C3.4 ALGEBRAIC GEOMETRY - EXERCISE SHEET 2

Comments and corrections are welcome: ritter@maths.ox.ac.uk

(1) Projective closures and affine cones

(a) Let X be the parabola V(y — x2) ¢ A2, What is its projective closure X C P2?
Draw the affine cone X over X, in A3, and identify the line corresponding to the
“point at infinity” on X.

(b) Show that the affine varieties V(y—2?) C A? and V(y—23) C A? are isomorphic.
Recalling that z? = 2% is a cuspidal cubic with a singularity at zero, can you
give an intuitive explanation! why those two projective closures in P? are not
isomorphic?

(2) The Twisted Cubic. This is defined to be C = V(Fy, Fy, F,) C P3, where

2
Fo(z0,21,22,23) = 2022 — 2
Fi(z0,21,22,23) = 2023 — 2122

2
Fy(20,21,22,23) = 2123 — 2.

(a) Show that C' is equal to the image of the Veronese map,
v:Pt — P3
vilwe ] =[x xdeg  wex? 2l
(so v is given on either coordinate chart by x — (z, 22, 2%)).
(b) Restrict to the affine patch Uy C P? given by setting 2o = 1. Show that C N Uy
is equal to V(fo, f1) C A3, where f;(21, 22, 23) 1= Fi(1, 21, 29, 23) for i = 1,2.
(c) For i = 0,1,2 we write @Q; for the quadric surface V(F;) C P3. Show that, for
i # 7, the surfaces @; and @); intersect in the union of C' and a line L. Therefore
no two of them alone may be used to define C.
Deduce that the homogenizations of the generators of an affine ideal do not
necessarily generate the homogeneous ideal of the projective closure. (This shows
we need to homogenise all elements of the affine ideal.)
Cultural Remark: The codimension of C is 2 in P3 (it is a curve), but it can be
proved that its ideal cannot be generated by 2 polynomials (we have seen that any two
of Fo, F1, Fy do not generate), so C is not a complete intersection. But C NU; is a
complete intersection, as we have just seen.

(3) Veronese varieties.
(a) Show that any projective variety is isomorphic to the intersection of a Veronese
variety with a linear space.?
(b) Deduce that any projective variety is isomorphic to an intersection of quadrics.

Please turn over the page.

Date: This version of the notes was created on September 24, 2018.
These exercise sheets were inherited from Gergely Bérczi.
IWe haven’t the tools yet to prove these are non-isomorphic, but you should be able to “see” this is true.
2Recall a linear subspace of P™ is the projectivisation P(V') of some k-vector subspace V C Entl,
Hint. Use the method with which we studied the image of a projective variety Y C P™ under v .
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(4) Segre embeddings The image of the Segre morphism oy 1 (P! x P1) = 3, ; C P? is
known as a “ruled surface”.
(a) What equations define ¥ 1 as a subvariety of P3?
(b) What are the images in 1 1 of {p} x P! and P! x {p}? Show that through any
point in ¥, ; there are two lines lying in ¥ ;.
(c) Exhibit some disjoint lines in ¥ ;. Recall that P! x P! 22 3 ;. Is this isomorphic
to P2? Draw the “real cartoons” of either surface.

(5) Rational normal curves
(a) Let G(xg,x1) = Hfill (b;xo — a;z1) be a homogeneous degree d + 1 polynomial
with distinct roots [a; : b;] € P. Show that H;(zo, 1) = G(z0,71)/(bizo — a;z1)
form a basis for the space of homogeneous polynomials of degree d.
(b) Deduce that the image of the map

Hd - [.730 : xl] — [Hl(ﬂio,.rl) M Hd+1(l‘0,$1)}
is projectively equivalent to the image of the Veronese embedding, that is, it is
a rational normal curve.
(¢) What is the image of the point [a; : b;]? If a;, b; are nonzero for all 4, what is the
image of [1: 0] and [0 : 1]?
(d) Deduce that through any d + 3 points in general position® in P? there passes a
unique rational normal curve.

(6) Projective variety corresponding to a graded ring. If R =), R, is a graded
ring and e > 1 is an integer, we define -

RO =Y Ry

d>0

We define a grading on R(®) by letting Rgle) ‘= Rye-
(a) Find k[zg,z1]®), expressing it in the form K[z, ..., 2,]/I for some n and I.
(b) Find the homogeneous coordinate rings S(P') and* S(v»(P')). Comment in the
context of part (a).
(c) More generally, show that S (v, (P")) = k[xo, . . ., 2,,](®), and hence that k[, . . ., z,,](®)
defines the same projective variety as k[zo,. .., z,].
(d) Are k[zo, ..., 2,]® and k[zo, ..., z,] isomorphic as graded k-algebras? Are they
isomorphic as (ungraded) k-algebras? What does this imply about the affine
cones of v.(P™) and P"?

3Meaning, any given d 4 1 of those points do not lie on a hyperplane in P4,
4Recall that the Veronese morphism vy : P! — P2 is an isomorphism onto its image.



