerman [114], building on [113, 147, 108].
Klingler-Ullmo-Yafaev [72] have announced the result for all Shimura varieties (and
indeed a bit more generally), and a further generalisation to all mixed Shimura
varieties has been announced by Gao [48]. A version for the modular function “with
derivatives” is in [109]. While Ax’s theorem is in the setting of differential fields
and is proved by differential algebra, in all the Shimura variety settings mentioned
“Ax-Lindemann” is proved directly in the complex setting using o-minimality and
point-counting. This uses the fact that the group I' gives rise to “many” integer
points in suitable definable subsets of G. Mok has indicated how such results can
be proved via complex differential geometry.

From “few” to finite. The definability of Z allows the Counting Theorem
to be applied to the relevant algebraic points. This implies that there are “few”
such points. How does one get from this to a finiteness statement?

The key here is that special points in X are algebraic and are (at least con-
jecturally) of high degree, while their pre-images have small height, relative to a
suitable measure of their “complexity”. For example, a root of unity ¢ of order
(precisely) T has degree

[Q(¢): Q) = ¢(T) > T'™°

for every positive € (see e.g. [58], 18.4, Theorem 327), while its pre-image (under
the map e(z) = exp(2miz)) in the fundamental domain F = {z € C: 0 < Rez < 1}
has height T. (The “complexity measure” here is the order T'.)

Lower bounds for the size of Galois orbits of torsion points in abelian varieties
are much studied, e.g. in connection with isogeny estimates and Serre’s Open
Image Theorem. Suitable results for [117] are due to Masser [83]. For products of
elliptic modular surfaces (torsion points on CM curves) one has results of Silverberg
[136].

Lower bounds for the size of Galois orbits of special points are essential in
all current approaches to AO. The following was suggested by Edixhoven [44] for
special points in 4,, where an appropriate complexity measure for x € A, is
afforded by the discriminant A(z) of the centre of the endomorphism ring of the
corresponding abelian variety A,.

Conjecture 6.4. Let g > 1. There exist positive constants Cy, 04 such that, for a
CM point x € Ay,
[Q(z) : Q] > Cy|A(@)[*.
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For g = 1 the conjecture is affirmed by the theory of complex multiplication of
elliptic curves and the (ineffective) Landau-Siegel lower bound for class numbers
[75, 135]. It has been affirmed unconditionally for g < 6, and for all g under GRH,
by Tsimerman [140] (for the latter see also [146]).

A suitable upper bound for the height of the pre-image in a fundamental domain
of a special point in Ay is established in [113] ; its generalisation to general Shimura
varieties is expected. Then the upper and lower bounds for the number of points
outside the algebraic part are incompatible for large height: there are only finitely
many “isolated” special points.

Concluding the proof. Once the “Ax-Lindemann” result is established, a
further property follows: that the maximal weakly special subvarieties contained
in 771(V) come from a finite number of “families” (because being “optimal” is
a definable condition on a larger semi-algebraic collection of subvarieties of U
containing all the weakly special subvarieties, while by Ax-Lindemann the weakly
special families in which optimal subvarieties lie are characterised by rational data:
a definable subset of Q must be finite). In the exponential case, this means that
they are translates of finitely many rational linear spaces. In the other cases, one
can also view the weakly special subvarieties in a given family as “‘translates”,
parameterised by points in a suitable “quotient”. The translate is special if and
only if the corresponding parameter is a special point.

This finally enables the argument to be concluded by induction as follows.
Given V', one has finitely many families U;,7 = 1...,k of weakly special subva-
rieties, parameterised by points of some ambient varieties X; of the same general
type, but of lower dimension (except that points are weakly special and are param-
eterised by X itself). With each one has a subvariety V; C X; consisting of those
parameters for which the corresponding weakly special subvariety is contained in
V. One may suppose by induction that V contains only finitely many special
subvarieties of positive dimension. Then apply the Counting Theorem directly to
see that a special point of large complexity has “many” Galois conjugates over V
and all its positive dimensional special subvarieties, and leads to a contradiction.
To conclude one observes that there are only finitely many special points whose
complexity is below a given bound.

Theorem 6.5 ([37, 108, 113, 114, 143, 147]). AO holds for A, n > 1, ¢ <6. O

g’

The efficacy of the Counting Theorem in these applications lies firstly in that
it may be applied even when the Galois lower bounds are far from optimal: the
problem then devolves to understanding the algebraic part, which is a question in
functional transcendence. Secondly, it can be applied to this latter problem due to
the arithmetic nature of I'. Ullmo [143] has shown that, for a Shimura variety X,
these ingredients (definability of © on F', Ax-Lindemann, lower bound for Galois
orbits, upper bound for the height of a pre-image of a special point in F, the last
two in terms of a suitable “complexity”) suffice to establish AO for X.

Special points results in mixed settings are obtained in [3, 48, 110]. A proof of
semi-abelian MM along these lines is in [101].
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7. O-minimality and atypical intersections

Torsion anomalous points. For A € P! — {0,1,00} we denote by E) the
elliptic curve in Legendre form defined (in affine coordinates) by

y? =z(z—1)(z — \).
We let Py, @ € E) be the points

Py=(2,v2(2-14)), Qx=(3.1/6(B-N)

(with some fixed determination of Vv whether the point is torsion is independent
of the choice). Masser and Zannier [87, 88] prove the following theorem.

Theorem 7.1. There are only finitely many complex numbers A # 0,1 such that
Py and Q) are both torsion point in Ey. O

This is a “Relative Manin-Mumford” problem, in that it concerns a curve (the
locus of (Py,@,)) in a family of abelian varieties (the squares of the Ey for A\ €
P! — {0,1,00}). A general “Relative Manin-Mumford” conjecture is framed by
Pink [121] where it is shown to follow from his general conjecture (but note that
it requires a slight correction: see Bertrand [13]).

The relative Manin-Mumford conjecture for a curve in the Poincaré bi-extension
has been announced by Bertrand-Masser-Pillay-Zannier [14]. See Zannier [157] for
further developments and applications.

Atypical modular intersections. It is natural then to apply a similar
strategy to other problems of atypical intersections. Since special subvarieties
are defined by rational (or bounded degree algebraic) data, and the dimension
conditions characterising atypical intersections are detectable by definable sets,
the methods are prima facie available once one has definability of m on F.

Habegger and Pila [56] establish a partial analogue of Theorem 2.5 concerning
atypical intersections of a curve in Y (1)": i.e. points where the coordinates satisfy
two independent “special” relationships (either the elliptic curves corresponding
to two coordinates are isogenous, or the curve corresponding to one coordinate is
CM). The result again depends on a functional transcendence statement (algebraic
independence of “modular logarithms”) and a suitable lower bound for Galois
orbits. The lower bound is obtained only under an additional hypothesis.

Definition 7.2. For a curve V C Y(1)", define deg; V' to be the number of inter-
sections of V' with the hyperplane determined by a generic fixed value of the ith
coordinate. The curve V is called asymmetric if, among the positive deg; V', there
are no repetitions, save that one value may appear at most twice.

Theorem 7.3 ([56]). Let V C Y(1)" be an asymmetric curve defined over Q. If
V is not contained in a proper special subvariety then V N SPl is a finite set. O

Looking to atypical intersection problems more generally, it seems reasonable
to conjecture the following “complex Ax-Schanuel” statement.
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Conjecture 7.4 (Weak Complex Ax; WCA). Let X be a mized Shimura variety,
with its uniformisation m : U — X, and V C X. Then an optimal component for
V is weakly special.

Habegger and Pila [57] show that WCA for Y (1) together with a conjecture
on the size of Galois orbits of certain “optimal” atypical intersections in Y'(1)™
enable the point-counting strategy to be carried through to give ZP for Y'(1)". (A
proof of WCA for Y (1)™ has been announced in [115].) The same ideas yield an
unconditional result for curves in abelian varieties. We give some definitions in
order to formulate this conjecture.

Let X be a mixed Shimura variety and S its collection of special subvarieties.
Since S is closed under taking irreducible components of intersections, for any
subvariety A C X there is a smallest special subvariety containing A which we
denote (A). We call 9(A) = dim(A) — dim A the defect of A. Fix V C X. A
subvariety A C V is called optimal (for V') if there is no subvariety B C V with
A C B,A+# B and 9(B) < 0(A).

Another formulation of ZP for X is then that for any V' C X there are only
finitely many optimal subvarieties. (Apart from V itself, which is optimal for its
defect, any optimal proper subvariety of ¥ must be atypical.)

Definition 7.5. The complexity A(T) of T € Sy(1y» is the maximum of the
absolute values of the discriminant of any fixed (quadratic) coordinates and the
heights of any g € GL2(Q)" defining a pre-image of 7" in H" (see [108]).

Conjecture 7.6 (Large Galois Orbits; LGO). Let X =Y (1)" and V C X defined
over K, a field finitely generated over Q. Then there are constants C(V),5(V) > 0
such that for any optimal isolated point component {x} one has

[K(z) : K] = C(V)A(({z}))"™).
The following two results are announced in [57].
Theorem 7.7. Assume WCA for Y (1)™ and LGO. Then ZP holds for Y (1)". O

The same blueprint works for abelian varieties (and I would expect a suitable
formulation to apply to any mixed Shimura variety). WCA is known for abelian
varieties (Ax [6]) while LGO may be affirmed unconditionally for curves when
everything is defined over Q. This relies on a height inequality of Rémond [124].

Theorem 7.8. Let X be an abelian variety, V C X a curve, both defined over Q.
If V is not contained in a proper special subvariety then V NS is a finite set. O

Analogues of Mordell-Lang. Just as ZP for curves in G}, entails ML for
curves, ZP for curves in Y (1)" entails an analogue of ML. The same circle of ideas
(o-minimality, point counting, and lower bounds for Galois orbits coming from
isogeny estimates for elliptic curves [86]) enable a proof of “modular ML” for a
general subvariety of Y(1)"; see [56, 110]. The latter includes an extension to
products of elliptic modular surfaces. Various partial results for subvarieties of A,
have been obtained by Orr, including the following full result for curves.
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Theorem 7.9 (Orr [99]). A curve V C Ay having infinitely many points for which
the corresponding abelian varieties are isogneous is weakly special. O

A further result in this general area (though not a special case of ZP) is an
analogue of the Tate-Voloch conjecture for products of modular curves, proved by
Habegger [55]. I will not state the result, but note that the proof makes use of
the above mentioned modular Mordell-Lang, established via o-minimality, while
results of Scanlon [128] in the original semi-abelian setting made use of the model
theory of difference fields.

Some further questions. The section above contains many stated results
but they are at the same time fragmentary. Functional transcendence questions
and lower bounds for Galois orbits seem to pose significant (though fascinating)
challenges. I would like to conclude with some further questions that seem to arise
naturally from the considerations around the Ax-Schanuel theme.

Consider a mixed Shimura variety X, its uniformisation 7 : U — X, and an
algebraic subvariety W C U in the sense defined earlier. When W is an orbit
of a suitable kind, results from ergodic theory (“Ragunathan conjecture”) govern
when 7(W) is dense (in the usual analytic topology) in a weakly special subvariety.
Ax-Lindemann says that the Zariski closure of 7(W) is always weakly special.

Question 7.10. For m: U — X and an algebraic W C U as above:

1. Are there natural conditions under which 71(W) is dense in X ¢

2. Are there natural conditions under which w(W') intersects every algebraic
subvariety V.C X of complementary dimension (cf Ax [7])?

Ax-Schanuel is naturally stated (and proved) in the setting of a differential field.
The function j(z) satisfies a certain nonlinear third order algebraic differential
equation, and none of lower order [81]. Specifically (see e.g. [84]),

72 — 19685 + 2654208
2j2(j — 1728)2

J(5,5",3",5") = Sj + (7% =0,

111 « 1 2
where Sf denotes the Schwarzian derivative Sf = ff—, — %(?—,) and ’ indicates

differentiation with respect to z. The full solution set is {j(gz) : g € SLa(C)}.

Definition 7.11. Let Q C C' C K be a tower of fields and {D,, } a set of commuting
derivations of K with C' = ﬂu ker D,,. Elements ji,...,j, € K are called modular-
independent if no j, € C' and no relation ®x(j,,7,) = 0 holds with N > 1, v # p.

We can formulate a conjecture giving a modular analogue of “Ax-Schanuel” in a
differential field setting. It implies WCA for Y (1)™ as well as the result of [109]. (A
modular analogue of Schanuel’s conjecture may be deduced from the Grothendieck-
André period conjecture [1], as explicated by Bertolin [12]; see [111].) Condition
(a) below stipulates that j,,j/, 4/ are the derivatives of j, with respect to z,
and that j, satisfies the j equation with respect to z, for each v. The modular
independence (b) implies that the quantities which appear in the denominator in

J are non-zero. A corresponding “modular ZP with derivatives” is framed in [112].
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Conjecture 7.12. With K as above let z,,j,, 4., 50,70 € K*,v=1,...,n, with
(a) for all v,p, D,j, = j,Duzy, Duj., = j Dyuzy, Dujl = 3" D,z, and
J(Gusdus g 30") = 0;
(b) the j, are modular-independent.
Then

tr. deg.cC(21, s 2y s - s ns dls e ooy Jims Gt s 5 dm) = 3n 4 rank(D,z,).

Freitag and Scanlon [47] have shown that the set defined by the differential
equation satisfied by the j-function in a differentially closed field of characteristic
zero is “strongly minimal” and “geometrically trivial”. This uses the “modular
Ax-Lindemann-Weierstrass with derivatives” result in [109]. For an introduction
to differential fields in a model-theoretic setting, including definitions of the above
terms (and related results on Painlevé transcendents) see Nagloo-Pillay [96]. One
would like to generalise these results appropriately to the uniformising functions
of mixed Shimura varieties.

Acknowledgements. My thanks to Philipp Habegger, Jacob Tsimerman,
Alex Wilkie, Umberto Zannier, and Boris Zilber for valuable comments on drafts
of this article. I am further most grateful to these colleagues, as well as to Enrico
Bombieri, Peter Sarnak, and Thomas Scanlon, for our collaborations and discus-
sions regarding the problems considered. Finally, I thank the EPSRC for partial
support of some of my research described herein under grant EP/J019232/1.

References

[1] Y. André, G-functions and Geometry, Aspects of Mathematics E13, Vieweg, Braun-
schweig, 1989.

[2] Y. André, Finitude des couples d’invariants modulaires singuliers sur une courbe
algébrique plane non modulaire, Crelle 505 (1998), 203—208.

[3] Y. André, Shimura varieties, subvarieties, and CM points, Six lectures at the Univer-
sity of Hsinchu, August-September 2001.

[4] J. Ax, Transcendence and differential algebraic geometry, Proc. ICM, Nice, 1970.
[5] J. Ax, On Schanuel’s conjectures, Annals 93 (1971), 252-268.

[6] J. Ax, Some topics in differential algebraic geometry I: Analytic subgroups of algebraic
groups, Amer. J. Math. 94 (1972), 1195-1204.

[7] J. Ax, Some topics in differential algebraic geometry II: On the zeros of theta func-
tions, Amer. J. Math. 94 (1972), 1205-1213.

[8] A. Baker, Transcendental Number Theory, CUP, 1974, 1979.

[9] A. Baker and G. Wiistholz, Logarithmic Forms and Diophantine Geometry, New
Mathematical Monographs: 9, CUP, 2007.



O-minimality and Diophantine geometry 21

[10] M. Bays and P. Habegger, A note on divisible points on curves, arXiv:1301.5674.

[11] A. Berarducci and T. Servi, An effective version of Wilkie’s theorem of the com-
plement and some effective o-minimality results, Ann. Pure Appl. Logic 125 (2004),
43-74.

[12] C. Bertolin, Périodes de 1-motifs et transcendance, J. Number Th. 97 (2002), 204—
221.

[13] D. Bertrand, Unlikely intersections in Poincaré biextensions over elliptic schemes,
Notre Dame J. Formal Logic 54 (2013; Oléron proceedings), 365-375.

[14] D. Bertrand, D. Masser, A. Pillay, U. Zannier, Relative Manin-Mumford for semi-
abelian surfaces, arXiv:1307.1008.

[15] D. Bertrand, A. Pillay, A Lindemann-Weierstrass theorem for semi-abelian varieties
over function fields, J. Amer. Math. Soc. 23 (2010), 491-533.

[16] Y. Bilu, D. Masser, and U. Zannier, An effective “theorem of André” for CM points
on plane curves, Math. Proc. Camb. Phil. Soc. 154 (2013), 145-152.

[17] C. Birkenhake and H. Lange, Complex Abelian Varieties, second edition, Grund.
math. Wiss. 302, Springer, Berlin, 2004.

[18] E. Bombieri and W. Gubler, Heights in Diophantine Geometry, New Mathematical
Monographs: 4, CUP, 2006.

[19] E. Bombieri, P. Habegger, D. Masser, and U. Zannier, A note on Maurin’s theorem,
Rend. Lincei. Mat. Appl. 21 (2010), 251-260.

[20] E. Bombieri, D. Masser and U. Zannier, Intersecting a curve with algebraic subgroups
of multiplicative groups, IMRN 20 (1999), 1119-1140.

[21] E. Bombieri, D. Masser and U. Zannier, Anomalous subvarieties — structure theorems
and applications, IMRN 19 (2007), 33 pages.

[22] E. Bombieri, D. Masser, and U. Zannier, On unlikely intersections of complex vari-
eties with tori, Acta Arithmetica 133 (2008), 309-323.

[23] E. Bombieri and J. Pila, The number of integral points on arcs and ovals, Duke
Math. J. 59 (1989), 337-357.

[24] E. Bouscaren, Groups interpretable in theories of fields, Proc. ICM 2002, Beijing,
Volume II, 3-12.

[25] W. D. Brownawell and K. K. Kubota, Algebraic independence of Weierstrass func-
tions and some related numbers, Acta Arith. 33 (1977), 111-149.

[26] T. D. Browning and R. Heath-Brown, Plane curves in boxes and equal sums of two
powers, Math. Z. 251 (2005), 233-247.

[27] L. Butler, Some cases of Wilkie’s conjecture, Bull. LMS 44 (2012), 642-660.

[28] L. Capuano, Unlikely Intersections and Applications to Diophantine Geometry,
Ph.D. Thesis, 2013.

[29] A. Chambert-Loir, Relations de dépendance et intersections exceptionnelles,
Séminaire Bourbaki (2010-2011), exposé 1032, Asterisque 348 (2012), 149-188.

[30] Z. Chatzidakis, D. Ghioca, D. Masser, and G. Maurin, Unlikely, likely and impossible
intersections without algebraic groups, Rend. Lincei Math. Appl., to appear.

[31] R. Cluckers, G. Comte, F. Loeser, Non-archimedean Yomdin-Gromov parametriza-
tions and points of bounded height, arXiv:1404.1952.



22 Jonathan Pila

[32] P. B. Cohen and U. Zannier, Fewnomials and intersections of lines with real analytic
subgroups in G, Bull. London Math. Soc. 34 (2002), 21-32.

[33] R. Coleman, Torsion points on curves, Galois representations and arithmetic alge-
braic geometry, (Kyoto, 1985/Tokyo, 1986), 235-247, Adv. Stud. Pure Math. 12,
North-Holland, Amsterdam.

[34] P. D’Aquino, A. Macintyre, G. Terzo, From Schanuels’ conjecture to Shapiro’s con-
jecture, arXiv:1206.6747.

[35] P. D’Aquino, A. Macintyre, G. Terzo, Comparing C and Zilber exponential fields,
zero sets of exponential polynomials, arXiv:1310.6891.

[36] C. Daw and A. Harris, Categoricity of modular and Shimura curves, arXiv:1304.4797.

[37] C. Daw and A. Yafaev, An unconditional proof of the André-Oort conjecture for
Hilbert modular surfaces, Manuscripta 135 (2011), 263-271.

[38] L. van den Dries, Remarks on Tarski’s problem concerning (R, +, -, exp), in Logic
colloquium 82, pp. 97-121, Lolli, Longo, and Marcja, editors, North Holland, 1984.

[39] L. van den Dries, Tame Topology and O-minimal Structures, LMS Lecture Note
Series 248, CUP, 1998.

[40] L. van den Dries, A. Macintyre, D. Marker, The elementary theory of restricted
analytic fields with exponentiation, Annals 140 (1994), 183-205.

[41] L. van den Dries and C. Miller, On the real exponential field with restricted analytic
functions, Israel J. Math. 85 (1994), 19-56.

[42] R. Dvornicich and U. Zannier, Sums of roots of unity, Monatsh. Math. 129 (2000),
97-108.

[43] S. J. Edixhoven, Special points on products of modular curves, Duke Math. J. 126
(2005), 325-348.

[44] S. J. Edixhoven, B. J. J. Moonen, F. Oort, Open problems in algebraic geometry,
Bull. Sci. Math. 125 (2001), 1-22.

[45] S. J. Edixhoven and A. Yafaev, Subvarieties of Shimura varieties, Annals 157 (2003),
621-645.

[46] G. Faltings, Endlichkeitssétze fiir abelsche Varietdten tiber Zahlkorpern, Inventiones
73 (1983), 349-366.

[47] J. Freitag and T. Scanlon, Strong minimality of the j-function, arXiv:1402.4588.

[48] Z. Gao, Towards the generalised André-Oort conjecture,: The Ax-Lindemann theo-
rem and lower bounds for Galois orbits of special points of mixed Shimura varieties,
arXiv:1310.1302.

[49] A. Gabrielov, Projections of semi-analytic sets, Funct. Anal. Appl. 2 (1968), 282-291.

[50] M. Gromov, Entropy, homology and semialgebraic geometry [after Y. Yomdin],
Séminaire Bourbaki, 1985-86, exposé 663, Astérisque 145-146 (1987), 225-240.

[61] P. Habegger, Intersecting subvarieties of G}, with algebraic subgroups, Math. An-
nalen 342 (2008), 449-466.

[52] P. Habegger, On the bounded height conjecture, IMRN 2009, 860-886.
[53] P. Habegger, Effective height upper bounds on algebraic tori, arXiv:1201.3255.

[54] P. Habegger, Torsion points on elliptic curves in Weierstrass form, Ann. Sc. Norm.
Sup. Pisa Cl. Sci. (5) 12 (2013), 687-715.



O-minimality and Diophantine geometry 23

[65] P. Habegger, A Tate-Voloch conjecture in a product of modular curves, IMRN, to
appear.

[56] P. Habegger and J. Pila, Some unlikely intersections beyond André-Oort, Compositio
148 (2012), 1-27.

[57] P. Habegger and J. Pila, O-minimality and certain atypical intersections, preprint.

[58] G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, Fifth
edition, OUP, 1979.

[59] A. Harris, Categoricity of the two-sorted j-function, arXiv:1304.4787.

[60] R. Heath-Brown, The density of rational points on curves and surfaces, Annals 155
(2002), 553-595.

[61] M. Hindry and J. H. Silverman, Diophantine Geometry: An Introduction, Graduate
Texts in Mathematics 201, Springer, New York, 2000.

[62] E. Hrushovski, The Mordell-Lang conjecture for function fields, J. Amer. Math. Soc.
9 (1996), 667-690.

[63] E. Hrushovski, Geometric model theory, Proc. ICM Berlin, 1998, Volume I, 281-302.

[64] E. Hrushovski, The Manin-Mumford conjecture and the model theory of difference
fields, Ann. Pure. Appl. Logic 112 (2001), 43-115.

[65] E. Hrushovski, Stable group theory and approximate subgroups, J. Amer. Math.
Soc. 25 (2012), 189-243.

[66] G. Jones and M. Thomas, The density of algebraic points on certain Pfaffian surfaces,
QJM 63 (2012), 637-651.

[67] G. Jones, C. Miller, and M. Thomas, Mildness and the density of rational points on
certain transcendental curves, Notre Dame J. Formal Logic 52 (2011), 67-74.

[68] A. G. Khovanskii, Fewnomials, Translations of Math. Monographs 88, AMS, Prov-
idence, 1991.

[69] J. Kirby, The theory of the exponential differential equations of semiabelian varieties,
Selecta Math. 15 (2009), 445-486.

[70] J. Kirby, B. Zilber, Exponential fields and atypical intersections, arXiv:1108.1075.
[71] B. Klingler and A. Yafaev, The André-Oort conjecture, Annals, to appear.

[72] B. Klingler, E. Ullmo, and A. Yafaev, The hyperbolic Ax-Lindemann-Weierstrass
conjecture, 2013 manuscript.

[73] J.Knight, A. Pillay, and C. Steinhorn, Definable sets in ordered structures. II, Trans.
AMS 295 (1986), 593-605.

[74] L. Kiihne, An effective result of André-Oort type, Annals 176 (2012), 651-671.
[75] E. Landau, Bemerkung zum Heilbronnschen Satz, Acta Arithmetica 1 (1935), 2-18.
[76] S. Lang, Division points on curves, Ann. Mat. Pura Appl. (4) 70 (1965), 229-234.
[77] S. Lang, Introduction to Transcendental Numbers, Addison-Wesley, Reading, 1966.
78]

78] S. Lang, Number Theory I1I: Diophantine Geometry, Encyclopaedia of Mathematical
Sciences 60, Springer, Berlin, 1991.

[79] M. Laurent, Equations diophantiennes exponentielles, Inventiones 78 (1984), 299
327.



24 Jonathan Pila

[80] A. Macintyre and A. Wilkie, On the decidability of the real exponential field,
Kreiseliana, 441-467, A K Peters, Wellesley, MA, 1996.

[81] K. Mahler, On algebraic differential equations satisfied by automorphic functions, J.
Austral. Math. Soc. 10 (1969), 445-450.

[82] H. B. Mann, On linear relations between roots of unity, Mathematika 12 (1965),
107-117.

[83] D. Masser, Small values of the quadratic part of the Néron-Tate height on an abelian
variety, Compositio 53 (1984), 153-170.

[84] D. Masser, Heights, Transcendence, and Linear Independence on Commutative
Group Varieties, Lecture Notes in Mathematics 1819, Amoroso and Zannier, eds,
1-51, Springer-Verlag, Berlin, 2003.

[85] D. Masser, Unlikely intersections for curves in multiplicative groups over positive
characteristic, JM , published online 2013.

[86] D. Masser and G. Wiistholz, Isogeny estimates for abelian varieties, and finiteness
theorems, Annals 137 (1993), 459-472.

[87] D. Masser and U. Zannier, Torsion anomalous points and families of elliptic curves,
C. R. Math. Acad. Sci. Paris 346 (2008), 491-494.

[88] D. Masser and U. Zannier, Torsion anomalous points and families of elliptic curves,
Amer. J. Math. 132 (2010), 1677-1691.

[89] G. Maurin, Courbes algébriques et équations multiplicatives, Math. Annalen 341
(2008), 789-824.

[90] M. McQuillan, Division points on semi-abelian varieties Inventiones 120 (1995),
143-159.

[91] J. S. Milne, Introduction to Shimura varieties, Harminic Analysis, the Trace For-
mula, and Shimura Varieties, 265—-378, Clay Mathematics Proceedings 4 AMS, Prov-
idence, 2005.

[92] B. J. J. Moonen, Linearity properties of Shimura varieties, I, J. Alg. Geomn. 7 (1998),
539-567.

[93] B. Moonen and F. Oort, The Torelli locus and special subvarieties, Handbook of
Moduli, Volume II, Farkas and Morrison, editors, 549-594, Advanced Lectures in
Mathematics 25, International Press, Boston, 2013.

[94] L. J. Mordell, On the rational solutions of the indeterminate equation of third and
fourth degrees, Proc. Camb. Phil. Soc. 21 (1922), 179-192.

[95] D. Mumford, Algebraic Geometry I: Complex Projective Varieties, Grundlehren der
math. Wiss. 221, Springer, Berlin, 1976.

[96] R. Nagloo and A. Pillay, On algebraic relations between solutions of a generic
Painlevé equation, arXiv:1112.2916.

[97] F. Oort, “The” general case of S. Lang’s conjecture (after Faltings), pp 117— 122 in:
Edixhoven and Evertse, editors, Diophantine Approrimation and Abelian Varieties,
Lecture Notes in Mathematics 1566, Springer, Berlin, 1993.

[98] F. Oort, Canonical lifts and dense sets of CM points, Arithmetic Geometry, Cortona,
1994, 228-234, F. Catanese, editor, Symposia. Math., XXXVII, CUP, 1997.

[99] M. Orr, Families of abelian varieties with many isogenous fibres, Crelle, DOI:
10.1515/crelle-2013-0058, published online July 2013.



O-minimality and Diophantine geometry 25

[100] Y. Peterzil and S. Starchenko, Uniform definability of the Weierstrass p functions
and generalized tori of dimension one, Selecta Math. N. S. 10 (2004), 525-550.

[101] Y. Peterzil and S. Starchenko, Around Pila-Zannier: the semiabelian case, 2009
preprint.

[102] Y. Peterzil and S. Starchenko, Tame complex geometry and o-minimality, Proc.
ICM Hyderabad, 2010.

[103] Y. Peterzil and S. Starchenko, Definability of restricted theta functions and families
of abelian varieties, Duke Math. J. 162 (2013), 731-765.

[104] J. Pila, Geometric postulation of a smooth curve and the number of rational points,
Duke Math. J. 63 (1991), 449-463.

[105] J. Pila, Integer points on the dilation of a subanalytic surface, QJM 55 (2004),
207-223.

[106] J. Pila, On the algebraic points of a definable set, Selecta Math. N. S. 15 (2009),
151-170.

[107] J. Pila, Counting rational points on a certain exponential-algebraic surface, Ann.
Inst. Fourier 60 (2010), 489-514.

[108] J. Pila, O-minimality and the André-Oort conjecture for C", Annals 173 (2011),
1779-1840.

[109] J. Pila, Modular Ax-Lindemann-Weierstrass with derivatives, Notre Dame J. For-
mal Logic 54 (2013; Oléron proceedings), 553-565.

[110] J. Pila, Special point problems with elliptic modular surfaces, Mathematika 60
(2014), 1-31.

[111] J. Pila, Functional transcendence via o-minimality, lecture notes, LMS-EPSRC
Minicourse, 2013, available from the author’s web page.

[112] J. Pila, Modular Zilber-Pink “with derivatives”, working paper.

[113] J. Pila and J. Tsimerman, The André-Oort conjecture for the moduli space of
abelian surfaces, Compositio 149 (2013), 204-216.

[114] J. Pila and J. Tsimerman, Ax-Lindemann for A, Annals 179 (2014), 659-681.
[115] J. Pila and J. Tsimerman, Ax-Schanuel for the j-function, in preparation.

[116] J. Pila and A. J. Wilkie, The rational points of a definable set, Duke Math. J. 133
(2006), 591-616.

[117] J. Pila and U. Zannier, Rational points in periodic analytic sets and the Manin-
Mumford conjecture, Rend. Lincei Mat. Appl. 19 (2008), 149-162.

[118] A. Pillay and C. Steinhorn, Definable sets in ordered structures I, Trans. AMS 295
(1986), 565-592.

[119] A. Pillay and C. Steinhorn, Definable sets in ordered structures III, Trans. AMS
309 (1988), 469-476.

[120] R. Pink, A combination of the conjectures of Mordell-Lang and André-Oort, Geo-
metric methods in algebra and number theory, F. Bogomolov, Y. Tschinkel, editors,
pp 251-282, Prog. Math. 253, Birkhauser, Boston MA, 2005.

[121] R. Pink, A common generalization of the conjectures of André-Oort, Manin-
Mumford, and Mordell-Lang, 2005 preprint, available from the author’s webpage.



26 Jonathan Pila

[122] M. Raynaud, Courbes sur une variété abélienne et points de torsion, Inventiones
71 (1983), no. 1, 207-233.

[123] M. Raynaud, Sous-variétés d’une variété abélienne et points de torsion, in Arith-
metic and geometry, Volume I, pp 327-352, Progr. Math. 35, Birkhauser, Boston
MA, 1983.

[124] G. Rémond, Intersection de sous-groupes et sous-variétés 11, J. Inst. Math. Jussieu6
(2007), 317-348.

[125] J.-P. Rolin, P. Speissegger and A.J. Wilkie, Quasianalytic Denjoy-Carleman classes
and o-minimality, J. Amer. M. Soc. 16 (2003), 751-777.

[126] P. Sarnak, Torsion points on varieties and homology of abelian covers, 1988 preprint.

[127] P. Sarnak and S. Adams, Betti numbers of congruence groups (with an appendix
by Z. Rudnick), Israel J. Math. 88 (1994), 31-72.

[128] T. Scanlon, The conjecture of Tate and Voloch on p-adic proximity to torsion,
IMRN 1999, 909-914.

[129] T. Scanlon, Local André-Oort conjecture for the universal abelian variety Inven-
tiones 163 (2006), 191-211.

[130] T. Scanlon, Counting special points: logic, Diophantine geometry and transcen-
dence theory, Current Events Bulletin, AMS, 2011, also Bull. AMS 49 (2012), 51-71.

[131] T. Scanlon, O-minimality as an approach to the André-Oort conjecture, Panoramas
et Synthéses, to appear.

[132] A. Schinzel, Reducibility of lacunary polynomials, X, Acta Arith. 53 (1989), 47-97.

[133] A. Seidenberg, Abstract differential algebra and the analytic case, Proc. A. M. S.
9 (1958), 159-164.

[134] A. Seidenberg, Abstract differential algebra and the analytic case. II, Proc. A. M.
S. 23 (1969), 689-691.

[135] C.-L. Siegel, Uber die Classenzahl quadratischer Zahlkorper, Acta Arithmetica 1
(1935), 83-86.

[136] A. Silverberg, Torsion points on abelian varieties of CM-type, Compositio 68 (1988),
241-249.

[137] C. M. Skinner and T. D. Wooley, Sums of two kth powers, Crelle 462 (1995), 57-68.

[138] P. Speissegger, The Pfaffian closure of an o-minimal structure, J. Reine Angew.
Math. 508 (1999), 198-211.

[139] A. Tarski, A Decision Method for Elementary Algebra and Geometry, RAND Cor-
poration, Santa Monica, 1948.

[140] J. Tsimerman, Brauer-Siegel for arithmetic tori and lower bounds for Galois orbits
of special points, J. Amer. Math. Soc. 25 (2012), 1091-1117.

[141] J. Tsimerman, Ax-Schanuel and o-minimality, preprint available from the author’s
webpage.

[142] E. Ullmo, Manin-Mumford, André-Oort, the equidistibution point of view, Equidis-
tribution in Number Theory, an Introduction, 103—138, NATO Sci. Ser. II Math. Phys.
Chem 237, Springer, Dordrecht, 2007.

[143] E. Ullmo, Quelques applications du théoréme de Ax-Lindemann hyperbolique,
Compositio 150 (2014), 175-190.



O-minimality and Diophantine geometry 27

[144] E. Ullmo and A. Yafaev, Galois orbits and equidistribtuion of special subvarieties:
towards the André-Oort conjecture, Annals, to appear.

[145] E. Ullmo and A. Yafaev, A characterisation of special subvarieties, Mathematika
57 (2011), 833-842.

[146] E. Ullmo and A. Yafaev, Nombres de classes des tores de multiplication complexe
et bornes inférieures pour orbites Galoisiennes de points spéciaux, arXiv:1209.0942,
and Bull. SMF, to appear.

[147] E. Ullmo and A. Yafaev, Hyperbolic Ax-Lindemann in the Cocompact case, Duke
Math. J. 163 (2014), 433-463.

[148] A. J. Wilkie, Model completeness results for expansions of the ordered field of real
numbers by restricted Pfaffian functions and the exponential function, J. Amer. M.
Soc. 9 (1996), 1051-1094.

[149] A. J. Wilkie, O-minimality, Proc. ICM Berlin, 1998, Volume I, 633-636.

[150] A. J. Wilkie, A theorem of the complement and some new o-minimal structures,
Selecta Math. N.S. 5 (1999), 397-421.

[151] A. J. Wilkie, Diophantine properties of sets definable in an o-minimal structure, J.
Symbolic Logic 69 (2004), 851-861.

[152] A. Yafaev, The André-Oort conjecture - a survey, L-functions and Galois Repre-
sentations, Burns, Buzzard, and Nekovar, editors, London Math. Soc. Lecture Notes
320, pp 381-406, CUP, 2007.

[153] A. Yafaev, Galois orbits and equidistrbution: Manin-Mumford and André-Oort, J.
Th. Nombres Bordeauz 21 (2009), 491-500.

[154] Y. Yomdin, C*-resolution of semialgebraic mappings. Israel J. Math. 57 (1987),
301-317.

[155] D. Zagier, Elliptic modular functions and their applications, in The 1-2-8 of Modular
Forms, Universitext, Springer, Berlin, 2008.

[156] U. Zannier, Some Problems of Unlikely Intersections in Arithmetic and Geome-
try, with appendices by D. Masser, Annals of Mathematics Studies 181, Princeton
University Press, 2012.

[157] U. Zannier, Elementary integration of differentials in families and conjectures of
Pink, these proceedings.

[158] B. Zilber, Pseudo-exponentiation on algebraically closed fields of characteristic zero,
Ann. Pure Appl. Logic 132 (2005), 67-95.0

[159] B. Zilber, Exponential sums equations and the Schanuel conjecture, J. London
Math. Soc. (2) 65 (2002), 27-44.

[160] B. Zilber, Model Theory, Chapter X in A Course in Mathematical Logic for Math-
ematicians, by Yu. I. Manin, second edition, GTM 53, Springer, New York, 2010.

[161] B. Zilber, Model theory of special subvarieties and Schanuel-type conjectures,
preprint, 2013.

Mathematical Institute, Andrew Wiles Building, University of Oxford, Oxford, UK.

E-mail: pila@maths.ox.ac.uk



