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@ the wsets of G, in G are Hhe conneckd components of
Gq G and they give on Open cover G = |_] 4G,
® Go 1§ A normal S‘IL’ﬁ‘\?Vf # G gqoe%:{w%‘\?}

G,
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TOPOLOG|CAL PPOPERTIES

COMPACTNESS

recAlll compact means open covers alwayg have &atk swbcovers.
Usefu deick @ 1) ficsk embed G < R™ (some lacge m)
2) then use Helne—Bowl theorem for R™:
Compact & closed & voundad
Haat s 0 o cdheck limids Stay in §
¢ RM-noem on G < R™ 1S Lounded
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CONNECTEDNESS

fv
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. ‘(\‘Of' N\QV\;'(‘O\(JS - COV\V\QO\{A <@ Pq_-\-\/\_C,OY\ﬂe.(,'\'eDl

EXaMPLE
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O(n) X 2 <550 v
SO(n) V4 V4
GLnC) »
SL(n,(E) X (r\?,Z.)
W(n) /
SUu(n) o
GL(nH) X (n2)
SP('") \/ \/




WHY ARE LIE GROUPLS such SRECIAL MAMI?OLDS?

_————[smooth Wit spmooHh iarte
They have nabral diffomorphisms ( NoTE : = ¢ﬁ“ >
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o ' @oy
Whick vedor fdlds X on G fave e,xa(,HD Yoe same local 2)pression near any o
za;bc)?i PTAd=Td i packrmel i Zatons ﬂaogb ?

Sy ———— Za( (%) 2x; chain rvle
Dy \L oo \I/D(%"‘f’):b% Dy hence need X|3.4,m: ®¢3 | X|+m
X| Xl
Pix) ? &)

24' A— Vector 'ALM X on 6 s Lokt~ avariamk e
Dagﬁa : X)& = Xlg& (V3.8e6)

E@ﬁ ‘ Lie G = {‘,erc..{v\\larl'a\w\c \IaQLOf' 'Qe,kols on G}

RmK Hats is A vedor SPALL ¢ adding /S“‘e“"i veclkor Liedts
prosecves Ll —invarianu becawse D«,da ts Dingas .

ﬂ{ortm TL\.Lr(, 5 & Nl'}-vrod l'.SOMor/h'.m\ 4 Vg(,lpr spacLs :
Ll'e é. _— T16

Veche {"JJ X) & AT ‘\s/’% Q
X lg =Dy v i

lf\ Par‘)'(.‘o\rLN' y- VN L‘-(_ G = A T,G = (ouM G s oo M\n‘folo\) .

{
~ basis %xl ey ’a/axn



THE LIE BRACKET

For a.mJ ve Glor Qe(al.r X,\/ o oo wanield M Hiere U5 o~
bracket  operahon  [¥,Y] = & new vector feld, defned [ocﬂllj L’j
Eio«;(z)? ZL(:) l §z<a ’a_kl L. a_ou) P

¢ RS 0X:

J

EXAMPLE in IR* :

2 3 4 59 _ 2
iy 20 &) = g2 0% 5x )2 = YR
Recall: vedor 'R'e(oLS act on -@:nd\ons and Mg |oc4|(3 o{(krmmeg Hre
Ve(ltor feld svnca X A = aux) f X = Zac(i)%‘_ locally. For bracKefs :

LX,Y]- £ = X (Y f) = Y (X

'\hew —fvndxow HewX Adifferentiatesit
|DCA' L X \/J mea suces hou Lao“g X, Y £\ Yo commuke as difrecenhal oloen\-)ors

€9 [ axJ‘J O Says fdr)\a\ derivahivgs commd—;ov\ Smooth -ﬁlv\ohows
2 ()= 22 (§)
99( QAL

DA,

PROPERTIES ]

O L) ois bilinear :  IR=lineor in eadn endvy

o) omh'svmme,k{c s XY )= — [>'|><1/ so [XX]=0O

ot ) Jacob!'s \'o\en'{\"l'*j :

[LxY), 2]+ CCY,23 X3+ [L2,X)Y) =0
LIE ALGEBRRAS

be@ A Lie a\qc\,rm (5 oo veoder SpAce \/ '\‘OJQHAU' w\M,\ A L\\\ne_osf'
amBsymmetic map [)] 2 ViUV satisfying Me Tachi idenkty.

EXAMOLES . \/ Mq’\'nx,,\(m) (BC)= BC-CB (makix muthplicalon)
V=1R> Cv, w'] = VXW  CroSS- product
. ALC\IQV\ Lie o\\:,z,\oms : am7 vechor space \/ with E,.]E 0

eXercise

Theorem  Lie & s a Lie odf—)e_‘ora o Limension im G

PE Need show : X,Y left-iavt = (X, 7] lefd -iavt.
\n paramelitatons ¢ of the V.£. X has the Same [ocd expression
neas any 9e6, So aboes Y , hence 5o does EXLYJ so [XY3 \s Left-invt @



EXAMPLE ol (nR) = Lie GL(,R)

d
9@ (n, /?i; = Mat,.(R) = TLGLHR)
X=glq s <
Lo Fe-ink. x €GLR) Jtean
XIMXB :»:- g:ic‘i?ﬂec&:r&i“m T - Q)+ ttef'\") Sinw @ |inear

. " N _ 0 m—keu)__ (-\r\)
('For \inear maps @, -D\che SN ’D;LLP-U—- m T =@ .

£ >0

/g
oo
1
<
I
S
I
5]
-\_/

X YI=D (X 'azyih_ Y, ?ﬁ"‘)i —— 3 (b G- CyBr) 2
? i e 9 9%y Lk = BC —CR
X\’-: x%& YL’ xC (So \[er_: ?7'2‘,' C‘)'h and

'%f/.,% = Cik foc £=( amé 220 otherwise)

Comugg QQ(V\JKLQ-’ Lie a@a,(,\»m Mo\)\‘,\x,\(m) witle bk [B,C] =RC—-CR

I'S‘o/o€ Lie a\a cbrs Dredse dehnhon: @: V— W iso of v.s.
("' iso of vedor spaces’ freser ~/7'\3 bradet| ¢ ([V,/Vz]) =E‘""I @ "'—] all v,,v. eV
A S —_—
nwV in W
Same caldabon shows :

being in Ol puls Sove o(nR) = Lie O R) & { Be Mat,, (B) : B sku-symmedicy
Lonshrwints on the Xij6)

w buk X . . .
;:"}ZW’Z"’“W;JW " (iso of Lie algebrns wny usvadl bocackek for ﬂmjtm‘m

06 € GLin)

APPENDIX [ NoN - EXAMINABLE — Can ignore k)
RemarKs abont Go
- Not frvtin 3“""*’"«! Hak 6% Go XG/QO as oS (not even G, >4§éo> becavse

Hert is no reason komamo/p'/\&m\g G —Go amd G y
o % .— G shovlh axigt, fve Haat
G=EGox G, as manibolds . 15

o O manitolds Since o jusk picK some veprtsontabioes 9. Hum G x 19:64G
but can't make drois onsistontly witl e ovp Shudee . J ( ° 6? *_} ]
Lader in course we prove GG, x G/G,, works for abelian G. (7% 9‘%

G \ t
+« There Mo be bigyy” sdb F(OMPS*M Go : for G= $.x %xz'z g Go=5xm;¢i|}§5xz/?_xi'}§6 .
But of course G, s Hu Largut conmedtd subgvoup of 6.

ARouT [ x.Y] why is [)(,\[J a well - dfintd ﬁbaﬁwdorﬁcﬂ»\?

Aniwer : 1£ G amy funchion £ dgfintd war PEN You define a nirw Rndkion -4
dfned ~ar PEM  amd you 5%2(‘/104 Le/clmyi:z-_ role Wﬁa-(ﬂﬁ\: Z -6+ €.(26)
Hren Z is & veder G4 on M (try peoving Huis uSing Hne Agpondix of (echre 1.

We M’\-LA EX;\/3'€ omd we 6‘4‘“&)\ CX\\IJ N QDOI coordanates : g hvo W{\‘oyg
afetr Whon compabe CXT)- € focdly amd Hua Locl Afaikon clearl sakisfes, Latbniz . @




Dr Alexander F. Ritter, ritter@maths.ox.ac.uk
LECTURE 3 C3.5 LIE GROUPS, HT2015, Oxford.

LAST TIME : PA/'MAM/"H@;L‘;L\ ¢ v le G ~ parmm.k.’}—m g.yz nes an }
AlM:  Find the bect pranihinfion ¢ por 1L

| DEA

thoice iavasiant
aoF l;asg {f}'fw \2\&:? }
é—‘(l""l—~
% CloWS
M Por a veClor %LQ-lXo»a W'V\MALQ'L F'l/ a £owline af X"'LN"‘/&P is
awre . (-£,€) — M (s>0)
= leg) =
Yy =p ¥ (1 Xlzg(t)

|£ ﬁkpvw}: Howo /1 X nar p s

small Open set arovnd p

F o (i) l'—s 1 X
Ao\ M
F(0,9)=19 o) = Xl 7

= F'(-,q) is WW%‘L ot %9 F(b;"l\

RmKs » U'{(’.) it an a“rgv.'u"\'dw L D‘t X ° %DT; . Laaﬂy H’S’ “(—“,17 X'l-(‘.‘).

- T quRoV\ is ba»“y a 4s*°r.l.¢f' PNYS 29n. on IR¥ :
X' () = f (e X(o) = P f:R - R
ODEmora = + % axishy for smalL £50
S A 1 u.M‘zv-e r’vw P '
- X dupends rmooﬂa on Hua iniRal condion P
Co for sonall € and U, ¥ amd F exih, Ungue , smooth.

Exa.ﬂb- M= (-, R , )(':% Mem F(q,4)= 9+t ondydfmed i€ qete (-1



Theoremy (b B be the %UQA‘I\Ld_ KeleG wit Y (0= Then

N\
Es (1 yW) = [.yle)-yis)
Co'\V‘fVJ')):L Y oo R—6 Hum

Abbreviabe  F,G) = FlL3)
Lemme- 1

18
2

F (Fe (q)) = Feee (9)

(hare define LUS RHS are both
’ it in Hh
for S=0 : LHS=RHS = F{_(ﬂ Akﬂ %\A@\ €3 # X e
X
A Feat(9)

oS

Aime vaciable s, passin
_ 3 [(RHs) = theoval F (9) ot 5=0"
(LHs) = X\F s L ) chats By wZi\JGJ\eSJ'
s o : Fowlines, LHS =RAS B

Fe(a)) 7

/VOLJ §vppose M _"—G 5 & L\.\Qf(\?d\o
XelieG Lt -invwiant
lomma2 Y lokie = gy floutie

&G

/ = . =
e %L(j'm): ;}‘t ﬁéoﬂf) ) jﬂ :D¢3 RE W? X/‘“} Xls-rm .
sha) Let

Lppy
0(0"7 #ﬁ‘vo:u\/ﬁzb wherever ik
i m‘(vmﬂ’/‘\ue. )/'/é) s a
veder ak p(t) 10 we fnke Rle?}
Cor| %Cowemh (/ Xelie G are J‘fnb‘ for all f\'me./ ard Hou A‘/\M-‘( eVeywhere

Pi‘- Y- (-$,2) — G = can exdtnd on (0,‘£+_§) Lsing Y %\Y[O)‘l}’(f—f;-_\

Exe\m\qhm: 1 Y4 - conshant) s« Powline : by drain ale %__ ‘[[l-.-d='7$’l-l—-<-\=>qm_c) Han

apply Lomwa L do fonkin Y (£-L) WK 3= Y(3)B(0)". So Sir=3(E)YIo) Jlt-£) it a Houdint fr X.
We conshvied it 5o ttaak 8(S)= Y(%)M"}ﬁ):x(_ii). But Huts 8,% are bolh fokine for X amd equal

::(- lif Y2 so ll:r-l-, 2qvd on .ovzrl-wf by vniqeness. So § exterds ¥ beyomd €. Similardy can exlend beyond — <

gl b ot s LT A
g btk s Aok Y :RG be M (utque) focline o X

WK Y10)=1 Hatm by Lemma L s fov of, X iss /'Z(j):;t-ﬂé)

Y(s) ylt)= y(s+%) VsreR  (inpkade: Y=Yl ts)
Se Y R—DG s « Liegrovp ’/\pMomr‘o\A}J‘M\_ K’_(b\"f“"i ¢S g‘\
Convtrselsy, sl Lie §€ horms ¥ IRG anse in Hats vay L s:x:_-ﬂ.xrv:&e Q.

PE. By Lwmna | + G e FEOAD = Fg . (1)

= |- yls+t)

YO =l amd we daim F(-l:,g\:: g-xl{:\

%%u for %—:-LF“"’)\:D%'YIIO) ——'Xl3 &f{—l’qv*v.f.Mu:w‘nd\o\; Yio)eT G,
peoof : Fest (3) = 9-3’(5-(-{:): 3.-6'({:*'5) = 9-¥yyls) = FS-(QX(E\) = FS F-h(%3

Foc malaifld M
X

F:RxM-M.

om l,’; M E): 5&, F;F{—': Fﬂ.t Mmsvren '10\4 W'C‘H"{ ‘Rﬂu @r\'('-l "’"‘-X
G F.=Flt,)

’=%El F{(P\ Sw\nee -
2|Ein= 2| F_ (D= 2 Fore
{"‘L”\‘—\‘. Sl tes g aclo S )= X\Em 7/ a

Chain rvile F‘ Fe . F“ ¢



2&%_ The Lie oy oo n rphisnns % G ave clled |- pammnth sub grosps f; G
Cor

V.S, \mjg l‘a'o (28

- Lie G = T, G = Rl—(wwlv‘ SuLfNVf(a'l G}
X &« v=X| =yl (¥ V'R 6)

\
- . CD ctomined by condilon
D_Q'{. I:xpovxbw\\al Mo p ‘6\:-(:+Jc)=‘(\,(?) ¥vlt) Vs,-L/ 5‘6\,’ lo)=V
alro 0\1r|<rM\‘r,\ed \)7 Qquohon -
1 Y@=l 7 1) = le'\,le) .

Next {ime - v = C:(owfor ke | i direchow X j
v)

o™ ~ 2Xp . - 1. whe X i flne ~invt vedor Rdd
‘{J‘ lR pen T[G ————")G s AFMAMM‘V\?:U\'}\OV\ Corrupo-\.\i-yb\r::ufrﬁ (s.° X\arb‘qsa

Sine exy is .S‘MaaHl and fnvvr}w'm neef oéTIC‘.
EXAMPLE 1
’\-bru_)' G = m“/zh . oL\/l'ouJ IfFN‘ﬂM/(-J‘JLW[ YVLH: tv mod Z"
Check Condihon O
YV(S-('H" (S-k!:)'\f = g4tV bupy s Y'V:IKAG meomozrbb:IM.
This classiRes a \"PN‘MV\- Sd\o;(.s [IYNS Yv’f0)=\f € R =T,G l‘:owqml.
= (vl = vamed 27

= C)(‘D L \R‘A ‘_36 is M/\-LVV\O\P T 0/1 TvCJ)\'O\«{L\LQ/r’

NS —I V' nned Z“
Attrnakve a,efmm.!,\ » etk condilon @ ’FOf \(\Tu—,\s tv w\oAZh

§vo(ol=9 T\:,[o)=\/' , \(\;(Hz v

For e kasa\— o Q‘IWJIH\'QS we usd the PMMU‘(;MHO“ m %:_;f\r wmod Z"

wadA from Qutshown sheel | Haax Mo \efd sk V£ on T
'~ Yae pNamerty T art He wnsiant vedors ve R

Case n=| G:TR/Z: S| yfc exp(x) = eﬂcxé S
RemarK
here we TJ\CV\‘I\'@’ Tl(m/z)’; R  via [cwue 12)€ J

£+ tvmo
So e musk 3€t exp (Z)=\ . Tws oresponds o pa\mme'%r'\%"";"
e crle with “x € [017]" rather Haan with '8 € [0,2T)".
| £ You inslead paamelize wika O e*® Huen Xp (6)= €L6é5|.




EXAMPLE 2

G = GL CV\,]K) oo n
t)l = N Bn B MAXV\(R)
XB( noo M - =T,GL(w/R)
Lxp(B)= T LB

CLAIM  mmakes sems€ (Comverges) £ an Adbfeentae e b derm
/ i 8
et 7 )= T+ 8+ £ OB
Y/ lel= B+ tBa L €85+
——:ﬁ = = —
Yglol =T, Xg’(o\— B/ Yg’ (£) = Yalk)-B = XL " for K=okl ik

= I’FMMY\ SvLs.f &or B ' x bx 8 v.£ forB:+ )(L': 'x-@

a2t Al
A;N:ll ‘;'
F‘A V\O:A":_:u un"

?!\‘)O'F oF lﬁwﬁm The vector Space Hod‘,.x..\ (R) 5 & wnormud spaca un‘-y Hae norm
l\%“: n -"‘\?K ‘Bi,'\

Nic properlies
L UBCH S NI NN <—— [WBCH= n-max [T R Cpc]
o Comploke i Cannhy coquemcrs € nomar 3By - |Gl
Convtry_ ! —— ""V'g " "
\6‘.4«4 Fonde Linl) < " < hel ==
. , € @ 18D el
Mo (IR) 15 am allprbora K 5 leh

\(V-S- V wille ttltas VeV IR

Jq«'ﬂir” mdbwialko
M.. COWYOAL iormtd Affl,loml sd\‘sq’viy\a @@ are callled Bamall @%ﬂéms
For Banack AQ&LLms an reprove all Mox wsual eovlly alowk secies, absodute comvtpence,
vadivs of comvtrpemcs | efe. N (sane raooFs 1)
1€ Bavackh o 2.xXp tx)= 1+tx+ {:11_(____ Loﬂvbja-, a.\osrb\—!}') and
ﬂf%brk 3l radivg (I_ anﬁl?f/‘l‘m = oo

=) cam diffecembode n 'l;.‘\-)&lvv\\ujpfmg
R




Dr Alexander F. Ritter, ritter@maths.ox.ac.uk

LECTURE (4 C3.5 LIE GROUPS, HT2015, Oxford.
LAST TIME :
Lie & = T6 =, {1 pasmhsubycops]
V-S. J o
X v s (§=%,: 029

recold : Yv o) =1 aloo recal Haok

TVI(O):V":' Xl, |F -“ SMOO'H'\ \ITHE\\) ‘6':\6_\1, N\'\ere.’

Y )= X] - ¥R G fowm v=Y'lo).

v ¥t (Y(s+t)= Y(s)Y1&))

THE EXPoNENTIAL MAP
Deb exp: LieGxTi6 — G, exp (V)= Y., ).
Lemma exp (sv) = Yy )
_€_£ ‘b-—vxs_\r['ﬂ) t i—)KT(S{') e Woms IR—)GJ o Juﬂ—wwy)mc a%[t:—o-_
S0 B T S A
[ side marK : vector seaces \/

axe manifolds :)‘US‘* e\'c\L a basts

/ Yo §LA' o- (%OLQQ’) fd‘ame‘.‘\*:}ﬂ‘lﬁ»\
RN 2 V. Tueir FongenhsPaws are

Theorem fexpt Lie6— 6 i ool] | TV &V l’ ?(Lﬁwtw]'—“’#'@
| Hemee Lie G is & manifold -

f_f expis Y wwwosikr} 3 ool woys:
Lie G %ﬂzx(é xLieG)—’ G x LieG > (G
(t, %, X)‘r—'(ﬁ"(x“‘)zm (Q,X)Ha

X — ['I 1, X)
Kou 0". y ow GYLECG uhart YI( =x()Xl3, 0) B
— N hence smoohh 3
Lomma —Do exy = Td above [emma
w = 2 - z =y

Cor eXp - Lie 6— G is a locl Ai#eomWWva\ow 0.

0
‘\(_3 o‘wkwk Uclie6 ¢} exp: -V
V.oc“' G IS & Al'#eomorfl\-

PE [FacT Inverse FunchonThiorem . M N srooil WO’J mds
.Dm\e: Tl — T‘?f"'\N iwerkble = < Lo call diffeo near m )

R = ~ L bl ; amehirahon near |G
Coc ¥: R ETGELicG —=— G i o e )

drotee . basis (GLIWR) chotces) (Hence 3k niwe paramedians @gotf.-)




EXAMPLE S
2T
A) exp : & —-as', exp()1=e Kloaﬁ diffeo near 0, but not Q&LJ (not injedhve!)

o Locod inverse neor 67'1“03'\ 'S :;_’\1(-\'. £09(9) «— picK a branch of wmf’\ex epa
(LT:2Z choices)

Z) % Mab, (R — GL(V"W‘)/ 2xp (%):S;\LI B , them oo Locall inverse near L s
A= Log (A) = Log (T +(A-1)) (for N1A-T\I<I)

exXelanaTionN (NON'EXA-H\NAGLE) d rodivs of
For o Banath alpebm withd define convergene

Log (14%) = x — v_al": +22 =T G IR

x —
3 N

Remave we Know  exp (fog (1+t1) = |+Ex X
Qﬁﬁ(lez’((&ﬂ)r}{:x for £aER is an absolutely
c;ovwc,ryml\- secies in tx (Where defined). Hence same must le feve o

Bavads algebras wita 1 fhe reason is: take x=1€ Banack afebrm amd
e IR Tnem Yhe coelbcients of those secies in 1 mut apee with Hhe woelfidents

of Yhe series you 3"*’ when W°fk""‘? wit R ! (wn.sioler Hhe weffents hd"'d\;"‘(?
leting £90 allows You Ho ignee highes order ferms).

D-L(-— (.0: 6— H L‘“" ?NUF e\omorph\‘.rm MEOWNS '\) 4 3’“"’? 4‘°Momor|0\AiIM

. 2) @ Smoo
Theorm (Nobralidy o 2xp)
It @: 6o R Lie grop Aom +hen:

D¢
T—| & _rl H (. €. cpw\'nosing,_’
2 L Lexe Commutes |
f equals Lowposing |
& —5— ¥ -

p_@ __fevrve
— 7 [f'\r(ﬂ] —— DYV = [k(o‘(,,ll:)] :\—):%‘((;E;;{?; .a'“
-poram son

"’\__/ Le is v ‘WW\
e f\‘s evalvakon

Svnce Hence
(\(\Ir(o):\)’) \6‘\,—“\) — ‘.(a KV’(\) ok -b_-;-\exp "
EXAMOES D R=TS' — aﬁ = Mak,,,(€) X — 2= 2Tix
J, .
LM

R/z = ¢! — > =c\}=GL1LE)  xmedZ+—> e*=¢
(,\E{;: eXp: €™ is expz)= e since = X ;\L!%h as Ix1 matrix)

® Sheug‘a'w‘hxn(m\_) Mactvocn (IR) imglies ot exp(B)= L 8" alte for O

l inclusion indeed dfoc an Lie SU\n
O S >G LI(n,R) (o@ GL (nR) ’?no*_ yusk 2’5‘;\:\)




LECTURE 5 Dr Alexander F. Ritter, ritter@maths.ox.ac.uk
HoMoMor P HISMS C3.5 LIE GROUPS, HT2015, Oxford.

| Mo marghmsis (o ™m A fom
'.D_fi- Lie Vvo./( Wo mom s @: 66— H Lans ?.) g ymw%"imz\\:.!

o When H=GL(h.[K)/ @ is called o rcprq‘ew\-a:\\'o'\ oF-G (5 .

o Lie gr0vp isomocglwsm if ¢ L\")clz\—ivc_ and @' Lie gp fom g t‘é'}i?f?f?”>

Warning o+ Rase = IR with discrete fotology (eadn point it an gpen set) is Lie Fp wsing +

thentdy : Ry —> IR i o bijeckve Lie gp hom, inverse not comttavous! 1\
(Exp /matvanlity Rlls you nothing since T Ryse = [0}) (m\- p_“"cm.\;uz)

RK  Local difles + bijechve = diffeo
M @Y: G- H Lijed'i\/e Lie A hom and te"‘ conbnvous neac | @ @ Le 9p iso
e bynadvelity ] exp:  (nbhdd 0 €T16) 245 (wohd 4 0 €T H)

(nﬁiz QFE}V'}E@\ e‘sj:ha“er'\ (W) = hb:dle[xfé £, e:PhLJIk:; qeol
Hhrutm | U= (bl e &) U=(~hd of L €H)
@WI=(¢™") (V) open @ Lijedve =D ¢ bijebve near 0 hme iso (s ||'n<.w-ma,r)

Comp?
s{\’:lfuf_.s ;:\C;'\:'\ r\::r:h\\',. above inverse funchon Yeorem — @ Lol e neor | G

@ Bom=> (B o €+ )0 = e e(0) = ¢t ”>
=D ¢ focal Aifieo near 9§ (since @ maps ace diffeos and /)

/Alkf‘@—fjo(:: -:b|¢‘f"3) ° 'lef ) 'b?¢g_l : 'T',C\_—y T|G.—-)T|H——)T‘€(9\H>
The (moF also shows : =L ¢ IS 5o, then w'ap«’g iverse fndhon Ham

(P‘G—-}H Lemma 3 ¢p Lo cally g\om_e_o new 1 =) @ Locad diffeo neor any §.
Lieap&ow\ Execcise v, lo{,‘ec.»{-Ne. and dimG=dimH = ¢ Lie 9p iso
(H‘\n'\"- use injed'n'JH'y q_ ¢:V— W above +o ae:\' D '\njed\'ve_,-\—\\ev\ use dim6=o\im\-|)
Harder execse Manifolds are Mwﬂ-”\j required ‘o be. Second countalle (= 3 countable
basis e e +opology). (£ we require “Lie gos Ho be 2™ covalable, T3 ik Avve Haodk
Bijective Lie gp hom =5 Lie gy iso ?
(\A@u above f D@ (TGYF T H Huem it is & SheicHy lower Limensionat vedhor -"“Lffﬁ(ﬂ)

( - ) Lommo. 2 ".ch\o iso = .ba(( vso Fec any 9 =]

so @IV)C Lk is a siricHy lower dimensional sobmanilld in H , 5o U-(ou need

uncountably meny left drmnslates @, (@(V)) 4o ko disjoint cover o} U (by non-open seks)

e @7 (B WV)) %ve Untountmby many disjoint 0ptn seks covering \/ contrabiching G is 2™ e
X @ (Becy) (VY = gc-—\gecd,\/) = ¢a.(\/) where (9)=A.

Def  Lie aﬂfdom e\OMOMo(’fL\,.'SM 5&:(\/, [_'.‘]v\_,, (W, C.I.'jw\ means
N Lineor Map [&\oma morphism 4 veclo r/nus‘)
7—) Lyx,, ¢x.7], = +E"l/"‘z—]v ol x, % eV
* Whew W= Hat, xﬂ(\&)} (8c) = Bc-cB, ¢ Uik o cepresentation of V

® L{e_ a_ﬂ{/,‘om \‘.Sorvlorpb\ﬂw\ |F- '-|»’ a,lso bli)‘cd\\le. (e\ovu.c \,1 I‘S'o or‘ v—S.)




MORE ABRSTRACTLY TFOR REPRESENTATIONS CAN REPLACE
FOf L:q_ a'fs‘ ' GL Ch|\R\ AV\+ (R\) \IJL\ef‘Q R 'S
For Liealgs: | Mal wya(R) End (R)= Hom (RR) | Veorimee

Often call R the fpesentabon  and write 3T nstead of @ (3) (7)
- J (9) (v)

EXAMPLES
|) \6: R— G |—param. Su\of.{bdr.r are. Lie 8_? Powns

-Q,)(a.vvpl-e,'. m ) SI ; X — erl”x (or 2 wod Z 1"" wew S\z \?/Z\
2) SUQ)— SO(R)  on Qsheet 2

'3) A;= G —G6 Lie XY ovp isomorp'm‘.rm
/‘48_ (A) = 3& 9—' (—\&e. inverse S Ag':Aa_,>

4) Ad : G —> Ank (T.G) 2 Aut (Lie G) ADTOIN T
REPREIENTATION

Ad (9)= D, Aa oF G

,Y*D‘Ag IS an MLMorpL\ Since bas inverse 'D\Aa-' (t;_wg)

5) ad =D Ad: Lie GE TG — End (T,G)| ADTOINT
REVRSI eNTATION
oF Lie(6)

\'\n'\‘:) s DAL o Lie O"'Q? bown ? (in L2¢+ure/2 will prove -\4,\9\-\)
(ad X)Y)=[X, Y]

Theorewn For ¢: G—H Lie Group bom
¢: Lieg =T6 22X, T H = LieH o Lie alyeh ra from

M: vﬂ obwous sing ¢ usvally ot a al)\f{leo, 50 Can'k Fu:&"‘orww}. a vf.

FROM Now onN ABRREVIATE %{ = L\E (&)
Consequonces Bj natvealihy of exp:

Cor o Ad(3) o A ad End(%\
e | 4 | exe | Ad | exe
G —2C— G G > Aut (8)

3-exe(X) 47" = ext(A@X) | | Adlexe XD = 2xpfad X)

I/
-Hn‘,\' exp we Kviow

Example Foc G=GL(nR) q= Mot axn (IR) s q
d, ()= AXA™ ank  Ad(R)-B= ABK erp(®)=Te4 Ty

-1
5% boy Says : A e® A = e_M’A (\no\ds bLecause (A‘BA"Y‘: AR" A_L)
Exercise What does 27 box say, using result fromledure & ot adX = CX,-]



PROOF OF THeore™M ﬁ;' mexNS

& | Qeft-4ranslaNon WG

A
Zele 6 = Z(;= 09, 2 2H(5)=95

Call Z=H(2),se:  Z|,= D" (Pe2l) = D (4eq) 2

rvle
= Z[():D'/¢He Z _— ' _
P G 2 e = foe-2)
L€°¢4 rv ]
becavre ?{ hon~ : ZI?
WP(y) CE(O) =‘f(9.) s I-CH‘—;’N\' .
= In general such veilor felds 2,2
=z ) = Dy 2 avre callad - cefaked

Rmk. 1€ @ was o difles, Hais would sany Hrak Z ir Hee puJ\'\v@rWoM
T of 2 . If @ not 4iffko, then DY. = neeh not be a veder Reld

brosesikion, | 1€ XX and YT ace -ctlaled then [X¥3 [X Y] are ¢ ctlaled
(proof lakc)

~ o~ /\_/
conhnve EX,YJI = b‘f' [X/\/] = CX,‘/} )
proof @) N ¢()
above e,q.vwkeh - 2= CX,\/B )

= [, $1y)] )‘h%\: (+ Lx))

o [0, )| = (¥ IxY))|

= [¥O0) = pOxy] (s f,fﬁ,;{fﬂ?ﬁ«d‘iffﬁﬁ’\)

Vge&

9=1 ¥(9)

PRooFE OF PRoPoS(TIoN
Givenm : M N )([m= DX sume vh XY on M Wonk: [XF]] = de-[4Y]

i?ﬁ\:l«mﬁ: ’ﬂ‘?!-\= De-Y “ %Xy N
' n hd For VETmM and £: N—IR
Need TRICK M /‘ '\] AT - ((0%) Z(DM"('\T)"F e %
foup £ for vedor KUA X on M
TRO0F of TRI\CK LOCAMAJ: = X (‘F“e): (D(PXS'F
j 5 . as fndons M— R
V= ZO‘J 2% and “e;—(‘ev"v%)’m - - R" T\
v (fou) = ZQJ‘ %_(Faq) means :
J
c:—m ZO\J- 2f ¢, — (Dte-v\-f ® ((D‘f-x)'ﬂc"‘):
e = (Pt X| ) £

LMG\HX for 'Dte



(D‘(‘[X,Y])- f = [xY)-(foq)

X- (Y-(Foe)) = Y- (X-G-))
= X (e +) — sakhxy
= X (Few) —
;= X4 — -

UK ~ 7~
= ():(Y'F))l?” - 4
= [Xl?’]/'ﬁ 8
@) in pvklar o :.)

Em% Quesbon stk 2 @i SUI2) — SO doble cover LiCles neor 1€SUL:
- +: Dl(-e : su('L)% so(3) e ﬂ%m t'.Sow\or(lARsM l

74 ~ .
{2;(2, complex \ U232 real stew-symmenic]
n

skew Permika /(cgnned-e_o\ ooW\oOV\en4' fﬂ, |66)
U A V\ﬂl\j\'\\owr\r\orzo\ VEG, o1 generaies G:(M a 4up

PE Can assume V is opem (inkior(V) is tcw\ul,- Haomm V, 1€InE(V))

<V>S= SuL%-mu( %W\Qm\eo\ \,~7 Vin Go 4 1t
in il bhd vV V<a
= V5 € Gy o¢am jubseb (smu Vi --Vie has n v,V €6,
L’\/—J

= (ofets %-<V> acre opemn (S\‘nu. ¢9 Faffeo) \\¢ (th)
- N> dosed subseh (sine covvyf.zmenri-c«ql open set U 9<V>) Vg 1
= <\> connehed COV"VOV\‘CV\'l' (anCL OF{M&c,foSeol) l9<V)4=<V$ homeom. -~ 0pen

= KV>=(6, @ diggoint Yniow of (VEim,
Theortm Led G be conne cied
A Uiz gp from ¢:62H is uniquely delrrmined by Dy: TG —TH
(Me_amir\a: i te,krevf &-H Lieaf‘mvvd W Yh D,L(:'le? Hen c(:c?)

it Navealdy o{,ex‘o: (sl Wbk 0 € Ta) _2¥ T H
exp | DIFFeD [ exe

V= smallnbhd 4 166) 5 A
= ¢ Mrmined by Dy on V
b 2= ¥ Mdmined by DY on LVD= G =G @B
Worning (”no\-wv»l-H/v'\ s dtfumined ak Haa idonkia")
Su() € sol8) bk SU(2) % SO3) : diferedk dopdogaly -

coSets of KVD .

S RP’
F_/*_C_T (nov\- eMW\:/\o\H&\ S? 1S Sf{V\a\7 connedied (CLQO Qoo\o.: ace Cow\mc.kun)
IRP3 IS no¥ § ;zv\o\7 Conveched |
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ADTOINT REPRESENTATIoN

LAST Tine Aa: 6— G wnjuag\,{-\‘on by % }(3 (Z):gﬁg“
o= Lie(6) Ad: 6— Aut(q), Adlg)=D 4,

ad=DAd: 4 — End(g)

We will need 2 TRICKS from LECTVRE |- @ DYV = 35 e @(y1s))
(W\r\ere, @:M=> N, F:H—-\I\l) = [Curve K(s\j) @ AT _F — %|S—o ‘F(X(S“

Theowm  ad(X)-Y = [XY] v Yeq
GEI\d(%}
oadX) oY = (D, (Ad)- X ). Y
AT 1o
—~ 2 s)) - /( -
& sl Y el B e e
def 25 lo D‘ ‘fxls)' >/
GZ) % o%LA by (s) (X‘/(H)
= faz

29[ W)Yy 1) Yi)
def 032t J(o o)X ! i_/‘{YxC—S\ <«— Queshon sheet 2-
T 2y _ "
packal desivakives commule] It s (0,) \6'x 5 UY(E)D’XIO) t35 | (o) V(O Wy (VY (5)
omd
chain runle {or composition S y 3 2 X
R RxR —> G = Z| 5 Fleme) - 5 & Fbyy )
S (s,-53)
\\‘O&Alﬁ'u.l' ] -a
(2,4 - Y e Y Y () | P o - 2 — 2| ¥
' b’x ! Ux m«c;\omwcic& f ©s 07/|Kx(5\ dlo ‘KYH:)
R =g X9 X (V=) amd def of
= 55 " 25 %K X fows
°8 FY(£,9)=9- %y ()
=2 - 2, is fow of ¥ = [X,Y]| by redt Lemma B
- (LecTvee 3) _ !




A|

s

Lemma )(I\/é% = [X/\/]‘ = % o

o

2{7(5\

K obally y=5hog  so Ny =2 b, ) 2,
X
? _ A1) 2
-’a'_'sL \/\Ux(s) = ;0‘6)(\ ‘%; @— Z(X L\.) X
Proof of Thm also showed * .
2
Corollar)  %,f e o = agsat By Ny (4) Yy (-

Deb A malix grovp  is oo closed subgeovp of GL(nR) or GLM,C)

s lo

(Or lineac o‘(\wp\ (or Ant (R) for v.s. R\
RW\K B\] LECTURE _']' MAis condition enSuces '\"1\2.7 are Lie ACOVPS.
Io
Exarples  Q(n), SO, Wln), SUY, SL(n, IR), {(LZC abceR]

ExpmeLe | (XY J= XY= VX Hor mabdx grovps  (X,YeMabhy,)

Y, (1= 1+ s + ols) £ s Uttle-ob-es i€ Lim f9) =0
X /\ T §-20 §
) since Xx//o =X Aence 3] £(sy=0

S XX(O) | -
=XV = Y)Y, WY, ) = }at‘ (11X £t (1+ Y2 w18 1-sKeots)
The s%t" o
(&ex;g:"'?%;§\: ‘a_sat|o (I+ £Y + st (XY——YX) + o—(s{:)) = XY=YX )
EXpelE 2 (3 abelian (s'=um, T™ R™ )
— A, (h)= Q98™'= 4679 = o
= ,qs\ =Tl

= Aa\(a) DAy = Td ("D of lincar map is the linear mag)
= od = D, Ad = 0O (”'b of constan} map 9 Td s O\‘)
= [-,-1=0

= 9 abelan Lie alpora (50 = (R”, [-/)=0)
USING EXP TD DETERMINE & AND G

LUV\MK \ £ HLUF\M"‘G ?JW\\vCo\oUng, Hen the l-param. s\:La,e.s of H
are precisely Hrose Y (s5) € G which ke fa H.




Proof Na.'\\erQ;C-\—\] ‘e_) —_— sYr— sX sinte embedding can view
exp

lmt( 7 I H QG_ omd § <
h— g Vs ¥els) 50 YEX, Win=z)is < H
convecse . |G 3 (Ve h then Kx ‘R H is & Liegp Rorm Ama I-fovram Subap in W
(Shnoo\g\ in H becavse smoothin G) [ |

Consequermces
. Can idenk e) Lie (W) wiM. oo veclor sJLs‘oac.z cj_ 68
c-7 = {Xe % XK(S) H &r smald (hemee afL) Sf—‘?}

K Lie aly.iso. (respeck bk by above Corollary)
cexp o B oagens with exp for Gt exp(X) =) €M if Xegc

EXAMPLE R rn) = { X e Mg\km( ) xT1-X —-O} oin)= Lie O(n)
= So(n)
£
groo+ xx(s)SO(n) = |= ¥ () ~5x(s) .fmu_TO(h\ SO(w)
: )\GL(M = (145 X)T (143X) + &) locall, diffeo neor |
" = 14+ 5 (XTeX) + 0l8)  hence XT+X=0 .
Conwesrse - .
xT+ X=O _—_) YX (SY\—YX(S\ Q_}(?( sX) eff(SX) X ( S'X CXP(S‘X)—Qﬁf ("' SX) Qxf{SX)
= (s On) ® exp fcecies i artes
YX ) Lo ?Un\ (Q-S‘\-C-d’ 2:)
SATNE PROOE SHowWs  win)y= { X€ Mok, (€): X +X=0)
EXAMPLEY  s0(m = {XeMat, i Tra ()=o) (sem= Lie SL (n), work over R o)

E dot XX(I) = duk (I+s)() + o) = [+ sTe(X) + o)
3\ det ¥y () = Tr (X)

= s |, TM‘ @ J.u cavse
= %Lw ¥x H) ; ,m Kx(’cﬂ) T 1) or“r::

\A < ) ordv s -krms
s LR | Qany) e
= Aa)rxxtf 3| dok ¥, (5)
= U Yy (). Tr(X)
Now: Fx (s)e SLIN)Y = Aek Y= =D I+s T\ <o) =0 = T(X)=0.

enverse: Tr X=0=) dek ¥yt comstant in &t = ok ¥xl6)= dak Ylo) =1 éb’ (8 eSuUn
SAME PROOF SHOWS @ sun) =] X e utm - T;—(X\'O} pag e

Theortm Lot G be connedtd.
l) exp + @ — G 15 a Tove hom & G abelan
L) G abthan & G = torvs X vederspace

lor | G oxbdﬂav\;ﬁe_xf:g—% Go Sur‘,z_dw'ue e\om onto Qo= &22?2
Cor 2. G i ack commechkd abtbian. = G = T

Culturnl RmK [ non-conneded case in 2) gt Forws x \redorqquol\screkql,elmn geovp
PROOFS  Thm 2 =3 Gor2 @ becavse a vechorspae = IRX is non- compact (k#0) @




£l:= (8,1 is an abelan grovp = exp (a)) abelian
But exp(q) gramhes G, =6 (lecvre S @ exp a2 b V o |€6)0
Thwm | = Cor | Lexp(8\7 = Geo MA)S'H\U. ;Magau_ﬂ_a_ fom 15 S\I\:m gd' QXP(%\= <€.><9(g\) 0
w—"¢L G abellom = m\re‘kp&m]xo\,\ /V'- GxG —mG '\'\.s: a Lie > hown

> hq.\\lg‘ffb % exp : /“‘((9*""\'(2»&1)) :/4(93,)&,&)=

D=9 — D (X =00hhT 4ib 9= 0,810, L)
o |, | exp (X }l‘ D.p (I’Y) GTa\;c\\‘ah 4 F
Gx6 L5 G

(e X, exp¥) — exp(X)exp (¥)

Remi W fak L}Q(G,XG.m\:%‘%%l 2, 6 %G, s Js¥ exp in eadh endy,
Indeed KX,+X,_(H = ((xl({:)l‘(hlﬂ\ € 6\X6y Sina solve Flow equakion in each entry)

P n®) £, 2 pisaned flge)= XoY
0 rvlx

Mﬁﬂ ap(x+Y)= exp(X)explY)  so exp is bon ® /(=> Sherq 2225 ImQ
PL Thw 2: =3 deo is to wse Ye A+ iISomophism ’H/\Lorevv\-‘;r%(vmfs Ykergr— (@)
We aleady know |m (exp: — &)= Go=G (by M= Gor 1) Need find Kerfexy)

O@uim |<'-= KU— (%Q‘—P)G) 'S o dﬁs(—rd{ SV‘-L%{‘O\? 9'F ‘Hr\c \;Col@r Spa.z %
t_,(aw; (a\'n')' iS an open ge)c)

D _X‘y: °
|/4'(. )@ ot CfG—-?Ha'PI\”’“)

Poo€ exp: UV dibheo and for XeK: exp (X+WU) = exp(X)- exp W)
L A N ik S S
= Hote: X+W 15 an open seb around X .
= (X'(-\A‘(\ |< {XS (it\ K "QI‘ %L S\J\osfe::( -)-q\gb |93\1 for \(§5}> B {¥:;9“\a‘=k‘
bic- Discrele S‘JL?\OJ a'x, o vethor spa are collod Qathees if w=1e U

FACT «+ disetle S‘uks:m\;r_,- 01_ a veor spact  ont W (qs grovp, so oves Zndd \1)
X by a finite llikon of Lasarly independent vechors.
(’[\nis is grvvté by induction ondim of the vedker spae. We ke itas a fact foc Has (_oul"Se)

= K = SFMZ_ ()(,,___,Xk) = Zk = Kk=SPMIL(x"’1Yh)
_ — mk n—h.
= T = 50ang (X, X -~ X.,) = R x |3

Comple e o\ ’

-k:a.‘oaSl‘S K > tho

4.=) q, ~ Tk b exe ( =G L 4S+. Mo

g &= TR g =G by At
Loréwa -

Above pcoof showed in gen{mﬂ © | Lewma Dam/* (xY) = X+Y

for /4/\-' GxG ‘MG
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LIE SUBGROUPS

Lie subaosp HC G wmeans e HCG SML?mu
v ) . H i a L\é.
o inclusion H ——-)é IS Smoot

E7UI'V’\|€”‘H7' a Lie Sd.l’)?no i5 on lf\JCC‘|1V€ Lie ?Nur Zow\ H—-)G
(idenkfy H= J(H)CG\

EXA—rlPLES
= R- (I 3) T )R/Z Lie SIAL?( = S' nam(,@b S! <, S xsl (7_1'!:) (ZTM.' 32.1’..&)

In his case, H is also a svbmanidold ! a arde wenpping arovnd ‘F\rs+ $' fadder ona
amd U(?\-(p\"\} 3 bmes Aond J‘(,c.ov\tx S' fador.

= IR. (I,\E) ST =RY/2% Le SuLaf = )RI but not & submanifld (Q.Sk&'l? 5)
H= |mage (%) € G Lie subgp (= R or &' “rw“'"a on whelr Y, is injechve or hot)

Moo | (where X+0 €LieG)
: = D Y
=1 (g53) vesh e uo
H= { (L'ft) L ahcel) ¢ SL3R)
0 O |

* Go S G for exanple SO (2) € O(2)

NON - EXAMPLE > Let RE R be o Uinear iso of vector spaces over B such that V2 5,05 map +o

V2, V5,03 cespedhively. fhen @ is o Fove o (U;:Aa addiXon on [R) but «¢ is not Smooth
sinte no¥ onhnveus (conKnuovs ],{")u,koy\s RAR ace ecMher siicHy incrtasiag oc shoetly “‘-‘{“5"‘9)

GENERAL EXAMPLES

(9 ¥ervely s Kerg)
* H %G Lieyy bomn = Kec ¢ ¢ H is closed nocmal subgp (q sheet %)

CEACT 1 NCH closed normal subge = H /N is & Lie ap in nadvaal
(see Lecture 8) ormes S4R0¥ /N s e He ge o M
At iso thm + Fact |

HY% G Lie 3¢ bom > H/Ke.r(te) = Im () L_ie.w\ogf 4G

7

exawple Yy:R— G, X#0= R/fgery, Tlmy, €& Liesvbyp (indeed &hors')
- Cok Al closed normal Lie suloa\os arise as Kernels: N = ker (H "“°+5€“‘)'M°"‘> H/N)




| :H-o G
WARNING : LIE SURGROVPS MAY NoT RE SUBMAN|FoLDS | n‘\’m7 not be
an embdo\fna

EXa.vv\oh.S R— T = |TA”-/Z 7_’ F— (1) A'x_)) for A -lf‘('o\‘{\'or\d) is iﬂ‘)'euHJ'Q and
has dense image, not oo bomeomorphism onde image So not a subwmfd
(Hhe subspaw dopology for the image is not Hee usval fopology on IR)

Lomma | B 235G Lie subgrovp = DRY:EH—’EM)G injectve  for all he H

EE dyj is injechive by nqhmli\-y Bf exp Sine j isiajevtive nbhd o¢ % —s nbhd 0¢q

. L [ exe Il exp
(I\near mq.f is \AJc\Aqvc YY) In‘)c_oh.re near 0) nohd ] € H injedn‘\:t nbind ¢

To show DgJ injehve : ] .
Dy - Xy = DY D?é -)(|I 7\: D,s?m\-‘lii-XL
re eodi=ot) N\ /

( Span Ig H ) = (&) (") injeckve

as vary X€ g — ¢lelﬂ)° ¢ .

Pmk Maps N n with Dy in:)edw\:{ ae called 1mmersions .

. . \ . i.e. ¥peN Fabhd U N \
@ immecsion & g is o Local embedding (3 V" 2N ST

(Nor\-emmino\\ole_ : .‘m\ohctl- fonckon +heortm a,(‘gdm{.n{‘:)

Co—~ [Lie sv\&?\o_s are Locally embedded .

EXaﬂh_ (ocallj R— T, acl—-a(z,}-x\ looks [\Ke /

LIE SUBALGEBRAS
L'le S\ALQIML(L \I\l < (V, [,3\ means . vetlor SuLquu_ W< v
" « [ww)eW forall w,weW
Equivodfm“p : e Lie S\ALw(éxer:— s an injedhve Lie alpilc. bom i: W—V
\(;o\enkf, W=iw)eV)

Lemmeo- H-‘i-)G Lie Su\oag > 6 -le') g_ Lie sub
P£ By Ledve S, Dy is Lie aﬂg,&om_ By Lemma |, Dy injedkve. B



EXAMPLES

« H=Y, (RIS G gives G =5span(X)=R- XS g (abelian Lie subaly since [X,X]=0)
+ Q.Sheet & @ Lie (Ker(@:H—G)) = Ker DY C_'_e) Lxcsulmla

Lie_{()g';o,_‘é%\: AJG—S'} = {(‘-éi.
: (53

SNBMAN | FoLDS

We defned submanilolds NEM bj 5‘“9"‘3 Hotd Hhe inclusion is an emLeoumg
but Haak s net Very prachcal. Beber:

(o)
(o]

: ) iﬁm,%em} C m(3)

(e

O« ©

o Rl o4 0
-—0e
~—

_9

U

(DY

(O

7o
"

|

4
2
0

S————"

: X,j,%ém} < 56[3,12)

FACT A subsek NEM is a submfd &= Vfél\l 3 product parame Nizahion near p
Means :

™" W
‘l mn 9 Such ‘u\at kIJ{o)sf
v CowM « ¥ ((R°c0)AV) = NalU
,va\_-: ]Kv\xRM—h_D V_\P) u < M NOHC@: ‘P/ 3:\/&3‘ &parame-fn?:n .ﬁ(- N
Fammc-\d%n for M ’R“x o)

Local coordinates . X Foe N can be exlended +o
QDC&Q coodinales L, -9 Anpees; X ‘FOr- M

So gﬁCo,QQ@ N s H\e waS'd— deBned 19“) -H«e quu%onS{ ':-H =0

A =0

WHEN ARE LIE SUBGROVPS ALSo SUBMANIFoLDS ?

Thuorerm Let G be o Lie Jroup.

A S‘MLZ«N{ H < é IS a SULM‘FA 4___:;) HQG CQSQA S'ULJQ,‘(‘
! X
° vmng, Hha and hence an
(""__::L-S‘Q am?;:k i H) ( “e.mbeololed L.e mt’@”"f’)

Exanvyple A‘ny marix Froup (= closed .SvLa-f s} GL(n)) is a Lie gmUr.
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WHEN ARE LIE SUBGROVPS ALSo SUBRMANIFoLDS ¢

Theoernr Let G be o Lie Froup.
A s'bd:a(wp H € G isa sibmid & HCG closed subset

is & Lie grovy embedded Lie S\ABZNUP

f
(NLT aSsUMing Hhat H) \ (amot hence an )

EXO\QM AW:] Mot x Froup (= closed ,SvLa-f nj_ GL(n)) is a Lie gmuf,\_
froofob Thm D¢ U dmgd = H locally choged in6 =2 3 nbbd V of | with VoH ctord

!VH xV/ Lk ve H/ prek x € H dose Ho y = x € g\/"l
Y Le: Veontain bhdof 1eQ, so
@ = ye xV aH (v\\’o_| does aflso ::n::?v';-::oﬁ is f.«.-ﬁ;g. ¢>

G So 3V conbnias open nb‘-itx_ Y, So 3V’:AH¢
=) 'x_"ié Vnﬁ: aH = ge‘.tH%H' = HESH kuw gqual. v/
S Avakde H sdbap
x*H= x4 =%
we will show I is RO
P—f-@ : %'—'L'N-G 2\/?0 5 Vl=¢ng.((/1', K(“' nbhd u‘.‘— o ¢ Lie(H) %43 VD V'
Qxp diffeo T Qoa. = avrie ‘1/ exp Vo L“P
G?‘Mal 2 U’ = Ha =wbhd g 1cH c
Note Vv’is jusk a subseb of 4 . We wamt do build o veckor sbspace W &om v!
Whidh s & Lkdy cambidabe for W= Lie Hc g.
STRATE GY: Pick an faner produck on o (idwkﬁg 3 ¥ R™ and vse vsual &p) u’
Define a svbsth W whids s Ly & be Hae sek o} me\,cd.r, Jo Hakl. e
Show Haak W i a vedor subspace u‘ S . )\/w
1
Then show that %=W€BW 2xet) el 5 ¢ i o produdt paramedandion near |
/. 2
Iknlem n u""
\:\'r\q“-; éﬁo ¢ is a poodudk paramuetrizalon vua e H . @MQG

/
- . — Dinn Vi / !
PEFINE \N = {‘l;)(- X—wﬁ_m | Some v'e V) w'=o0, ‘tGR}

nl

MOTIVATION :  You art -|~(~1b\a fo vadersiomd Wwhidh ace Ha LJLJA] M*W"
Arehons fo B oab | i it caally were o svbmanifL2d.
«So tjou onsidec seqummees O‘.{- veclors '0",\’= Loa_ (An) for e\ne H dosedo |-

Kats explains Har ondiRons eV amd v,/ —o.



. !
. You. are. viot inkroled s Mar 2o \'cdof‘/ So ‘Iou\ ™l oo wll wermaize Nn

B |
. e condibon Wt '\rv\,/\\r..{l Lonvtrgls is not reolrdhve of aﬂ/ since V\T,.E:%
’\fh/l'\rml Le i~ Ha Cﬂwvad_ uwik S'(Ll.re 01_ %_} so qu‘“'\a to o sobse, /)
. . 1W
You com aﬁuwr amvant. Yook it con in . . ]
d MO(‘&.QL!, '\’\' S\I\O\I‘Q& Le I/vuwlf\ > dlee W = fR (V'(\Smnuselnm ‘S' in %) sina Maks
wold be Y R-spam of a small sphut in Lie  amd bumee 15 all o LieH. The problom

You wold meounie~ s Haak it's nok deam Haad /A (bats boundiy STiag) € W
SANITY cHECK

[£ we Knems H Wor am embedded Lie sw\ng amd We ke V' = nbhd
W= Lie (H). Proof: XeclLieH ﬁ\r“’:vl\.x € V! for large v, v, =0,
bine £ Z €W allteR. Take t=1Xl 4o gtk Xe W/ ®

Uamm | exp (W) < H

4 0 e LielH) Hemn

'\rv\l :L—)x— 6\/\/
I~ X T

et We nud o shou axp (4X) € H (wLu'L X= L Vo v.'eV!  v,'—>0)

S
Nete  [Va|0 and "", VX 00
e £ e ‘
Pk M.€2 wihi ma Vil ot — (.‘deau ﬂfpmxfmkf\‘ar W !’j inkegers '“"3

= xp (m. -\r..’)=zxf LRV L ) — 2xp (£X)
e v/ '

g sheek3 | ¢ L = eplXlet =H. 8

exp (v,\’)me H™¢c o X

Uaran 2 Wé%

(S a ve clor Svaf&fL

EH by laim |, s0 YIt) €V (small t)
———
45 Sctla‘y v uien}: X’\/éw = Lk Y= La (Qx,;{{)() L\a(-(:\/))

So Yyl)=0
t90 I Doy (¥ Y)=X+Y
= L Y g, ¥l £ = XY, JiGxG g
20 [y Tyl (XY LK (L)€ VVas He
\‘na Xlw)€Vias
= reScale X4V eW ) “ap! Vin n\v;_ defnitHon of W

Uin3 Defne R =W O W =LieG 5 6, ¥lw, @) = explen - exe(i)
Thn Y is a poduct paramelizabon for B € G nor 1€6.

& Do+ : (X,Y) = X'\‘“Y 4— q.sheck 3 (Ln-vvm 'b./'\ from Leksre 6)

=) D, iso, so Ly invrse Lahon Hitorern ¢ s iffeo - 0 humce /wmhﬁar\ e LEG.
Rowains +o show Y(W) ic a r\M}ALer\mJ of I€EH (Nole by Uaim |, ¥(W)<E H).

Suppese aot, by onbradichon . Sine W s sujehve nas (€6, Hus inplits:

T ¢ (wa, ) = explu,)eplu.) e H\Y(W) acibrwily dose 4o |, So : T.F0, and (Wn, 5, )= 0-

€v
STRATEGY : build a non-tvo we WhaW= {o) (=) coh-kml&(kov\n



Lu.,\ é cowwuk uait splurc n \;J , So qusuy 10 a :.,Lufwmu Con assomnl. D Un 5 weW , lg[:l .

(& = = S5 w#o _l
Butb expluaeH (um)) 5o ex(T) = QKP(GNH\"' e "ﬂl:a)"‘l’[”n) € R fae suLa"a

—_ — |
é Wn =£03 exXp Wy, ev \.J“——!O) W—L\N\ WI\ So -7 Mn\hov\ c; w r}r We\l\! |

(N

NoN-ExpmineaBLEe REMARK: QUOTIENT LIE GROUPS
For N closed normal W’aoso-f} G = G/ Lie grovp

« G536/ Smocilh

e Lie G/0) = 9 /m whae Y=Lie(n)

I-defne o
' =CX pedtaede)
C)(+'V\, Y+ Ml C 17/]+'yl (?Q%k—geieq-) ?

.Topolo@‘a. on Gyl i 7w‘FM+ %opgﬁog? (W< G/N Pt~ D T [M)QG open).
*Locall parameldzn wmor |'NEGHS s

p: (P oewY) S, WS wewhag Zh g T Gy
e Near gNg 6/N Hu Local fown. 3s Bgo

of above Pmof

u.h'ma notralion
for K=

CoNTINUQOVUS LIE GP HoMS ARE SmooTH

T\\cor{w\ ((: H—o6 Cov\‘hnuou.r 3-(‘0\)(’ e\OW\0morpf\© sMoa-I—k !
H,a Lie 9ps (&ewu. Lie g hom)

EXAMILE R-sheet i SUR)— SO(3) obviously cf3 gy hom = Smooths

PL ngngr‘{:{{&,cp{m%&e%g HxG is a losed subge staw ¢ cts
Pimer. Lie .suLgr, 50 submdd, so To =1 HXE 5ok .

i) Hx 6 15 H  projechon (smoott of course)

= FT=Tou: ﬂ(-aH smoo¥h ) 7 QoCaQJu'F-Fe,o
) = L
'“) is Q\omeomorp&\\-w\'\ (iverse e (ﬂ,%(m L:Z!LN:S}
“) ¢ 4 4 \
go bom = T gp hom 6,56, Lie gp bum
T |/\orv\eamarp’r\+QoCaﬁ Ad‘F-FCo = diffeo (SQC L-CCL"‘CS) Y Zocaﬂﬁb f/\omgo neac |
(.( H __.; f¢ = HxG em‘)uké smoot. R = U Locall ditfeo
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THE SUBGROVP - SUBALGERRA CoRRESPoNDENCE
G Lie FrovP, %: Lie G.

Chevalleys Teorem There 5 oL |=to—| cocrespondence.
{LLQ SMLG/%L(M 690& }

AL {Csnne cled Lie subgoovps HQG}
=Lie(H) «—— H
6, ———5 H = Lexg e) 2= S‘u\>gf g—w\e.ra&eol Ly €Xp6
ExAMALE dim f<caq Heq
o) {o {1 )i
| R-X ¥y (R)
(Lte SULAQ%W (Imaz,( of Hre \
sinee £X,X}=0 (- porame e sabgy
n=dim G % GO <G

EXAMPLE &G =T "=R"pn = [.,- =0

=) qvxy \j‘gdor suL.S‘pau_ %_C_Cg |‘g a L\'e_ SJLA%W,L%
Reaall exp: RN = T 5 4he haMomor,ol«vtsm T (W)= mod Z"
= lexp 6> = exp(6)= 6 mod 2" (= 4/@,\7_“)
:)COFrCSfOV\AMCL TS : (

Vedkr subspaces

|2 abelian su‘og«OUP
< R =Lie(T")) < (
MORE EXAMPLES Q- sheet L :SO(3), SL(2,2).
Remarks . |45 becavse we wamt Hue above

% m'gd 2" c Tn

have Yhe farm

cocespendeca ok we do not requice Lie

subtorus xvectorspace
e.q. R(1J2VET> is = 1R
R-(,3NecT" is = S!
subgps o be sbméds (Lechre 3, Q.sheet 3)
+ The coreespondence is dibhawlt 4o pove becawse H =Cexp§> need not be
& Subméd . In jenuaﬁ we need 4o deRne a new —Fopoﬂo on H}\.JHCL
Moany nok be Hhe subspace "LOPUQOZ“D) in order +o prove ok H (s oo Lie 3(‘0\40.’
(Example from Ledve F, R-(102) € T Hhe subspa fopotogy has
Loss open subs Hham Hhe usual topLogy, on R.)

&
Zabe
Connected is necessay): 0(3) SO3)c GLI3R) Aave Lie alys o(3)=s0(3) < HBR).
Proof of uniqueness : 4 connecled = H Wo( by nbhd o 1€ H



= Xp () gnerates H (since contanns nlo"lo!“jl)

= H=<exp(g)> is the only possible choice i€ you Wanr Liek =
Proof of exislence *

D Consider D= Spem (8)cTG. Rk basis X, Xy of 4.

NoKce : ot Lok 9eG | Dy = spom [X«!,:--vxdg) € T, 6 s a d-domd vs. amd
Locally neargeG Hhere are vedar fddn Y1, Y4 with D= span (Y, -, V) e.g.Fake V=X
Sudi D are callld a A-diml Aiskibubon on Hae manifld 4.

@ Soy Hak a veor KL X on G s in D, witen XeD, if Xlae D, allges.
W\ D is inl-e.ax_uu.o_ (or ?r\Voedkve_\/ me.om?r\JS EX,‘/JGD VX,YGD

oot ol XeD ace faint\m'se in span oj— X, - X4 bence

X=X -a))(- — e (X.eh.) X (X.oq-
\/=zt:m X = CX’YJ_Z“‘LJ%”‘ (Kb g —bilXj-a:)X; €D w

“‘13 é%sinaLie, su\:hlj é@, 6%

®

Locol Frobenivs Theoresn

d—d&m‘ﬂ 'u\-‘-ta-rq_L& A.\:S'\(‘\\Nkohj ot fpmﬂ{j 0} -YL.e -(brm.-
I %iq Y local coords For Hre maniddld  with ”Dx = Spom 2 2

77 axy

proof idea (Now-ExamNaBLE) A 4

Localy D= gpam (¥, ¥4). By inkegeatiog 2 gek Local coordinabe X,= S/H2EY
Using ¥he flow o} ¥, one cam bild Lcal coorkinades ¥,,95,1ym With V= £ and y=x
Then modtfy other w6 Zj= ¥ - ()Y, (§22) - notice Zj-X,=0.

The slice {!|=O} i$ Louﬂa a S\ALm/a( S and "D,=5,7"""‘ [zz,---,zal) s

a d—l) deen'l ;n-kaméeu. disicibuton oy § (Sl'nLC "2)'1\1:0 bave %.)é_r-SB

Then vse an, induthion on dim zf disinbvtion 4o 0o cal coords Xy,..Xm On S,

Exlend Yo, Am Yo Local wodds N~ S by projeling 4o S (in y ~0ord sYsiem)
8y conshvihon Y, = %(‘ bul need 4o check 2‘)'-3(:0 for works X =34y, ,2em

We knou Hais on § by induchon) so We need 4o show W+ holds also near S.
Obsecve: 2 2" =Y(F )= [N, %] % since Rx=0 (for %=Xy, %e)
€D =span (Y,,Z,, ., 2d)
myl.i)o 2, 2ex = D fe Bex Some fmdkons £l
Now £ix valuts of %, 2w, Hhom 250x = Y;00) and gth syskem of ODE's.
%}J-/(m =2 ‘f'jh e ance umge soluNon Ve jakal condidon

[mkal condikon is Y. (1,):2‘)-1.:0 on S=[1(F0} (Lj Tndadion) so 33=° unique sofutiom

= D=spn(,n By Gine Dox=o ol w«,--m(?'x‘im%m%n’%\
. _ Bl 1t .- 2
@ [pmﬂ,a can integrate D meaning, Isobmbd S€6 with —I;S=])_, Hoa 2= 5
namely : S = {x = (£,34, Cau,y G)] < called slice
\_'—v_—’

constants




"33@%25‘& S are Hee ondy Connecled inlea-(hl moni{olds 4 D (mum‘ma, T S=D; Vs ES)
= H neac 1eG is He unique slice o D -Hnmvgla | .
@ plew ~|~03~c-|4\er- slbices 6}{ D sharkeg wi-\-o\-\!nisonets o buitd He manifeld H-
Rk |2 slices are embelded | so we simply define Hhe -I»o\o,(.oa«j anmd maniold Sivdoce
as fz sbspac dopdopy amd sibmantbeld Audbvee of S<G.
DeRanibon A leaf | is a connecled Tntes cal mani o \d mum?f\:):
a manifold L Lr-\*f,\u- With  an injedive immerSion L6 sudr Hak Do TL =D .
EXam\es: cashice s an embddded Loaf. &('b‘{ "":)ttﬂdc)
*R-(12) is & Leaf in T*
Recall (Lecture F) (o immecrsion & ¢ Locall ambedding
Claim 2. A lea€ s a vnion of .s|\'ce.S‘, and eads sbice is am opem svbset of the leaf

PE Usi:\a @ cts,for senall comedtd U L have ¢ (WS bocal model @ so ¢ (U) = Some slice .
Sing @ immersSion, Y:U@(L)CG Lol wabzolol{na (-Fcrsmqu W) so u%’(e(u)di-ﬁeo
so He dopelogy & manibeld shvdve on (A is He same as for slice (Rmk 1) @

@ Rk |+ caim 2 = hpeeozna amd manifeld stvdhre on Qpaves (s delermined by G
= finecr -\opeepz—v on G called Qoat to pologe Gven by Yeking Laves an basis of opem sefs.

Exanyle . R (1,)c T* < all Pese sejmanrs are Now ogen sets !
Y

(leaves)

= et |H = Hie connecled Couv\ponbwf'o’} | in Hhe M'I@fe‘eow on G
= maximal conneded leaf in G Hrough |

= H is a connecled manifold (Wikh He leaf dopology) amd H—G is an immecsion,
Non- examinable FACT A mayp S —':(——3 H & Smocth & composiNon SZYH—-G smooth

(&= requires 5ome Work to show o cts) ecled co el
- mwn on
@ laim H s a S‘mLa'f C'g"r ‘\;}"& le"&w'\ef"l"w
B (fX5X for alt X6 §=5(F7),D=D = ¢ pecmutes the moximal leaves
G
{&Skee{: 1 (|nd€€¢1= L% leaf = Li,c,éﬂ_;G. leaf Since \‘,\)'eu'\'\lt, 'Dggqo Dy inyedi\ve,

amad D#;.D%TL = 'D¢;'D:D)
FW'LQH: ¢KG,|-H QU} aowl'wil\{'ﬁ | = }Z‘qu cH = 2% H
= (:_,)_.- He H s 8.8°¢H atl'cH m
Clarm 3‘(‘00/ a/crq;fx'om: in H are Smoodh _ ‘
PE Wantd iaversion HisH smooth. By above FACT need show conmposik S=EH=SH>G s

smoota. This conmposike U'u«ﬂs K~e cowmpositon H LK..GI 3G hener Smookhh VvV
Smoo Smootl

Want vv\-r{kfhcqh'oh HxH £5 H smookha. by FACT need show S=HxH Ly H-H G smool..
s Lquals Hhe towyposihon HyxH ;";‘—’:;:1 Cx6 2 56 Lemct smood B

Smoo
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COVERING HMAPS
A smool, surjechve mayp n’f. mam folds T: M= N 5 a w\/erfng map If

H\&N; s om opem sek U arpumd any pa\'n-l— pel\l with :

D « T = LUW  digoiat union of spem sets

M ~ Pee the sheets over W)
~ . u. d\ €o (
““ Lo U

@ The Kbre over p s TT()= LI {T’JL} (disarele set)
l:XAr'\(’LE'S

ex
\L-IT ’K—-; 5 P|C+0rm“7 m —ﬁé , e_xp"(n = Z
u * Q . S\r\ee’c | ¢ €XP =T : ‘R“—P _r“ = \R“/Zh wv_er_l .r\'kre = Zn

N  « Q sheet 2: SU(2) 4_50(3) dovble cover , £bre = {-_t I}
NoN -EXAMPLE : (0 3) TN S0 focal dfeo Lut ot covering
RoES ) T focal diffeo
2) & N iy connected | Hhe fbres are all homeomorphic
(Pl‘ck o padh Y From p 4o f,' in N=2 T7'(¥) are paths from ﬁ;k'ﬁ')
3) FACT If M,N compack mfds o€ same dimension, N connecd  thew
M-N  wvering &> T local diffe, & DT svgechive
Lemma. For T:H — G Lie grovp bom  and covering Hrem
@V ) Kere W = w(1) 5 @ discrete closed nofmwe swbqp of H
- ny w) ﬁ'br‘es are homeomorphic +o Ker T
CC?-) for small ev\ouz?.. nbhd Vdf, le H)

@UL | klgflkr-ﬁh'v —> U=T(V) axrelre sheets over h
W) H/Ke,r'[[ = G‘ (\’)D 4'* \$o -“ne_or(.m)

PL far () W'(3)= R KerT i€ T(4)=9
for (i) : P“K U1 oo in defRaikon of covering -V = W sheet wntmining |-
\A omothes sheet = WnlkyT= {ky some K= W'=kV

’n\&OrCW\ l I-\ — G Lie ta,.‘o e\oM/ G ConnecHA, Hen
T c,overu‘r\a, & DT 6—)'3. (Somorphwsm

PEof """ T wvering = T Gocal diffeo near | = DT:TH->TG iso =

L34 (—"é DT iso = Dp T o al fe H
(Lechvee T) /



= T local diﬂeo/ T =Ko T discete @

nveuse

FonchionHam \ i"\«a& (m) is su\og,o c'} G ——) T swjechve @
COh\-a'm\‘na nbhd of | (G Connected )

Tk HXH— B smoot = 3 nbhd V of 1€ H with (V7V)nkerT=0)
—

(&,2) a4 wse 0D
Claim || hkV—> 5-T(v)=nbhdd] le G whenever T(R)=3
kekerT (wse @)

fk-V Z_’E—) 9_"-“/) oare Mo skee-l—s over 9 —n-(v)
PL similar 4o pf of Lzmmm' in pﬂﬁwew'"
bV T gTIV) o) Mife, v
surjechve v
injechve since: Tr(v)) = TVY) =3 T(vi"'w)=I Se NV = S
bomce diffeo Z‘\T—TV
SIMPLY - CONNECTED GROUPS

A PA-HA— conneded manifold ;s simply —connecked if continvous-maps 5'—+.> M are conmcachble

Nconnecked med ‘ ’
( See Lectvre 2 meaning : A conbnvous F: S'x[0]— M

EXAMPLES F(,0)=f , Fl,1)=cortant
- R™: F(x8)= (-t) fex)

- Convey subsets of R" @ Flx,t)= txo + (1-t){x)

{(é:;) : “:L,Célﬁ} = 3

Aiffeo
. S“C_'- |R'HI sla\nercs (nv,z) e— FACT &' .s\'mf|3 connecled

SU() = s* 3. GLODY=C\TY
SU, SLn,C) <— FACT simply conneded. /

NON-EXAMPLES  S', T, SO~ , W(n), SL(nR) (n22)  GqLne)

A Covering Mo N is callod universad cover (£ M is sroply conne cled .
‘t_(m_\.;\ connecktd)

FACT  Universal covers exist and ave wnlque vp o o morphism .
SXetch of exisknce (Non-e.xamfr\o\Ue\
Fix =2€&N M — g{ EX} : X: EO,)]—% N conbavous PG\'HI\, Y(o)==2 }
Q~e,a1w'\ml¢v\r,a'.. class : /'Aenkﬁj poths Y., £ can
conhiavowsly deferm ¥, 4o ¥, keeping endpoints Fixed
F:[of)x[of] > N, F(,0=Y,, Fl-,N=N,,
s)

N Flo =2, F(L)=y m=Y0)
think of Hhis a5 a conkiavous family of pate Y, = F(.,




M—T5 N, TE¥) = yh) = evpoindof

Rmk A Cocal parame frizakiown fP\"-\f—: N near ¢(o)=Y() also Faf‘a\mc-l(\'%e_r M near [Y)
Vi [K#Q'E]/aﬂ—m& shaight (ine segment %tx)ostst to y se TLy#dye] =y,

¥

Why M Sime\7 —connecied? ¥
(DEA: a (poP sl M} s +— C¥s] Lo(‘rC.S'POV\AS o o efd\lr& of Cocm % n N
So just conlact it dovn to % by F(.S,r)= Cpats t +— Vs ((l—ﬂ't)l-

P4

Lemma R G Lie Frovp, Ke vniversal cover G is a Lie Irovp in o natval Wary
So ot &5 G is sur:)_ Lie group born , hence Lia(&') LR 9 Lle aJ?é?,lLr‘n_ \so

~ (Theorem 1) doe = ~
Proof |n bhe conshvibhon f 6 above pick z=1 . ° G/Ke.r'lt =.&G|L_ -
emma, (;v

‘MM-{T . T = [CanSJ’a.Vl‘" P“'H\ ok ‘) } I\O‘I\'C.e vie TT Hese are He

mothelicakion: (1,] [¥2] = [pabh t = ()12 (1] | opecabions in W 50D ol and B0V
inversion : [B’]" = [fa'l:'n. t— b’({;)"l ] = L’@-M_‘j, Ia above paramedrins, Hne

orU‘wkon_s' ase Smooth sine Smoot I'n N,

EXAMPLES OF G —G [
¢ RELS' amd RN _exe T

SUER) — So3) Q. sheet 2

. Spin(ny = SO defnibon of spin grovp for 12D (example: Spin(3)ZSUM)
(FACT Spl‘n(n\—> SO is o dodble QV{()
FACT “"Con'kt maKe vniversal covers any eou‘g-cf“ :
T: RN veing M siplyconn. => T diffeo
F’ll C.Onr\o-d'to\

Non- examinable proof idea : suffices o show Abre T (M) is a point.

3‘9 cm\-knol?ckon} ' n’fﬂ,ﬁzeﬁ"[m), a. curve connechn IT\\,VW-.. woulll g\\/e_ o

contrachble loop in M vio T . L.‘-F-I-a‘n-), Hais condvachion 4o M Hhen shows m,= iy .
Co ~ : . " using thak £bres
or }G af Lie g9y hom + covering =y T Lie gevp iso acre discrete

Connected simPly connethed (and Oonneok.o\)

CORRESPONDENCE BETWEEN LIE ALG. & LIE GP. HOMOMORPH ISMS

Theocem 1€ H s sinvply-connected (and Connec'ﬁ‘ea()j

Lie alae‘om e\oMSS 12\ (e vp e\,omj}
i 6L o { %(:l e SN

Hl’=b|£(<—' ¢




Proot Recal Leche 5 ¢ a Lie 7e bom HIG iy Uhfﬂvelz delermined loy..D,‘(
Remains o show exislence . Lonnetd

‘4”5—33 = Jm,oL r':{(x,+(x) :xé;}ééxg

is o Lie SuLwSuéfa. Since ¢ Lie a.%, ‘om.
oom:.rfov\p(; Yo a connecked Lie s.ALa,mu,a S € HxqG , Lie(S)="
Consider the projeckion HxG — H Liﬁz,ae\om = 6@%*@ Lie aly hom

Observe T+ SCHXG—H oo DT: [ € Bog—6  isomocphise
(A, Y0 —— x

Chevalley)
( evalley

(’T\'\eorcm 1)
# . '
(Colars) S—H venty
=] ” o‘-l(’FCO (U.ﬁng, H Sil"\olj @“ACLRJ)

= H T-l ) S < HXG ﬂ;*-é L\Q ?f e\om ‘nobducl\g \{/ SIII\UL-'
X s (X, ¥ ()) > Yx) "y
Coc H,G simply-connected Lie gps wih b= — H= G iso Lie gps
& 9 % g j»‘-/e; o Ulm"l\re. Hi; 4G
gl o« GHH

v ¢! / Z H— H whih must be both o  19vop=d
g —_— % — % u ’ ¢ and (.-A(’.n‘f\'}‘y #\F(p(f:fol"

FACT AOIO,S ‘H'\€0/‘€VY\ Fo(‘ ahj Lie a_(je_br‘a, V/ Were s
an l'!\je_(;/']'V& Ll'e. ﬁj?-@.ém Aom V —_— %(M,R) ) Some m.

Lie’s +hird Hieocem
ﬂr\ere iS oo |—40-1 Corresfonolevxoc

Lie al e,lonuj : ] S;Mplj—-Connecleo(}
{ / /L;go?% [ie 9roups /Lfg 3P
%_ G ISos

PE By Cor, get uniqueness d G (vpte \‘So){or— gven p! (vp +o iso)
Remains o show exiskence of G gven Lie algelorm V-
Ado’s thm = V< gimR) Lie subafy

=) 3 C—oﬂﬂf(}"ﬁd Lie SMLgr H < GL(M)|R) wivh 6 = V

(Chevalley) -
— take G = H wniversal cover : sirphy connedled and ?EQ:V ®
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RE PRESENTATION THEORY

Levee St RC(rLSewl’A‘I\'of\ \/ of Lie 9oV p G means -

CoanuouS &ow\ G _— Amt(\/) bJL\e,rL \/ vector S‘pac.e_

EMKS |) o We Work over feld F =R o C

o q|ua75 QSSume V 'I[\um-\-e o'AMZV\SmV\R.\ V- S‘/IF a= A\M (V)
2—) Aut (V) = (|V\€°f biyedNons V_’V) £ eveK basys o’j V Av»(:(V) GL(J F)
3) 2E.CIJ\.H Covx‘hnUouI hom = Smootn howa

Lemmoa Equivalent defnibon of rep

G(\QU,O a.d\'an G ) ¢ V e V c,on‘)\'nuov.s "~ G) ||'n€ar- n V

Exp|\‘c\'\-|j: &) |-V = v all ve\/
i) (9‘9'_)_\,—: a,- (3, V) all 4,9,e & veV
For Hais ctason, we oftem call V a4 G-modelde o G—mod
PE Pekon delumines G 4 Bijeckons (V, V) | 9+ (\r\__—s%/
Conbnaveus Tn G amd linearin V  hence G X Aut (V) rep-

Comlmdjl for rep G5 AnTV) define ackon 3-v= Q@)Y | a

Lehvee S RC(MLm‘l’WL‘ow\ V of Lie aﬂjx_Lm % means -

Lie aﬁay_lnm fhom % — End (V) where V vector Space

using Mo bracket Lo, fl=dof—ftoxt on End (V)
Rak  End (V) =(linear maps Y2V | I£ pick basis of V/, End (V] Mat, ,(F)

Leekhee 1O = For 6 .S‘\~\o|) -covmethed @Mo\ wnwec_kd) Lie g¢:

[ Lie gp reps G Autv)) s [Lie aly reps o— End (V)]
QS Queshon sheet 4 (case SU(2)— SO(3) genwl\m {o universal covers G—ws.)
Tor G conneded Lie

{Lie 45 eps G ——1/\1/1'!‘(\/)} 5 [Le aly reps Y5 End (1))
Con\ll’_rsc_l.-_, 9iven

For rep G X5 Aut(V) = gt rep T =or: G.—>C;—“C*Pm+(v3} &G > Aut(v) with

= forces Ker T € ker ¢ (i.e. IKer TS G adds bj Id on V) ‘,:eg{.c:/:: tha:lv)

= (Lie g9 veps G — Ant(V)] €L [Lie gp reps G5 Aut(V) with KerT < Ker )



EXAMPLE S

e Trivial reprtemphov G — Aut(W) , 8‘——4 Td
«Adjoiat represemtakon Ad . 6 — Aw{'(%)

De€  faithhl ree means fA;'ec\\'ve. ep.

I f’(‘a(kce W+ means you Can Mevﬂ\":v G or % with & subset «rf_ makrices.

EXAMPLES Standosd e presmbaions

O(nm — Aunt (R") _
U (n) —s Ak (C") 9iven by Lotk mulbplcahon :

L (P — F"
A (u‘|——aA-\r

Deft VW G-mods, a G -linea” map  (or G-mod homowmorphism) Means

. |F—|§n-€afww\,‘o f:V—W
- £ commutes with G-achon: £ (3V)= g€

Hom_ (V,W) = 1 G- linear maps £:V—W)
Det V,\/\} -Qu\\/qICnt rees iF 3 G-isomorphism €2 V—W
Write V=W .
EXP'\'CC'H\; “
p.1 6 — Auk(R™) = GL(nR) Mps
f: R“-—\ \R“ o = }\W« L\; invehlemadty F
f: quivalit & £(pqv)= (. (9)Ffv) & f )= Flp@)-F

Q‘(L\'\,‘Q(Hvﬂ G- linesr movp)

S f‘- (3) are Conjv'aa\k Vie @&n 1So F )-ﬁ)ra”g,

INVAR\ANT \NNER — PRODUCTS

Ef‘-t for & vt V) an inW prodiet (Hﬂ.rwd)\‘an L 16 F=C) <50 UxV—aF is G=lavartant €
<9V, gudy = <UD all 9e6, v,weV
and el V am octhogoral vep (F=R) or unitwy p (F=C).

EXP'I\(,;'\'LJ If Pk o.n./unitary baosis e, for V
=) <Tace;,Thye;> = &b

(all:é F“ GMA X= oo“)'ujq-\{ '}f'ah.f?ose.\)
= v*fcg\*g(g)u.r = LIV, PPWI> = KW = v¥uw  for all v,
= £(9V*§(9) = Td so ¢3) is an orthegonal/unitery madviX
= f=R: p: G — O &€ GL.(hllk)':-"A'wHV)
F=C: g & — W & 6L C) = Aut[V)



New FRoMm oLD
Lek VW be 6-mods : we want to build new G-mods from VW

1) Mtk sum VASRY, 9 (V) =(9\r’3u—)
?.) Yemsor pro dvdk V®IFW 3(‘\)’@(.!‘) T 9V @ gy
Recall : VAW is a veckor space of dimension dimV. dimW . ) ‘
We use Hhe symbols v @y o denole o basis of V@W, whenever{V: 15 & basis of V
exanfle R'@R = R™™ , So v®0=0
[t 'S convenient o exkend the Symbol @ Yo any vedors Ly ole.c\arinj ok “ S®w=0
(z A:Vc)®(z//|\}- Ul‘,) = 3 Nf\j (-\J‘;@ u:;) (o'F-I»CA all vVur 9€nerac+o(‘s)

My not all vectors in VOW arise as v@us - You weed +oallow sums S Vi ®@ W,

For exawple in I11®IR" ®e, +2,8e, # vRW fr any v, w e R
A linear map : V@W—) W is delermined b.‘? its valves on genera\kr.r (V@ w') since
Hhol dedermines @ on the basis v @uy. Conversely, if you define @(VO W) in & way Hhat
s lintor in V" and in W, Mhen zxkv\d:+o o wa\l defned linew mop V®W—') A

) f ¢ HomG(v,\rJ) = g¢t G-mods - Ker f(v)=0 = £(9-v)=9-f=0
lwm £ % fo) = 'F(g-'\f)élmp

Cokar £ =w/’m-F g.-(r.r-(-\m'n = guw+ I £

L}) u’"‘j"}“"e sras. \/ : as seds V=V, uSe same G-—ackov\l bwt c\,.muge_+ke_¢-qckan-_

($or F=C) Nev= AV for NeC
5) dvalspa V'=[F-tinwr VESE)  (34)0)= ¢ (57 V)
Rmk. : Need inverse 87" o make i} a left-achon (check axiom (<)) V— L f
Another reason is Haak you want the -Fo\\owir\:) diag ram +o commute : 3l 94 S IF
V_
6) e\()m spacs H'oM,F{V’\.J)-: {IF’UALMV-Z»W} (j ¢) (v)= 3( ( '-u’))
This emsuces Hhat Hie -Fn”,owh\j o\,\‘agmw\ ommubes : V—_—y\,\l
*)
tmmn W = Homy (VW) G-ise o
:V—W s
& \P ®® u—— ("?(“ﬂ _ \PN)I'"> amd extend L.&M@ in ¥ amd W
EF

* Lineos by consievikon. V . +
Bijechve : P«-K basis ve o V, gk dval basis v 5o v (wr) (7% ‘ " Pk basis u- W
Thew v' O is a basis for VOW. T\v\ecanerfom(.,a, ¢ mops ace: @5 VoV widh
‘&J(m_ V; (\TK)U‘ {‘“O’J 'ﬁ :#_l: so ‘?U i§ Hhe makix NI“\{I " po.hhor\ (J;‘)
These modices are o bagis €or HomF(v,W) v’ O in all ohher pasions

> presesves G.'adwn

(3:(¢8u)v = (946 i) v = (30)) - gor = YG™ 19w = 3(Hy™) )= (3 0)0e). Vm
€IF



REDWAIBILITY
'DC_‘F A G-submadule or subrepresentalion of \/is & G - invaliant veckor s‘uLspace wWeV.
‘ \. . nng: q. ew
Gl V reduible if 3 subrep W0V GWeW (rent e W
iccedvuble if W=0,\/ are the only svbreps. «— call V \Crep
EXAMPLES

«G=S ‘o;c.'l:S' on CL \93 C"e-' (‘%,,%z\= (eae:_l'e,cg a,_)_-ﬂnis 1S f‘eJ.vui\u\c_: a- ( Il) < Clis avaliant

.G._— {(3’ E) a_,bicem) ac_—f-o} ACh Y\ﬁ,‘i\lm“j on m-’- ('\r F—-’A\r "FO(' ve C-L/ AG. G)
BU\‘\' |KL 1y FQA\AC{L\Q : \/\]: |R(cl,\ I a G'Sutﬂl\l\ool Since GWC—' W.

e Gz u(z‘) Q(.H'\a on C% 15 irceducible ¢ if \/iOC—.Cz, exfend 4= IVTI toa Unm"\'af') basis Wy, Uz .
Then A= (u w)e U(2),and Ae=u = % So A\ v =|vle, - Sim;\arka for B= (uy “l\,
B'.v=vle, . So ¥ WS % isastbeey anh vo €W, then G- W E W ,in prRuwlor
A'v, 8'veW, so €,6.e\W, so W=C* (since it is a vedor subspace, span(e,,¢,) c W)

Schue's Lq,wwv\o» fe HOWG(V)W\ for V,W \rreps = £ tso o £=0
PE or £ =0 or / Siad V irep Wbt =W or 0 sinee W irrep. 8

Shur's lamma. o€ £ eH~”""c;(\/pV) for Vicep = f=X2-Td some deC

P F=C =3 ) tpne of £
= JF-2T4 € HONG (V,W) Wit von-zerv kecnel

=) - \- =
Schur f-MId=o @

Cor V,W intps = {H‘ov"‘q (V;W):o it VW et "4"'\"1"“5'
dim Bome (v, W) 21 ¥ VM gquivati

(=1 ulm F=C)
Abbeeviate nV = M\/ ne N
n copies
Thsoromn Vc nov\——qviuM irreps Hon  IDER: Compare
(‘D wV, = ® n; Vi & m =ng prime fatorimNons
(we assvme oaly fiailely many mi,ni are non-2eco) over N,
Pﬁ =3 HOMG(V\UQM;V“,) o= Hov\'\q(\/k,@n\‘ V'.)
1 13
Om: Hown (V2 ®n: Wowy (Vi Vi)
Shwe s ——— I n
Hov-a(Vj,V.:)=o - Homq (vk,vk) N H°""c {Vh,\/k)
unless {=)

Take Mmcmiovd = Mh =N, B
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COMPLETE REDUCIBILITY
Det Acep \/ 15 complekly rduable (€ V=@nV; is o Sum of ireps.

‘ y _| ? [ More Aekuils :
iv:s%ov\ s every PGE (‘l sum of iceeps r: [v;ﬁo)é.fv!)rep W
Swe&s No - G =

0 1) €] “"e"““')/?'"-y 2)= (5)ev

V=C* is redwuble , armd Subrtps are:

So f1 1 W
O) W= {(o\.xé(f)) V bwt €Jo|: V{SJZspb(\u)Seo
but \/# W ierep (-3) (‘j) (V) (‘7) eW

| Span CZ'So w=¢€*

mme. For F= €, G abellan = Irreps are |-dimensional

L R V iree, G aLe|-‘am) Hne mv{HPl\'CAJ'\'ar\ ¢?2V—-—)\/I ¢9(V'): gV s G -knear:
. Fo(2V)= 93’V = 9'gv = §' H
25 50 Td e dye

= «Cv Sd\sr’tf 01 \/I So \/= Cv (Sinu- ;rref\ ()

AIM = prove Yot for Compack G, rps are corpletely rduble.

The peoof for fnke qrovps G iy as fellows : iﬂvf""::”“s‘s
O tnan eyt ()1 st o\
con frooluce_ a G-invacan} tnner pmowd: <> VxV— F
by averagin U WD = V.oa.y
J , = > (9 ,9w)
@ £V ircep done v {U‘éV <VWd= °°\||"~'€w)
£V ceduable, let WEV be a sibrep£0V. Then \N.L s a subrep
P’o—dF <¢a\)’,|,.r>= <9 V,99° 'y = (1:',3"4,;) =— 0O for all weW
=) gVEW" & A e \rews
= 9 G-ynvece CS'V\'FCF)

@ laduchon on dimV = can LOM(\CI'CI‘j redvce W,W'L =) can cowp|e-|-€|3
dvee V= WOW-. w



Theorem | |£ Vadmits a G -invt inner Pmduct, ten Vo5 (,omp|e-|-e|-) e dvuble

P -
roof By sleps @ 2@ above. B integ nls
o PROOF NON-EXAMINABLE — SEE NON-EXAM/NABLE HAND-ouT (M e S )

Riemann Svms

Theoren G Covvvad— Lie group
= 3 unique normalized |eft -savariant .‘n-kam| over G, meo.h?/\:) '

To any conkiavous fonchon £: G & + assocatts o valve "(G-F =%£G1c(3‘)é R

Such that . .Yc I =1 (normadl"ted\
« £ £>0 dhen IG f >0 (eoJ\"HVf-)-z)
¢ L(ﬁ+>ﬂ‘) = J;i“:' + A .Slc.'F"— for NER (Iine_nri-l-?)
° jc £o ¢e\ = ;‘EG{(%) = fo- (|e1’+ —s'nvuia\v\ce\

Rmks 1) ||‘neo~r\"-7 + posibvity => monotonicity :
- i £ ’% Hhen -&F 2 fG? (Pmmc: consider £—97> 0)
(using normalizakon, Hhis also holds with “ 2" . Proof : if £30 Hhew €3£ 50 Lf >_g/6',= _g)
2) In fack he indegeal is bizinvmviant | ¢ o, left and cight invaviant. Indeed it sahsfes

$eq ‘F(ﬁe\) = f £ (right —Tavariance)
G
) 35;6 g(g-l) = fG f ( inversion -|'nvan'ance)
e ° = ‘For (.'\'S 'F.' G 2% and Lie ap iso "e:G|_’G'L
£1 Fo ‘YG")_; 7'( iSomorpehism— invariance)

3) Can in-k:)m{-e Conhinvovs maps ‘F : G_>H:A L_j il\‘}fgm"\'v\j in eadh eni‘fj So f‘FéH:J
= 7 ” ” v £:1G -V (pikbasis 5o V= F4) g, J:;"EV

C'XQ('CCSQI LINEARITY @ :V—V linear _
Ime.a\ri-l-?g (VM\‘y v.s) £:6—V = f(/,.,[ - LF(.I‘U[)

Coro\lm(:) G wwyoac-\— = for any rep V YHece (s a G-iavt inner~ producE
_“n=n)| 0\.” "QPJ' Are COWPIQ‘IC/7 real,\/a‘_ble

E Prek any \\nﬂ'ef'pr’OM{k (,) on V (e-j. shandord Cp. on Fd e \/)
',De-F,‘Ae
<V, WIS = f (9v,9w)

9€G
Linear in eadn emkv sthee G -adRon \tnear, () bilinea, and f; is Lineac.

Posihve definite since <V, U5 = j (3\1‘,9\1') >0 ”""“3 posiividy of fq :
G—invariant : for be G >0 (fe Vo)
<hv, b = ééa (96w gﬁf.r); j;;a f(3£)=\£1‘ = [ (39,9w)=<ouw>

9€a
DC'F:'M’. ‘F-' G R rialt —invaci |
F(P= (9v,9u) (fixed v,ur) J ronee




CHARACTERS
_‘_Dﬁ_{-//lu, plrmr'a_,d(__r 'XV='X$,:G,——-?IF4 o rep f-'d—-?/h/d'v s

X3 = Tr (£C9)) Tr=Trace. .
Q.sheet 5: - Xy smooth
. XV (n = Ao“M \/

X, (t790) =X, (3
Vew = X=X,
Xv@u ) = X, 9+ %, 09
© Avew = K (9 %A@
Ky ()= %y §7)
Ay ) = X9
lowma | (F=€) G compact = X\ (97") = X, (3)

PE X, (97 = A () = Xp Q) = X .
V*’—‘-'V Q-S\v\ee_'l: 5/ Uuil\a_ Q Cawpac‘i'. n

FIXED POINTS

& \re\/ ¥ a tyxed ﬁ\‘n'l' of He G- achon W g-v'='\1' Joc all 366.

— V= {ﬁxu{ (aln\'S} <V Subrep

For -ﬁn'\‘l-e 9mu(u G Yow Lw'@o{ ocn(eA fo\n‘i's by qvcraa‘u\jz
G — W weV
Ve = { & L0 }

Proof - ﬁeG=)ﬂ[J—)__jU IGIZ&? v = (qlfgw s B: G

—6 Lfl)'er."\'on.

[ 3"“’3\3
vaNU’Sdbj: \F'F\Xéol#‘_fg\r_J_z (lGHeql\\r—\rn
\-’-\f—“

16) Jeq Exz 1G] g
=\

"[L\_vv\ For tomyact [ie Frovp G) VG = {J‘ﬁ u weV}

J€G
Pf:
s. For f\éG V—V is Linear = g\ w = baw = gv.
By
R bt 7 4 Tf
C: N
= Vs | gvefes(fi)veva penny

SGG )
=V

=



Lemma 2 dim V& = jjéa?(vfa)

PE Xy = J Te(pe) = T J s

L\MEﬁMT‘/ LR

(Rmk 3) ” gf\x(’M‘in
TRICK ‘WU’\S“"J OPU'l\‘kJr @ - V— V @)= fﬂ Vs e fNilc‘Hor\ onto VG
meaning ==  (indeed if ve V= mnte(w) then (V)= fgv' = V)

=i
Fo- projehon maps - T () = IM Im (@) , sia V= Im(cp)@v_er-(ce)

Vi @) + (v —@())
= Te [§(9) = Tr (@) = dimg lmg = dim V<
¢=Td =0
ORTHOGONALITY RELATIONS

Theoremn  For compack Lie 9o G,
<X\/, X 2 define J. Xy(4) X\J(‘ﬂ = dim HomG(V,W)
J€q

Coc o« KXy, N> deFines an inner product on Span {'x\, Y rqo}

-V non-equivalent irreps Scé’f XV‘ are or‘H«oaoha,zj so &near@j independent

*ledvre || : =\ ¥ F=C
(C°:°F g‘-"“"‘) (\e/‘[wm\\:\’{ﬂ\ﬂ‘e Séj‘ XV ’Xw {2' it F=IR

PE Th  Work over F=C (\‘( F=R jut Maak of G — Aut(R™) = Auk(c")

G
TRk Homg(V, W) = Home (V,Ww)
teall (GO =Gowe 7)) 50 3e=¢ & @lvI= gews) gl
= dim HOMG {V,\/‘,) = J X'H‘OMC(V,\IJ) (%) (LCMMA ?-\

chre 0 VieW
= jxv¥(a\xw(a) (Lek; \l - HM!F(VW) 8)

and USL properhies o chewacidecs

= J 'Xv(‘a) Xw(a) (Lemma. l)

Thm G Compack = any rep is dermined vniquely (ve +o equivalence) \"7 Chavacter

P_'(_ V = @h{&\{\\'/ = szzV‘CXV‘: }=) n,G = <><V,XV‘;> ®

Complele red vk i)}y ~ inrees or+k°jor\n||+') relns < Tvey Xue> ;\\ ﬁflqt:l
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NON-EXAM| NABLE
HANDOWT

VOLUME FORMS

DL{ AV\ '\—#rm W oon o, V\—a(,.‘m.n'onax ”f’( M 1 oo 'ﬁmdw‘or\

w’r: 7;M X

S X TH— R
\_’v\__/
Y\Copn'e.f

() MULTI-LINERE : Lneas in eadn: entcy
(2) ALTERNATING switthes sign f you Vangpose dvo eniries

(3) SMOOTH in ¢ i X, ,)( are swooll v.F. Hhern
M——!\K) Fl’—" N(X),_.,

2ats n veclors af p
omdk spits oub & nvmber

it Smootls,
Lot Loc.aﬂan i coonlinales X,..,%n  after rdimhfying. T R™ = R™ :

w = 8(1) dAy A - /\a(x,‘ Where ()= w (az 10 %ﬂ) is o smooth fnilion
oo A - Ao(wn S Rx - le"-——»le (V) )y V) — det (v, va)

P Rewll T umique §: R x o xR — R sufifyty (), (2, § (e, €, €0)
(nﬂﬂ\elj Szo{ek)

= nxn maias ETDATIWEY
W\g M V\o‘\’klw‘on’_? (€—more on Hats in Heo Appov\A{x)

R = TR dwal vedvrgpaa (RY) = TAR

e; = g— el = dx

— dx; ( 3 e'-‘(e-) = (:, :;j

= X = Z Ax; ()Q o erany vedo fold X

weFAquh a
(A, ne n ) (Koo ) = ek (i (X))
(idwntity mahix)

(ﬂ\o CXpCckv( L‘y (2))



Dﬁ £ ¢:N— N smooll Hren can Pu”—Lack ne{orms fromm N o M:

(4™ wy) (b¢-wi,-.., D Va)
@ix)

(v]’...’vh\: L\)N
o’

. o« . (\"cé"l’"
RM_K Lﬂ °Y, :(Leq_a‘?l\ L-7 Ue dharn cvle.

Lomma 2 Locallly @~ <3(‘j)ol§‘/\-../\ At%)/ = go¢(x)-dut DY -dya-- adx,

Lol (ﬂ(""ng-- ndy.) (9%\ '-w’?’rn)

T a(¢ ) det 43;(3%%}\

-~/

(Dy);;
T ot det Dy )

BI: A volume form 5 on M" 5 an V\——-tarm witha QP*O Ve e
o by, geo g0 Ve i lownn

COV\J‘&YWVLU/J’

L{') eiher 3)0 VL or 3—<0 Vx-

S m ab,‘/&jd‘ emsire 9)0 ij caw)aoﬁry the pammgn'% w;#\ [IRI;IEIKA)
1y Xp)==) (=%, X2,

= 0'\‘@7 wee parameSnntons for WhidA 470

5) BL n-forms are givewm by smooth nhien £: M= IR
p)
o =t ]S ety goe s )

(& %)

n

LJ/W\—"\A-?) MV\J”‘[O'\ T= \?,—'a“l’ b—ci\l\/tlw\ Piqu-’.ﬂ'h',\'ons on 1A (‘P) @ De/{'(‘b-c)>0

% ~ (¥7)* *
_P;E T = ¢¥%e (¥ )* : d\ll/\---/\’h‘h — _{2 :\P y 209 dXyp—-adA
3 () g )
Cor (4)> Lo(ﬂ% oo M‘)—?.m#- n—ﬁ/m: AN Det (1)‘() so >0 @
PE For o fnrbvwv‘r\'b\/\\‘"\ ¢V ULEM 2 in (4, e

kk*w = 9(1) d'd,/\---/\o(bl»,



= - W = L : (x) dot; --- do,| a— Knoun by
AI%M& 'f j“|’ 3 ’ mtivniable calodys

VeR"
R sk ,AWM4JL;,.“ oh ¥ by comporing wil TV oL
f §(7) 4, - :f 2¢x) | Det | dx, ... d
VER® VR IDER : o Ky cube
b ciable eatoator -+ e, obvabome <
ckomae of vaciable,: X — X = 'C('X-) ‘ge,
Lemma 2 ma-PS Mpmxwwl-?ﬂy-lno
Pr\ou{m'. _C.\‘ (9 (Q) d?ﬂ N-—~ /\J;;h> — 2(’)() . De‘k T. 0‘7(‘/\---/\0('1.,\ Ho. 'N"”w'ﬁpeﬂk

<-DT-€ / whidh has
Solvhon: Loymana 3 = Dk T = |Det T ) Se O.K. Lbz'e volume :

Cor (4) & Mowpad = Gubﬂﬂj can if\\{?rﬁ“‘e n=dorms \DC{'(ZD—('QU --—,ZDT'Q'\”
IDER »add vp Cocal contributions . = ¢”. | Det DT

f W ____” ZI w " See Aﬂow\pim br dedails : on) wamt +o covnt
M YU m‘l'Qa-ral- on ol/'u'&gf'; \,QM) OL_L)

CM‘J £ & manifold M hae o volume orm (such mfds ace called orienﬁ\ue>
omd M c,owxvo.c,’c Yhew one com in'\'fj,(aA-e_ 'ﬁlr\cﬁ\‘om £ M— R -

Somehmes wrile
fm F e ( J Ql\
pEM
LINEARITY = fi MithFoz [ Fied, 4 M) € R
POSITIVITY = £20 = [ f20 (amd Similarty wik 1 5"
NONOTINE ¢ £36 5 [ £ [

CHANGE OF VARIARLES . fM(p*(p, = + [+ fﬂrAMqa_oMm:;{fir%

Sa:L-Jﬁe,, .

Poof [, @60 = “ZH* CEN ="Y (v (£0)" = £ [ F1

becavse: wos 1V W, are aramedinadions amd sine M is commeckh eiHea

(‘e ‘(’) JU= F) ditjaadin for Eoo Vo or Frco W . In Y Qrrb Gone

ol oriw-iwlw‘a-\_prulfw‘/\&: by @ Cam vse Qoy: in-fkm!‘f-?: to (*’")”"P'

fn\-q.ml. §o 9k “#" in thorte of vowalle. brmula . [n stcond Cone, ?d-”_“ SINR
opplying 4™ bans Hu Sarme effect on changiy JU to -Jl. ® {‘P(“‘h& oriembechon - cevessing




INTEGRATION ON COMPACT GROUPS

For a Lie Zwu,o Gz) 0{,:,\,\6:,4/ @k'w&:w/g_'ﬁ

/

mvlklineas “ﬂ"’?‘“’l""a’ 150 of vehor spaces loft —invoviamt
M—ak £ ’ { N dorms oJaV\G}
n Copven
0011 & i W
g t ? ((A)l = ¢:‘g)
d I

CLV‘ G (/CQMU’O = 3 ,&f{— -—l‘n\fmhdvvf— VO’CUVV\L 'Afw\ IL apd 1€
i vaigue Vp o combant fadlor ¢ #o €R.

P_’F Prck baors /ar‘ Lie G;/ So LeG =R, Thea Fnke J‘L‘M above .

ly = % (deh) .
(J\an}.}}; bats by manx A J\_a.vy,h W by fathor C:WA)’I
lor G conpack Lie provp K_‘:‘.e. Sct=1
= 3 um‘*lue- M{'-—Mvwrav\-}- normalired volume Loron
ﬁﬁ. £c-ﬂ.= c-faﬂ. = | »ﬁ‘xesH«e c above @
Example For fnike grups G} J‘G‘F = l_cl-:._l ;EGF@)-

™OM Now onN © G COMPACT ,  JL LEFT-/mwvT & NORMALIZED.
Lem The i & L bt —iavariant J-{-=f1’l°¢ ( f(9)= | £(43) VKeH)
CNAL ml(fa\,a iy ar . p A ’i‘ea f 3

9€G

Mofp=iFfn=04%0) = | ff - gL = [ £
S LI A U A
CL\A L - iInvanomt
va:hk:\ues b W

FACT Also risht —:‘nvmmt:ff=f Wa"’)
—_— 9€6

isoinvariank s For @16, Gy Liegroup v, [ £ =[ Fogp

G, ‘6
investon-invionk s [£(3) = [ £G7 .
Jéa 366

!




APPENDI|X

Def An kR-form W on M" amap W : TM X=X TH—R

whidhis* [) MULTI-LINEDE : Lintar in ead. entry k wpies

2) ALTERNATING  : suildhes sigh ' you Vamgpose dvo enivies

S)SMOOTH in f" I'C X/, ))( are J\MDO'}L v.f. M-&l/\
lﬁMV"PleS M—"‘K P|—) (/J(X), ) h)l 5 fMoo‘M\,

\) lvx I'O(.Aﬂ Co-D/T‘A\AAA'(a ('X“_..)'ln & IK y ali\ i a \- -pa(‘w\'. .
d n k _’3.—_ ) _ { ( \.=j
X TR = IS e ( 2 ) Lo i

2) Locaﬂj/ dtya-ondy, s o k—form dfned by:
(d)lu\--./\oh(g()(,,..- h\ o(Q/r(dK (X\) Z:.}n (o) Ax.(m) JX( m.Q

eermvh'i\ons
=|Tol=-1 ¢

r xmle_iof)(/\oh(
For examp ! 3(3:(3 %)

3) Porms cam be addad /soded | so gk veder space .
= ﬁo&jﬂb m:’ b - ﬁor”‘ s : /SMoa"L ')CMJ\'QV\;

: ’NOR Coan ~eordtr
Z- 0 ('X) Ol)(\\ A= Autk di AJ)L = —d¥; Adal

fe.
)
| € o<ivne. ¢ ‘L‘ l v¥/ G‘ﬁ\mpo.)wj 7. ous SMMU s'9n v!k{:)
al,o Ao A =

(dU"O E 2 rovis ot qual)

PuLL- BACK : SmooH\ ™Mays (( M—N ‘ou\l back -ers.

le. ke -
(ex.: ﬂ"‘ N — ﬂ‘ M ) he &(Xll—ﬂ Xh\ :"JN (D?xn ---/'D(('XK)
R-focms -Form/o—:/\! /Rvedor Felds on M

GLOBAL INTEGRATION ‘/(m compact mfd)

Given o counb e over U, Uq -... arf_ M and \Oo\mmek‘x%wkom iU

one can tonshved fundhowns f;-’M—*[.onrJ (CAM,LA P ERow of U\V\H"f) svhn
A

Yt €. =50 oubside U;
/.f“ {l on Uy exaphngar & ZEB ﬂ[meew 4o Luild

Swooth boundaNvy DU He de cay 4o 2e00.

such thalr I? - Them: 'S\MLJ = j;\(i?:)u = 5: Sui?x‘“ = Cz\{_‘{’:[fcm




OPTIONAL NON -EXAMINARLE EXERCISES

) Find Hhe Aefp-invaciamt velome Form o S' suh that [, 1= [ and rtate
an Msa ,er& "'0 Campv‘-c_ .S[:')C In pmdn‘ce__ Da HJ. Same -ﬁr Th.

M For- SII W= 9-(9)49 louk |€“:-—|'mlce, -Force_s :ccv\s-\—an'\' a\r\o\
v NN cC -_— o — 2T
nofmaizedon forces 9= 33 So §uf = L1 fle)db.

2.) G cowpad Lie grovp Wil Hae normalined A-/J‘—:‘AVM’MA' velunr form.
Shou Ha fauowiqﬂ pﬂfﬂ‘*ih o% He MW:

'L) f':jAt-—MVN‘iMa_: f,'f:: f %(gﬂ) V‘GH
€6
CL) l'[amorpkrrm-—l‘ann‘amCe, : f{_- _ f foy f 0:6,—G, is
G:. G, a Lie J;nwr l'.’romoqa‘u';n\_

':'i) INVersion —faveviomee ¢ f F(j) = j 'F(g-))
JEG 366
HintS e Hee change of vaviobles for inkgmls fo =hvce Hre prollemn
+o whether or not the new volume {form you 9ek s
\QH -invariant and norma|€%€d.

More Hinks call u{/e\ : G——*GI \Pe‘ (2\ = 32\ (rigk‘f—#ﬂhﬂa‘f\'ov\)
Shign . [ & Hr(F0) = [ £(3R) g4 00
C"\M\’ae \Sl'f)n +) Aepcno(if\‘) own \NL@H\QF
of vars \(;e\ i5 or;en.\-,\)\-,,v\ Fp‘s{fd;l\ﬁ or V\ok

Now check Hak € ‘-(Je\*ﬂ_ is left-iavariant and normalized,
e\ev\u bg Unl‘ﬂdnfSS i-ﬂ\'\h\*h = Ql Havs Seb (‘-3



Dr Alexander F. Ritter, ritter@maths.ox.ac.uk
LECTURE IB C3.5 LIE GROUPS, HT2015, Oxford.

This lectvre : G COMPACT LIE GROUP, F=C
REPRESENTATION RING = CHARACTER RING
be_'(' Keff‘&S'Cn\'ukon,ﬁng— R(G) = { ZV‘\‘. V\,'g n{ € Z/ ‘F\'n”dy many nc#o_l,

\-—v\/\v

MS\'naﬁw{ R ;ZV\QV\—&quVﬂJthrreps of G.
(V{®VJ' =Y_mka inR@G) if V; ®¢Vj =@ mkvh\ victval ceps or vichal G-mods
”L\oﬂesp\ reps: { ) n Vi e RCG) Dong >,0)— <'L, {e«,uiva(cv\u. classes of reps\\]
4

(complede eduabiliby+last Hum of Lechvee 1)
Def CO(G) = (ing of class funckons : onknvous 65 € sassfying £(87'98) = £(g)
pointwise addifon & multiplicalon N exaneLe chacackers £=Xy-
Tam X:R(G)—=W(G), X(Tn:Ve)= T Xy, s am injechve hom of rings
P£ Injechve by orthoqonality relns, hom sinc XV;@VJ-= Xy, " Xy; @
Def  Oftem idembify R(6) with X(R(Q) «called chamacter cing

Thm | Any class function is uniformly agpeoximaked by 22: X, (2i€q)
(Q-Sheet€) | That is:  Spang (Image X)c L (6) dense-

@( Falls for F=R:holds i wse {f:G—R in REG) with F(4) =fl5™Y
EXA’MPLE G:S‘: |R/Z §‘ . 5‘4 GLU}C) gA:§®a:SI%GL(|,¢)

(here aeZ, ¢ = & ®lal ¢,() = e*"*.14 Oala) = 2T " T
+Sa 6 ' 2T X :
' a<o GZ) x, (x) = e ?('a(x’= eufum')(
= R(Sl) = {Z Na §o~ 'F:m'-k S'WV\) r\aéZ} s Z[t;t_l — PL},;;-e'lgt{:
Q.sheet 5 acZ s Ja
‘ ' Ja < t i etnc polys
. — 2 Cax igonom e poly
'2(, RISH— C@(S )’ 'X(fm\fﬂ q%'znae = Wik fnkgrerweF'FS_

EXAMPLE G=T"=R"/2"  Q@.sheet ¢ using T"= x5 (o direckly by @.5heet S):
R(Q) = § T Nala finitesum, nae2) = Z[1F)... £5 = Laveateotss
aen /l\ eo‘_e ‘H\l\{:?z---‘t&“ Wt ren
¢ T"— GL(,C), (0= VI, Aalr) =HTEer*>
whee <a,X>= ayx,+---+ap¥n
PETER-\JEYL THREOREM

£: G =AW (C") gves a subset of C(G)=ic,on+fnvou.s funthons £: §— CC}

called matcix entries : {-(ﬂ:((ﬁ,j)—ew&rs of the mateix £(9)) =Trace (o p(9))



Where @: C"—>C" linear map will C€(€t)=€j omd  @(e)=0 all k¥j-
(0 = madrix with | in posibon (j,i) and O elsewhere)
EXAMPLE G=S'CCE elx) = (n Jme sama ) € AdtC). Take (4§)= (42)
v xes'=R/2
= (O °) . v, — /O (o) . (1, L) entr
4= 58] 20750 (5 ) Tl e (B4
FACT (Schne) matnx entries of imePs ace OFH\oaoY\&Q “5"’\3 <‘cu(:7,7 =524% £9).

RME holds for IF =R for two non—equivalent irreps, otherwise fails (e g, example above).
EXAMPLE G =S' dim(itcees) =1 = madix enry = X, = e2Tax for a€eZ are «Jr—\*koj.
(indeed orthogonality relns: < Xa,X1,>=0 for a#b). Above example fails sinca redvable . |

Def Represertalive funchon means any \inear combinahon of malvix en¥ies
Lo whee f:G— AntV, LeHome(YV)*

They con alwavys be waten as

Le{_" F@;’ {mmww’gu o) T T (e ) for g6 ARY, YeHom (VV)

O liog, +ALa0f, = (LOAL)o(FOFf) using V=V, OV = F(G)is v-s. /C

@) Product of two mabvix enlries from fuf?_ s o Mmakeix enkj 94. 5 ®F, (Q.1 QSheet 5)
D F(G)C C(6) is subring amd v-5/C 50 it C-algeben.

(@ £ only allow ep V, g2t vedor subspace %/ (G)<S FG)of dim < (dimV) = #(meis,

Above Fact = FGe)=® FVC(G) orthogonal direct sum over Ue intps v

will not prove i}
(Rea\”y wostly, S

nchonal O\M\)’S;

Peter -Weyl Theotm (vecsion | F (G) € C(G) is dense

RmE also holds for F=R.
GL)Q cts = can mni-&(‘m'y aLﬂomx?mx\C £ \97
(given €30, Ip:G6—Aut(v), I @e Hom(vV) with 3¢ | £ - Telop)| < €)
Fact ({—:GH(C) e ((G) = ¢an choose @ e Homa(\/,\/) < Homc(V,V)
Stone -Weierstrass theoem  (NoN-EXAMINABLE)

M  compadk mfd (moregenemllj a compact Havsdorff dopological space)

e S € C(M)=lcts M- G} is -\i—SmLo\\jeLra. sefacating 'Poin*s with 1€S
Am = m’ = 3£€S

| cC is d l f — \ in
Then 5 < CM) is dense fcS= £ €S SE C(11) sube ) With £0m) 3 f0m’)

and vector subspace

re_ercse,v\“‘aﬁ\'e s

Rk also holds for F=R s0 S € C(MR).
EXANPLE S = span {Te0 =™ ™ ae 2\ € C(S") where xe$'=R/2

S is v.s. sine it5 & span, amd & subakdpelbn, since € =F,4L €S ‘
I=f €S £= MMt €S x#Yy mod Z = e g™

(
= S — {”+ri3 P‘Dljﬂom\‘ﬂ\s“} < C_(S\) JWCI = {:l(x)#: 'F ‘3)
EXANPLE for F=R use Spammg_c.or 2Tax , Sin 2TaL : qu‘J < C(SI,R)



CONSEQUENCE :  FOURIER ANALYS\S — IIfll;=§] e

Reaall C(S') € L2(S") ={square —integmble fns £: S'5 ) dense (easy fack)
=) can Lroppoximate any L-fonckon by trig polys. We Knew Hhis .

. Lo
. f=(Foun‘erser\eS Z_Zoﬁ x)::’z % 2, f. for N0, (' —(aB
| ‘ Q€ T a=-N 2“:%‘-50&—\ -F(Q)dé
o 2,4 =j- e_?_'ﬂ'mx_ﬁ_x) ax = L ‘F&(ﬂf(ﬂdx = <‘Fa,‘r'7 e of ParameNize \oy
e O¢lo2T)

PROOF OF PeETER-WEYL FOR MATRIX GROWP

CLAIM G =Compackt MAIX 300up = F(6) € C(G) dense

e Already showed S= F(G) s C—-lyebro-.

1eS since = (nLn ew\f_\; of 4rival rep GqAV\‘-'((f)) 9— Id.

f=lepesS = £=Lof €5 wsing dual ey V¥ =V (Qsheet 5 G compact)
Separale Poin¥s : use standard €p G GLINIR) ackag on € by makix muft,

So §:G<alLin,RY—> GQL(nE) inclusion, and if 91F g, are drffeent
motrices Hien Some eny must be dréfecent = £(9))££(3,) some f=Tr(e-p)eS @

COMPACT LIE GPS ARE MATRIX GROVPS

Peler - \Je,\.!l Hreorenn (version ‘2.\

G COW\PQCA— Lie gp —> g(jid:j;‘l'et\i‘l\ge) e G —— (A(™m)  Some m

We eroved version 2= version \/ Q. sheet & : yerston | = version2!

REGULAR REFP, FOURIER ANALYSIS,00—DIM REPS (NoN-EXAMINABLE!)

Pe-l{(" - WQ,»?Q T’/\eortm (VQ(‘ Svon 3\ [ (v(’r?vdfc‘.:;kc;x\mk\
AV\& whitary rep G — U(H)E Aut(H) on o Hitbert space H
is an orthogonal direct sum of Haite dim' unitary subregps

H = @Wc +— (allow ‘nkaite Sums F c_gt ia H \

(-e. closure of Yhe usval dirtet S

Recall for Bnile ¥ G He rﬁﬁuem(‘ =P i H = Funchons (G,T)

H is & v.s. of dim=|G6| Wil basis Qp, indexed by heG givem by:
ee\=('fUncHov/\ | and all other 9HO)

Q- atkon q-e, = ege‘ (since on fonchons (g-gﬂ(ﬂ—ﬁ)‘ekfge\):\}

= G Faithfol f‘:zrmu\'qkonmmkice:} C Aut (([.'[G'I) :

FACT G Raile = req.rep. H 2~ @dim TARYA summing over al\ irreps

So in prinkple can £ind all irceps of Gl




Can't Work Hor compact Lie G unless allow o0 -dim reps since for
inEniYe G (COMPOLCH Hrere ace Coun)—v\uj \‘r\'F\'m'-LQ_(:, moany Fine diml ireeps
(for example for SU(2),Q.sheet 5). This will follow from PW version below.

“F”zz: £ 2 oo
Regueo\r rty H=[1*@) = {square “"’\*fjmk\e £ G—’E}] U Q <
Hitbert space Witk <f, £ :92‘63%_‘33 £,(9) and G-achon: (e‘.{l) (?\ -"—HCC'%)

Pekr,wcgl Theocem (Version W) L"(G):@ W
where W, = (o{im\/;)' Vi and all finite-dim irreps /. acise

FACT An orthoviormal analysis- bas's for L2 (G) is \dim V; - f‘(i‘d

Where f\-”k)(g)=<f(g)-\);-,v'k> iy the (j,k) makix enty in o.n. basis VJ-wfoer

Analysis_Lasis e, means bnear combos can be infnite c.anverﬁen"' Sums
9

So eac~n VE I;i is' U\m‘quelv = EZZ:—en/(diM L?'(G) counhue Q. sheet 6)
ExAMPLE  LZ(S')

Reg.cep. £:1G — Aunt (L)), (POx) - £) (9) 7 fly-2) (vc.vef':%)

Claim el _ ~ _—umax € paramedcine S' by Lo .
a\ L (S ) 0%)2([: e ('\4’\&'\ (g(ece)_(:)(e‘w)—_:'_p(enee.‘?)
N iceps of § ' have = et
P By Pt [2(5) = & Voo (it Lot

. put Y=o replacex by-x
= d: . e——?_T\'LQ.x. ] ,F.(x\ ='F(O\. e—Z.'ll'l'&.'X.
F(G’) - C(G) < Ll(G) ace dense ?'\L{.dé\'ohj

. _ po2Tax
ken(.e_ \/a_: H:éL?'(S‘) : f()()._&l - eZW\aX"S:}‘/ ’JC(’;J-'X\— e ‘F\‘J\)

Rwi

\l\”\a‘l’ iJ' dr\ﬂ.fad-ef OF L-L{Sl)? !\«(Conjugq‘;\'on invariant LL—{\H\C’)\.th)
'XLL(SI) = Z 'e—?;m.ax ADQS Y\O{' OOY\\/-efﬂe_ “|~0 O ’FVV\CHOY\-
aeZ

I+ does however converge to a distvibubion (i.e.linear fmckonal C(s') > ©)
fec(s) — § iMem“oc(ﬂo\x = > Z_o— L2 = (o)
- & =-N ae

‘ * oot LWL
f = £y s Hhe delta-"Funchon' | Fourier coctts Zi—\?im_gm

Genowl G too~dim rep £ Hee chamck 15 diskibvhon 7(H(\C)=Tr /;EG’C(?) ?(%\)
For PQ%H’.P L*(6) 'X'L"(G)({_):’F'“) is delta-fmihon ok |

= reeover fo X (Fof)= £(d, ) = £(0) |




LI HANDOUT Dr Alexander F. Ritter, ritter@maths.ox.ac.uk
REP. THEDRY OF S' AND T" C3.5 LIE GROUPS, HT2015, Oxford.

Over F=C
A c_ow‘oa.c,‘\" = Rbfs oU.wavo.re f: @h;ﬁ: i ko \eeps
G abefian = | (eeps are [-dimensionad , G — GL(I,C)L"C\[O]
- Q CowYAd' KaLel\‘aw\ = Irmp: must land in S'C CC\SO]
Prook \f £(9) = X € C\fo) wikh IM> T Hen 5(3“)= PR
y “ 7\« Yhen S)(g‘“\: N "— oo
Buk \wage (P16 — C\[o]) is compack bomes boundtd, so N=1 @
¢« & CONYAU" £ alelian = ilrre\ﬂsl <L3 {L;e ild euorv\:}
éqﬁvn(@wa_ G —> §!
' g = 7(5,- T4 < XS’
FZCC/. G =3 We kinow l_,'\ea,f‘/\pwu G=S'—55'" 5 Vs onre:
Pt S'=RH — GLUL,L) ; o ——— %X 1y (ae2)
H:_—_(L/ G=T" We knouw L,'\Qa.‘o‘/\pwu G=T"5' s \feeps ore:
: h: " (a) — v <& 2 a_ezh
f“- T )K/Z — GL/,) C)/ fﬂg(x\ - e’LT r IA <ﬂ,7()=ﬂ|7(|+--.+ﬁn'xv\\
F=R
G conpact = R.bfj onpose f= @“Ef; imho ireps

G aul.‘am = \('FQ(J‘ e\m dh‘mlk—_—l o~ 2
Prook G s GL(w,R) € GLMWC) vec
So as a CorVYV(.Uy rep , W o a @wy&m S\IL{'G\G C-v 40’/\‘M¢=|

Lek Y= Re (V)= ‘Z (5 +7) and Yy = lmV) :iLC(\F—-GB Hren
S‘POW\)K(?(,‘O\): Re_((f'\f) + |M(GV'\ < m“ ) (‘Co\,a SUL"Of ‘4— A(Mkzlor \
Indeed « for A=peg): Ax=1 (Ar+AT) = L(AreAT) = Re (AV)
: N \ S~
sl Ay=lm (Av) €lm(cv)- ® A e ey
F=R,6=5  Nonkivied in€ps bowe dimg=2 BTN TS gt

Hewce :

. o R Cof LTax —SiALRAN ¢ jredvcible -
Clatm S’A- &G=S —>GL(2_,TK)/ ¢ ()= Sin 2Tas oS 27rmc> (a#o0 EZ)

PEL vio eR™ = v, UL\ = (v rolddby TY ot Wn-Tndsg,

18
= no S‘\}\or(’_{)_( z_xuer{— (o) |K7— ) (-nO')' I‘Q_a\.||. |
P{'\_ZA- ”UMIR.=\ S\I\or(‘o wold by o cowwvxa:\ eigms pace oj all j’f{x\m



Claim f\:? e ﬂk & a=-—|
PL =" "Xfa(-x)= 2osQTax)  amd recold (= f/ = X,f=>(f/

& S_'Ofa"S =f,m W s=ceflechon \n X-axis B

N N I
Caim The weepy,, o Stare § 05 for a=123 - € N
+ﬁv\‘o\0m‘€e S——’)G\L“')R)I')CI——EIA

M S) \H‘Qf oiARMIK:?_ = \'(‘rCf’/C ojouw\m =2 = f"_’ Jo,\_@fh oVer €

(ol = ¢=f = Lo =fof =f.00,
Butr a=z—, L=~ would \‘{v10|\7 a=0,, =0 Seo f:-)«iw'ou(. So a=—b,

= = ®P . So 3 subrep CV, veC? with S’(ﬂ\v‘=eurmx-\r
Then (T 3 §EV = ™ vy =TT T (o ¢F=sbrg £)
r(x)r'cal

Let &= ZI_L (-\r—\T')=IM(V)/ (5= L(vev)=ReNE 2% As a\,ovf} for Ps=f(x)'.
Ax = Im(AV) = lm (P ¢) = cog(2Max) ImV) £ sin (2 Tax)-Re(v)
A= Re(Av) = Re (€7 ) = cos (2Tax)- Ralv) - Sin(2ax):[m(v)

So in basis A€ RE gek  AZPO) = (S5 Tamamn) = S ). ®
2L Pik & G-iaveviamt inner prodwck on R™ = (up to on~ gquivalen e
Sine dr\ow\% to an orfhonorsmal baois ‘4— G—nvt i.0)) comm assume

§:Ga =$'—> 0(2) € GLL2,R)  indeed land in SO(2) stace §' onnecled
= i ?o\evd\"-y R:= C, (m'\'n'kov\ [cy 6 on\RL)=(MUM"'F)\'Co\Hov\ by e®on C)

: - . - Y 2RaX =Sia2Tan\ _ IR
= FEdime=) oximee — €00=F 0= % Ty = (B03xax e ) =Fa ()

PEY (vsing PQJ—U—\,JQ,\?I\ raddX enfries . ¢, are cos(2Tax), sia(2miax)
As oy ae N, -H,\Cse_amemk o demse SuLalJ,me eﬁ C(S)R) (FOUIQUAMAQA?S(S)
The matvix entries of to non-equivalent ineps are ockhogonad, so i §is an irctp
daffent Gror fa,! Hnew <Xf; £5=0 fcfelthar SuLan,me) But suda
f are dunse 1 CUs') so <A £5=0 M £€C(s") s0 Np=0 Conhmlicting
Hre or‘(/\oaay\a&\‘{y ~f phion <Xg,Xf) 2| (over )Y B

Real icceps of T tsimilar argument , 9ek 4iial icep R amd 2-dim ieps:

€u: T"— GLOR) ¢ (0 = [cos 1WA x> —sin H'm.'x?)

S\ 27 Loy Cos LT, *?
f@or QcE &"‘\io} Gma go\_/‘::f[,@ o=\,
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G Moximal Yorus T %-
: . — 3\ in pasihon (¢,
A (n) Y \ ' Will use malkices EQR = {o efl\s::w\lxe:e_( )
')._ ' k =€')_1nxh =T
k win) = {BeNat,, (€): B'=-B]
A _
" = (E W s C
Exarple calcvlabon o ? IR:< kk @® S‘ée{% k¢~ 2 Eﬁk z€ ’}
AET then . . Y— — J
AEEhQAdzeun k%EkeA ad n'vo @ @ \/x
— ezm"xn.?_ Evo e—lﬂ\'ﬂz e~ k<@ k=Xg
- . k ~ =
= ™™ 0% 2Ey = (37F) @ ke;)e gxk—xe
And on negative onjvgaute hanspose
(“ZEke )'= —=Eq ack by &2 XX Reots ={Xk—)(e . |gkelgn }
SU(n) | as above e_x(_ept Ael’:ﬂ\kfl Suln) = {Bé Win) : TF(B)':O}
So 3. X, =0 = @Ri(Epx—Enn) @ @ as above
k#"h h<a
~ (-2, ©
0 S?Q v"r Xe
Same mo“:’;‘ as foc Win).
S0(2r) {(K'._ \_ Rk=(§f**: -fi*;\) Sotm={ BeMd,,, (R) : BT =—B)
"R %) €t §/B. 0 A _t
szariis )| 37Y g ) B (5 ) o)
- (%X =Y
%XK_XQ-;{ (—RT R> : R (‘9 x k
t Lye R
POS\I‘HO h e’
?.x?.v\\a\gc(c) amona.
Posilon (¢,k) as 2x2 block
_ R (XY
%xh‘-f--xe = {(."KT \ except now R (‘\3 =X ]]
Rootr = { ¥ £ © I¢ k<£sn}
Rmk U n)— SO(2n) embeds
So M) — So(1n) embdbeds 3i\/.‘r\a.
fise o ﬂ° @ce oé'xh_—'?(z .
SO(2n+1) Trick SO(2n) € SO(2n+1) | so(ant)) = So(2n) @ G;) U,

Ar—— (B9
T > (39

A

2)("}
bloclk

( ) x € R
3 inila.i"l'a,\mnh A h—‘\'\'\

X0 o nejakve 4anspose

max tovs = (_g OI)/TE SO(2v)

ROOtS: {'xh:t')(e! \ék(@Sn) V) {xk: \sksn}
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@ CONNECTED

MAXIMAL TORI
‘De(- A Lie S“LZ'P TLG is alled a torvs ¢ T = RYV2Z" (Lie g vso)
T isa maximal torvs (f T eT!CE =T=T' for any toeus T'.

EXAMPLE T = fo\.iaaor\al Madrices € M(n\} C G = WUy max 4dorvs
Lemnma

D Moax T exist (P} GT ETo G must stop since Hhe dimLie(T)<dim<y tn&{a:e)
@ Every torus lies in & max torvs  (PE By PF of @)

@ Tmax= wn:)ugﬂdf.s 3T3_‘ are max tori (E{_‘_ 31‘3—\5-]-'@ T< g—lTla).

® Tori are al ways embedded (Pf T compadt = Imaay. (T SMooHn= G) tompadk so closed).
Lemmo {mo\x'\w\a\\ tor: }: EVY\O\XHV\G\l CMI\.L\C'\'O\P\ Su\.‘azqos AEG\]
MTcACACcG = A Gmpat conneded abelian=torvs = T=A=A |
M— T max forus = T is & maximal abelian JUL,a,(, ‘_(ue,s

r GC_onnet:ko\
Coverse is false SO()= A= {( £ it\} waa abelvan (disconneckd)-

Coc T maxsCenkalizer Z(T)={2€6: 2x=22all xeT} =T
PE Tc Z2¢T). F 2€ Z(T\T +hen LT vizyS s large abelan subgy Y |

EXAMPLE |£ A€W commukts with diafonal modncs Hiew A is Aiagonal !

Thrss [p=Ad] T — Aut(g)] plo) =Ad =D, Ay (AgR)=347")

T (.OVV\OaO\' = Com\o|e_-|—e|j —=dvce %/:_ @ n: Vi cead in—eps \/\:/ r\;éN
|((‘QPIoH~0r¢:\/o = I%- drivial cep Tac\'s \97 Td oSG, (x) -Sin 2T0, ()
va_= \R g’(:() = (’O'\"M'hon b‘:) 21\—6“(13: . a
Z 3 SIn2NE, (%) Cos 2TQ_ (x)
where ea(')() SLO AT = A - ARAN omd atoeZ"
Since Vo=V, & a=-bL , don't disknguish a-a so don'+ dishaguish Ba,—6,= 6,
— — @ @ Ad ) acts L:j T4 on %o—: no\/o
% %‘o na;/-o %0\- Ad('i) 2 “ yrotn b:, 2.7\'9“{1) oh €ach VA_ n %“:nava--
Def For na#0 , 6,: T—S' called roots of G

Rmks @ Liealy rep ad |, : £ =LieT= R*—> End(}), ad(0-X =[x,X]
'91 t=R"— R = L;e_(s‘)/ é'm(x) =& X, % +& A mﬁ”\“ (“a’lm)
@ Many books Work wil ®,C inskad of % (s0 T— Au’c(ta) - Au*'(g@éﬁ))
: . d‘,o - ~\,C C N . 2N Oa
=5 dimg Citeeps V"of T) =1 =V, ®,€ =V AV (alm&snah%e_ robn by (eg Ox O &»

—27O

. e

:)%@lé[ = noV,f@ @\ na_\/oi‘.: with ng=n_, swnce a} real cep of T
ae2"\o

\/oc,\/f Geng#0) c:q\lﬁak we\‘ﬁb\‘i’ elg enspace with weight O) 2108, € %x- cinco
§(?¢-)'\T — O"\r/ e?.'t\‘i@a.“\,u— re_SfQC'i\'\lel'; {or \TéVo,Vc., SI‘M”AFL\J QA’ L q\s,cbmfnu-eﬂ
ad (%) V. = [x,\fﬂ: (d{(ér‘z-\ko&ﬂ =0, 2T B, () V. respe_c,h‘vef»o :




@ Lie Su‘OaLy.\ora- t=LeT &g (after ®m¢) is called Cacton Su«La.QgA‘ora- since
t abelian amd o..d|b acts d&aa.owa(lj (i-e. FOC = ®Wu9kt spaces) and moximal (%f t)

Lemma T maximd & t=9,¢ (£ = Lie M)

P£ " T abelian = A,=Td onT = Aot(x) D, Ag= Td o»«t = tsg
£ Yyed, = Adx)y= \_9% eXp(y)= exp (AL (- Y)= X exp(y)x " all xeT.
Same holds for sy, se R so T ommules wikh sibgp H={erp(sy): seR)
So {TUH>S is o connected abelian subge Zmrger Haw T vnless yeT 8
' TeT eG larger tvs = t clieT'c g/ ¢ %o

Assumption t—:%o St=lie T'T=T'g 15 pact Ad (X') y=y vx'e T’
of prook So aloo for A'=xeT

EXAMPLE dewmpose ! vsing. T'
Recall (& Sheet 3) for malix geoups G, Ad(A) B= ABA™
G =WU(2)

2T Ao TS S
T={{2'§J’ A\ =€ , x,_)e‘('-m/z}

Lo~ b+ic .
WD) = § B eMaky, (€): B=-B) = (ot abeden)

= r&-(; ;’)@m- (o c)e f(_%:i) :’“‘-‘i}

R 5 - |
i RO CRAN
\ = ( :) Similorly

(32 (5 3= GRG0

= ﬂ&_E(C = p? i1s Hae P %k——))) T=e 20 X’A
(&%)~ (883) = robation by 2T 04=)

= 94(3(-\: A\ A+ QA Ay = Ay =Xy ﬂ
=) a. = (|)'\)6_Z:L
Tk/f{'c_a“\g write %X —x is¥ead O{' %(I 1)
) )
= W) = %o () %x -, has one oot : AN-—X, . B

Rmk Lie olgebra appoOaLcL is : abbreviate Y, = LTiX,, y, = 2WiA, then:

ad (2 (% D)= (9, (% D= (2 (3D (™)



CONJUGATES of MAX T (oVER G

—TM A'\:j eG Les in &(.onj\ltbaﬁ'e- of T

EXAMPLE PmD AE UMY 1 diabonaLlH\Ue_/So wn‘)'daﬂk to Some (M"-)“\BGT.

RmK WUses G connected stnce 8T3-\£Go carmot kadh LeG\G,.

Proot (Non-examinable)

Trick =¢R : G/.‘_—> G/-I-- , ¥(T) = e\gT (jus¥ a smooth map G/ mam’#o\o\)
9T fixed point of £ & f(qT)=9T & gT=hyT & g'hgeT v

Remains 4o show I Fixed point.

Trick 2. For o smooth Mavy £:MoM of & manifold , +he number of fixed

foin'\'s (coun)-u‘ with M\J|‘\';p\‘|ci-\‘ﬂ does not c\r\anﬂe f we oow]\'n(/oujl7 deform 15

d — ltcated
et I,, D) :g (M?crei';:t-“": o
have mul%‘p\\'c H“f

(-e‘z 8 xg_‘ Some XETB

£60=2% (ovnt x as +1 \f
(L&Cdee’ﬂ: [Fixed pt \‘fnm\ - “
EXAMPLE

y=x
y=x=€(x) Gxed pt ot

/N /N
- A/

So #* Fixed ?5‘5
(S —l+1-1= —\

here x— £(x) incetases, so
%—x (% — £0) = | - §/()50 So count as ()

Now COV\'Hnuouﬂy deform -]C' }o # Fxed pts is shl| —l‘/

Teick 3 Q.2 Sheet 3 : almost any Tel generales < TS =T . Pick such o T
t.(C'OSure_ of subgp 9enby T)

Since G Gonnecked mbd |\t is path-Connected So deformn £ by moving B +o T.

Remains 1o show : £ G/.r-_; G:/.'_ 'F(a.'\')z T3 T has #(‘ﬁ'xcal P"S)#:O.
/

L Normalize—

Conirn {fixed poiks) = [ nT + neNMYe | N = 1366 975" =T}
P nTfxed O n'ltneT & Znltny =n'Zon=n"Tn & T p

Rmk TEN(T) € G (losed subgeovp so compactLie subgpe (i_q|u_:li\¥-\{“i\:cc)

CQaim N (T)o =T “orus

P_‘F‘ neN(ﬂo=) T—T, 9 I——Bhgn" is a Lie P Aonn deptmding on oo conhavous
parameter n. Buk homs T T are paramedited by o discrete Porameter in
2"x..-x2" (&.2 Sheek3). So Nan~' independent-of n ve to deforming . So move
nto | = Y\%n"‘:%.% ng =gn. | T% N(T)o = could Ceate Conne(led abeltav~ subge

\-WW Han T by taking < T v fexp(sy): S&IR-} > o e Lie N(-T\o\t R




Consequence  fixed poinkys axe cwseks nl1 of T = N(T), in N(T)
= -F-Eni-\e,b many Sta N(T\/N(T)o \s disccele 4+ compact .

(or direcHy:N(T) cwompack
N(T)o € N(T) open
Trick & dek (T - bnT-F) is independent of n. and wsets cover N(T)

Pi Considecr \-l/;‘o -Fo \,Jn where \(J’\ = f:'Jl\‘i’—Mll‘//‘fp/fC&l{\'an 5:7 N on G/_,_ (’;_?—:E:sn-r \

Since ne N(T)

Polofott, (3T) = w1 F(3Ta) = £7(T9Th) = TThAN = f5T)
= Yoot =F
= Atk (L-Dof) = dek (T-D Hod Fobyt) = det (D4 (T-,F) D)

chain role R (M=Thn=nT
= dk (T -D4) ®
Remains to calculale Sigm (M(I—DT‘F».
Teick S AL 6—6G6, AL ()=T9T"!
= A : G/T__) 6/_,_ , AL (pT) = TgT-c" = 'ch = -F(a'\'\

Sinte fangent space TG = T, T @ T+ (G/.’_)J
D-r-{' = D, (AT restricked 4o a veclorspace c.owy|c_men+°4- T,TeTa

Dl A_c\@ = AA('C)|Q%:®(N£%-\6:?T)LEH%&\

— b
émi\' GJ°= t'_\_.-:']'l'r)
_ |- o5 2TGalT)  Sin LMOA(T)
dok (T —Drf) = Q add ( ~Sin 2T G, () | — cos Zﬂeafﬂ\
M 2 (1—cos 26, (7))
>0 S\ 6“(1)%# O mod Z
oHherwise Qa(a_>§:9¢('r)=0 mod 4

but 0, F 0 for a¥o0.
= mulhphicty A M nT is +].

= # Fixed points >0  (if there is no G, them g=t so G=T)N

I

Corollaries | -

@ Al maximal dori ace wnjvgale © T, T' mox = T =9Tg" some 9
@ EVery edament &GG Qies in some max Forvs

@ bec.oN\OoSH”'OV\ 03 = “ovog@a_na\/a_ is indep@v\o{&/\k o»{—- choice of maxX T.
S0 vroots 6, do not depend on choice and dim(maxT)=dim(g,) called cank(G) .

MOT/=27¢> some t°. Bv‘fhmj'c'=9x9" Sormt XET. S T'< <319"> QgTa_ll
@ b e 3-Tg" Some 9, by Thwm.
@ T'=9Ty" = Laim Ga= PdQ). g, Ad)" o FL =), quivalut reps.
PE AdG%)T) - Ad(Q)- Y- A = AN AdGNOY Ad(9T) and Adin)ye g if yeq, o
Simi\ﬂ\rl\g for o, Sine 0&;’-‘—"’}6_ alco h;-_-l'\& so charaders = 2cos2TG, (X)) Same.
So 901_ = + Bg (ano\ cecall we don'l o{,\‘jf)\"nQU\'SL\ g‘ﬂ,_ea.'_'e—-oh' L}
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G COMPACT CONNECTED

WEYL GROUP
\/\)(T) = {94,\/_'_ T — T where "\éN(T)j < AVlt(T)

X — nxn-!

Recall N(T) = normalizer = {”e G : nTn' = T}

RmE  Independant (Uf +o u‘.romorfhl'.rm) of choie «j rax tonss T
N(;Tf') = 9N(T) 9™ o d W(gT;") = dg0 W(T)e A,

Lemma \/\/(7—) = N(T)/—,— vie &4, /T — nT

PE  N(T)— W(T) svrjechve Bon so done by 1150 Ha
n b—— Anl‘r 1 com Show kernel =T

kerned @ ne N(T) wilt AHIth‘al so nxn'=x allxeT

= neT otherwse << T (v\\',v W‘ qk’\'mk SULa,]o H.on T
(reproving 2(T)=T see Lechee |it) R
RMK By Gactvre 1 T =N(T), Se N(T)p =NT)/NeT),

is discrete amd compack , henaw Faite. So [W(T) is a Fnile 9roup

@ Characters Xa,L G oce delramnned l’J -,Lﬂ.e,,‘,- resiichons XIT
amd Hae 7<|-]- are invariant vade Hhe Ue,?ﬂ #mulo

(ecald Arace is conjuaakon :'A\/o\n‘owd')

PL X{K)F— X(gig”> L_/X(Dc) = 7<|T (x) Vv
(recall Hm:any €6 Ues i a conjugated] T Soy h=gxg™, xé€ T)
Gy 26 = (3 A7) 1= X, () = Tl v

M R(G) — R (T)w = {HUH inwariant virtval chﬁmcws}
X X|1— 15 an iJamorpLiJm!

Cor obove Shows injechve bhom. Smf‘J'ec'lﬁ'v"wly s BQarder (won't
Prove ik). In prachce , you don't use Sucjechivity : Frst you
find reps st G g«v'\/""a AL possible chaddss ia RITIY +hen
bp Tnjed\\/{'}-) Yo Rnow you bave. Ffound all repS .




EXOuv‘!o|e_ Repre.sehtod\'ov\ ‘H\eof:) of U (n)
T = {dhiogonal maicesy € Un)

Claim \ W(T)= S, = Symmelic §rovp aching on T by pecmubing diagonal enivies.
PE A (x)=nxn does not change P uam\laﬂuu "J- x €T (Aiaponal uniries).

2M X,

e _ o
RCCQ.QQ (QSL\Q-ZL'B) T = Zx> if '1=( . e-,_-.‘;x,\) V‘“‘H\ ‘Jxlr")xn Zm.mh,a/&

""4” PC/MU-'—CJ‘ He Adishack endvies e_uru"l.}
Bt )‘(h(x) dedvmines A, on T=<%> by aon—)n'nul'*:j
= A4, = a pumitakon ?’ﬂu_ A,_\.y_,rmj eniies
Coh\lU'S‘eLJ: ol pumuh’n‘om aci’se becavse all —Iﬁv\:posn'h'am arise :

& ! N\ O o
vrase: (PO (V)00 = (83) s (fd)ene
NXh case: USe MMX with{l on A nal Cxcﬁft I'n FOJ).%loyU (l"l ‘-')/ [JI))
( Mn:poses X\‘,)‘j L in endries (4,5), (j)0) v
disgoral emicies” of ) Lo ee
. W(T) _ .+ Sn
C|a\m 2. R(T} = 'ZL'(:, IJ-.-,'h;\-t']_ = Z [F|’-_-’ Ph)Ph_‘] W»\'Ql'e.
‘I'L\Q PJ ore .H,\e_ .Q,Q).n\ev\-i-qﬁj Svmvv\e,kac- PO'\}'\OMI'JJ' ‘n n VN\'”\LLCI:
P‘ = ftJ 7 P?_= Z't‘t‘j e Pk = Z ><\.'| xt“l_ o= XL’,_ ;") Pr\: Xlx'l.”-X'\

1S4 <0< K gN .
s ‘t) wt‘rES(’ovxo(.r 4o reg : (A‘-_\> \é T — >\J :elmxj
= Sn acks Lj P'UMVI'\‘I\? o {,,,-,,‘hn .
Fad‘ ‘ﬁrvtv\ mﬂ}'_Lm '.Z E‘b”-..,‘l:n]sn = ZEP”__) P“] |00|7 {:ng N e@aw\,.rym. Po'\’y

I+ fe Z[‘c.i,—-,‘l'flls“ Hem (ﬂw*a,c,aaerFPn)--F will not have negative
poviess of & , o £& PN-20P,,.,P) € ZLP)-Pn P
ConVU‘S:.@D 200 ,~, Pr\)P':\J < ZC‘ET‘,_-,t:’qg“I benca qua.&'b- )
Laim > Theee exisk o ep Vk oj, WUin) with chovackr th = 'Ph
PE UIn) ath on V=C" (stamdord rep: 0(3)=9 € Uin) € GL(n,C)) = U(n) acks
on V@z_ On gcr\em%fs 8 (\)]@\r,_\ = 9\/‘,@ 9V - Bu¥r not \cep : has a Subrep :
A*\ = {-knsm' LVi®uw;  Suds Heak symmeic grovp S, QLHA&'}
53 fUmqu\g fadors vy, w; ach by siz-v\(pumuhkov\)-l'd
= AV = span, { VOIS — wQV U‘,uJ'éV}
(4cansposiRon (12) acht by W@V — v®W so by — Td =51y Td)
Con\/enl'en+ "LO aLLrev.'nl—e VvaAuWw = UOW — v Ry
= A"V = veler ppace over € Wil basis (ec '\25)|<L<‘<n
with  (Aln) —acoin % (eC/\Q‘)'\: Jec ~gej ST
RwmK we shpwlale Haat 4o symbol A is Linear i~ gach emlry amd
oamhsymmediic : @jnel = —einej , So geinge; makes semse .




aQ+QanHn3 prodnuk /\k\/ = {'z e\/®k D 02 =09n(0) 2 for all € Sk}
Ract by parmvhiag tmsor facters

= Ve(hr spae ovem € wirh basis Hhe yym)pah (e‘:ll\"'AeCk
( U ) - action % (ein--- Ae—\:k\= 9 A A Qe
(\T‘A---AVRE ZS'\“J'\“") "‘o'm®"' ®\fo-ch))

>|5(,\< ...<Ck$r\

Tégk
In FN'HW‘QN'/ /\r\\/ = C'eul\ezl\---/\e,\ (s |-dimenstonal.
Characder resdacled 4o T hace = 3 evalves

g:(>‘-..,\h\éT = g Ehe = Xv\=z>~;
Also  9.-(ecnej)= gecngej = Nei aNje; ;F- Ny (eene)) &%, = _Z);)j
\.<j

A is mulb-hnear

9-(ecnne ) = (N, =Ny ) G- Als = N = ” k<° M= AR

v
[TL LT GV

I packadar :XVH{A“"A“\ =\ Ao\, = dek (9) (l—dimc-«;iov\aﬂ refB [}

|

CQW\M LI- ‘R(u{"\ﬂ = d: [XV, X,\zv J=-°) X/\"V ) X/\“V

1 '
det (okle't)" = det
Nokie : we only use Hiak R(U(M)— R(TIVM inyechve (whicl,
we proved ia g,wumﬂ) omd. we dedvced Sufjech'v\'-l-\j in Has exawyple Ly claim3.
aimS  The V, /\IV).., NV, AV are icreps A"V, AV obviovshy
/ Since I—-a(u‘men.;ionaﬂ
k
P_-F Suploose. not: A\ V'—' M\@ L{,_ sum of Swl:rﬁps.
€ we knew Hak ene,nnee € U, them in Fack W=ARY U= {0}
becawse e makix %€ Un) Witk (olumns (ecllecll___le;k_lo“\er basis \/e(;}or's)
acls Lb 3em= e;m So g.(el/\-.-/\ek) = e\:\ I\-'-/\@ck whidh is o banis for /\k\/_
Trick  Gnsider ackon 0“. mox tovs T & U — Auk(/\kV) . Then
ARV = @V, wheee Va=[veARV: x v =% (%) v} oe weight spaces (a € 2"):
Voo = sum of I-dim irrtps/e €adh with chacacler Xac'.,(_)=e_9_1rc<x,a>- Similorly
U, = @VJI U,=&® V,f_' wiHs V,[,Va{’ €V (um‘gve a&comrosih'on inho l'rrePSoj_T)
But we know Vo=« eia-ARp For a=(1)))--,1,0,...,0) (1 in £S5t k endnies)
(indeed Vo= C egA-.. ey whee a has | in eniies Cry-y b ek O alseuJLm)
= Vol = Vo_ or V! =Vo. S0 €(A--.A ) € Uy or WUa (@Sopposed Jo being M,+(A;) ®
Rm¥ There ts & more Suslemake agproadh to Nadi icceps for G by Looking

for " bighest weight vechocs® in drms of a Cerfmin ordering of welyhts aeZ.
For Win), He lexicographic order works so (I)),—,1,0,..,0) is He hedghest weight

acising in ARV and €a-Aey, the heighet weight yector.




More O<ava\¢5 '/sfnce det = l, Oose olo)\-,m
R(SUM =Z CXy, Xpay ,--y XAMV] where V=C" shandard

SE YS io ,f\?;:)))p:f L Xv, Xpay - X n\,])v= W@Ka: =C “:‘ W =R*™™! candovd
)¢ G) s )Y = o)
(-F:G——)(L‘) — (HT'-T—)C)
$(a)=£rx))<_. ($:T—0)

1€ h=9xg-
RmK  need check 4(A) well-defned and conkavous. The key Step o

Show well -defnedness is fact :

X 12 €T are conjugale in G & W-X, =X, Ssome wel(T)
(. 2. —Hno_y ore wn)uaa-l{ in NCT))

Thecedore £(3) = £0w- )= £0x3) sine £ 35 Weyl- invariant.
Exanple For SUR), T=(30YES'. Then WT)=S, (just like for Ul2)
CQ(SU{l\\:(CEezm"L/ c-f)_ﬁh(lsz =C [:2 cO_r(z-n'-x)j = Span g_CoSCZIK'aX)!QGZ}

. s ¢ (C.ow\\om Q- Sheet 6)
2,) Wol grovp ackon on T~ permutes Hhe oo
me.a.vn‘l\g'- 6",9“3(1) = ea(w_' X-): ea‘l (—x) afe X€ -r / Jome mo{- 6“.’ g
PE Ad(w—.x) = Ad (n'sxn) = Ad (M Ad(X) Ad (") Bence the rep
Adlrow™ 22 Adlr aomd Ad ™ Var Ad(n) s an icred summand so =~V §

(Sn‘nu T s o\Lel{an, C@[T): C(T.))

EMV‘\E\Q— Ulr) rook ae X=X wheee )‘-,=eu“1J are 4,:7 enhnes o—f, T.
W(T) = Sh pumukes Hae J/Cabeonaﬂ anldes ) <o F_p_fmd'l'{.r roots .
3) [The permutaklon ackion on the rooks UM‘qug delvmines elements of W(T)
(go W) = Smba-mula cj? Sm where m = # coots of G)
PE G conneded Liea—f = Lic gy bovn w:A,,/T'.T-—5T iy detsmined by
Dw= DnA'\I{; =Ad(n):tot (t=LeT) Saw Al =cd on Cenbe (6)cT
tave Dyw= (d on Cenbre ("J)S{:. In Leeve |6 will show -
dual ?* = Spow}émo‘l’S ea.\ @ Centre (ca\*
L\@vxu. ('Dlw)* de-"(fmine_cl bj AC'HDV\ on moh,so ce.wﬁ-&\lpuS- ")
\/\l@.g@ inkgfou%\‘om formuwler  (Non—exawminable)

Would €iKe 4o recovesr <X XD = A Xl(g)X(g\ from an ianerprodwd on T
gea . — T 0002

10 OV
fe W@G) = f‘f(g)Zj £2) §ex) where SO0)= —— 1 |59 _¢
L[] | AT _ 2THe 2 g o

(
Example G=Uw) : jol fo 'F('x\.--{'xh\ 7\'5. k<l
G=SU): £ e {—\e““”‘.@““”“l"dx = 2§ £ex) sin*(2Tx) dx
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ASSUME: T MAX TORUS
G COMPACLT CONNECTED

W&qﬁ -'\'mlam‘an' tnner pma(,ud— on ‘f: = Le (T)

Recall G AWt (V) = 3 G-inveriamt ineprodud on V
Ad: G —)AM’CO}\ = 4 i 7 () on %
Cor 3 \J(T) -iavanant mW(’mo{»d— on = Lie(T)
henwe W(T) = Raite Svlbfa—mvp o;f O(n) awkhon own (”2 SJm o\uo\\N

E W—A'\l.re \I\I(T) acts \03 .blw = blA'\_ Ad(n) on t ‘C‘% (Y\G N(T)\ 8
Rmk Recadl Lie G+ ovp hrom w=An|T- is demined by Lie a\ﬂj,elon\_ liom D= Ad(n.
Exarple G=U(my (X, Y)=Trace (XTY) = —Trace(XY) o ,,a=gX; 7T=_x)
t ={(Lxl-"dx.\) '.XJ'eIP\B =(X)Y) = 2:7()' ) stamdord inner prodnck on TR
Ffr\ol\‘v\g He Weyt opoup Comb\'noﬁon'a”y
T, = Ker (root 6, : T — S'=R/2) } 6. (x)=<x,a>
= 3,a,4-- + X,0n
t,= Lie Ta = Ker (6. t=R"—R) ‘
= the hyperplane orfhogonal to aeR* =t (equakon: <x,a>=0)
Exarle Uln) for 6,= 0yt Ta={[ 5y ) MM = peeR o= %)
Rmle (erewise) Cemte(G)= N To | Contre (P = Nta=Nkerba
roots

roots Y
Exarple Gumbee (W) = {(* )} =5"Td, Cemtee (um) = (™ )}=¢R-Td
Fack (tricky) For any root Ba , Hee exisks W+TA in W -F»‘xfr\J each point of Ta

Cor W(T) ackna. on t contains ol N‘/ch%'ans in the hypeoplanes ta
PLEWT) adks b‘) orl'b\ogor\a.o madices =3 from Fact must be He reflechon in to@

Foct W(T) < Aut (‘l:) ¥y a,bv\em-l-eal 193 He re%(c_oh‘ahs in He kwo-v‘o(omcs ta

Un) refladon in Je,;{xe IR“!D(k=‘I€} SWaps g,y Coordinales

EXawwcl{
= W(T) € Aut(R") is GvOup S, = permutabion makrices whidk Permuk coords
2x2 Exawple. w= onjugakion by (72) Hhen w-(% 5N =(0) (T Ea)(T0)"=( 0%

v G ke 0 . _ 20,(2)
Rk Generating reflechons S,itat, S,00=x - W:) SN

I/\awe_ 'Q:rmula :
Where Oa €t awe duals of Ba€t*via inne~produdk (-)-) so: (8% Y)=6.(Y).
Rk £ = comtre(G) @ Span p O, and Hhe dual +7=cenlre (g)*@SPanCmohm

P‘FOFH\AS Cow\p|emg.,,-}-|~o S‘pa.nmg.* 5 ?'Zé'f (71 ls) O} [Ié'(: Gq(ﬂ) 0] ﬂKcrea



KILLING FoRM

dx)EER (V
Recall (Q.sheet?2) : e receld :dr(:?mn: cv?,ﬂ

<A,y > = Trace (ad ey ad (4Y)

is bylineor map VxV— IF
any Liealytbeos Vv

|EYV\ For G CoWQc.hl

<X, %> £0 ol x e Q -Sheet Y
=0  iFand onk ¥ x€ Ce,rvk‘e(%)‘—’kﬂr(aol): Lie (Cenve G)
12 U\.s\‘na Ad(G) -'avariomt merdc (-,) &om above, 9 =~ R™M amd i
Ad(g\é O(mY so ad(4) € o(m) by natvealid : "A—"“(I\
= A = ad)=sRew —Symmedic makix ”"‘fé/ _Ad, Ol
x> = Te (AR = T(-ATR) = T A = 5 -
=0 iff all A;; =0, Hhat is A=ad@)=0. B
Co_f‘ For G C-ONVadr, %=CM\MCG<Q@ ‘3’ where 0&'5‘% s am \d1all on which

Hhe Kill:‘na form I5s negabive defnite. idead W \/: eveddor subspace WE 'V )

(Qsheet ) *Lv.wleWw ‘(‘”"“V'E{’,J
PE a'= Combee () wsing Ad -invaiamb mekeic ()

Ao\(g) acks by or'i'fwa.om& matnces So sends %z’——ng'/ so ad=DAd: 9q- Ehd(g')
= adbu(y)= Cay) € %’ be xeq,yeq’ so q'is ar idead.
B:Q above Thm <y Y5 <o -ﬁarszﬁoe%' since Y Cemice (3)) B
— NoN - ExAMIvaBLE
CLASSIF[CATION OF CoMPACT LIE GROUPS
Recall (Q.Sheet )

l[['l']"/éo
Lie algtbrn V called simple iV not abelian and only ideals are 0V
V' Semi-simple if /= @S\'mp|e_Lia_ algebrns .

Q.Sheet Lt © for connecked Lie grovp G,

Simp& &S G S;me|€. Meoning: not a.lnbl\'mr\ amd DV Hie \
% ( Ov\% v?o»n—-ku'v\‘a& connehed no}rMaﬂ Lie SuLa\o

Fact K\'||;,\3 fatm on \/ s non-degeneate = \/ semi-simple
Cor

G Cowpatk =) ‘g = (aulicaev:‘;::?;?i\ @ (Sem'\—sbvﬂ%{ummano()

M-So don't have ﬂm*y summands (”sa|Vq|o|e .S'UMMo.nAS“) in Lie qbeLm.
. Lie &(&Llom 'H/\eo/y can c|ass§€-7 all smple Lie algebras |

Consegutrel @ Com clMsny cov\qoac-i' Lie 3mu€s|




G Com Fad— c,ovmuko\

FACT \ 1f G simply —connected and %_S\'Mf|e./ Hen G can be:
S\L(n\ (EXamPLe_ (3) j
\ = uni " SU2)=Sp?
SP i (n) universald wverajg, SO(») =lﬁlm\d-ms<‘!‘_oe S0(3)
SF (MY = Symplacke 8,,(0\1‘0 (Lechve '?_)

GZ—I F((. , E"’ E+l Eg & Q?CC_R.e-}\'ovwl Lie FOvPs.

Rmk  [£ omit assumphon % simpll, thew G is o prodndk of above aps

FAC—TL G L\M a (\m-l-e_ CoVver GILG

(Meanir\? Kar T Anike)
with G’ ~

torus X Lnide prodrck D{; orovps Fronn alove ist

finile produck of copies of S' amd  groups fom above Lisk.

RmK By Qlof Q.sheet 5, G = G/ where T <Gk (G) is o
Kaile group  (since discrtie and compack).

7~~~
L

The wikipedion \ao.a,z_ “Lisk a‘@ simp|e. Lie 3.mux\05“ has |ots of
info  amd exawmples abont Has dassifcation.

END ofF COURSE




