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ASSUME: T MAX TORUS
G COMPACLT CONNECTED

W&qﬁ -'\'mlam‘an' tnner pma(,ud— on ‘f: = Le (T)

Recall G AWt (V) = 3 G-inveriamt ineprodud on V
Ad: G —)AM’CO}\ = 4 i 7 () on %
Cor 3 \J(T) -iavanant mW(’mo{»d— on = Lie(T)
henwe W(T) = Raite Svlbfa—mvp o;f O(n) awkhon own (”2 SJm o\uo\\N

E W—A'\l.re \I\I(T) acts \03 .blw = blA'\_ Ad(n) on t ‘C‘% (Y\G N(T)\ 8
Rmk Recadl Lie G+ ovp hrom w=An|T- is demined by Lie a\ﬂj,elon\_ liom D= Ad(n.
Exarple G=U(my (X, Y)=Trace (XTY) = —Trace(XY) o ,,a=gX; 7T=_x)
t ={(Lxl-"dx.\) '.XJ'eIP\B =(X)Y) = 2:7()' ) stamdord inner prodnck on TR
Ffr\ol\‘v\g He Weyt opoup Comb\'noﬁon'a”y
T, = Ker (root 6, : T — S'=R/2) } 6. (x)=<x,a>
= 3,a,4-- + X,0n
t,= Lie Ta = Ker (6. t=R"—R) ‘
= the hyperplane orfhogonal to aeR* =t (equakon: <x,a>=0)
Exarle Uln) for 6,= 0yt Ta={[ 5y ) MM = peeR o= %)
Rmle (erewise) Cemte(G)= N To | Contre (P = Nta=Nkerba
roots

roots Y
Exarple Gumbee (W) = {(* )} =5"Td, Cemtee (um) = (™ )}=¢R-Td
Fack (tricky) For any root Ba , Hee exisks W+TA in W -F»‘xfr\J each point of Ta

Cor W(T) ackna. on t contains ol N‘/ch%'ans in the hypeoplanes ta
PLEWT) adks b‘) orl'b\ogor\a.o madices =3 from Fact must be He reflechon in to@

Foct W(T) < Aut (‘l:) ¥y a,bv\em-l-eal 193 He re%(c_oh‘ahs in He kwo-v‘o(omcs ta

Un) refladon in Je,;{xe IR“!D(k=‘I€} SWaps g,y Coordinales

EXawwcl{
= W(T) € Aut(R") is GvOup S, = permutabion makrices whidk Permuk coords
2x2 Exawple. w= onjugakion by (72) Hhen w-(% 5N =(0) (T Ea)(T0)"=( 0%

v G ke 0 . _ 20,(2)
Rk Generating reflechons S,itat, S,00=x - W:) SN

I/\awe_ 'Q:rmula :
Where Oa €t awe duals of Ba€t*via inne~produdk (-)-) so: (8% Y)=6.(Y).
Rk £ = comtre(G) @ Span p O, and Hhe dual +7=cenlre (g)*@SPanCmohm
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KILLING FoRM

dx)EER (V
Recall (Q.sheet?2) : e receld :dr(:?mn: cv?,ﬂ

<A,y > = Trace (ad ey ad (4Y)

is bylineor map VxV— IF
any Liealytbeos Vv

|EYV\ For G CoWQc.hl

<X, %> £0 ol x e Q -Sheet Y
=0  iFand onk ¥ x€ Ce,rvk‘e(%)‘—’kﬂr(aol): Lie (Cenve G)
12 U\.s\‘na Ad(G) -'avariomt merdc (-,) &om above, 9 =~ R™M amd i
Ad(g\é O(mY so ad(4) € o(m) by natvealid : "A—"“(I\
= A = ad)=sRew —Symmedic makix ”"‘fé/ _Ad, Ol
x> = Te (AR = T(-ATR) = T A = 5 -
=0 iff all A;; =0, Hhat is A=ad@)=0. B
Co_f‘ For G C-ONVadr, %=CM\MCG<Q@ ‘3’ where 0&'5‘% s am \d1all on which

Hhe Kill:‘na form I5s negabive defnite. idead W \/: eveddor subspace WE 'V )

(Qsheet ) *Lv.wleWw ‘(‘”"“V'E{’,J
PE a'= Combee () wsing Ad -invaiamb mekeic ()

Ao\(g) acks by or'i'fwa.om& matnces So sends %z’——ng'/ so ad=DAd: 9q- Ehd(g')
= adbu(y)= Cay) € %’ be xeq,yeq’ so q'is ar idead.
B:Q above Thm <y Y5 <o -ﬁarszﬁoe%' since Y Cemice (3)) B
— NoN - ExAMIvaBLE
CLASSIF[CATION OF CoMPACT LIE GROUPS
Recall (Q.Sheet )

l[['l']"/éo
Lie algtbrn V called simple iV not abelian and only ideals are 0V
V' Semi-simple if /= @S\'mp|e_Lia_ algebrns .

Q.Sheet Lt © for connecked Lie grovp G,

Simp& &S G S;me|€. Meoning: not a.lnbl\'mr\ amd DV Hie \
% ( Ov\% v?o»n—-ku'v\‘a& connehed no}rMaﬂ Lie SuLa\o

Fact K\'||;,\3 fatm on \/ s non-degeneate = \/ semi-simple
Cor

G Cowpatk =) ‘g = (aulicaev:‘;::?;?i\ @ (Sem'\—sbvﬂ%{ummano()

M-So don't have ﬂm*y summands (”sa|Vq|o|e .S'UMMo.nAS“) in Lie qbeLm.
. Lie &(&Llom 'H/\eo/y can c|ass§€-7 all smple Lie algebras |

Consegutrel @ Com clMsny cov\qoac-i' Lie 3mu€s|




G Com Fad— c,ovmuko\

FACT \ 1f G simply —connected and %_S\'Mf|e./ Hen G can be:
S\L(n\ (EXamPLe_ (3) j
\ = uni " SU2)=Sp?
SP i (n) universald wverajg, SO(») =lﬁlm\d-ms<‘!‘_oe S0(3)
SF (MY = Symplacke 8,,(0\1‘0 (Lechve '?_)

GZ—I F((. , E"’ E+l Eg & Q?CC_R.e-}\'ovwl Lie FOvPs.

Rmk  [£ omit assumphon % simpll, thew G is o prodndk of above aps

FAC—TL G L\M a (\m-l-e_ CoVver GILG

(Meanir\? Kar T Anike)
with G’ ~

torus X Lnide prodrck D{; orovps Fronn alove ist

finile produck of copies of S' amd  groups fom above Lisk.

RmK By Qlof Q.sheet 5, G = G/ where T <Gk (G) is o
Kaile group  (since discrtie and compack).
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The wikipedion \ao.a,z_ “Lisk a‘@ simp|e. Lie 3.mux\05“ has |ots of
info  amd exawmples abont Has dassifcation.
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