LECTURE 15 Dr Alexander F. Ritter, ritter@maths.ox.ac.uk
ASSUME: T MAX TORUS C3.5 LIE GROUPS, HT2015, Oxford.

G COMPACT CONNECTED

WEYL GROUP
\/\)(T) = {94,\/_'_ T — T where "\éN(T)j < AVlt(T)

X — nxn-!

Recall N(T) = normalizer = {”e G : nTn' = T}

RmE  Independant (Uf +o u‘.romorfhl'.rm) of choie «j rax tonss T
N(;Tf') = 9N(T) 9™ o d W(gT;") = dg0 W(T)e A,

Lemma \/\/(7—) = N(T)/—,— vie &4, /T — nT

PE  N(T)— W(T) svrjechve Bon so done by 1150 Ha
n b—— Anl‘r 1 com Show kernel =T

kerned @ ne N(T) wilt AHIth‘al so nxn'=x allxeT

= neT otherwse << T (v\\',v W‘ qk’\'mk SULa,]o H.on T
(reproving 2(T)=T see Lechee |it) R
RMK By Gactvre 1 T =N(T), Se N(T)p =NT)/NeT),

is discrete amd compack , henaw Faite. So [W(T) is a Fnile 9roup

@ Characters Xa,L G oce delramnned l’J -,Lﬂ.e,,‘,- resiichons XIT
amd Hae 7<|-]- are invariant vade Hhe Ue,?ﬂ #mulo

(ecald Arace is conjuaakon :'A\/o\n‘owd')

PL X{K)F— X(gig”> L_/X(Dc) = 7<|T (x) Vv
(recall Hm:any €6 Ues i a conjugated] T Soy h=gxg™, xé€ T)
Gy 26 = (3 A7) 1= X, () = Tl v

M R(G) — R (T)w = {HUH inwariant virtval chﬁmcws}
X X|1— 15 an iJamorpLiJm!

Cor obove Shows injechve bhom. Smf‘J'ec'lﬁ'v"wly s BQarder (won't
Prove ik). In prachce , you don't use Sucjechivity : Frst you
find reps st G g«v'\/""a AL possible chaddss ia RITIY +hen
bp Tnjed\\/{'}-) Yo Rnow you bave. Ffound all repS .




EXOuv‘!o|e_ Repre.sehtod\'ov\ ‘H\eof:) of U (n)
T = {dhiogonal maicesy € Un)

Claim \ W(T)= S, = Symmelic §rovp aching on T by pecmubing diagonal enivies.
PE A (x)=nxn does not change P uam\laﬂuu "J- x €T (Aiaponal uniries).

2M X,

e _ o
RCCQ.QQ (QSL\Q-ZL'B) T = Zx> if '1=( . e-,_-.‘;x,\) V‘“‘H\ ‘Jxlr")xn Zm.mh,a/&

""4” PC/MU-'—CJ‘ He Adishack endvies e_uru"l.}
Bt )‘(h(x) dedvmines A, on T=<%> by aon—)n'nul'*:j
= A4, = a pumitakon ?’ﬂu_ A,_\.y_,rmj eniies
Coh\lU'S‘eLJ: ol pumuh’n‘om aci’se becavse all —Iﬁv\:posn'h'am arise :

& ! N\ O o
vrase: (PO (V)00 = (83) s (fd)ene
NXh case: USe MMX with{l on A nal Cxcﬁft I'n FOJ).%loyU (l"l ‘-')/ [JI))
( Mn:poses X\‘,)‘j L in endries (4,5), (j)0) v
disgoral emicies” of ) Lo ee
. W(T) _ .+ Sn
C|a\m 2. R(T} = 'ZL'(:, IJ-.-,'h;\-t']_ = Z [F|’-_-’ Ph)Ph_‘] W»\'Ql'e.
‘I'L\Q PJ ore .H,\e_ .Q,Q).n\ev\-i-qﬁj Svmvv\e,kac- PO'\}'\OMI'JJ' ‘n n VN\'”\LLCI:
P‘ = ftJ 7 P?_= Z't‘t‘j e Pk = Z ><\.'| xt“l_ o= XL’,_ ;") Pr\: Xlx'l.”-X'\

1S4 <0< K gN .
s ‘t) wt‘rES(’ovxo(.r 4o reg : (A‘-_\> \é T — >\J :elmxj
= Sn acks Lj P'UMVI'\‘I\? o {,,,-,,‘hn .
Fad‘ ‘ﬁrvtv\ mﬂ}'_Lm '.Z E‘b”-..,‘l:n]sn = ZEP”__) P“] |00|7 {:ng N e@aw\,.rym. Po'\’y

I+ fe Z[‘c.i,—-,‘l'flls“ Hem (ﬂw*a,c,aaerFPn)--F will not have negative
poviess of & , o £& PN-20P,,.,P) € ZLP)-Pn P
ConVU‘S:.@D 200 ,~, Pr\)P':\J < ZC‘ET‘,_-,t:’qg“I benca qua.&'b- )
Laim > Theee exisk o ep Vk oj, WUin) with chovackr th = 'Ph
PE UIn) ath on V=C" (stamdord rep: 0(3)=9 € Uin) € GL(n,C)) = U(n) acks
on V@z_ On gcr\em%fs 8 (\)]@\r,_\ = 9\/‘,@ 9V - Bu¥r not \cep : has a Subrep :
A*\ = {-knsm' LVi®uw;  Suds Heak symmeic grovp S, QLHA&'}
53 fUmqu\g fadors vy, w; ach by siz-v\(pumuhkov\)-l'd
= AV = span, { VOIS — wQV U‘,uJ'éV}
(4cansposiRon (12) acht by W@V — v®W so by — Td =51y Td)
Con\/enl'en+ "LO aLLrev.'nl—e VvaAuWw = UOW — v Ry
= A"V = veler ppace over € Wil basis (ec '\25)|<L<‘<n
with  (Aln) —acoin % (eC/\Q‘)'\: Jec ~gej ST
RwmK we shpwlale Haat 4o symbol A is Linear i~ gach emlry amd
oamhsymmediic : @jnel = —einej , So geinge; makes semse .




aQ+QanHn3 prodnuk /\k\/ = {'z e\/®k D 02 =09n(0) 2 for all € Sk}
Ract by parmvhiag tmsor facters

= Ve(hr spae ovem € wirh basis Hhe yym)pah (e‘:ll\"'AeCk
( U ) - action % (ein--- Ae—\:k\= 9 A A Qe
(\T‘A---AVRE ZS'\“J'\“") "‘o'm®"' ®\fo-ch))

>|5(,\< ...<Ck$r\

Tégk
In FN'HW‘QN'/ /\r\\/ = C'eul\ezl\---/\e,\ (s |-dimenstonal.
Characder resdacled 4o T hace = 3 evalves

g:(>‘-..,\h\éT = g Ehe = Xv\=z>~;
Also  9.-(ecnej)= gecngej = Nei aNje; ;F- Ny (eene)) &%, = _Z);)j
\.<j

A is mulb-hnear

9-(ecnne ) = (N, =Ny ) G- Als = N = ” k<° M= AR

v
[TL LT GV

I packadar :XVH{A“"A“\ =\ Ao\, = dek (9) (l—dimc-«;iov\aﬂ refB [}

|

CQW\M LI- ‘R(u{"\ﬂ = d: [XV, X,\zv J=-°) X/\"V ) X/\“V

1 '
det (okle't)" = det
Nokie : we only use Hiak R(U(M)— R(TIVM inyechve (whicl,
we proved ia g,wumﬂ) omd. we dedvced Sufjech'v\'-l-\j in Has exawyple Ly claim3.
aimS  The V, /\IV).., NV, AV are icreps A"V, AV obviovshy
/ Since I—-a(u‘men.;ionaﬂ
k
P_-F Suploose. not: A\ V'—' M\@ L{,_ sum of Swl:rﬁps.
€ we knew Hak ene,nnee € U, them in Fack W=ARY U= {0}
becawse e makix %€ Un) Witk (olumns (ecllecll___le;k_lo“\er basis \/e(;}or's)
acls Lb 3em= e;m So g.(el/\-.-/\ek) = e\:\ I\-'-/\@ck whidh is o banis for /\k\/_
Trick  Gnsider ackon 0“. mox tovs T & U — Auk(/\kV) . Then
ARV = @V, wheee Va=[veARV: x v =% (%) v} oe weight spaces (a € 2"):
Voo = sum of I-dim irrtps/e €adh with chacacler Xac'.,(_)=e_9_1rc<x,a>- Similorly
U, = @VJI U,=&® V,f_' wiHs V,[,Va{’ €V (um‘gve a&comrosih'on inho l'rrePSoj_T)
But we know Vo=« eia-ARp For a=(1)))--,1,0,...,0) (1 in £S5t k endnies)
(indeed Vo= C egA-.. ey whee a has | in eniies Cry-y b ek O alseuJLm)
= Vol = Vo_ or V! =Vo. S0 €(A--.A ) € Uy or WUa (@Sopposed Jo being M,+(A;) ®
Rm¥ There ts & more Suslemake agproadh to Nadi icceps for G by Looking

for " bighest weight vechocs® in drms of a Cerfmin ordering of welyhts aeZ.
For Win), He lexicographic order works so (I)),—,1,0,..,0) is He hedghest weight

acising in ARV and €a-Aey, the heighet weight yector.




More O<ava\¢5 '/sfnce det = l, Oose olo)\-,m
R(SUM =Z CXy, Xpay ,--y XAMV] where V=C" shandard

SE YS io ,f\?;:)))p:f L Xv, Xpay - X n\,])v= W@Ka: =C “:‘ W =R*™™! candovd
)¢ G) s )Y = o)
(-F:G——)(L‘) — (HT'-T—)C)
$(a)=£rx))<_. ($:T—0)

1€ h=9xg-
RmK  need check 4(A) well-defned and conkavous. The key Step o

Show well -defnedness is fact :

X 12 €T are conjugale in G & W-X, =X, Ssome wel(T)
(. 2. —Hno_y ore wn)uaa-l{ in NCT))

Thecedore £(3) = £0w- )= £0x3) sine £ 35 Weyl- invariant.
Exanple For SUR), T=(30YES'. Then WT)=S, (just like for Ul2)
CQ(SU{l\\:(CEezm"L/ c-f)_ﬁh(lsz =C [:2 cO_r(z-n'-x)j = Span g_CoSCZIK'aX)!QGZ}

. s ¢ (C.ow\\om Q- Sheet 6)
2,) Wol grovp ackon on T~ permutes Hhe oo
me.a.vn‘l\g'- 6",9“3(1) = ea(w_' X-): ea‘l (—x) afe X€ -r / Jome mo{- 6“.’ g
PE Ad(w—.x) = Ad (n'sxn) = Ad (M Ad(X) Ad (") Bence the rep
Adlrow™ 22 Adlr aomd Ad ™ Var Ad(n) s an icred summand so =~V §

(Sn‘nu T s o\Lel{an, C@[T): C(T.))

EMV‘\E\Q— Ulr) rook ae X=X wheee )‘-,=eu“1J are 4,:7 enhnes o—f, T.
W(T) = Sh pumukes Hae J/Cabeonaﬂ anldes ) <o F_p_fmd'l'{.r roots .
3) [The permutaklon ackion on the rooks UM‘qug delvmines elements of W(T)
(go W) = Smba-mula cj? Sm where m = # coots of G)
PE G conneded Liea—f = Lic gy bovn w:A,,/T'.T-—5T iy detsmined by
Dw= DnA'\I{; =Ad(n):tot (t=LeT) Saw Al =cd on Cenbe (6)cT
tave Dyw= (d on Cenbre ("J)S{:. In Leeve |6 will show -
dual ?* = Spow}émo‘l’S ea.\ @ Centre (ca\*
L\@vxu. ('Dlw)* de-"(fmine_cl bj AC'HDV\ on moh,so ce.wﬁ-&\lpuS- ")
\/\l@.g@ inkgfou%\‘om formuwler  (Non—exawminable)

Would €iKe 4o recovesr <X XD = A Xl(g)X(g\ from an ianerprodwd on T
gea . — T 0002

10 OV
fe W@G) = f‘f(g)Zj £2) §ex) where SO0)= —— 1 |59 _¢
L[] | AT _ 2THe 2 g o

(
Example G=Uw) : jol fo 'F('x\.--{'xh\ 7\'5. k<l
G=SU): £ e {—\e““”‘.@““”“l"dx = 2§ £ex) sin*(2Tx) dx




