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@ CONNECTED

MAXIMAL TORI
‘De(- A Lie S“LZ'P TLG is alled a torvs ¢ T = RYV2Z" (Lie g vso)
T isa maximal torvs (f T eT!CE =T=T' for any toeus T'.

EXAMPLE T = fo\.iaaor\al Madrices € M(n\} C G = WUy max 4dorvs
Lemnma

D Moax T exist (P} GT ETo G must stop since Hhe dimLie(T)<dim<y tn&{a:e)
@ Every torus lies in & max torvs  (PE By PF of @)

@ Tmax= wn:)ugﬂdf.s 3T3_‘ are max tori (E{_‘_ 31‘3—\5-]-'@ T< g—lTla).

® Tori are al ways embedded (Pf T compadt = Imaay. (T SMooHn= G) tompadk so closed).
Lemmo {mo\x'\w\a\\ tor: }: EVY\O\XHV\G\l CMI\.L\C'\'O\P\ Su\.‘azqos AEG\]
MTcACACcG = A Gmpat conneded abelian=torvs = T=A=A |
M— T max forus = T is & maximal abelian JUL,a,(, ‘_(ue,s

r GC_onnet:ko\
Coverse is false SO()= A= {( £ it\} waa abelvan (disconneckd)-

Coc T maxsCenkalizer Z(T)={2€6: 2x=22all xeT} =T
PE Tc Z2¢T). F 2€ Z(T\T +hen LT vizyS s large abelan subgy Y |

EXAMPLE |£ A€W commukts with diafonal modncs Hiew A is Aiagonal !

Thrss [p=Ad] T — Aut(g)] plo) =Ad =D, Ay (AgR)=347")

T (.OVV\OaO\' = Com\o|e_-|—e|j —=dvce %/:_ @ n: Vi cead in—eps \/\:/ r\;éN
|((‘QPIoH~0r¢:\/o = I%- drivial cep Tac\'s \97 Td oSG, (x) -Sin 2T0, ()
va_= \R g’(:() = (’O'\"M'hon b‘:) 21\—6“(13: . a
Z 3 SIn2NE, (%) Cos 2TQ_ (x)
where ea(')() SLO AT = A - ARAN omd atoeZ"
Since Vo=V, & a=-bL , don't disknguish a-a so don'+ dishaguish Ba,—6,= 6,
— — @ @ Ad ) acts L:j T4 on %o—: no\/o
% %‘o na;/-o %0\- Ad('i) 2 “ yrotn b:, 2.7\'9“{1) oh €ach VA_ n %“:nava--
Def For na#0 , 6,: T—S' called roots of G

Rmks @ Liealy rep ad |, : £ =LieT= R*—> End(}), ad(0-X =[x,X]
'91 t=R"— R = L;e_(s‘)/ é'm(x) =& X, % +& A mﬁ”\“ (“a’lm)
@ Many books Work wil ®,C inskad of % (s0 T— Au’c(ta) - Au*'(g@éﬁ))
: . d‘,o - ~\,C C N . 2N Oa
=5 dimg Citeeps V"of T) =1 =V, ®,€ =V AV (alm&snah%e_ robn by (eg Ox O &»

—27O

. e

:)%@lé[ = noV,f@ @\ na_\/oi‘.: with ng=n_, swnce a} real cep of T
ae2"\o

\/oc,\/f Geng#0) c:q\lﬁak we\‘ﬁb\‘i’ elg enspace with weight O) 2108, € %x- cinco
§(?¢-)'\T — O"\r/ e?.'t\‘i@a.“\,u— re_SfQC'i\'\lel'; {or \TéVo,Vc., SI‘M”AFL\J QA’ L q\s,cbmfnu-eﬂ
ad (%) V. = [x,\fﬂ: (d{(ér‘z-\ko&ﬂ =0, 2T B, () V. respe_c,h‘vef»o :




@ Lie Su‘OaLy.\ora- t=LeT &g (after ®m¢) is called Cacton Su«La.QgA‘ora- since
t abelian amd o..d|b acts d&aa.owa(lj (i-e. FOC = ®Wu9kt spaces) and moximal (%f t)

Lemma T maximd & t=9,¢ (£ = Lie M)

P£ " T abelian = A,=Td onT = Aot(x) D, Ag= Td o»«t = tsg
£ Yyed, = Adx)y= \_9% eXp(y)= exp (AL (- Y)= X exp(y)x " all xeT.
Same holds for sy, se R so T ommules wikh sibgp H={erp(sy): seR)
So {TUH>S is o connected abelian subge Zmrger Haw T vnless yeT 8
' TeT eG larger tvs = t clieT'c g/ ¢ %o

Assumption t—:%o St=lie T'T=T'g 15 pact Ad (X') y=y vx'e T’
of prook So aloo for A'=xeT

EXAMPLE dewmpose ! vsing. T'
Recall (& Sheet 3) for malix geoups G, Ad(A) B= ABA™
G =WU(2)

2T Ao TS S
T={{2'§J’ A\ =€ , x,_)e‘('-m/z}

Lo~ b+ic .
WD) = § B eMaky, (€): B=-B) = (ot abeden)

= r&-(; ;’)@m- (o c)e f(_%:i) :’“‘-‘i}

R 5 - |
i RO CRAN
\ = ( :) Similorly

(32 (5 3= GRG0

= ﬂ&_E(C = p? i1s Hae P %k——))) T=e 20 X’A
(&%)~ (883) = robation by 2T 04=)

= 94(3(-\: A\ A+ QA Ay = Ay =Xy ﬂ
=) a. = (|)'\)6_Z:L
Tk/f{'c_a“\g write %X —x is¥ead O{' %(I 1)
) )
= W) = %o () %x -, has one oot : AN-—X, . B

Rmk Lie olgebra appoOaLcL is : abbreviate Y, = LTiX,, y, = 2WiA, then:

ad (2 (% D)= (9, (% D= (2 (3D (™)



CONJUGATES of MAX T (oVER G

—TM A'\:j eG Les in &(.onj\ltbaﬁ'e- of T

EXAMPLE PmD AE UMY 1 diabonaLlH\Ue_/So wn‘)'daﬂk to Some (M"-)“\BGT.

RmK WUses G connected stnce 8T3-\£Go carmot kadh LeG\G,.

Proot (Non-examinable)

Trick =¢R : G/.‘_—> G/-I-- , ¥(T) = e\gT (jus¥ a smooth map G/ mam’#o\o\)
9T fixed point of £ & f(qT)=9T & gT=hyT & g'hgeT v

Remains 4o show I Fixed point.

Trick 2. For o smooth Mavy £:MoM of & manifold , +he number of fixed

foin'\'s (coun)-u‘ with M\J|‘\';p\‘|ci-\‘ﬂ does not c\r\anﬂe f we oow]\'n(/oujl7 deform 15

d — ltcated
et I,, D) :g (M?crei';:t-“": o
have mul%‘p\\'c H“f

(-e‘z 8 xg_‘ Some XETB

£60=2% (ovnt x as +1 \f
(L&Cdee’ﬂ: [Fixed pt \‘fnm\ - “
EXAMPLE

y=x
y=x=€(x) Gxed pt ot

/N /N
- A/

So #* Fixed ?5‘5
(S —l+1-1= —\

here x— £(x) incetases, so
%—x (% — £0) = | - §/()50 So count as ()

Now COV\'Hnuouﬂy deform -]C' }o # Fxed pts is shl| —l‘/

Teick 3 Q.2 Sheet 3 : almost any Tel generales < TS =T . Pick such o T
t.(C'OSure_ of subgp 9enby T)

Since G Gonnecked mbd |\t is path-Connected So deformn £ by moving B +o T.

Remains 1o show : £ G/.r-_; G:/.'_ 'F(a.'\')z T3 T has #(‘ﬁ'xcal P"S)#:O.
/

L Normalize—

Conirn {fixed poiks) = [ nT + neNMYe | N = 1366 975" =T}
P nTfxed O n'ltneT & Znltny =n'Zon=n"Tn & T p

Rmk TEN(T) € G (losed subgeovp so compactLie subgpe (i_q|u_:li\¥-\{“i\:cc)

CQaim N (T)o =T “orus

P_‘F‘ neN(ﬂo=) T—T, 9 I——Bhgn" is a Lie P Aonn deptmding on oo conhavous
parameter n. Buk homs T T are paramedited by o discrete Porameter in
2"x..-x2" (&.2 Sheek3). So Nan~' independent-of n ve to deforming . So move
nto | = Y\%n"‘:%.% ng =gn. | T% N(T)o = could Ceate Conne(led abeltav~ subge

\-WW Han T by taking < T v fexp(sy): S&IR-} > o e Lie N(-T\o\t R




Consequence  fixed poinkys axe cwseks nl1 of T = N(T), in N(T)
= -F-Eni-\e,b many Sta N(T\/N(T)o \s disccele 4+ compact .

(or direcHy:N(T) cwompack
N(T)o € N(T) open
Trick & dek (T - bnT-F) is independent of n. and wsets cover N(T)

Pi Considecr \-l/;‘o -Fo \,Jn where \(J’\ = f:'Jl\‘i’—Mll‘//‘fp/fC&l{\'an 5:7 N on G/_,_ (’;_?—:E:sn-r \

Since ne N(T)

Polofott, (3T) = w1 F(3Ta) = £7(T9Th) = TThAN = f5T)
= Yoot =F
= Atk (L-Dof) = dek (T-D Hod Fobyt) = det (D4 (T-,F) D)

chain role R (M=Thn=nT
= dk (T -D4) ®
Remains to calculale Sigm (M(I—DT‘F».
Teick S AL 6—6G6, AL ()=T9T"!
= A : G/T__) 6/_,_ , AL (pT) = TgT-c" = 'ch = -F(a'\'\

Sinte fangent space TG = T, T @ T+ (G/.’_)J
D-r-{' = D, (AT restricked 4o a veclorspace c.owy|c_men+°4- T,TeTa

Dl A_c\@ = AA('C)|Q%:®(N£%-\6:?T)LEH%&\

— b
émi\' GJ°= t'_\_.-:']'l'r)
_ |- o5 2TGalT)  Sin LMOA(T)
dok (T —Drf) = Q add ( ~Sin 2T G, () | — cos Zﬂeafﬂ\
M 2 (1—cos 26, (7))
>0 S\ 6“(1)%# O mod Z
oHherwise Qa(a_>§:9¢('r)=0 mod 4

but 0, F 0 for a¥o0.
= mulhphicty A M nT is +].

= # Fixed points >0  (if there is no G, them g=t so G=T)N

I

Corollaries | -

@ Al maximal dori ace wnjvgale © T, T' mox = T =9Tg" some 9
@ EVery edament &GG Qies in some max Forvs

@ bec.oN\OoSH”'OV\ 03 = “ovog@a_na\/a_ is indep@v\o{&/\k o»{—- choice of maxX T.
S0 vroots 6, do not depend on choice and dim(maxT)=dim(g,) called cank(G) .

MOT/=27¢> some t°. Bv‘fhmj'c'=9x9" Sormt XET. S T'< <319"> QgTa_ll
@ b e 3-Tg" Some 9, by Thwm.
@ T'=9Ty" = Laim Ga= PdQ). g, Ad)" o FL =), quivalut reps.
PE AdG%)T) - Ad(Q)- Y- A = AN AdGNOY Ad(9T) and Adin)ye g if yeq, o
Simi\ﬂ\rl\g for o, Sine 0&;’-‘—"’}6_ alco h;-_-l'\& so charaders = 2cos2TG, (X)) Same.
So 901_ = + Bg (ano\ cecall we don'l o{,\‘jf)\"nQU\'SL\ g‘ﬂ,_ea.'_'e—-oh' L}



