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What are nice functions?
We will consider the following setup:

M = closed! (smooth) m-dimensional manifold,
f: M — R a smooth function.

Locally, f : R™ — R near p = 0:

0
fl@) = SO+ g0 e g Y

= f(0)+dfo -z + %zT -Hesso(f) x4 (matrix notation)
Hope:
e Want few p € M with
df, =0 +— p critical point (e.g. max,min)
Note: these are m conditions, so we hope
(i) finite Crit(f) = {critical points of f}
e At critical p, we want a good next order term:

(17) detHessp(f) #0 <— p nondegenerate
Fact. (ii) = (i)

Def. ‘f : M — R is Morse if all critical points are nondegenerate

Example. M = torus:

standing vertically lying flat

R R

= height @ £ = height
— = e

Morse v circle of maxima
hence not Morse

Modern perspective

"M graph of df

the section df is transverse

df, (section of T*M) ]
/ [ is Morse < to the zero section of T*M

/ D ‘ M = zero section

Date: May 1, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
Lelosed = compact and no boundary.
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2 PART III, MORSE HOMOLOGY, L1
Idea of what “transverse” means:

T

transverse non-transverse

Transverse objects are the “generic” ones in geometry:

small
perturbation
e
non-transverse transverse

= | almost all functions are Morse

Fact. All manifolds arise as submanifolds of some RF. We’ll prove that: almost
any “height function™ is Morse on M C R¥.

= ‘it is easy to find Morse functions ‘

How do you relate Morse f to the topology?

Two natural geometrical objects to look at, given a function f:

level sets f=r
sublevel sets f <r

Consider the torus standing vertically:

Level set Sublevel set

TGR 0 @

S ISTNY

Observe that the topology changes when you cross the critical values f(p),
where df, = 0. Otherwise the topology does not change:

2height function = linear functional RF — R.
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f_igT +¢) 6 . flow in the direction of —V f
I AT

to homeomorph f <r+¢conto f <r

We will prove: passing through a critical point changes the topology by attaching
a k-cell, where

k = #negative eigenvalues of Hess,f «— index |p|
Example: M = torus, f = height

sadjﬂe/z

locally f(x,y) = —22 + y?

f/ Hesso f = ( 62 (2) )

p
2

so [p| =1
1-cell
Sublevel set New sublevel set
pass
through ~
e ) )
critical hpy equiv 1-handle
value f(p <
A\
diffeo \ ~
homeo

= ‘ Can reconstruct the mfd up to hpy equivalence

Hwk 8: f Morse with 2 critical points = M =2 S™ homeomorphic.
Warning. Not diffeomorphic, 3 “exotic” S” homeo but not diffeo to the usual
S7 c R® (proved by Milnor, using the result of Hwk 8).

Is it easy to recover the homology from f7?

Classical approach (Morse ~ 1930, Thom, Smale, Milnor ~ 1960, ...)
Pick a self-indexing Morse function (meaning index(p) = f(p)).

= the above cell-attachments define a CW structure on M.

= recover cellular homology of M

Example: M = S!
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p
R
-V
f f = height

Consider the unstable cells

x — U(z) = {points flowing down from the critical point =}

p
U(p) = 1-cell
Uq) = . 0-cell
q

The cellualar boundary is:?
oU(p) =U(q) —U(q) =0
so HeN(S1) is generated by cells U(q),U(p) in degrees * =0,1, as expected.

Why is the classical approach bad?

If M is oo-dimensional, then U(p) is usually oo-dimensional, hence not a cell.
Also, the “flow” is often not defined, so U(p) is not even well-defined.

You may ask: who cares about co-dimensional manifolds? Actually, these nowa-
days arise quite naturally in geometry. For example:

D M = space of all loops
modern % is an oo dimensional mfd
-— . NT>Vg

research

Morse theory Floer theory
“particle theory” “string theory”

Modern approach (Witten, Floer, ...~ 1980)
Consider the moduli space?*
M(p, q) = {—V [ flowlines from p to q}/reparametrization
Example: M = S?

Y1 V2
M(p,q) = {71,72}

3Note that orientation signs are a subtle issue: if we got the sign wrong, then suddenly oU (p)
would no longer be zero. To avoid such technical subtleties, we will work over Z/2 in this course.
4these flowlines are called instantons or tunneling paths in physics.
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Define a chain complex, called Morse complex,
MC*(f):ZQ.p@Z2.q@...
where p, g, ... are the critical points, and we work over Zy = Z/2 to avoid signs.

d: MCyx = MCr—1
dp = Zq(#elemen‘cs in M(p,q))-q

Example: M = hot-dog (=2 S?)

2 2
a b
R
a p
1
c f = height
-
e
0
Then:
MCy = Zo-a®Zo-b da=#{a} -c=c, db=#{B}-c=c
MC, = Zs-c de = #{v,e} =0 (mod 2)
MCO = Zg'e de =0
ker 0
Morse homology = - 5 = MH.(f) = Zs-e @ Za(a—Db)
im
* = 0 1

Observe this is the same as H,(S?) (over Z/2).

‘Theorem. MH,(f) = H.(M) ‘

Cor.

#(critical points of a Morse function) #(generators of MC.(f))

#(generators of MH.(f))
> dim H;(M) (Betti numbers)

Example. A generic f : — R has > 2 + 2 - genus = 6 critical points.®

Geometry is functional analysis

IV Il

We made two tacit assumptions when defining M C,, M H,:
(1) need #M(p, q) finite for |g| = |p| — 1. Rephrasing:

‘ M(p, q) is a compact 0-dimensional manifold

(2) need d> = dod =0 to define homology.

5 Non-examinable: Algebraic topology tells you > |x(M)| = |32(=1)¢ dim MC;(f)|, via the
intersection number: graph(df) - Op«pr = —x(M). So for a torus it just predicts > 0.
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Idea of proof of (2):

Pp = A, #Mp,q) )
= Y #Mpq) - #M(g,r) T

Now #M(p,q) - #M(q,r) counts “broken” flowlines from p to q to r. Hence:
d*> = 0 & once-broken flowlines arise in pairs

Hope: 3 a 1-family of flowlines joining two broken flowlines:

p

q1 q2

r

View the flowlines as points in the moduli space, then:

1-family
o i P C M(p,r)

broken flowline broken flowline

e M(p,r) is a non-compact 1-mfd
e J natural way of making it compact:

M(p,r) = M(p,r) U “OM(p,7)” (OM(p,r) = {broken flowlines})
= M(p,r) compact 1-mfd
= M(p,r) = disjoint union of circles and compact intervals
= OM(p,r) = even number of points, so = 0 mod 2
=d’p=0
=d>=0 O

Idea of proof of (1): Functional Analysis

Y

(3) transversality problem: M(p,q) are smooth manifolds for a “generic’
metric g (which defines Vf by g(Vf,-) = df), and

dim M(p,q) = |p| — lq| — 1.

(4) compactness problem: M(p, q) can be compactified by broken flowlines.

Most modern homology theories involve these two problems

= | Morse homology is a perfect playground!
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Idea to solve (3): consider the “Banach” vector bundle

{smooth vector fields along u}

l > section F' = dsu — V f(u)
{smooth paths v : R — M, u(s) = p,q as s = —o0, +00}

Observe:

‘F:()(:)asu:—Vf(:)uEM(ILQ)‘

= ‘ M(p, q) = intersection of a section of a Banach vector bundle with 0 section

F
perturb
the metric g
EE—
non-transverse transverse

= M(p, q) mfd!

Geometry is algebra
Define the Morse cohomology M H*(f) = H*(M) using

MC* :Z2.p@Z2.q@...
§: MCF — MCFH
op=>_,#Ml(q,p)-¢  (where [q| = |p[+1)

Then Poincaré duality H.(M) = H™ *(M) (over Z3)° is just the symmetry:

MH.(f) = MH"™ (=)
p = p
Mp,g: f) = Mlg,p;—f)
—V [ flowline u(s) +— V[ flowline u(—s)

The switch in grading is because flipping the sign of f flips the sign of the Hessian.

Poincaré duality is just reversal of flowlines in Morse theory! If you use a height
function, Poincaré duality is the intuitive idea “look at the manifold upside down!”.

The Kiinneth isomorphism H.(My x Ms) = H,(M;) ® H.(Mz) can be proved
quite simply now by the observation: Morse functions f1 : M7 — R, fo: My — R
give naturally rise to the Morse function fi + fo : M7 x My — R, and the flowlines
are just the combined flowline for fi, fo on the respective factors of My x Ms.

The cup product H*(M) @ H*(M) — H®t*(M) can also be described Morse
theoretically: you count flows along a Y-shaped Feynman graph, flowing by a Morse
function along each of the three edges of the graph and you require that the flow
converges to the inputs p, ¢ at the top, and to r at the bottom. This solution then
contributes p- ¢ =1+ --- to the product.

6¢his also works over Z, but then one needs to assume M is orientable, which is secretly hidden
in the orientation signs that define MC,, MC*.
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0. REVIEW OF DIFFERENTIAL GEOMETRY

0.1. Connections: motivation. How do you differentiate on vector bundles?

[/\ Ez 110 E = vector bundle (family of vector spaces)
v

v = section
(picks a vector over each point)

M = manifold

In very loose notation, we want

« 9

[L-v(x +t0;)] —v(x)
t
where we need a linear identification L : F,115, — E,. Expanding

Vao.v= lim
0 t—0

L =1 +tA+ order t2,
since at t = 0 we definitely want L = identity. Expanding v:
v(x +t0;) = v(x) + tdiv + order t2.

. _ 2
So we want Vv = PI% (@) + t0iv + tA”(j) if(z) + order ¢
—

= O;v+ Av

0.2. Connections.
Notation.!  C°°(M) = smooth functions M — R
C*°(E) = smooth sections M — E of the vector bundle E — M.

Def. A connection V is a bilinear map
V: C®(TM)®C®(E)— C>®(E)
(X,v) = Vxv

(1) C>°(M)-linear in X: Vixv = fVxv
(2) C*°(M)-Leibniz in v: Vx fv= (X" flv+ fVxv

Date: May 1, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
IThe space of sections is also written I'(E), but we will need to keep track of the topology.
1
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Rmk. X plays the same role as 0;, and X - f is differentiation of f just like O;f
would be. Check that X - f = df (X), where the 1-form df “eats” the vector X .
Equivalent Definition? (by defining Vv - X = Vxv),

V:C®(E) = C®T*M)® C>®(E)
such that it is C°°(M)-Leibniz: V(fv) =df @ v+ fVv.

Locally
C*°(FE) has basis s1,..., S, (Ely 2U xR")
v =3 vls; (v € C>(M))

Vo =73 dvi ®sj+v/Vs;

V( : ) =d < : >—|—A < : ) (A = “matrix of 1-forms” with Vis; = >, A;?sk)

V=d+ A| locally, as expected!

0.3. Pull-back bundle.
w'E——>=F  Foru:[0,1] - M smooth, define (uv*E), = E,). We will
define ©*V : C>*(T'0,1]) ® C>®°(u*E) — C*®(u*E).
Let s be the coordinate on [0,1], v an E-field along u. We
0,1 —“= A/  abbreviate (u*V)(0s ® v) by Vv = 3-v

T T

v v

Locally |V,v = % + A(Osu) - v| (1-formsin A eat dgu, - is matrix multiplication)

Rmk. Some abusively write Vv because if u is an embedding,® then any v €
C>®(E) with v(u(s)) = v(s) satisfies’

(VS’U)S = (Vaguﬁ)u(s) = dﬁ(&su) + A(asu) v
0.4. Parallel transport along a path. For smooth w : [0,1] — M define

‘Pu : Eu(O) — Eu(l) ‘

Vv =0
v(0) = vy
in the unknown v € C*°(v*E). Then P,(vo) = v(1).

For vy € Ey(g) solve the linear ODE

e ODE theory = 3 unique solution, depending smoothly on v = P, smooth.
e Linear ODE = P, linear.

=Hwk 2. can make Motivation 0.1 rigorous: for a path « with u(0) = z,4/(0) = X,

2¢e0 (r*My=Q' (M)= 1-forms on M, and ¢ (T*M)@C™ (E)=' (M, E)= E-valued 1-forms on M.

3f . M — N is an embedding if f is an immersion with f : M — f(M) a homeomorphism.
Immersion = the differential df is injective at each point. Homeomorphism = continuous bijection
having a continuous inverse. Often require proper = preimages of compact sets are compact (if
M, N are compact manifolds this is superfluous, and in this case embedding = injective immersion).
4d5(9su) = %5(11,(8)) = %v(s): so you only need to know how v varies along u(s).
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Pl o(u(t) — o(x) o
(Vxv)e = lim —%! () = Xuge

L) I
d —1 u(t
= GilioPut v €E 2 = u(0)

0.5. Levi-Civita connection.
E =TM, g Riemannian metric® = 3 unique V such that V is
(1) symmetric:® VxY — Vy X = [X,Y]
(2) g-compatible: X - g(Y,Z2) =g(VxY,Z)+g(Y,VxZ)
Remarks.
Locally: s; = 95 = %, Vo, =Y Ak @0, Vs,0; =3 T%0k
(T'¥; = Christoffel symbols, locally C*°(M) : A¥ = 3" T'F;dx")
(1) & locally Vy,0; = Vo, 0 < I'f; =T%,.

ij

(1) + (2) & an equation” for I'}; in terms of g~ ', dg holds.
Lemma. P, is an isometry for Levi-Civita V
Proof. 9s|v]? = d59(v,v) = g(Vsv,v) + g(v, Vsv) = 0 (since Vv = 0). O

0.6. Geodesics.
Consider F =TM, V = Levi-Civita.

Def. u:[0,1] = M is a geodesic < Osu is parallel along u
& Vo,ul0su =0
& (nonlinear) 2" order ODE® in u.

Cor. Geodesics have constant speed |0su|. Length(u) = fol |Osu| ds = |Ogu.
Proof. P, is an isometry. O

The space of sections is also written I'(E), but we will need to keep track of
the topology. Fact. Geodesics minimize length locally.® So they can be used to
measure distances between closeby points.

0.7. Exponential map.
ODE theory = geodesics exist for small time
ODE theory = geodesic is uniquely determined by initial conditions
= call exp,(s,v) = u(s) geod with u(0) =p € M, v'(0) =v € T,M
Easy exercise. exp,(st,v) = exp,(s,tv)
= can write exp,(s - v).

Denote D.TM = {v € TM : |v| < e}, called a disc bundle.
Cor. For a closed manifold M,

smooth

exp: DTM =" M, (p,v) + exp,v

5g € C>(Sym2(T*M)) fibrewise positive definite (= g is an inner product in each fibre, varying

smoothly over M). Sym?(T* M) = bundle of bilinear forms on 7M. The norm is |v| = \/g(v, v).
Slocally X =" X9;,Y =3 Y9; (X!, Y? functions in z), [X,Y]=3( X'9;Y7 — Y9, X7) ;.
"Non-examinable: Ffj = % Zg“(aigjk + 0jgri — Okgij), where g% = matrix entries of g~ 1.
8Non-examinable: afuk + > Ff]. < Osut - Osud = 0.

9greaLt circles are geodesics on the sphere, but they don’t minimize length after half a circle.
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is defined'® and distance preserving'® for small &> 0.

Proof. Take ¢ = smallest ¢ such that exp, (¢, v) is defined for all |v| = 1. Smoothness
follows from ODE theory: smooth dependence of solutions on initial conditions. [

Cor. For M compact, 3¢ > 0 such that any two points in M at distance < € are
connected by a unique'® geodesic. So any two sufficiently close continuous paths
are homotopic by following geodesic arcs.

0.8. Differential. For a (smooth) map of mfds f : M™ — N", the derivative map
df(p) = dpf : T,M — Ty, N

is the best linear approximation of f. Locally f : R™ — R", df = (gj:;) (matrix).

Trick. Any vector v at p gives rise to a smooth curve ¢ defined near ¢(0) = p,
with ¢/(0) = v (and vice-versa any ¢ defines a vector ¢/(0) = v at p). Then

0
bfv= g Ies)
0.9. Vertical differential.

E E B,
section v
e " v(p)

M 3 ~Y

/ | T D 0fr = zero section = M

A section v : M — E has derivative dv : TM — TE. This is ugly because T'E
has double the dimension of E!

Key Idea:
Tyl B = kerdme = E

since it is a vector space (analogue of T, R™ = R™).

Def. For V on E, there exists'® a vertical differential (or linearization),
Dy, :T,M — E,
Dyv-X = (Vxv),

Lemma. D,v is independent of V if v(p) = 0, indeed it is the vertical projection
composed with d,v:

dpv - X Dyo-X = dyvlc- X
v

= (projection to E,)odyv- X

Wexp : TM — M is defined on all of TM (for closed M): patch local solutions of the ODE.
But not necessarily on non-closed M: consider C\point and any straight line intersecting 0.
"meaning dist(p, exp,, v) = |v[, using the above Fact.
12uniqueness will be explained in Example 1.1.
130ne could write Dp = V. The emphasis is that the definition depends on the wvector X at

p, rather than a vector field X defined near p. Also, D, reminds you about the Lemma.
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Proof/Explanation.
Locally: Ely 2 U x Ep, Ty E = T,U x TyE, = T,U x E,, write

v(z) = (z,0°%(x)) € U x E,

= dyv - X = (X,dpv'°° - X)
= (Vxv)p = dpv'° - X + A(X) - v'°¢(p)
=dyv'° - X (since v'°¢(p) = 0)

In particular,
T,M =T,0p CTE,

so dpv - X — X makes sense and = dpvloc - X.
Also
T E =T,M & T35 ' E = T,M & E,

independently of coordinates, so vertical projection is defined.'* O

1. DIFFERENTIAL TOPOLOGY

1.0. Motivation. The aim is to relate the infinitesimal, the local and the global:

Infinitesimal Local Global
u u
linear algebra charts
inverse function thm tubular neighbourhoods
implicit function thm transition rules

partitions of unity

Example:
Ty M - Chart - - Manifold M
dpf: TpM — TpM f local diffeo if f also bijective,
linear isomorphism then f diffeo

1.1. Diffeomorphisms.

Def. A smooth map f: M™ — N™ is a diffeo if
f is bijective
f~1 is smooth

f is alocal diffeo if 3 open p € U C M such that

f(U) is open
{ flu : U = f(U) is a diffeo

Rmk. This forces m =n since
f local diffeo at p = dp, f isomorphism with inverse df(p)f_l
Thm (Inverse Function Theorem).
dpf isomorphism = f local diffeo at p

Mgt (p,v) # (p,0) the iso T(;, ,)E =2 TpM ® Ep depends on V: V decides which vectors are

horizontal. Non-exzaminable: T&?%ZE: dsp(Tp M) for local sections s with (Vxs),=0,VX €T, M.
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Ideas in the proof. o
“r = f1(y)” < y = f(x) & fixed point g,(z) = =
where we define
gy(@) =2+ A7y — f(2))
where A = d,f in local coords on a closed ball around p (which is a complete

metric space). By the contraction mapping theorem!® there exists f~!, and one
easily checks that f~! is continuous. Now observe the following equation holds:

(df =) (y) = ldf (F~ )™
so by bootstrapping,'”

smoothness of f~! = smoothness of f. O

Rmk. The proof only used completeness and linear algebra, we never used com-
pactness or finite dimensionality.

Example.'®

do(exp,) - U = Ot|1=0 exp, (t¥) = ¥, so dpexp, = I,
pM = exp,, is a local diffeo near 0,

exp,,

= Je > 0 so that exp, : D:T,M — M s a chart!

= This proves the uniqueness of geodesics joining two
M close enough points.

1.2. Regular maps.'’

dyf surjective = f is regular at p (submersion), so m > n.

Def. L ; . . . .
¢ d,f not surjective = p is a critical point, f(p) is a critical value.

Def. {regular values} = N\ {critical values}. Note f may not attain these values!?°
Example. f: M — Rregular at p < d,f # 0, so Crit(f) ={p € M : d,f = 0}.

Thm (Implicit Function Theorem).
f regular at p = 3 local coords near p, f(p) in which f is a projection:

flxr, oo @n, o Zm) = (X1, .., Tp)

Pf. Locally f:R™ — R"™ defined near p =0, f(p) = 0.
By linear algebra (row/col operations):

Bod,foA=(I 0),

15For a detailed proof, see for example Lang, Undergraduate analysis.

16 Contraction Mapping Theorem: a contraction mapping on a complete metric space has a
unique fixed point. Contraction mapping f : M — M means there is a constant 0 < k < 1 for
which dist(fz, fy) < k- dist(z,y), for all ,y € M. Fized point means a point z with f(z) = x.

17f*1 is cts = df ~1 cts (because of the equation) = f~1 is once ctsly diffble = can differentiate
equation = repeat. Note that we used that inversion is C'*° on invertible matrices.

18hy definition u(t) = exp,, (t0) satisfies v’ (t) = .

Motivation: what if m # n? Hwk 3 is about m < n, immersive maps. Here we do m > n.

20rcNisa reqular value iff dp f is surjective for all p € f~1(r). So this holds if f=1(r) = 0!
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some A € GL(m), B € GL(n). Replace f by Bo fo A (a linear change of coords),
sodpf = (I 0). Define

F:R™ — R*H(m=n) — R™ defined near p by
F(‘T) = (f(x)vxn—i-la L 7-rm)

So dpF = ( é (I) ) So F local diffeo near p. The claim follows by the diagram:
M - . N
\Lold chart
new chart R™ old chart

|7
RM projection R™

Rmk. diffeo/reqularity are open conditions: if true at p then true near p.

Rmk. classically (algebraic geometry) you apply the theorem to
F:R"xR™™ 5 R"xR™™, F(X,Y)=(f(X,Y),Y).
If X — f(X,b) has non-singular derivative at X = a, and f(a,b) = 0, then near
(a,b) the vanishing set
V(f) = f~1(0) is parametrized by Y + (0,Y) 1 (9(Y),Y)
so f(g(Y),Y)=0, and g is called implicit function.

Cor (Implicit Function Theorem).?!

fﬁl(q) C M submfd of codim =n
Tpf~*(q) =kerd,f Vpe f~q)

q € N regular value of f = {

Pf. Locally
fle, .. xn, .o yxm) = (T1,...,20)
dof - (Fryeoos By Bm) = (T1y-n,Tn)-
= f710) ={(0,...,0,p41,...,%m)}, so those z’s form local coords for chart.
= Tf71(0) = ker df. O

21Codimension f~1(q) = n means dim f~!(q) = m — n. You lose n dimensions because you
impose n conditions by asking f = g. The tangent space is also intuitive: if a curve moves along
f = q, then f does not change, so dpf = 0, and now recall that we related curves and vectors.
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1.3. Sard’s theorem.

Fact.! For smooth f: M — N,

‘ Almost every point of N is a reqular value of f ‘

This means: {critical values} = f({critical points}) is a set of measure zero® in N.
Equivalently: {regular values} C N has full measure, so these points are “generic”.

Cor. {regular values} C N is dense.
Pf. Non-empty open sets in R™ have measure > 0. O
Rmk. M, N need not be compact. The result only uses that M is second countable.?

Fact. For C*-maps* f : M™ — N", the above fact holds provided k > m — n.
(Here M, N need not be smooth, just need C*-mfds: the transition maps are C*.)

Examples.
(1) f:R" R, x> 2?21
0 regular value, so f~1(0) = S™ 1 mfd of dim =m — 1.
(2) f: Matrices,x, — Symmetric Matrices,xn, A — AT A
_ . n(n+1
I regular value, so f~1(0) = O(n) mfd of dim =n? — %
(3) Hwk.®> Sard = homotopy groups 7;(S™) = 0 fori < n.

1.4. Transversality.

Motivation:
q € N regular value = f~
O submfd Q C N satisfying ...7 = f~
O submfds Q1,Q2 C N satisfying ...7 = Q1
O Pretend N/Q made sense ©

=F: M5 NSNQ27=Q/Q

Y(g) € M submfd
H@Q) € M submfd
N Q2 C N submfd

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.

f you are curious about its non-examinable proof, see Milnor’s Topology from the Differen-
tiable Viewpoint, or Guillemin & Pollack, Differential Topology.

2A subset S of R™ has measure zero if Ve > 0, Jcountable covering of S by cubes C;, with
> vol(C;) <e. A subset S of a mfd N has measure zero if for any chart ¢ : U — R", ¢(SNU)
has measure 0 (it’s enough to require this for a covering ¢; : U; — R™). Example: Q C R. Useful
facts: countable unions of measure 0 sets have measure 0; C'-maps between subsets of R™ always
map measure 0 sets to measure 0 sets.

3Second countable= there is a countable covering by charts. This is always part of the definition
of manifold. Consequence: any covering has a countable subcover.

41 times continuously differentiable maps, with k > 1 so “regular/critical points” are defined.

5 Non-ezaminable: the proof essentially shows Sard implies the cellular approximation theorem.

1
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= [71Q)=F"'(q)
= f~1Q) is mfd if g regular value of F'
if d, F' surjective Vp € F~1(q)
if d, (T, M) = Ty(N/Q)
if‘dpf(TpM)JrTqQ:TqN Vpefil(Q)qugQ‘
Def. f: M — N is transverse to Q if the above box holds. Write f Q.
Thm.

F~HQ) € M submfd of codim = codim Q

fhe= { T, f~1(Q) = ker( T, M a2l TN —TN/TQ)=ker(Dpf : T,M — vq,q)

Pf. Locally Q C N is® R* C R", so “N/Q” is well-defined locally: R"/R¢. O

Ezplanation: vg = TN/TQ =normal bundle to @ C N, fibre vg , = T,N/T,Q.
D, f is abuse of notation:” ‘ Df, - X = vertical projection of d, f - X at ¢ = f(p) € Q ‘

OFor f:Q1“——= N and Q = Q2 C N,

inclusion
f_l(Q) =@Q1NQs CN.
Def. Q1,Q2 are transverse submfds of N, 1aQ2 7.0
written Q1 M Q2, if Q2 a8
T,Q1+T,Q:=T,N  Yge@inQ: g @

Examples. N M any submfd! Two vector subspaces C R™ are rh if they span R".

Cor.
N
Q@ Q1N Q2 C N submfd
Q1M Q2 = < of codim = codim Q1 + codim Qs
@ 02 T,(Q1 N Q2) = TyQ1 NTyQ2

Rmk.
1. dim Q1 +dim Qo < dim N then Q1 M Q2 & Q1 NQ2 =0

. . T Q1N Q2 finite set®
2. dim Q1+ dim Qo = dim N then Q1 M Q- @{ TO:1 & TQs = TN at g € Q1N Qs (+)

In case 2. you can define an intersection number

Q1-Q2=#(Q1NQ2) mod 2 € /27
If Q1,Q2, N oriented?®
Q1 Q2 =#(Q1NQ2) €Z,

6Hwk 3: @ — N immersion = locally has form (z1,...,24) — (z1,...,24,0,...,0) € R™.

7f is not a section of v, but the construction of that vertical projection is analogous.

8assuming Q1,Q2 are compact submanifolds. Otherwise, replace with “discrete set”.

9 Non-ezaminable: it suffices that Q1 is oriented, and Q2 is co-oriented (= normal bundle
vg, = TN/TQ2 is oriented). Assign +1 to p € Q1 N Q2 if an oriented basis of T,Q1 gives rise
to an oriented basis of v, , and —1 else. When Q1,Q2, N are oriented, this sign agrees with the
one above, if we orient so that TN|q, = vg, ® T'Q2 preserves orientation (“normals first”).
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where # counts with sign +1 if the iso (x) is orientation-preserving, —1 otherwise.
Next time, we will deduce that one can always achieve Q1 M Qo after perturbing
Q1 (or Q2), and in case 2. the value Q1 - Q2 is independent of the perturbation.

Motivation for stability and genericity. Transversality is stable and generic:
Stable: perturbing preserves the property, generic: it can be achieved by perturbing.

U] e U
SN e\

transverse still transverse nontransverse transverse

1.5. Stability.
Recall a (smooth) homotopy f; of f: M — N means a smooth map

H: M x [0,1] S N with { ft(i) :H(w,t)
fo=f

Call fo, f1 (smoothly) homotopic.

Def. A “property” P is stable for a class C' of maps f: M — N, if

f € C satisfies P

£, homotopy } = f; satisfies P for each t <e (¢ >0 depending on f, f:)

Rmk.

(1) Locally stable means Vp € M, 3 nbhd U > p such that P is stable for the
restrictions {f|lv : f € C}

(2) For compact M, one can often deduce stability from local stability, by cov-
ering M by such U, taking a finite subcover, taking min of €’s.

(3) Can use more general parameters t € S = metric space.

Stability Theorem. M compact = the following classes are stable:
{local diffeos}

{regular maps}
{maps M to a given topologically-closed submfd Q C N}

Pf. The definition of these classes locally involve the non-vanishing of some (sub)
determinant of some differential. Use Rmk (2) to globalize. O

Cor. Transversality is stable and it is an open condition.

Pf. Stability by Thm. Open: if not, find non-transverse f, — f as'® n — oo.
Produce a homotopy H of f with H(1/n,t) = f,(t). H contradicts stability. O

Rmk. Here is a more direct proof that transversality is an open condition:
Clawm 1. regular points of any smooth map f of mfds forms an open set.
Pf. Locally at regular p, d,f = (I 0). So for q close to p, dof = (T' *) for
some invertible T since invertibility is an open condition.** So q is reqular. O
Transversality can be expressed as a regularity condition, so it is also open.

L0¢he convergence is in C°. Also C! is enough: we just need the derivatives to converge.
Mf 5 is an operator with small norm (||s|| < 1 is enough), then (I+s)~1 = I—s+s2—s3+...
is a well-defined operator. If L is invertible and ||s|| < ||L|| then (L 4+ s)™! = (I + L=1s)"1L~1L.
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1.6. Local to global examples.
Thm. Any compact mfd N can be embedded in some RF.

Pf. Cover N by all possible charts'? ¢ : B(2) — N.

Pick finitely many ¢; for which ¢;(B(1)) cover N.

Let 8 = bump function'® B(2) — [0,1], 3 =1 on B(1), 8 = 0 near B(2).
= N < R(n—i—l)»#charts

P (Bl (0) @i (p), Ble; ' (p) )i=12... (zero entry for i if p ¢ imep;).
Note we are keeping track of the § values to ensure global injectivity. (]

Cultural Rmk. Whitney proved N™ — R?". Transversality techniques from this
course can easily prove N™ — R2" 1 (if you’re curious, see Guillemin € Pollack).

Def. A tubular neighbourhood is a nbhd U of S with a regular retraction
m:U— S.

(Retraction just means 7|s = idg).

Thm. Any submanifold S C M has a tubular nbhd U C M.

Pf. Pick a Riemannian metric for M, use exp map. 0O

U
geodesic L S

“
(fact: mx = closest
| point to z in 5)

7

nbhd of zero section of normal bundle vg
projection

=
-
R 1RE

(2) Converses | A closed subset S C R¥ is a submfd < S is a smooth retract'®

Pf. implicit function theorem for regular w : U — S. 0O

Non-examinable details of Pf:

Forp € U near S, let X = dpn(TpU) C R* a
v.subspace (secretly Tr()S). Then RF = X @Y
some v.subspace Y. After lin change of coords,

dr =[] XY - XY,
with p = (0,0) € X ®Y = R*. Define
F:X®Y > X®Y, F(z,y) =n(z,y) +v.

dpF = I = InvFnThm = F~'(s) = (¢(s,0),0)
for s € S defines chart s — g(s,0) at w(p) € S.

123(7’) = open ball of radius r, centre 0, in R™.

Byou gain nothing from writing out explicitly a bump function you already know exists:
Non-ezaminable: forb > a > 0, let a(z) = e~ /% forz > 0, 0 for & < 0; let y(z) = a(z—a)-a(b—z);
let §(x) = f; v/ f;)'y Then B(z) = §(|z|) is 1 on |z| < a, 0on |z| > b, B(z) € (0,1) for a < |z| < b.

Mthe same proof shows this holds for C"-mfds, 7 a C"-map, r > 1 (not just r = co).

15Smooth retract= Jopen nbhd U of S, 3smooth 7 : U — R* with 7(U) C S, 7|g = ids.
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1.7. Genericity. Recall we defined: almost every = full measure = generic. Generic
implies dense, but not conversely (e.g. @ C R is dense but not generic).

Thm (Parametric Transversality). Let M, N be closed mfds, Q C N a submfd, and
S a mfd" without boundary but possibly non-compact. Suppose:

F:M xS — N smooth map and F h Q
Then Fs = F(-,8) M Q for generic s € S.

Proof. Consider the projection 7:

MxS—2sN W= F(Q)
S S

where we used F' M Q to deduce W = F~1(Q) is a mfd.
Claim. s € S regular for 7|y < Fs h Q.
(So the Thm follows by Sard applied to 7| )
Proof of Claim. Suppose ¢ = F(m,s) € Q, so w = (m,s) € W. F h Q implies:
(x) TN=dF T(MxS8)+TQ  at F(w)
and it implies

T,W = ker(T(M x S) %5 TN - TN/TQ)  atw
= {(7,5) € Tu(M x S) = TM & T,S : dF -1 + dF - 5 € TQ}
= {(m,8) :dF -m = —dF - § modulo TQ}.
Finally, observe that
dr|w : TW — TS surjective at w
Vs, §=dr|w - (m, 8) some (m,5) € T,W
Vs, dF - m = —dF - § modulo T'Q) some m
Vit € TyN, 7t = dF - mo 4+ dF - 5§+ ¢ some 13, 5,
Vi€ TyN, i = dF - my — dF - m modulo T'Q
TN =dF -TM +TQ at F(w) (%)
F,hQ at w.

The proof also works by reversing the implications, which proves the converse. [

s regular for 7|y

R ON

4

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
Lthe parameter space.
1
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Modern viewpoint: compute ker and coker of dr|w at w = (m, s), F(w) =q € Q:
ker(drlw)w = {(m,0) € T,,W}
~ {meT,M:dF -meTQ}

2

= ker( T, M= N — = TN/TQ = vg )
\_/

DF=DF

Therefore ‘ ker(drn|w )w = ker(DFs : T,, M — vg) ‘ (which is TF7Y(Q) if Fs h Q).

Now consider coker(dr|w ) = TsS/dr-TW, which you can think of as measuring
how much the implication % = %x fails to hold. By linear algebra,?

 TM®TS TS
" TMATW  dn TW
FhQ = TW=ker(DF :TMaTS™ vg) atw

d

= coker(drm|w)w iso at w

TM&TS N . ¢
TW Z/Q 1SO atl w
TM TS vQ . vQ

= cokerDF, iso at w

N —
TM+TW DF-TM  DF,-TM
So ‘ coker(dm|w )w = coker(DFy : T, M — vq) ‘

These calculations only used linear algebra, so they hold also for Banach manifolds
(which use a Banach space instead of R™ for charts, more on this in Lecture 5).

Thm (Parametric Transversality 2).
ker(drm|w )w = ker(DFs : Tp,M — vg)
coker(dm|w )w = coker(DFy : T, M — vq)

dr Fredholm < DF Fredholm?
dr surjective < DF surjective

Frh@

R

Thm (Genericity of transversality). Let f : M — N be smooth, Q C N a submfd
(M, N,Q closed mfds). Then for S =open nbhd of 0 € R¥, thereis F : M xS — N,
F(-,0) = f, with F h Q.

Proof. Embed N — R*. Pick tubular nbhd of N: U C R*, 7 : U — N. Then
F: MxRF — U — N
(m,s) = flm)+s — =(f(m)+s)
the first map is defined for small ||s||, and is clearly regular (think about it). The
second map is regular by definition of U. Therefore the composite is regular. So

F M anything (since dF is already surjective), in particular F' M Q. O
Cor.* f is homotopic to f, = F(-,5) h Q (for generic s).
Rmk.

24r : TM®TS — TS, drc- (1, §) = §is surjective. Make it injective by quotienting the domain
by TM. Now you want T'S/dm - TW as codomain, so to make the map well-defined you quotient
the domain by TM + TW.

3Fredholm = finite dimensional kernel and cokernel, more on this in Lecture 6.

4Motto: You can make things transverse by perturbing!
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(1) You only need to perturb f near f~1(nbhd(Q)), indeed by replacing s by
B(m)s where 8: M — [0,1], 8 =1 near f~1(Q), 8 =0 away from f~1(Q),
we still get regularity of F near F~1(Q) so F h Q.

(2) If f is already M Q on a closed set My C M (hence near My by openness
of transversality), then one only needs to perturb f away from My: again
pick B : M — R, 8 =0 on My, 8 =1 away from My (ensure 0 < 5 < 1
lies in region where f M Q, so for small enough s also fs th Q there).

(3) Instead of using N C R* one can also use charts U C N, ¢ : U — R"™, and
consider F(m,s) = po f(m)+ B(e(m)) - s, B =bump function supported in
chart. So one can inductively perturb f on charts to make it M Q.

1.8. Sections of a vector bundle.

B, P

dF -v
F-v

D
Op =M
(p, 0) u p v

Recall D,F' : T,M — E, is the vertical derivative (vertical projection of dF).

F(p)=0

Lemma. ‘ D, F surjective Vp € F~1(0g) < F h 0p ‘

Proof. Ty 0 E =T,0r ® Ep, so dpyF(T,M)+T,05 = D,F(T,M) + T,0g. O
Cor.

F~Y0g) C M submfd
DF surjective along F~*(0g) = { of codim = codim O = rank E
TF-'(0p) = ker DF

Example. F=T*M — M with section F = df, where f : M — R smooth.

1.9. Morse functions.

Def. f: M — R is a Morse function if | df h Op«ps
Consequences (for M closed):
(1) df ~1(0p=«pr) = Crit(f) is a 0-dim submfd, so the critical points are isolated,
so | Crit(f) is finite |

(2) ‘ f Morse < all critical pts are nondegenerate (Hessian is nonsingular) ‘
. 82
Proof. Hwk 2: at p € Crit(f), Hess, f = D,(df) = #{;2. O
(3) Being Morse is stable.

(4) ‘ Being Morse is open in the CQ—topology‘

Zg Proof. For Morse f:
/R / f, g C?-close = df,dg C'-close

= dg M0 since df M0
= g Morse. [J
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(5) ‘ Morse functions are dense in the C’O—topology‘
(Means: Ve > 0,h: M — R =3 Morse f: M — R,sup|f — h| < ¢)
Proof? WLOG® M C R*, h:R* — R (extend to R¥ via a tubular nbhd and
bump function). WLOG h smooth (since C* C C? dense). For g € R",
Ly : R* - R, Lq(x) = (¢ x)re = Z(Zi " T

is called a height function.
Claim. h+ L, is Morse for almost every ¢ (and C%-close to h for small q)
Proof. Consider F(x,q) = d(h+ L,):

M x RF —2>T* 0
Rk

We want F' i Op+«az, then d(h+Lg) M Op«as for generic g v'. View its vertical
component F'°¢ as a map R* x R*¥ — T*R* (later restrict to M C R¥):

FlOC(x, q) = Zz(g—:l(w) + Qi) dx;
DF(yq) - (Z,0) = Xi(2; g de; (2) + das(@)) da;
Key remark: dg;(q) is arbitrary as you vary ¢ € Tqu. Now restrict:
DF(y g : ToM x T,RF 5 TrRF PR3 1y

The first map is surjective by the Key remark (can still freely vary ¢), the
second map is surjective because M < R* is embedded so T,M — T,RF
is injective so its dual is surjective. So DFy, ,) surjective, so F'th 0 O

Cor. Almost any height function on M C R* is Morse (take h =0).

(6) Morse Lemma

3 local coords near each crit point p (called Morse chart)
such that f(z) = f(p) —af — - —af + a7, +- -+ a2,

f Morse < {

Proof. See Hwk 4. Key idea: Taylor f(z) = f(p) + 1 3 Ajj(x)ziz; with
A(z) symmetric. Diagonalize A(x) smoothly in . Then rescale coords. O

Def. The Morse index of p € Crit(f) is the index i in the Morse Lemma:

Ip| = indy(p) = i = #(negative evalues of Hess,(f) in local coords)

which equals the dimension of the mazimal vector subspace of T, M on which
T,M @ T,M — R, (v,w) — D,(df) - (v,w) is negative definite.”

(7) ‘ Morse functions are generic‘ Proof. Hwk 6.

5A messier alternative (avoiding M < RF and works for noncompact M): inductively perturb
[ on charts by adding ¢;(z) - Lq, (%), where ¢; is a partition of unity subordinate to a countable
locally finite cover by charts, g; are generic and small chosen inductively so that f stays Morse
on charts where you already perturbed.

SWithout Loss Of Generality.

TDp(df) : TyM — Ty M, so Dy(df) eats two vectors and outputs a number.
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Motivation. M(p,q) = {—Vf flowlines u : R — M} is an infinite dimensional
manifold. What does this mean?

2. BANACH SPACES AND MANIFOLDS
2.1. Review of Banach spaces.
Def. Banach space = complete! normed vector space B. Call ||-||: B—R the norm.
Fact. The unit ball in a Banach space is compact < B is finite dimensional.

Examples.
e C°[0, 1] ={continuous [0, 1] — R},
I fllco = max |f] (“uniform norm”)
o C*[0,1] = {k-times ctsly diffble [0,1] — R},
; d
fllex=>_ 1D flloe (D= D°f =)

. T’
0<j<k

Arzela-Ascoli theorem.? K compact metric space, F C C(K) = {cts K — R}
equibounded® and equicontinuous,* then F is precompact® using || - || so-

Non-examples.
e C.(R) = {compactly supported®cts f : R — R} with || - ||co-
e 000, 1] with

1/p

nﬂu<43ﬂwWﬁ> (1<p <o)

e C™[0, 1] with the natural topology”: the topology is generated by all U N C*°[0, 1]
with U open in (C*[0,1], | - ||c+) some k > 0. Explicitly:

fo = fin C® & || fn — fllorem — 0 some k(n) — cc.

Lemma. C*[0,1] is a complete metric space, but not a Banach space.

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.

L Complete = Cauchy sequences converge: “||zy, —zm || — 0 as n, m—oo” implies “z : zp— 27,

2if you are curious, see Rudin, Functional Analysis.

Ssup{|f(z)| : f € F} < oo for any given = € K.

4e > 0,2 € K, there is a nbhd U of = such that |f(y) — f(z)| < e forally € U, f € F.

5the closure of F in C(K) is compact, explicitly: any sequence f, € F has a uniformly
convergent subsequence (but the limit may not be in F).

6f = 0 outside a compact. Equivalently: the support supp(f) = {z : f(z) # 0} is compact.

"Motivation: we want {f : lIfllgr < €} to be open for all k > 0,e > 0. Asking that f,g
are close in C° iff all their derivatives are within € is too harsh as there would be very few
C®°-functions considered “close to” 0: essentially only Gaussian functions like £(1 —exp(—1/22)).

1



2 PART III, MORSE HOMOLOGY, L5

Proof.

.
o Metric: d(f,g) = m]?,X M

I+ f=gllon
e Cauchy = uniform convergence of any derivative (since [0, 1] compact)
= C°°-convergence
= completeness.
e Claim. closed & bounded subsets F' are compact
Pf. bounded means ||f||cr < Kj some constants Kj.
= DF~1f equicts (by mean value theorem)
= a sequence in F has subseq f, with D*~1f, cgt in C° (by Arzela-Ascoli)
= a sequence in F has subseq f,, with D*f, cgt in C°, Vk (diagonal argument)
= a sequence in F' has subseq f, cgt in C>°. v
e Suppose C* is Banach (= 3 norm inducing above topology). Then the closed unit
ball is compact (by Claim) so C is finite dimensional (by Fact). Contradiction! O

Completion. From a normed space (V, || - ||v) we can produce a Banach v.s. B:

(zn)~(yn) iff
[[zn—ynl|lv—0

B = {Cauchy sequences z,, € V}/

Define ||, ||p = lim ||a,||v. Get dense isometric inclusion V — B, x +— (x, = z).
n—oo

Examples.
e L?[0,1] = completion of (C°[0,1], | - [|,) (1<p<oo)
e W¥?[0,1] = completion of (C*[0,1], | - |lx.p),

1 lew =D 1D fllp.

0<j<k

Fact. C* is dense in C°,C*, so can replace C°,C* by C™ above.

Rmk. p = 2 is particularly useful because it is Hilbert® using (f, g)r> = fol f@)g(x)dx
on L?[0,1]. Having a notion of perpendicularity goes a long way.

Rmk. Since C™ is not Banach, you must pass to C*, LP, W*P to use big theorems
(inverse fn thm, etc.). Big issue: how to recover C™ results e.g. from C*Vk?

Trick: passing from C* Vk to C™: Suppose M;, C C* = C*[0, 1] dense & open
VE, and My1 = My N CFL Claim. Mo, = NM;, C C* dense & open.

Proof. ¢ fe C* = f € Ck = Ife € My |\ fe — fllar <e/2

e C>® C CF dense = g, € C : ||fr — grllcr < &/2

e M, C C* open = can ensure g € My, 50 g € MpNC® = My,

Conclusion: My, C C™ is C*-dense.

e feC®=3fre Mo: |If — frllcr <1/k= fr = fin C*®

Conclusion: My, C C* is C*°-dense.

e M, C C™ open since My, = M N C>® and M;, C C* is C*-open. O

2.2. Banach manifolds.
Def. A (smooth) Banach mfd X modeled on the Banach space B is a Hausdorff,

second-countable® topological space together with:

8Banach space with inner product such that ||b]|2 = (b, b).
9Second-countable= there exists a countable basis for the topology. Consequence 1: any cover
has a countable subcover. Consequence 2: it is separable = there is a countable dense subset.
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e open covering X = UU;;

e charts: homeomorphisms y; : U; — open C B;

e lransitions: @; o <pz-_1 are CF-differentiable k.

If the transitions are only C*, then it’s a C*-Banach mfd.

Rmk. ¢ : B — B is differentiable at z if 3 bounded'’ linear L : B — B with
Y(z+y) = Y(x)+L-y+o(||lyll), where o(t) is an error term satisfying tlin%@ =0.
—

Warning: (smooth) partitions of unity do not exist in general.

Non-examinable Example.
Claim. M, N closed mfds = X = C*(M, N) is a C*°-Banach mfd.

e Avoiding charts: embed N C R* pick a smooth retraction 7 : U — RF of
an open tubular nbhd U of N. Observe: X C CF(M,U) is closed, C¥(M,U) C
C*(M,RF) is open, C*(M,RF) is a Banach space. Since

mo: CH(M,U) — C*(M,N) = X
is a smooth retraction, 1.6 Remark (2) = X is a Banach submfd of C*(M, RF).

e Charts: we obtain nearby maps by the geodesic flow. Details: fix a Riemannian

metric on N, fix a smooth f : M — N. Then C*-maps close to f are parametrized

by C¥(D.f*TN). Indeed the chart is C*(D.f*TN) — C*¥(M, N),v + f, where
fo(p) = expy(,) v(p).

One can'? check C*(f*T'N) is a Banach space for the norm ||v|cx = > i<k sup [VZu(p)].

This gives a local chart'?

e Transitions: f, g€ X smooth & close = C*(f*TN)— C*(¢*TN) on overlap'* is
T : v expy, v(p) — exp;(;) (exp () v(p))

Key observation: differentiating in v means d,T - ¥ = 9s|s=oT (v + s¥), for ¥ €
Ck(f*TN). This involves derivatives of exp, g, f: these are all smooth!'®

near f. They cover X since smooth f are dense in X.

e Second countable: any f € C¥(M, N) can be approximated by a smooth map,
which can be extended to a smooth map R! — R¥ after embedding M C RY, N C
RE. Now approximate that by a map R! — R¥ whose coordinates are polynomials
in [ variables.'® Approximate those polynomials by polynomials with Q coefficients.
Hence X can be covered by charts as above constructed for restrictions to M of
such rational polynomial maps. That is a countable basis for the topology.

10Bounded means [|L|| = sup w < oo. Easy fact: L continuous < L bounded.
yA0EB yll

HThe pull-back f*T'N is just the bundle over M with (f*TN)p = Typ,)N at p € M. So
v € CF(Def*TN) means v(p) € Trp)N, |v(p)| < e, and v is ck.

I2We’ll see this norm in detail in future lectures. For now, think “manifold version” of || - lok-

13 Technical Rmk: B = CFk(f*TN) is the same Banach space up to iso if you vary f by a
smooth homotopy. If you change the homotopy class of f then B can change drastically. Indeed
Ck(M, N) is a disjoint union of connected components, each component is a Banach mfd consisting
of homotopic maps. We are just using a different local model B for each component.

141f we wanted to use the same model B = C* (f*TN), then we could always compose with
the isomorphism induced by the diffeo g*T'N = f*T'N obtained from the exponential map.

15Do not confuse this with the unrelated local derivatives ;v € Ck~1, which never arise!

16This can be done by the Stone-Weierstrass theorem.
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Upshot: can now redo differential geometry: tangent vectors, derivative map, etc.

General principle: Results involving linear algebra or inverse function theorem
generalize to Banach manifolds. But anything which involved compactness may fail
unless you first reduce the problem to finite dimensional submfds/subspaces.

What works:

e Inverse function theorem (IFT) v/

o Implicit function theorem v provided kerd, f has a closed complement. (x)
(locally f : By — Ba, want to apply IFT to F : By = kerd,f & C — By @ C,
F(z,y) = f(z,y) @y, so need Bz @ C Banach, so need C closed)

e Transversality definitions, all results which did not use Sard, assuming (*) v/

What fails:
e Sard’s theorem: but this has a chance at working if the map is an isomorphism
up to finite dimensional errors.

Def. A map f: M — N between Banach mfds is Fredholm if d, f : T, M — T,y N
is a Fredholm operator, meaning d,f has finite dimensional kernel and cokernel.

Basic example of Fredholm operators.

B = all sequences of reals (r1, 2,73, .. .) with finite norm ||r|| = 3~ |r;| (or (32 |r:|P)/?)
Right shift R : (r1,re,...) — (0,71,72,...).
Left shift L : (r1,r2,...) — (ro,r3,...).

These are Fredholm: ker R = 0, coker R =2 R, ker L 2 R, coker L = 0.



LECTURE 6.
PART I, MORSE HOMOLOGY, 2011

HTTP://MORSEHOMOLOGY.WIKISPACES.COM

2.3. Fredholm theory.

Def. A bounded linear map L : A — B between Banach spaces is a Fredholm
operator if ker L and coker L are finite dimensional.

Def. A map f: M — N between Banach mfds is a Fredholm map if d,f : T,M —
Ty N is a Fredholm operator.

Basic Facts about Fredholm operators
(1) K =ker L has a closed complement Ay C A.

|

(2)

1

I

—c(T+a) -7

Date:

Lyx (vj) = &5, the v} exist by the Hahn-Banach theorem.

(so the implicit function theorem applies to Fredholm maps).

Pf. pick basis vy, ..., vx of K, pick dual' vf, ..., v} € A*. Ag = Nkerv}. O

im(L) = image(L) C B is closed.

(so coker L = B/im(L) is Banach)

Pf. pick complement C' to im(L). C' is finite dim’l, so closed, so Banach.
=L:A/K®C — B,L(a,c) = La+c

is a bounded linear bijection, hence an iso (open mapping theorem). So

L(A/K) =1Im(L) is closed. O

A=A® K, B= By®C where By = im(L), C = complement (= coker L).

= L = [1%08} Ao@K—)Bo@C
Def. index(L) = dimker L — dim coker L.

Perturbing L preserves the Fredholm condition and the index:
Claim.? s : A — B bdd linear with small norm = 3 “change of basis” isos

it A~ By K
j B = Bo e C
for some linear map ¢ : K — C. Note: dimker drops by rank(¢), but also
dim coker drops by rank(¢). So index(L) = index(L + s).
Proof. s=[9Y], L=[T 3] (where T is an iso). So:

0} [Trat]. [1 —(T+a)*lb:| _ { o o} . |:T+a 0o
c d 0 1 —c(T+a)™ " I ¢ —c(T+a) to+d

such that jo (L +s)oi=[£9]

_ TH+a 0
- 0 —c(T—i—a)*lb-i-d

where we use that (T + a)~! is defined for small ||s]|:

(T+a) ' =TI+T )] =T -T" a+ T a)?— (T 'a)®+-- )T}

that power series converges provided || T~ 'al| < 1, which we guarantee by:
1T~ all<1<= 1T H <[l T = 1T < [Is[I 7" <= [ls< [T7HI ™ (since [|s]| > [|al]).

May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.

2Claim implies dim ker L is upper semicontinuous: dimker(L + s) < dimker L, for small ||s]|.

1
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Cor. M connected, f Fred map = index(f) =indexd, f is indep of p € M.
2.4. Sard-Smale Theorem.
‘f : M — N smooth Fred map = {regular values of f} C N is a Baire set. ‘

Baire set is a geometer’s analogue of “full measure” or “generic” for Banach mfds.

Def. SCN is a Baire set?if S contains a countable intersection of open dense sets.

‘ Baire category thm. A Baire set in a complete metric space® is dense. ‘

Proof of Sard-Smale.

Claim 1. 3 charts %gg:gigggé{ such that locally f(b, k) = [é K(I?,k)}f for some
nonlinear ¢ : By ® K — C.

Pf. Centre the charts around p € U, f(p) € V. Take K =kerd,f, C' = cokerd,f.

So f:By® K — By® C, f(0,0) = (0,0), do,0)f = [{ 8] Implicit fn thm® =
(after a change of charts) ‘f(b, k) = (b, (b k)) | v

Claim 2. f is locally closed® (indeed closed in the above charts).

Pf. Suppose f(by,kn) — (b,¢), (bn,k,) C bounded open C By & K. By Claim 1,
b, — b. Now k,, bdd, K finite dim’l = 3 cgt subseq k,, — k. So f(b,k) = (b,c) v’

Claim 3. We can reduce to Sard’s theorem:

From a cover by charts as above, pick” a countable subcover of M, so reduce to
flv : U = V. Claim. Vieg = {regular values of flu} CV is open and dense.®

Pf. (critical points of f|y) C U is closed,” so by Claim 2, Vieg is open v/

dp i) f = [i d(b2)£|K:| surjective < dg )¢k surjective

Note: dp iy llrc = di(fy) for £y : K — C,k + £(b, k) < map of finite dim’l spaces!
= Vieg N ({0} & C) = (reg. val’s of £) C {b} & C < dense inclusion by Sard!
= Vieg C V dense vv [

Sor generic set, or residual set. We often produce S = countable intersection of dense opens.

4 Banach mfds are (complete) metric spaces. Non-ezaminable proof: Urysohn’s metrization
theorem says every second-countable regular space is metrizable. Banach mfds are by definition
second-countable. Regular space means given a point p not contained in a closed subset C, there
exist disjoint open nbhds of p and C (for Banach mfds, take a chart centred at p, then consider
the e-radius open ball centre p and the complement of the 2z-radius closed ball centre p).

5f(b, k) = (a(b, k), B(b, k)). Inverse fn thm = 3 local inverse to h : Bo & K — By ® K,
h(b,k) = (a(b, k), k) near (0,0). Hence foh~ (b, k) = (b,£(b,k)). O

6locally7 closed sets map to closed sets.

"Banach mfds are defined to be second-countable, hence Lindelof (covers have ctble subcovers).
Non-examinable remark: 1 want Banach mfds to be metric spaces (see footnote 4). For metric
spaces: second-countable < separable < Lindelof. As far as I know, if I replace second-countable
by separable, then it’s not clear Banach mfds are metric, so it’s not clear Baire category applies.

830 the regular values of f is the intersection of the regular values of all f|U’s, so it’s a countable
intersection of open dense sets, as required.

9Regular points of any smooth map of Banach mfds form an open set: at regular p, dpf = [I 0]
(after change of basis), so for ¢ close to p, dgf = [T #| for some invertible T since invertibility is
an open condition (which is proved by the power series argument as in (4) of 2.3).
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Thm. If f : M — N is a Fredholm C*-map of C*-Banach mfds, then Sard-Smale
holds provided k > index(f).

Proof. Iy : K — C, index(f) = dim K — dim C, now use C*-Sard (see 1.3). O

Cor. F: M xS — N smooth map of Banach mfds, Q C N submfd, F h @, such
that Dy Fs : Ty M — v, (m) 8 Fredholm. Then Fs v Q for generic s € S.

Proof. Parametric transversality 1 & 2 (using Sard-Smale and Hwk 6). O
2.5. Zero sets of Fredholm sections.

Def. Banach vector bundle 7 : E — B with fibre V, is defined analogously to
finite dimensional vector bundles after replacing E, B by Banach mfds, and V' by a
Banach space.

Thm. For a Banach vector bundle E — M x S and a smooth section F : M x S —
E, assume for all (m,s) with F(m,s) =0 that
(1) D) F = T, sy (M < S) AF, Tim,s,00E — E(m,s) 18 surjective
(2) DpFy : TinM — E, 5 Fredholm
Then, for generic s € S,
{ F71(0g) € M submfd of dim = index (D,,Fs) (near m)

surj

T Fy (0g) = ker(Dy Fy : TypM — E(py )
Proof. This is a direct consequence of the Corollary, but since it’s important:
(1) = Fh0g = W = F~1(0) mfd (implicit fn thm!©).
Write m: M x S — S for the projection, recall parametric transversality 2:

ker drr|w = ker DF coker dr|w = coker DFj.

(2) = dr|w Fredholm of index = index DFy.
Sard-Smale = for generic s, dr|w is surjective along

Tl (s) = W7 t(s)=F, (0).
Hence DFj is surjective (by the iso of cokernels above). So F; 1(0) mfd and
TF;7*0) 2 ker DF;
with dim T, F;1(0) = dim ker D,,, Fs = index D,, F; (since coker D,,Fs = 0). O
Thm. Thm also holds for C*-maps of C*-Banach mfds when k > index DF,.
Rmk. The dimension of F;1(0g) can vary depending on the connected component,

since index (D,, Fy) depends on the connected component of m. That is why we
wrote “near m” in the Thm.

10Hwk 6 checks the closed complement condition. You should check that Cor 1.2 (implicit
function theorem) works also for Banach mfds.
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Motivation. Morse theory = studying the space of {—V f flowlines }.

3. FLOWLINES AND TOPOLOGY

3.1. Flowlines. M closed mfd, V' smooth vector field.

flowline ti
initial condition\\\\ v e
p=¢(p,0) #(p, s)

Thm.
There exists a unique solution ¢ : M x R — M of

¢

— =V - 0) = id.

B o (-, 0) =1

ws =@(+,8) : M — M is a diffeo, with @50 o1 = Psit.

Def. ¢ is the flow of V, and s — ¢(p, s) is the flowline through p.
By uniqueness, flowlines never intersect unless they coincide (up to s — s+ const).

Proof. Locally: y : [—¢e,e] = R™, y(s) = ¢(p, s) solves the ODE

y'(s) =V(y(s)) y(0) = p.
ODE theory! = for small € > 0, 3 unique solution y which depends smoothly on

the initial condition p.
Globally: ¥p € M, local result yields a unique smooth map?

0 :Up X [—€p,ep] = M (%)
Take a finite cover of M by U,’s, and ¢ = smallest of the ¢,’s. So:
o: M X [—g,e] > M (%)
Trick: ¢ 0 @y = @syq for small s, ¢, since both solve y(0) = ¢ (p), ¥'(s) = V(y(s)).
= @, diffeo with inverse ¢_g

= extend? pstos ER: s = 0 0Qg
(k composites, with k> 0 so that |s/k| <€) O

Rmk. ODE theory = If V is C* then ¢ is C*.
If M is just a C*-mfd and* V is C*=1 then ¢ is C*~1.

Rmk.

Date: May 1, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.

1Lang, Undergraduate Analysis, or Lang, Differential Manifolds, prove this in great detail.

2pick the open nbhd Up of p small enough, so that ¢ lands in the given chart.

kk _ k

4Since TM is just C*~1, any higher differentiability of vector fields does not make sense.
1

34, is well-defined, indeed: (Lps/k/)k/ = (Ps/kk’
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(1) If Vs depends on s, you pass to M X R, V(p,s) = Vi(p) ® %. Since the mfd
is now non-compact, (x) holds but (xx) can fail (if £, 5 — 0 as |s| = c0).
Fact. If V is C'-bounded then (%) holds.> So Thm holds.

(2) For non-compact mfd M or Banach mfd M, (x) holds by the same proof,
but for (xx) we need the condition:

JK, R > 0 such that Vp € M, 3 chart ¢, : U, — R™ or B, such that V is
C'-bounded by K in chart and® ¢,(U,) D ball with centre ¢, (p) radius R.

3.2. Negative gradient flowlines.

(M, g) closed Riemannian mfd. Write |v| = g(v,v)
f+ M — R smooth function.

1/2 for the norm.

Def. The gradient vector field V f is defined by
9(Vf,) =df
Locally:” Vf =g t0f =Y0;f g7 - 0;.
Rmk. p e Crit(f) @ d,f =0< (Vf),=0< |[Vf],=0
For a —V f flowline w : [a,b] = M (so ' = =V f) we care how f varies along u:
Os(fou) =df -u' =df(~=Vf) =g(Vf,-Vf)=—|Vf]?
F(u(®) = fu(@) = [} 0u(f o u)ds = = [/ |V )ugo ds <0
Def. So it is natural to introduce the notion of Energy of a path u : (a,b) — M:

b
E(u) :/ [(Vf)ugs)|* ds > 0.
Note that E(u) = 0 iff u is constantly equal to a critical point.

Cor. f decreases along —V f flowlines, and there is an a priori energy estimate:®
for any —V f flowline from x to vy,

E(u) = f(z) = f(y)-
In particular, E(u) is a homotopy invariant relative to the ends.

Rmk (Novikov theory). A generalization of Morse theory, called Novikov theory,
replaces df by a closed 1-form «. This gives rise to a vector field via g(V,-) = a,

and one studies —V flowlines. The energy E(u) = f; [Vius)|? ds > 0 is zero iff u
is constantly equal to a zero of a. There is no a priori energy estimate. However,
E(u) is still a homotopy invariant of =V flowlines relative to the ends. Indeed:

E(u) = —/ U
[a,b]

5Why C1? Locally it implies V is Lipschitz by the mean value theorem, which is what’s needed
to solve the ODE. C! bounds guarantee the Lipschitz constant is bounded uniformly.

6The C! bounds are calculated in a chart, but they can always be achieved by rescaling a
cha;t. So the second condition is crucial (for example: consider V = % on R\ {0}).

g% = inverse matrix of g;; = g(9;,0;), 0; = Do
J

84 priori refers to the fact that the estimate only depends on boundary conditions x,y, not w.
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since u*a = a-u' = —a(V) = —g(V,V) = —|V|2.
Proof: if H : [a,b] x [0,1] — M is a homotopy relative ends®, by Stokes’s theorem

/ uga—/ ufa:/ dH* o =0
[a,b] [a,b] [a,b]x[0,1]

(dH*oo = H*dow = 0, since « is closed). For o = df the energy estimate is Stokes:
E(u)=— f[a,b] w*df = — f[a,b] d(u*f) = f(u(a)) — f(u(d)) for =V f flowlines u.

3.3. Energy consumption.

S|V f| > K > 0 so consume energy

V f = 0 so consume little energy

Lemma. A —Vf flowline from x to y landing in a region where |V f| > K > 0 has
E(u) > K - dist(z, y).

Pf0 Loosely:'' E(u) = [|Vf|>? > K [|Vf] =K [|v/| = K length(u) > Kdist(z,y).

For example, this proof shows that: in the complement of small balls centred at

the critical points of a Morse function f, any —V f flowline must consume at least
some fixed amount 6 > 0 of energy to flow from one ball to another.

Notation. A < B (compactly contained) means: A, B open, and A C A C B.

No escape Lemma. Letp € A, CC B, with B, N Crit(f) = {p}. Then 36 >0
such that any —V f flowline needs E > 0 to go from 0A, to 0B,, or vice-versa.

o]
]

Proof. Consider the region B, \ A,, apply the Lemma. O

Energy quantum Lemma.!? Pick disjoint nbhds B, of each r € Crit(f). 36 > 0
such that any —V f flowline from B, to B, for p # ¢ consumes energy E > J.

Proof. Consider the region M \ UB,, apply the Lemma. O

9H(a,-) =z, H(b,) =y, H(0,-) = uo, H(1,-) = uy.

10T his proof works similarly if we use « instead of df (see previous Rmk).

U Distance dist(z,y) = infimum of lenth(u) = [ |u’(s)|ds over all curves u from z to y. Rmk.
length is parametriz’n indep: [ [(uo ¢)'(s))|ds = [ |u/(¢(s))| ¢'(s)ds = [|u/(s)|ds (¢'(s) > 0).

12Note: you could have f(p) = f(q), so the energy estimate doesn’t imply result immediately.
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3.4. Convergence at the ends.

Thm. For f : M — R Morse, M closed mfd, any —V [ flowline u : R — M must
converge at the ends to critical points, hence Ip,q € Crit(f) with

u € Wi(p,q) ={-Vf flowlines R — M converging to p,q at — 00,00}.
In particular, W (p, p) = {constant flowline at p}, since there E = f(p) — f(p) = 0.

Proof. 13 Case s — +oo (for s — —oco apply proof to —f). No Escape Lemma: for
each p € Crit(f) pick Ay, Bp’s (small), get 6 > 0. f ou decreases in s, but f is
bounded (M compact), so fou —r € R, so for s > 0, f ow is within § of .

Suppose u ¢ UB,, for some s > 0. Then u hasn’t enough energy left to reach UA,
for larger s. So u ¢ UA, for s > 0. But |[Vf| > K > 0on M \UA,, so fou — —o0,
absurd. So u € UB,, for s > 0, and B,, is arbitrarily small. O

3.5. Topology of sublevel sets. M, = {x € M : f(x) < a} are the sublevel sets.

Thm. If [a,b] contains no critical values of f, then My = M,
F1b) are diffeo.

) ‘
Proof. ¢ = flow of —2Y) .V £, where 8: R — [0,1] is a bump

[VfI?
function, 8 = 1 on [a,b] and § = 0 on away from [a,b] (in
particular 8 = 0 at all critical values of f).

0,(f o p) = df - dyp = g(V f, =5 L) = —B(f)
which equals —1 on [a,b]. So ¢(-,b—a) : My — M, diffeo. O

Rmk. The —Vf flowlines are orthogonal to the reqular level sets f~1(a).
Pf. g(=Vf,v)=—df -v=0 forve Tf ' (a) = kerdf|s-1(q)-

Rmk. There is a deformation retraction** of My onto My: v : My x [0,1] — My,
r(z,s) =x if v € My, and r(z,s) = p(z,s(f(x) —a)) if v € f~a,b].

Def. A cobordism between possibly-disconnected

closed X™, Y™ is a compact mfd M™ 1 with OM =

X UY. Call it h-cobordism if in addition X,Y
X M v are deformation retracts of M.

Fact.'® Equivalent definitions of h-cobordism:
M h-cobordism < (X,Y < M hpy equivalences ) < (m.(M,X) = m.(M,Y) =0)
For X,Y, M simply connected: (M h-cobordism ) < (H.(M,X) =0) ‘

13Curiosity: dnon-insightful elementary proof by contradiction, avoiding energy arguments.

M Deformation retraction v : X % [0,1] — X of X onto A means: r cts, r|4 =id, r(X,1) = A.
Note r is a hpy from idx to a retraction r1 = r(-,1) of X onto A (means r1(X) = A, r1|a =ida).

L5 Non-ezaminable: By Whitehead’s theorem and LES for relative hpy: inclusions X,Y — M
are hpy equivalences < they are isos on hpy gps < 7. (M, X) = 7. (M,Y) = 0. By hpy theory:'6 M
deform retracts onto X < 7w« (M, X) = 0. The 2nd fact uses Hurewicz: if 71(X) =0, m1 (M, X) =
0 then the first non-zero m (M, X) is iso to the first non-zero Hy (M, X); and it uses the Poincaré
duality iso Hy (M, X) = H™*(M,Y’) (by universal coefficients, H«(M,Y) =0< H*(M,Y) = 0).

16Hilton, An Introduction to Homotopy Theory, Thm 1.7 p.98: if 7. (Y,Yp) = 0, then V subex
Aof a CW cx X, any (X, A) — (Y, Yp) can be homotoped to X — Y keeping it constant on A.
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h-cobordism Thm'” (Smale 1962) If X,Y are simply connected of dim > 5 then
the h-cobordism M is trivial: M =Y x [0,1] diffeo. In particular X 2Y diffeo.

Lemma. If there exists a Morse function f : M — [a,b] with no critical points,
X = f~Ya), Y = f~X(b), then M is a trivial h-cobordism.

Proof. In notation of previous Rmk: f~1(b)x[0,1] — M, (z, s) — o(z, s(b—a)). O

Cor. An h-cobordism is trivial < it admits a Morse function as in the Lemma.

Idea of Pf of Thm.(hard!) Start with a Morse function on the cobordism. Sys-
tematically “cancel out” the crit points in pairs by locally modifying f and the flow,
until there are no crit points left. Key: the use of gradient-like vector fields:
Ve C®(TM), V(f) > 0 (except at Crit(f)), such that at each p € Crit(f), 3
Morse chart in which

fz) = flp)—a}—... —a?+al, +... .+
V = —x101—...—2;0; +xi+16i+1 + .+ 2O

The flow you consider is the flow of —V, not that of —V f. This means you know
exactly what v is near critical points: up to a constant, it is the Euclidean gradient
in the Morse chart (whereas —V f is unknown since the metric in general is not
Euclidean in the Morse chart!). The V(f) > 0 ensures that f still decreases along
—V flowlines, and you get good estimates of the energy E = [ V2.

The idea behind cancelling out critical points in pairs is as follows. Consider the
sphere with two discs cut out:

cobordism between two circles

You would like to push down one of the hills:

In general, you do not know what the manifold looks like globally, so you actually
just modify f, v locally near the trail going up the hill:'8

17Standard great reference: Milnor, Lectures on the h-cobordism theorem.
18in the figure, we modify f,v in the shaded region.
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Thus cancelling out the two critical points with index difference 1.
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@ attach a handle
1 > 1-cell 1-handle

Def. A k-handle is a “thickened up” k-cell:* D* x D™~*

3.6. Handle attachments.

cocore

0 x Dn=Fk
belt sph
Oe>< ;5_21?1 core (k-cell)
D* x 0

/ boundary of X

W X
attaching sphere attaching region

Sk=1 %0 S = Sk—1 x pn—Fk

Attaching a k-handle to X™ means:
X Ug, (D* x D"7F)

where the handle is attached along the attaching region Sy = S*¥=1 x D" % via an
embedding Sy, — 0X which needs to be specified.

Rmk. One can smoothen the corners of the attachment, but we omit the details.

smoothen
corners
—_—

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
Lwhere D* is the closed unit disk in R¥.
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Rmk. The boundary becomes:
(0X \ int Sy) Ugs, (DF x §"=F=1)
called a surgery on Sy < 90X (or surgery on 0X ). Equivalently, it is a surgery on

the knot SF=1 = Sk=1 x 0 <5 9X with framing®. Note that this attachment kills the
homotopy class of S, — 0X. Example: surgery on a 3-sphere with a 1-handle:

i@
"

a(X?) A(X)\ St surgery

3.7. Topology of sublevel sets II.

Thm (Handle-attaching theorem). M™ closed, f: M — R Morse.
f has exactly one critical point

p € f~ta,b] of index k

Rmk. If there are several critical points on the same level set, then the proof still
works (attach several cells).

= My ~ M, U k-cell (hpy equivalence)

Proof. Let r = f(p). By Theorem 3.5, we just need to show
Myye ~ M,_. U k-cell (for small € > 0)

Pick Morse chart near p: ‘f(x,y) =r—|z]® +|y? (z,y) € RF x Rm~* ‘

PayY

core

k-handle

2framing = a given trivialization of the normal bundle vjp,(,) = SF=1 x R*=*. You demand
the normal bundle to be trivial, since you want to extend the knot embedding to an embedding
Sp=SF"1xDn "k 09X,
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Aim: M, . deformation retracts onto M, _. U core, where

core = {(x,0): f(z,0)=r—|z]*>r—c}
= {(,0): |z]* < e} = k-cell.

We will define two regions, Ry, Rs:

Ry = {|z|® < 2¢, |y|? < 2¢}

Ry = {|z|® <6, |y|* < 6}

Aim: the deformation is the flow of a vector field v which is { 7Vf%(2z":2y_) outside Ry
vertical =(0,—2y) in Ry

Pick 0 < § < 1 so that Ry C Morse chart.

Pick a Riemannian metric on M which equals® the Euclidean metric on Rs.

Pick € < §/2. Define

o — f @B(.y) @, —2y) on Ry
- —V f outside Rz

with 6 :R™ — [0, 1] equal to 0 on Ry and 1 outside Ry. Let

o(t,z) = flow of ﬁ for time ¢ starting from z € M, ., where

0<t<T(z)= time required to reach M,_. U core.
Note: if z € M,_. then T'(z) = 0, (0, z) = z. Moreover, T(z) is finite since:*
df-i —[|V f]| outside Rz
o] | (—2zdx + 2ydy) (2620, — 2yd,) = —48|z|* — 4|y|*> < —4|y|? in Ry
(so you can’t stop flowing before reaching M, _. or y = 0).
Finally, observe that T'(z) is continuous. Conclusion:
(t,z) = @(t - T(2),z), for t € [0, 1], deform retracts M, . onto M,_.Uk-cell. O

Rmk. The proof also shows:

e My, M, deform retract onto My U k-cell
o My, = M, U k-handle are diffeomorphic

o f~1(b) = surgery on f~1(a).
Def. Recall a CW structure on M are subsets My C My C ... C M, = M where
My is a discrete set of points, and

M, =M, UDFUDEU...

3recall metrics can be patched together by a partition of unity argument.

4abbreviating zdzx = S xidx;, ete.
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1s obtained by attaching k-cells via continuous maps fik : GDZ’-C — M.

Cor. M closed, f : M — R Morse. Then M has a CW structure with a k-cell
attached for each critical point of f of index k, and My = minima of f.

Proof. For a self-indexing Morse function® the result is immediate from the The-
orem (consider M,, by induction on n). So the result follows by Hwk 9: one can
modify a Morse f to make it self-indexing without changing Crit(f) and its indices.

Alternative: use hpy theory (cellular approximation theorem®) to overcome the
issue that the Thm is not attaching cells ordered by dimension.” O

Torus = . = o -_.: U 2-cell

= a figure eight with a 2-cell attached.
Rmk. Provided M, = (f <) is compact, the Thm holds for non-compact M (for
the Corollary you need a little care using homotopy theory’ ).

3.8. Stable and unstable manifolds. Let ¢ be the flow of a vector field v on M.

Def. For v(p) =0,
unstable mfd W"(p,v) ={x € M : t_l}ir_n o(x,t) = p}
stable mfd W3 (p,v) ={x € M: lim ¢(x,t) =p}

t——+o0

Rmk. This of these as the points flowing “out of”/“into” p. They both contain p
since o(p,t) = p. For nasty v the W*, W* may not be manifolds.

Def. For v = —V [ we abbreviate W*(p) = W*(p, =V f),W*(p) = W*(p,—Vf),
which are often called descending mfd U(p) and ascending mfd A(p) (thinking of
f as a “height” function).

Example. In the pf of Thm 3.7, =V f = (—2xz, 2y) near p (Euclidean metric) so
W*(p) = x-plane W*#(p) = y-plane (near p)

S0 | Myye = M,_. UW¥(p) ‘ and infinitesimally: ‘TpM =T,W"(p) ® T,W*(p) ‘ (%)
Observe W*(p) is a mfd in a nbhd U of p, so it is globally a mfd since
W (p) = |J e(W" () n U, 1),

t>0

so | W (p) = R»dex(P) | (exercise). Similarly, W (p) is® a submfd R™~ndex(®) <y pf,

5meaning the index Ip| = f(p).

6Maps S™ — M can be homotoped to maps S™ — M,, C M, which is an immediate conse-
quence of Sard’s theorem: first smoothen the map, then by dimensions the map cannot surject
onto the higher discs D]" for m > n, so you can homotope it to avoid those discs.

7 For details, see Milnor’s Morse theory book.

Spyu (p), W#(p) are embedded submfds, but the embedding is not proper.
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Thm (Hadamard-Perron & Hartman-Grobman).

u R p . v ==Vf (f Morse, for any metric)
W (p,v), W*(p,v) are “mfds for{ v = vector field with hyperbolic fized points®
and (x) holds.

W (p, =V [),W*(p, =V [) are embedded planes,

More precisely, respectively { W (p,v), W#(p,v) are injectively immersed planes.

Rmk. For general hyperbolic v a point may return arbitrarily close to itself under
the flow: for example, for v you may have non-constant v-flowlines converging to
p at both ends. This does not happen for —V f because f decreases along the flow.
Non-examinable: prove that —V f has hyperbolic fixed points, so the first case is a
particularly well-behaved special case of the second.

Rmk. The proof is hard. If you are given a metric, then you cannot hope that
in a Morse chart the metric is Fuclidean (e.g. consider a metric which is not flat
near p). Therefore you do not know what —V f looks like near the critical points,
so even the infinitesimal result (do TW*Y(p), TW*(p) exist?) is hard.
Two tricks to avoid the Theorem.

(1) change the metric to make it Euclidean near p via a hpy

gt = (1_t) g+t ((1 _ﬁ) 'g+6'gEuclidean)
using a bump function S = 1 near p (compare pf of Thm 3.7).
(2) don’t use Vf, and instead use a gradient-like vector field v (see Hwk 7):

v(f) > 0 except at Crit f, v = Viuclideanf in a Morse chart near p € Crit f.

9meaning7 if v(p) = 0, then dy(p,t) has no evalues A\ with |A\| =1 V¢ # 0.
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Motivation. Denote the (parametrized) —V f flowlines from p to ¢ by:

W(p.) = (u:R—M:u' = —VJ, lm_u(s) =p, lim_u(s) = q)

s—+00

Identify W(p, q) = W*(p) N W*(q),u <> u(0). When is W(p, ¢) a manifold?

3.9. Classical approach. f: M — R Morse, and g is a Riem metric on M.

(1) Thm 3.8: Prove W"(p), W?(q) are smooth mfds of dim = |p|,m — |q¢|.
(2) Def. f: M — R is Morse-Smale for the Riem metric g on M if

W*(p) hW*(q) Vp,q € Crit(f)

By Cor 1.4, (f,g) Morse-Smale = W (p,q) = W*(p) N W*(q) is mfd of
codim = (m — |p|) + |¢|, hence of dimension:

dim W (p, q) = |p| — |q|-

Rmk. = W (p,p) = {constant p} since f decreases along the flow.
Rmk. = W(p,q) = 0 if |p| < |q| (p # q) since a non-constant flowline u
gives a 1-dim family of flowlines u(- + constant).

(3) Thm [Kupka-Smale 1963]
(M, g) closed Riem mfd = generic f € C°(M,R) are Morse-Smale.
Example. Hwk 1: 1(ii) Morse-Smale, but 1(i) is not by Rmk (3 2 flowlines
between the index 1 crit pts)
Rmk. The Kupka-Smale Thm is stronger: for generic smooth vector fields,
the fixed pts are hyperbolic' and W (p) h W*(q).

(4) Onme can describe how the W*(p)’s fit together, so get a CW structure on
M and can do cellular homology.

3.10. Cellular homology for self-indexing f.

Thm (Thom, Smale, Milnor ~ 1965). For f self-indexing, and g Morse-Smale,
H.(M) = homology of @ Z.p with differential
p€e Crit(f)

dp=">_ (5")-S°(@)4q

l[g|=|p|—1

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
lso Wu, W#* are injectively immersed submfds, see 3.8.
1
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S%(q) is calculated® inside f~1(c), where you

where the intersection number S“(p) -
), and where:?
(

fix any regular value ¢ € (f(q), f(p

St(p) = W4p)Nnf~t(c) unstable sphere
Du(p) = W p)N(f>c) wunstable disc bounded by S"(p)
f=r+e
f=r—c¢

5°(p)

S“(p) forc=r—¢

S?(p) forc=r+¢

D“(p) forc=r—¢
D?(p) forc=r+¢

For f self-indexing Morse:

C Hy(My, Mj—1)

Hy, (M /M1 = bouquet of k-spheres one for each p € Crit(f), |p| = k)

Dz

lpl=k

1l

1%

Fact.! S ¢ M C L= LES® H,(M,S) 2% H,(L,8) % #,(L, M) -2 H, (M, S).
Define. 0 : C;, — Cy—1 from LES of My_1 C My, C Mjy41.
Recall this is how cellular homology is defined (and one checks that 9% = 0).

Thm. H,(M)= H,(C,,0)
Proof. Use the 2 LES of triples:
0 hence this is = ker d|¢, so this is = Hy(C,0)

//

Cr41 —— Hy(My, My—o) ——— Hi,(Myy1, My—2)

Cr—1

= Hy(C4,0) = Hy(Myyr, My—2) = Hy,(Myq1) = Hp(M). O

2The point is that you can’t do W(p) - W*(q) because it has dimension > 1 because of the
reparametrization freedom u(- + constant).

3these are a sphere/disc if you choose ¢ very close to f(p), using the local model of Thm 3.7,
and hence it’s true for any ¢ € (f(¢), f(p)) by using the flow of =V f (see Thm 3.5).

4Small, Medium, Large.

5Long Exact Sequence.
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Intersection Pairing.
A,B C X closed mfds, codim(A) = k, dim B = k, assume A h B = {p1,p2,...}
and assume A is co-oriented (the normal bundle v, is oriented®)

Recall the Thom isomorphism:

[pt] +— 7 = Thom class = fibrewise an orienation generator of v

Idea: it’s a family of generators of Hy(D*,dD¥) where D is the disc in the fibre.
Thm 1.

quot

Hy(B) 24 mHu(x) % Hy(X, X\ A)
[B] +~ B — (A-B)T.

Proof. Localize problem: pick disjoint open balls U; around p; in B. By naturality

of the Thom iso

incl
Hy (U, Ui —pi) = Hp(X, X\ A4)
Ui, Ui —pi] +— =7

where + is the intersection number of A, B at p; (since you can check the intersection
number is the comparison of the generator [D*, dD*] for (v4),, with [U;, 0U;]).

B

Now globalize:

Hy(B) —— Hi(X) Hi(X, X\ A)

T |

Hi(B,B\ ANB) — D, Hi.(Us, Ui — pi)

excision

Thm 2. Cpy1 = Cr, pi = 32;(5°(q;) - 5" (pi)) [D*(g;)]
(intersecting inside f~!(c), where one can take ¢ =k + 1).

6you can ignore orientations if you count intersections modulo 2.
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Proof. For simplicity, do the case where Cj; is generated by just p, [p| = k + 1
and C}, by just ¢, |q| = k (the proof easily generalizes).

Ho(5°(q))
Thom | =
H(S"(p)) ——— Hi(f 1 (e).f " (\S*(9))

\Li s
excision

bdr
Crt1 =" Hy1 (M1 \(f<e), f () —>ka(f—1(c)) Hy (My—1UD"(q),M—1U(D" (¢)—q))
[D™(p)] ¥ [S“(p)] l deformation

i
retraction

Hk(Mk) Hy(M—1UD"(q),Mk—1)

Ck

where i stands for “inclusion”, r is the (restriction of the) retraction of M, onto
My_1UD"(q) of Thm 3.7, and the arrow “deformation retraction” pushes D*(q)—q
away from ¢ and into My _1.

Finally, one can check that this diagram commutes.”

By Thm 1, the arrow (x) is

[S*(p)] = (S*(q) - S“(p)) T
and the right column is [pt] — 7 — [D%(q)] € C} (easy exercise). O
3.11. Modern vs classical.

Def (Witten (1982)). The Morse complex is MCy = @ o) Zp- Forp # q €

Crit(f) the moduli space of Morse trajectories® is

[ M(p,q) = W(p,q)/R]

where the R action by time-shifting identifies u ~ u(- 4+ constant).
The Morse differential is

Ip= Y #M@p.q-q

lg|=|p|—1

where #M(p, q) counts the number of elements with orientation signs (exercise:
this agrees with S"(q) - S*(p)).
Cor. For a self-indexing Morse function f and a Morse-Smale metric g on a closed

manifold M, the Morse differential satisfies d> = 0 and the Morse homology® is
isomorphic to ordinary homology

MH,(f) = H,(M).

Tthe two big columns commute at the level of topological maps if you replace i : f~1(c) — My,
by 7, and then since r« = i» on homology it commutes also at the level of homology.

Scalled instantons or tunneling paths by physicists.

IMH.(f,g) = H (MC.,d).
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3.11. Modern vs classical (continued).

erturb f w s
(f, 9) === W"(p) h W*(q) == W (p, q) mfd ——> M(p,q) = W (p, q)/R mfd
f Morse Vp # q € Crit(f) dim = |p| — [q] dim = |p[ —[q] - 1
W
perturb g

Rmk. From a dynamical systems perspective, the natural object to perturb is the
dynamical system: f. You would not “shake the universe” to get the equations that
you want. The modern approach is however reasonable: you can never measure
ezactly what the Riemannian metric g is, so you can always assume it is generic.

Historical context:

1988 Floer: M(p, q) = zero set of a Fredholm section of a Banach vector bundle
and proved smoothness & compactness theorems

1989 Floer: proved (an infinite dimensional generalization of) 9% = 0,
and M H,(f) = H,(M) using the “Conley index”"

1990 Salamon: proved M H,(f) = H,(M) using the Conley index.

Importance of the modern approach:

Need to avoid 3.9 (i): in infinite dimensional generalizations of Morse theory,

(1) W*(p), W*(q) are usually not defined?
(2) and even when they are defined, they are usually infinite dimensional.’

Date: May 2, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.

Lwhich is essentially a sophisticated dynamical version of cellular homology.

2because flows are badly behaved in infinite dimensions.

330 you have a bad intersection theory. Example: take the space of sequences of real numbers.
You can shift sequences by a fixed amount without losing information, so you can arbitrarily
increase codimensions of subsets, so can deform any two proper subsets so that they never intersect.

1
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3.12. Modern generalizations. [Non-examinable]

Homology | | Manifold

| Morse function f

| « € Crit(s)

| —V f flowline in M(z,y)

Morse u:R—= M
(MH) M™ closed f+M—=R rEM:dsf=0 Osu ==V f
Applications: count # of critical points of a function.
co-dim LN = C>(S',N) E:LN =R z = closed geodesic | u:R x St — M
MH free loop space E(x) = fol %|$,|2 dt of period =1 Osu = —VE
Applications: count # of closed geodesics.

Symplectic || L(T*M) Ag(x)=— [ pdg+[, %|p|2 x = closed geodesic | Floer’s eqn u:Rx S —T*M

(SH) T*M coords (g,p), w=d(pdq) | (if = contractible, it of period =1 Osu = —JOru — V%|p|2
=dp A dq symplectic (closed equals “area” fiw of disc | T*M~=TM > (z,z’) | (compare Cauchy-Riemann
2-form w s.t. w™ = volp+ar) T bounding = (Stokes)) eqns: Jsu = —idyu on C)

Applications: count # of closed geodesics.

Floer LoN = contractible loops Ag : LoN — R Hamiltonian orbits | Floer’s eqn

(FH) (N?™ w) symplectic Ag(z)=— [fw+ [ H o' = Xp(x) u:Rx St — M
closed mfd* (w(-,Xg)=dH) Osu = —JOyu — VH

Applications: count # of contractible Hamiltonian orbits.

Lagrangian || Q(Lo, L1)=paths in (N2" w) “holomorphic” strips

FH from Lo to L; (Lagrangian Alr) =— [fw x € LoN Ly u:Rx St 5 N
submfds:® w|y, =0,dim L=n) Osu = —JOtu

I 2 basept I »
x Y
Applications: package up LF'H’s ¥ Lagrangians and all dic&aryCategory of coherent sheaves on a
algebraic operations = Fukaya category (Fukaya,Seidel,. ..) mirror manifold
SYMPLECTIC TOPOLOGY ™" &8™e™ AL GEBRAIC GEOMETRY

Applications: Heegaard Floer homology “=” LFH® for 3-mfds (Ozsvdth-Szabo,. .. )
= invariants of knots (detects knot genus, categorifies Alexander polynomial)

Instanton B = {connections « on P}/ ~ | Chern-Simons functional flat connections x u:R— B

(IH) (~gauge eq., P — Y principal | CS(z)= #fYTr(m A dz+ Osu = — * Fy, (x =Hodge
SU(2)-blde, Y closed 3-mfd) +%$ ANx Ax) star, F,, =curvature of u(s))

Seiberg- {spin®-connections z Chern-Simons-Dirac monopoles x 4-dim SW eqns

-Witten with section Y — S functional?

(HM) to a reference spin bdle}

Applications: invariants of 4-mfds (a 4-dim coborism gives a hom of HM™*’s of boundary 3-mfds)

Taubes (2010): Seiberg- Witten homology = Heegaard Floer homology

“Meaning, w is a closed 2-form with w

n:

volps. Usually you assume f2—spheres w = 0 so that

Ap : LoN — R is well-defined independently of the choice of disc T bounding x. This w(m2(M)] =
0 condition also prevents an issue called “bubbling”: non-constant holomorphic spheres don’t
appear because they would have positive w-area.

bCalled (Lagrangian) branes by physicists.
“Loosely speaking, you mimick the construction of LFH for N = the symmetric product Sym9(3)
of the surface X4 arising in a Heegaard splitting of the 3-mfd, with Lo = [J oy, L1 = []f; for
appropriate loops «;, ; which generate the Hy of X.

dSee Kronheimer and Mrowka, Monopoles and Three Manifolds.
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3.13. Key aspects of modern homology theories.

(1) Moduli Space: M(x,y) = zero set of some Fredholm map;

(2) Transversality: perturb parameters = M(z,y) smooth mfd;

(3) Dimension: index of some Fredholm operator® in terms of x,y gradings;
(4) Compactness € Gluing: M(z,y) compact if allow “broken solutions”;
(5) Orientations: for Z coefficients, need to choose® orientations for M(x,y);
(6) Invariance: H.(®gzecris(f)Zx,0 counting M(z,y)’s) indep of parameters.

4. TRANSVERSALITY THEOREM

4.0. Transversality for M(p,q): outline of the proof.
For f: M — R smooth Morse function, consider

FE = all vector fields along paths
l >F(u,g) =0su—VIf
U x G = {all paths R — M from p to ¢} x {all metrics}

where VI f is Vf for g: g(V9f,-) = df. Then notice:

‘/\/19(]?7 q) = ( zero set of Fy = F(-,9)) ‘

Aim: Parametric transversality = MJY(p, ¢) is smooth mfd for generic g.
What is needed: U, G, E Banach mfds, F' h 0g, DFy, Fredholm.
What Banach mfd structure?
e Cannot use C'*°: not Banach
G = {C*-metrics on M} ‘ v
e dyu=—VI9fand ue Cl = uis CF:
(05)" u = (9)* (=Y ).

e C' is not so good on non-compact domains like R. Also: want to integrate
Je lW/|?dt and [; |V fu|? dt, but C* N L? is not Banach. Try W2 instead.
e W2 is great since Hilbert: for smooth u,v: R — M C R%, inner product®

(u, )10 = (u,v) 2 + (Osu, Osv) 2.

Recall W12 is obtained by completing C* N L? for the induced norm || |1 2.
Hilbert spaces are great because you can tell if an operator is surjective by
studying the subspace perpendicular to the image.

e First attempt:

‘ U={ueW'2(R,M):u— p,q at the ends} ‘ (not quite correct)

E = {L? — vector fields over paths}

However, various problems arise:

“4the linearization of the Fredholm map in (1).
5chosen compatibly with respect to the gluing (4) of M (z,y) onto M(z, ).
S(u,v) 2 = Ju(s) - v(s) ds using the dot product in R® after embedding M — R,
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e Does u — p, ¢ even make sense? For smooth u € W2 get

lu() = u(a)] = | [, (Ou)ds]
< f;|85u|ds
< (f:12)1/2(f;|asu|2)1/2
< Vb—a-lufiz

does this mean that elements in W2 can be represented by a continuous
function? (in which case u — p, ¢ makes sense).

e even if u is continuous, F involves “O,u”: surely u is not C! in general?

e finally, WH%(R, M) doesn’t quite make sense: a constant R — {x} € M C
R® has norm [, || ds = oo (for 2 # 0), and most other maps R — M also
have infinite norm. So in fact we want u to be locally W12, and we require
that v is W12 at the ends with norms calculated in such a way that the
critical points have norm zero. This requires some care.

Conclusion: we need to review the Sobolev spaces W2 before moving on. Then
we will define G, U, E properly, and prove they are Banach mfds. Finally we will
prove the hypotheses required for parametric transversality. The upshot will be
that the moduli spaces M(p, q) are smooth mfds for generic metrics g.
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SOBOLEV SPACES

The book by Adams, Sobolev spaces, gives a thorough treatment of this material.
We will treat Sobolev spaces with greater generality than necessary (we only use
W12 and L?), since these spaces are ubiquitously used in geometry.

4.1. WP spaces on Euclidean space. Notation: k£ > 0 integer, 1 < p < oo real.

Def. For an open set X C R", WkP(X) = WEP(X R) is the completion® of
C>®(X) = {smooth u : X — R} with respect to the || - ||k.p-norm?

1/p
ep= 3 00, = 3 ( /. |afu|pd:c)

[I1<k [I1<k

[[ul

Wkoo(X) is defined analogously using ||uk.co = Z sup |0u|.
1<k

Def. WFP?(X,R™) is the completion of C™=(X,R™) using

ey = D Iutllwescx)

1=1,....m

where u' are the coordinates of u. An equivalent norm?

previous definition, replacing |0 u| by |01 ulgn.

can be defined using the

Rmks.

(1) C® is dense in C* with respect to || - ||x,p, so completing C* is the same as
completing C>®. Fact. When 0X smooth (or C'), C®(X) C WkP(X) is
dense (X = closure of X C R™), so it is the same as completing C*(X).

(2) WEP is the completion of C° inside WP, where*

C°(X) = {smooth compactly supported functions ¢ : X — R}

These spaces typically arise in geometry when you globalize a locally defined
function after multiplying by a bump function.

Ezample. ¢ € C(X), uc WhP(X) = ¢-u e WEP(X).

Warning. Usually Wy # W since the u’s must = 0 on 0X , unlike C*(X).

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
Lit is always understood that we complete the subset of C of u’s with bounded [Jwllg,p-
Pwhere I = (i1, iz, ,in), 01 = (0)" -+ (Bn)'", 8) = 52, [I| = i1+~ +in.
3Two norms || -||, || - || are equivalent if 3 constants a,b > 0 such that alz|| < ||z|’ < b|z||, Vz.
4The support of ¢ is supp(¢) = {zr € X : ¢(x) # 0}.

1
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(3) W/Z’Cp = locally W*? maps = completion of C° with respect to the topology.”
Up = U S U = ule VO X

Loosely think of this as saying: the restriction to any compact is WFP,
Warning. This is not a normed space, but it is a complete metric space.

(4) All these spaces are separable: there is a countable dense subset, namely
the polynomials with rational coefficients.

4.2. L? theory.
LP = WOP with |[ull, = ([ [ul?dz)"/?, and L% = WO with |[u]|s = sup |ul.
Recall Holder’s inequality®

q

[ tueolde < ulliell, for k=1
Lemma. p > ¢ = vol(X) ™V [jul, < vol(X)~/? - |jul,
= LP(X) — LY(X) is bounded for X bounded.
Proof. For u € C*, let A= [ |u|P, then

:Z:Z _ <f|zlz>1/q _ (/ (%)/ . 1>1/q < [(/ %)/ (f 1)1:]1/q — vol(X)¥ 3

using Hélder in the inequality. Therefore (C>*° N LP, |- ||,) = (C°NLL |- |,) is a
bdd inclusion, so we can complete it:” L? — L9, [u,] > [u,]. O

Example. L>°(X) C L?(X) is clearly true for bdd X, and clearly false for X = R.
Cor. p > q= WkP(X) < Wk(X) is bdd for X bdd.

Motivation. k > k' = Wk? — WP jg clearly bounded, and one might even
suspect that it is compact because of a mean value thm argument. So can one
combine this with the Corollary and get optimal conditions on k, p simultaneously?

Def. Recall a linear map L : X — Y is bounded if | Lz| < c||z| YV, and compact
if any bounded sequence gets mapped to a sequence having a cgt subsequence.®

4.3. Sobolev embedding theorems. Let”

o= n’_”;p ifkp<mn
0 ifkp>n

From now on, assume X C R™ open, X smooth (or C1).

Thm. | WkP(X) o LYUX) for p < q<p*| (require ¢ # oo if kp=n).

Rmk. For X bdd one can omit p < q by the Lemma.

Srecall C @ X means C, X open and C C C C X.

6The generalization of the Cauchy-Schwarz inequality (p = ¢ = 2).

the inequality shows that LP-Cauchy implies L-Cauchy, and the map [un] — [un] is well-
defined since up, — 0 in LP implies u, — 0 in L9, again by the inequality.

8equivalently: the closure of the image of the unit ball is compact.

9Unexpected results happen at the Sobolev borderline kp = n. Example: loglog(1l + ﬁ) on

the unit ball in R™ is W™ but neither C9 nor L°.
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Cor. Under the same assumptions, W*+tiP(X) < W74(X) is bdd.

Proof. Idea: u € W54 & 9lu € L9, V|I| < j. For smooth u (afterwards complete):
lulljg =D 107ulg < ey 10" ullkp < ¢ llullisjp. O

|11<j I11<j

Thm.!0 | Wktir(X) ey CJ(X) for kp >n

Thm (Rellich). X bdd & inequalities are strict = above embeddings are compact.
Example. W12(R,R™) — C?(R,R™) = {bdd cts R - R™} (kp=2>n=1V).
WL2(R,R™) =% 12((0,1),R™) < C°([0,1],R™) is compact.

Idea of Proof of First Theorem for kp < n, X bdd
Note: kp<n,¢<p*=<0>Fk— % > f%. By induction reduce to k = 1:

ueWkP =y 0jueWhlp

= (induction) wu,dju € L¥ 0>k—-1-2=0-25
= uweWwh
=

(k=1) ue L 0>1-2=kF—2>0-

S
<3

To prove WhP — L9 seek

lully < elldull, VueCX(X) (failsforu=1) (+)]

Sketch: You start from fund. thm of calculus “u(x) = ffoo Ou(--)dx” (p=1),

then everything else!! is repeated integrations and Holder’s inequalities. For general
p, you just use clever exponents.

Fact. can extend u € W1P(X) to a compactly supported 7 € W1P(R™) in a way
that [|@][y1.0@ny < cllullwrpx). Then approximate by C2°(R™) and use (x). O
Rmks.

(1) Can replace W by Wy (then no conditions on 0X are needed).
(2) (%) holds Yu € Wy P(X) (0> 1— % >0—2), aversion of Poincaré’s ineq.
(3) kp > n is wonderful since W*P C C°, so you can represent elements as
continuous functions, avoiding the Cauchy rubbish.
4.4. Derivatives on Wk?,
Method 1: via completions
O+ (O [ lkp) = (€ [ - lk-1,p)
Os : WP — WE=LP [y, ] — [Osuy,]
Method 2: for p = 2, use the Fourier transform to replace 8! by multiplication
by z! (up to a constant factor). See Hwk 11.

Method 3: Using weak derivatives

First we want to avoid completions, and work with actual functions:
LP(X) = {Lebesgue measurable u : X — R with |[ul|, < 00}/ anialafu=y

most everywhere

Oysing lullcs = Z\I\gj sup |87u| on CI(X): call Cg the subset of u’s with bdd ||u|o;-

HUye you’re curious, see Evans, Partial Differential Equations, p.263.
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For our purposes, we don’t need a deep understanding of measure theory, just a
vague nod: Lebesgue measure is a good notion of volume for certain subsets of R™.
These subsets are called measurable. For example open subsets and closed subsets.
The notion of volume for cubes and balls is what you think, and there are various
axioms, the most important of which is: the volume of a countable disjoint union
of subsets is the sum of the individual volumes. Define:

f is measurable if £~ (any open set) is measurable.

Examples. Continuous functions, since f~!(open) is open. Step functions (for
example f = 1 on some open set, f = 0 outside it). Also: can add, scale, multiply,
take limits of measurable fns to get measurable fns.!?

Convention. If u ~ continuous fn, then we always represent u by the cts fn!

Fact. The above (L?(X), ||-||p) is complete and C*°(X) C LP(X) dense, so LP(X) =
completion of (C*°(X), || - |lp) (as usual, only allow smooth w with ||ul|, < 00).

Def. fr € LP(X) is an I-th weak derivative of f if Vo € C°(X),

[ gr-ode= 0" [ 1e0%sdn
X X
For smooth f this is just integration by parts with f; = 0 f.

Exercise. weak derivatives are unique if they exist. So just write f; = 97 f.

Key Fact. |if f; is cts, then the usual 9! f exists and equals f;.

See Lieb & Loss, Analysis, 2nd ed. Non-examinable: If u € Wﬁ)’cp then u € Wllo’i by Lemma 4.2 (loc gives finite

vol), hence the FTC holds (L&L p.143): u(x + y) — u(x) = fol y - Vu(x + ty) dt for a.e. x, all small y. Their
proof shows that this is true for all z if u, Vu are continuous. The key fact is proved in L&L p.145. Example:
Suppose u € W12(R, R™) with cts weak dsu, then % = fol Osu(s+ty) dt — dsu(s) as y — 0 by cty,

so u is C! with deriv = weak deriv. Proof of FTC for u € W12(R,R): for ¢ € C2°(R,R), write ¢(s) = ¢(s — ty).

S o()([ v+ dsuls +ty)dt) ds = [ y(f 8(s) - Dsu(s + ty) ds)dt = — [ [y Osb(s) - u(s)dsdt
= [ Jg 8ed(s)dtu(s)ds = [ d(s — y)u(s)ds — [ $(s)u(s) ds = [ ¢(s)(uls +y) — u(s)) ds.

Hence fol y - Osu(s + ty)dt = u(s + y) — u(s) for a.e. s (all s if u,dsu cts (u is cts by Sobolev)).

Rmks.
(1) Weak derivatives behave as you expect:
Al - whkP s Wh=ILP s linear.
Also g € O, u € WP = ¢.u € WFP with 0'(¢ - u) = Leibniz formula.
(2) Observe:
uweWrkP(X) = u=(|||kp-Cauchy sequence of smooth u, : X — R)
= 0, are || - ||p,-Cauchy V|I| < k
= 0lu, — ur in LP, some u; € LP(X) (by completeness of LP).
But [0'uy, - ¢ = (=1)! [, -0'¢, take n — oo, deduce ur = weak derivs!
Thm. Define
WHP(X) = {u € LP(X) : u has weak derivatives 0'u € LP(X),V|I| < k}

then C(X)NWkP(X) C WFP(X) dense, so WFP(X) = completion construction.

Pf uses a standard method to smoothly approximate measurable fns: mollifiers.'?

12 Non-ezaminable: Any measurable fn is a limit of simple fns. Simple fns are linear combina-
tions of characteristic fns xs of measurable subsets S (xs(s) = 1Vs € S, else xg = 0).

13 An explicit 7 is the following: ¢ - exp(w%l) for |z| <1, and 0 otherwise.
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R 7 : R™ — R smooth bump function,
normalized so that [p, ndx = 1.
! For £ > 0, define'® | n.(z) = & - n(2)
0 B> Observe: ne € C°(R™,R), supp 7. C e-ball,
unit ball and [p, ne dr = 1.

Foru:X — Rin L}

1oe(X), define e-mollification as a convolution:

ue(z) = (e *u)(@)

Jxeme(x =) uly) dy

fg_ban Te (y) u(‘r - y) dy
defined for = € X, = {points of X at distance > ¢ from 9X}.

Fact.!®

(1) ue(z) only depends on values of w near x  (Pf. 2nd integral.)

(2) ue € C*(X.) (Pf differentiate 1st integral.)

(3) ue(z) — u(z) for almost any x ase — 0

(4) u continuous = u. — u uniformly on compacts (hence C> C C° is dense)
(5) ue L (X)= u. —uin L} (X)

loc loc
Cor. u € WFP(X) = u. — u in WP (X)
Proof. Easy computation:

0tu, =n. 0w (in X.)
but dfu € LP(X), so by (5), . * 0'u — 0lu in L}

loc®

O

This corollary essentially implies the theorem by a clever'® partition of unity
argument (non-examinable).

4.5. Elementary proof of Sobolev/Rellich for W!2.

Theorem 1. W12(R) %5 CO(R) = {bdd cts R — R}, and W 2(R) & CO([-S, S]).

Proof. For u € W2, pick u,, € CONW12 converging to u in W12 (by mollification,
Co'NWh2 c W2 is dense). So u, is W12-bdd and by Cauchy-Schwarz

b
[tun () — up(a)| < / |Osun| ds < /|b—al - ||un||1,2 < const - \/|b— al (%)
SO Uy, is equicts. To check wu, is equibdd, suppose u,(a) is unbdd (fixed a). By (x)

ety ()~ vn (@)

so that minimum is also unbdd. So w,, is L?-unbdd, contradicting W12-bdd.

Mas e — 0, intuitively “ne —Dirac delta”.

151f you’re curious: Evans, Partial Differential Equations, p.630.

161¢ you're curious: Evans, Partial Differential Equations, p.251-254. The Corollary gives the
Thm for C°°(X), and to get C°°(X) one needs a little care near the boundary 0X because the
convolution requires having an e-ball around z inside the domain. The fix is to locally (on a small
open V C X) translate u: u(z) = u(x — ced) where 7 is the outward normal along 0X and c is a
large constant. Then 7. * & € C™(V) cges to u in WP (V).
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By Arzela-Ascoli, there is a subsequence u,|_g 5] = v in C°[—5, 5], so also in
L?[-5, 8], so v =wul[_g,g), s0 u is cts since S was arbitrary.
Need to check u is C%-bounded. As in (x), |u(s + 1) — u(s)| < [lulfs,s41]l1,2, SO

u(s+m) —u(s)] < [lulsserpllizt -+ lulspm—rsemllne = elssemlle < flufli
so u is bdd at 400, hence bdd on R by cty. (I
4.6. WP for manifolds. Let N” be a compact mfd and M™ any mfd.

WkEP(N) = WFP(N,R) and W*P(N, M) are the completion of C*°(N) and
C*®(N, M) w.r.t. the || - |5, norm defined below. Equivalently, they are the space

of measurable functions/maps!'” which are k-times weakly differentiable (in the
charts below) and which have bounded | - ||5,p-norm.

Def. WEP(N,R™) for N™ compact mfd: pick a finite cover by charts'®

i (ball B;CR") - U; CN

Foru: N — R™, define | ||u|kp,=>|uo goi||Wk,p(BiﬁRm)
WHEP(N, M), any mfd M™: fir smooth embedding j : M <—R*. Foru: N — M let*

[wllk,p = 117 0 ullwr.p (v ra)-
Rmk.

(1) N compact = get equivalent norms if change charts
(2) X, Y CR™ open, k > 1, call  : X — Y a C*-diffeo if: ¢ is a homeomor-
phism, ¢ € C*(X,Y), ¢~ € CF(Y, X) and both have bdd C*-norm.
Fact. WFP(Y) RN WHP(X) is bdd with bdd inverse.
Cor. N compact = get equivalent norm if change p;,Us;.
(3) ¢: X =Y has bdd C*-norm = W*P(N, X) 2% WF»(N,Y) bdd
Rmk. just bound ¢ ou in terms of ||P|lkp, l|ullcr. If you wanted to bound

pou in terms of ||¢llk.p, |ullkp, then even for smooth ¢ you need kp > n.
Cor. M compact=> choice of j does not matter (for non-cpt M it matters)

4.7. Wk»P for vector bundles. For a vector bundle E — N,
WHP(E) = {W"P sections u : N — E}
In this case, you can avoid picking j:
vi triv
B; xR"=2U; xR" £ E|y,

view u o @; as a map B; — R"
lullep = 2211 (pi - w) o @illwen(m, rr)

1Tykp(N, M) C W*kP(N,R%), the u: N — R® with u(n) € M C R® for almost every n € N.
18strictly speaking these are parametrizations: they go from R™ to N. If you want charts

©; : U; = R™, then you need bump functions p; subordinate to the U;: ||(pi-u)o<pi_1 ||W1,2(Rn’R).
19Using charts on M would be a bad idea: think about why that would not work.
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Alternatively, pick: a Riem metric gy on N, a metric gg on E (smoothly varying
inner product for each fibre), and a connection V on E. Then define:*°

_ 1/p
k,p — Z (/N |V1u|pv01N)

i<k

[[ul

Lemma 2. N compact = those two definitions give equivalent norms.

Proof. Choice of local trivializations doesn’t matter since they change by multipli-
cation by a smooth matrix-valued map (use Rmk 3 above).
Pick local trivializns using smooth local orthonormal sections. So |-| differs from
| - |re only by use of gi in Q(N) directions. So get bounds since N is compact.
Locally V = d+A (A local section of End(FE)), hence can bound u, . .., Vi~ tu, Viu
in terms of || Al|oo, u, Tu (|I| < 1i). Vice-versa can bound d%u in terms of || A||oo,
Viu (i < |I|) by the triangle inequality. O

4.8. Sobolev theorems for manifolds. For a compact mfd N, any mfd M:

LP(N) X pa (N) for p > ¢ (since vol(N) < c0)
k>Fk
WkP(N, M) 2w (N, M) for { k-2 =k -2 (compact if strict >’s)
bdd & cpt (w00 it kp=n)
WhP(N, M) ST ON (N M) for k-2 > K

Warning. Fails for non-compact N, unless you have control of the geometry at
oo: for example for N = R, R™ the above still holds.

Def. WSP(N,M)={u:N — M: u|c € WH(C,M), YC cC N}

Warning. the W/Z’Cp are not normed, but they are complete metric spaces with the
topology: un — u in WP & u,|c — ule in WHP(C, M)VC  N.

loc

O k,p 0 : k,p kp ~ 3
Exercise. u € W;" < Ju,, € C°, u, — u in W;". So W, 7 = completion defn.

Cor. Sobolev embeddings hold for* Wiee, Lioe, Cloe even for non-compact N.

Proof. u € WP(N, M) = ulc € WFP(C,M) = ulc € WK (C,M) = u €
WP (N, M) 0

where VOu = u, Vi : C®(E) — Q{(N) ® C*°(E) (extending V to higher forms by Leibniz:
Viw®s) =dw®s+w®Vs), and voly = /| det gn|dz1 A-- - Adan, and the norm in the integral
combines the norm from gg on E and the norm from the dual metric g3, on T*N (which induces a
metric on the exterior product A*T*N - explicitly, use g to locally define an orthonormal frame
for TN by Gram-Schmidt, declare the dual of that to be an o.n. frame for T*N, this determines
gn» and taking ordered i-th wedge products you declare what an o.n. frame for A'T*N is).

21016

loc just means C’k—convergence on compact subsets.
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4.9. Sobolev setup for the transversality theorem. Let M be a closed man-

ifold, f : M — R a Morse function, and fix critical points p # ¢ € Crit(f) and a

reference metric gy for M (all norms will refer to gps, not the variable metric g).
Consider the bundle mentioned in 4.0:

E
| ) Pluwg) = e+ (0
Ux M

where:!

G = {C*-metrics on M} (fix k > 1)

U= {ueW-R,M):u(s) = p,qas s — —oo,+0o and for large S we have :
u(s) = exp,(&(s)) for s < =8, some £ € Wh?((—00, =S), T, M)
u(s) = exp,(&(s)) for s > +8,some £ € WH2((48,00), T, M)}

E = {L*-vector fields along the paths u € U}

By Sobolev, Wllof C CP (R,M), so the u € U are continuous, and requiring
convergence to p, g at oo makes sense.
E is a vector bundle over U x G with fibre L?(u*T'M), the L*-sections of the

pull-back bundle v*T'M — R whose fibre is (u*T'M ), = Ty,(5yM over s € R.
Lemma. G is a smooth Banach manifold.

Proof. G C CF(Sym?(T*M)) is an open subset of the space? of symmetric 2-
forms on T'M, since positive definiteness is an open condition. We have a regular
retraction 7 : U — M of a tubular nbhd of j : M < R* (so w0 j = id). Recall by
1.6, that for a Banach space B and a closed subset S C B,

S smooth retract of an open nbhd of S C B = S C B is a submfd.

Also recall that for any map ¢ : A — B of mfds, g metric on B, the pull-back
metric is defined by (¢*¢)a(v, w) = gea(dy - v,dp - w) for v,w € T, A.

Date: May 2, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.

IRmk. We cannot just say U C WH2(R, M): Sobolev spaces don’t make sense for non-
compact domains (unless you are considering sections of a bundle). Example: the constant
uw:R — {p} € M has [, |u(s)|?ds = |p|* - [ 1ds = oo for |p| # 0 the norm of p € M C R®.
Similarly, continuous u converging to p,q have infinite L?-norm. So our Sobolev spaces would be
empty! We want each p € Crit(f) to be considered to have zero norm, for that reason we chose
(canonical, using exp) charts around the critical points and require u to be W2 in that chart.

2Example: g= (% %) is the symmetric form dz®2+2dz®dy-+2dy®@dr+3dy®?, so g(0x, 0y) = 2.

1
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First note that
S = CH(Sym*(T*M)) — C*(Sym*(T*U)),g — ©*g
is a closed subset (injective since j*7*g = (7j)*g = g). Secondly
CF(Sym*(T*U)) — S, g — 7*5*g

* ok ok 3k

is a retraction (since 7*j*7*j*g = 7*(7j)*j*g = 7*j*g). Finally, both these maps
are smooth since linear in g. Thus, by the above result, S is a smooth manifold,
hence also the open subset G is a smooth Banach manifold. (|

Lemma. U is a smooth Banach manifold modeled on Wy (R, R™).

Proof. The reference metric defines and exp map, and by Cor 0.7: any C°-close
continuous paths u, w are homotopic through geodesic arcs joining u(s), w(s).

w(s) = expy(s) v(s)
geodesic
I

Let € > 0 be as in that Corollary. For each smooth u € U, define

W = {exp, 5 v(s) 1 v € Wy (u*D.TM)}

(so in particular, v(s) — 0 as s — +00). You can easily check that W C U, by

construction (this crucially uses the fact that u,exp are smooth maps, so exp,, v is

as smooth as v is). By Cor 0.7, and the density of C° maps inside W12 maps, any

w € U is within e-distance of some smooth u € U, therefore these W’s cover U.
Let V be the Levi-Civita connection for gs, then by parallel translation

w'TM=RxR"

so Wy ?(u*TM) = W, *(R,R™), which is a Banach space. Thus the v are local
coordinates for U near u. You can easily check that transition maps on overlaps
are smooth, since they involve smooth maps ug, u1, exp. (I

Rmk. For a Banach manifold M modeled on B, the tangent space is T,, M = B
(compare with T,R™ = R™). For a chart ¢ : M D U — B define TM |y = o(U) x B.
For another chart ¢ : U'" — B, the transition (U NU") x B — (U’ NU) x B is

(2,b) = (z,dp (Y 0 ™) - b). In our ezample: | T,Wy > (u*D.TM) = Wy > (u*TM)

Lemma. E is a smooth Banach vector bundle with fibre L?(R,R™).

Proof. Consider parallel transport along geodesics:

exp,, ) (t - v(s))

R™

w = expu(s)(v(s))
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P, :u*TM — (exp, v)*TM = w*TM
Recall this map is smooth (since linear) and is an isometry. Now, consider its
dependence on v:
P Wy (' D.IM) x w'TM 5 | ) w*TM.
weW
This is again smooth.?
Finally, consider parallel transporting L2-vector fields over u:
P Wy (u*DTM) x L2(u*TM) 5 L*( | ] w*TM) = E|w.
weWw

This is well-defined since parallel transport is an isometry (so L? sections map to L?
sections), and is invertible by doing parallel transport backwards. It is smooth for
the same reasons as before. As above, we can trivialize: L?(u*TM) = L*(R,R™).
Thus we have obtained a trivialization of E|yy:

Elw =W x L*(R,R™)

and two trivializations differ by smooth maps since ug, u1, exp are smooth. O

3 Non-examinable: The ODE you solve is 9;Z(t) = fAexpu(s)(w(S))((d €XPy () ) tu(s) " V(8)) Z(1),
#(0) € Ty ()M (where s € R is fixed, ¢ € [0, 1] varies). Change v(s) to v(s) + At(s): observe that
Z(1) is smooth in A € R because solutions of ODEs depend smoothly on initial conditions.
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4.9. Sobolev setup for transversality theorem (continued).
E
| ) =0t gyt
UxM
where f; is V f calculated for g: g(f,,-) = df.
Lemma. F is a well-defined section.

Proof. The weak derivative 0, : W12 — L? is well-defined so only f; may be an
issue. Since f; is CF, it is L? on compacts, so we just need to check that fo(u) is
L? near the ends. Locally near a critical point p = (z = 0):

|fo(x)] < c-|z| by Taylor, since f, (p) = 0.
Hence |f; (u)| < ¢ |ul, so f}(u) is L? near the ends since u is L*. O

Lemma. F is CF.

Proof. Differentiating in the g direction: only f; contributes, and
so locally f, = g='-df. This is linear in g~', hence smooth in g~'.
inversion is smooth on non-singular matrices. So f; is smooth in g.

Differentiating in the direction 7 € Wy *(u*TM) = T,W, > (u* D.TM) (where u
is smooth):

Finally,

D,F -7 = Vi|i=0(0sw — fy(w)) (see Hwk 12)
where w: R x [0,1] = M w(s,t) = exp, ) (t(s))

w(s,t)

v(s)

v(s)
= (V0w — Vi fy(w))i=o (using V torsion-free (see Hwk 12))
= V- (V{;‘fé)v

Note: Vg = 05 + A(9sv)- is linear in v so C* in v, (Vzf,), = (d(f;) e +A(e)- f))V:

the first term is C*~1, A(e) is C>, f] is C*, so (V5f}), is' CF~1 in . O

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
IThe key point is that we never differentiate v in s.
1
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4.10. Transversality Theorem.
Lemma. F(u,g) =0 = u € C* (motto: u is “as smooth as” g)

Proof. The weak derivative ,u = f}(u) is continuous since u is cts.* Recall that if

the weak derivative is cts then it equals the usual derivative. Now bootstrap.®? [

Conditions of Thm 2.5
YV F(u,g)=0:
i) Dy, F' = Tru,g) (U X G) = E, 4) surjective;
ii) DyFy : T,U — By q) Fredholm of index < k.

Claim 1. (ii) holds and index = |p| — |¢| (so pick k > |p| — |q])
Claim 2. (i) holds

We will prove the Claims later. First we mention the consequence:

Transversality Theorem
For generic C*-metrics g,

W*(p,q) = {C*-flowlines u of — V£ from p to ¢} = Fgfl(O)
is a C*-submanifold of U with
dim W¥(p, q) = index Fy = [p| — |q|
and tangent space
T, W*(p,q) = ker(D, F, : T,U ¥ E,)
Proof. Theorem 2.5 and Claims 1 & 2 above. O

Cor. Can take k = 0o

Proof. Pick C* metric g satisfying m,

= 3C> ¢’ close to g

= ¢’ satisfies M since transversality is an open condition (regularity is open).
Hwk 13: C*°-metrics g satisfying rh are generic. O

for a generic smooth metric,
= W(p,q) = W>=(p,q) is a smooth mfd of dim = |p| — |¢]
M(p,q) = W(p,q)/R is a smooth mfd of dim = |p| — |¢| — 1

Rmk. Hwk 13 proves that the quotient M(p, q) really is a smooth mfd.

Rmk. Hwk 19 proves that the transversality condition for W(p,q), that is the sur-
Jjectivity of the linearization D, Fy at zeros of Fy, is equivalent to the condition that g

is Morse-Smale for f. So‘ “generic g” is equivalent to saying “g is Morse-Smale”

2Non-ezaminable: this is an example of the elliptic regularity theorem: 0s is an elliptic operator
of order 1, and so weak solutions of dsu = 7fl/] (u) are as regular as fé plus order, so u is CF+1.
3We proved u is C1, so dsu = fl/](u) is C'1 (since f; is C% and u is C1) so u is C? etc.
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4.11. Hilbert spaces tricks. L: A — B bounded linear, A Banach, B Hilbert.
Lemma 1 Ifim(L) is closed, then

coker L = (im L)* = {b € B : (La,b) = 0 Ya € A}.
Proof. In general, if V C B closed subspace, then B =V @& V<L so V- = B/V. O
Warning. C> C L? dense (non-closed) subspace: (C>°)+ = 0, but C> # L2.
Def. Define the adjoint L* : B — A of L : A — B, where A, B Hilbert, by

(La,b)p = {(a, L*b) 4 Va,b

(easy exercise: 3 unique bounded linear such L*).
Lemma 2 (im L)* = ker L*.
Proof. b L im L < (La,b) =0 = (a, L*b) Ya < L*b = 0. O

L: A=A x A, — B, A, Hilbert, A; Banach, B Hilbert.
L(al, ag) = D(al) + P((IQ)
D: Ay — B, P: Ay — B bounded linear (think of P as “perturbation”).
Lemma 3 im L closed = coker L C ker(D* : B — A;) N (im P)*.
Proof. im D C im L
by 2 by 1
= ker D* 2 (imD)* D (imL)* = coker L
= coker L 1 im L D im P. O
Lemma 4 D Fredholm = im L closed.

Proof. B=im D @& C, C = complement (finite dimensional).
imL=imD® (CNimL) (equality holds since imD C im L)
Finally: im D closed, and C'Nim L is finite dimensional hence closed. ]

4.12. Claim 1 = Claim 2. We will apply Lemma 3 to:

\—\/\/ N
L D P

Ay = W (W' TM) = W (R,R™)  (a,a')10 = [, garla,a’) ds+ [, grr(9sa, dsa’) ds
Ay = T,G
B=E, = L’(TM) = 2R,R™)  (b,V)52 = [, gar(b, V') ds.

Where D is Fredholm by Claim 1.

Rmk. F(u,g) = 0 so u is C**1, and we are using the charts defined by trivi-
alizing TM over u since we only need C*-Banach mfd structures (F is only C*
anyway). If you want to use the C°°-Banach space structures, then trivialize over
a smooth u, and study F(v,g) = 0 (where v is an abbreviation for exp, s v(s),

v E Wol’Q(u*DETM)) so replace u’s by v’s except in the defns of Ay, B.
Cor. coker D, o F C ker(D,Fy)* N (im P)*.
Claim 2 D, 4 F is surjective.

Proof. If not, then 3b # 0 € E,:
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(1) (DuFy)*b =0
(2) (Dfg-g,b)r> =0 Vg.
Key trick 1: (1) = b continuous. (Proof in next Lecture)
Key trick 2: b(sg) # 0 for some sg € R. Claim: it suffices to define § at u(so) with

9 ((Dfg)uis) - (Gu(s):0(s)) >0 ats=s9  (¥)
Proof of Claim:
pick any C*-extension of (§)y(s,) to g defined for z € M close to u(so)
= by continuity (%) holds near sg
globalize §: multiply ¢ by a bump function (= 0 away from u(sg), = 1 at u(sg))
= (x) holds with “>” for all s, and with “>” near sg
= (2) fails. Contradiction. [

Construction of g as in the Claim:
Locally f, = g lof, so

Dfy -G = (Otli=o(g +tg) ") Of.

Now use the usual series trick:

g+t~ = [g-A+tg g™
(1+tg~tg)~t-g7! (careful with order of matrices!)
(1 —tg=tg+ordert?) . g=!

Hence | Df}-G=—g'-g-g7"-0f

Now df # 0 since* u(sg) ¢ Crit(f).

1 1

Moreover, g~ - §- g~ ' is an arbitrary® symmetric matrix at s by letting § vary:
indeed to get the symmetric matrix S take § = ¢gSg.

= Df; g is arbitrary at so. So in our case, we pick g so that D f;-g = b(so). O

duis a —V f trajectory from p to q¢ # p, so it is non-constant: the unique —V f trajectory

passing through a critical point is the constant trajectory at the critical point.
5G € Sym?2(T* M) is an open subset, so TyG = TySym?(T*M).
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4.13. Claim 1.
Aim: F(u,g) =0= D,Fy =V e—V,f (u): T,U = E, g is Fred, index |p| —|q|.

Rmk. F(u,g) =0 = uis C* (Lemma 4.10). We will prove the Aim more generally
for any C*-path u € U (we will not use F(u,g) = 0 anymore).

u € C* = can trivialize u*T'M by parallel transport:
Pick basis eq, ..., e, of u*T'M with Vse; =0
V = Z Viei
VSV = E 68Viei
Vv fo(u) =Y VIV, fi(u) = 3 (As):V7e; (this defines a matrix A,)

Cor. D,F, in the basis e; is:

Wy ?(R,R™) — L% R,R™)

vt vt
(:) > (5S+As)'<:>
ym ym

Define the adjoint A% by ‘ gm(Alz,y) = gy (z, Asy) Vo,y € R™ ‘

Lemma. (9, + A,)*b=0 forbe L2 = be W12 L p e c0,

Proof. 0= {(9s + As)*b,¢)12 = (b, (05 + Ag)p) 2 =0 V¢ € L?

= (b, 0s0) > = —(ALb, 9) 1> Vo € CF

= weak 9;b = Azb e L?

=be Wh2 O
Cor. 4.12 Key trick 1 holds, since (D, g Fy)* = (0s + As)* in the trivialization.

Rmk. In general, such Lemmas are proved by the elliptic reqularity theorem.'

Rmk. | W, *(R,R™) = WH3(R,R™) | and similarly for L.

Proof. Given b € W12, 3b,, € C* with b,, — b in W12, Pick bump 3, : R — [0, 1],
Bn =1on[—n+1,n—1]and 3, = 0 outside [—n, n], and |0s5,| < 2. Then £,b, — b
in L? since fR\[fn nl |b]2ds — 0 as n — oco. Also, Os(Bnbn) = (0sBn) - by + B - Osby:
the second term — 93b in L? by the same argument, and the first term is supported
outside [—n, n] and bounded by 2 fR\[_n nl |b]>ds — 0 as n — oo. O

Date: May 2, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.

IThis is a general bootstrapping result for W2 spaces. Non-ezaminable: for an elliptic
operator L (such as 05 or the Laplacian) the weak solutions v of Lu = f with f € Wwk»2 (and u =0
on U, with smooth 9U) lie in u € Whtorder(L),2 For f € C®° = N,WF2 get u € N,WHk2 = (C°.

1
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Rmk. The same arguments show WEP(R,R™) = WEP(R,R™). For other exam-
ples, see Adams, Sobolev spaces, p.70.

Claim 1 follows immediately from the following theorem:

Thm.

(1) s = Ay is a C*~L-path of symmetric matrices, with As — Hess, f, Hess, f
in Ck¥=1 as s — —00,+00. Proof. Hwk 2, (1iii). O

(2) s + As : WH2(R,R™) — L3(R,R™) is a Fredholm operator

(3) index (0s + As) = “spectral flow of As” = |p| — |q|.
Explanation: suppose you could® diagonalize Ay continuously in s, then the
“movie” of eigenvalues is:

R R R
evals of A_,, —* ~— evals of A4
—00 S —+00
spectral flow = #(evalues of As moving from negative to positive)—

—#(evalues of As moving from positive to negative)
= index (Hess, f) — index (Hess, f)

= [pl =gl
In the picture: spectral flow =1—10 and |p| —|¢q| =3 —2
Rmk. The spectral flow is a useful “relative index” in the co-dimensional settings
when the absolute indices |pl,|q| are infinite.
4.14. 94 + Ay is Fredholm.
(x) L=0s+As: WH2(R,R™) — L*(R,R™) with Ay — A+, symm nondeg
K = restriction : WH2(R,R™) — L?([-S, S],R™) compact (by Sobolev)
Aim: deduce 05 — A has finite dimensional kernel and closed image from Lemma:
Closed range Lemma
A, B, C Banach spaces

L : A — B bounded linear
K : A — C compact® bounded linear

If ||la||a < constant - (||Lal|p + ||Kallc¢) Vae€ A

then { ker L finite dimensional
im L closed

Proof. WLOG constant = 1 (rescale L, K)
ker L C {a € A: |la]ja < [|[Kal ¢} closed
Suppose a,, € ker L : |la,] =1

= subseq Ka,, — ¢ (K compact)

2This is presumably true generically over C, but we will take a different approach.
3This means: if an is bdd, then Ka, has a cgt subseq.
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= llan — amlla < |[Kan — Kamllc = [lc —clc =0
= a,, Cauchy, hence cgt
= unit sphere in ker L is compact

= | ker L finite dimensiona1|
= 3 closed complement Ay of kerL, so A =kerL® Ay (see 2.3(1))
= L: A’ — B injective.
Suppose La,, = b. WLOG a,, € Ay (without changing La,,).
Suppose by contradiction that ||a,|| is unbounded.
= 3 subsequence ||a,| = oo
= a, = m has La, cgt (since La, — b)
o @ — Gl s < |15 — Lallp + | K — Kanllo — 0
= Cauchy, hence a,, —a € Ay (Ao closed)
= La— 0= La
=a=0 (L injective on Ay)
= contradiction (|ja,| =1 — ||@|| = 1 not 0)

= | |lan|| bounded |.

= subsequence Ka,, cgt

= |lan — amlla < ||Lan — Lan||s + | Kan — Kapllc — 0

= a,, Cauchy, so cgt, so a,, — a, La, — b= La

= im L closed. (I
Thm. Inequality of Lemma holds for operators in (x) for S > 0.

Proof.
Step (1). For A, = A_, constant (symmetric nondegenerate):
Aim: Solve (95 + A)V = W € L*(R,R™) then bound V in terms of W (= LV).

R™ = E~ @ ET where E~ = ®eigenspaces of A_,, forevals <0, ET =@ --- >0
WLOG R™ = E~ by solving equation separately on E~, Et. Solution:*
Vis)=[" e~ AEDW (t) dt
Check: 9,V = e  AEDW|—y — [ Ae AE"DW dt = W (s) — AV(s) v
Unique solution? suppose (0s + A)V =0
= change coords so that A diagonal
= 0, Vi = -\, V! \; evalue
= V(s) = constant - e~ '3
= not in L? unless V =0. v
Is V in L%?

V(s) = ffooo o(s —t)W(t)dt b(s) = {e—OAs ggi i E 8
= (oxW)(s)

4 Non-exzaminable: In general, to solve the ODE 05V = BV 4 W, you first solve for the
fundamental solution ¢ : R — End(R™) of ds¢ = B¢, ¢(so) = I (so that V(s) = ¢(s)Vh solves
0sV = BV with V(sg) = V), then our ODE has solution

V(s) = ¢(s)Vo + ¢(s) [ ¢(t) ' W(t) dt = ¢(s)Vo + [ d(s — )W (t) dt

as can be checked by differentiating. The first piece is the homogeneous solution, the second is
the particular solution. In our particular example, ¢(s) = e=4"5, and “V(—o0)” = 0.
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1= |f_ (s — )W (t) dt]* ds

S 1o(s = 0)['/*- |¢( t)|12 - (W (t)| dt)? ds

J ([ |o(s — t |dt (s —t)| - |W(t)]*dt)ds  (Cauchy-Schwarz)
el [[ 1p(s — )] - [W (2)]* ds dt (Fubini)

= Al - lI¢ll - W13

:‘ Vi2 =l W2 < |1oll1- [W]l2 ‘ (a version of Young’s inequality)

e+ W3

AN IA

Is V in W12?
o,V = —-AV + W
[0sV2 < [[AV]l2 + [[W]2
< [A[l- ([l +1) - W2

where || Al = sup,_ Hﬁiﬂﬁ”. Thus ||V]|2 + |05V ||2 < constant - ||V |2, equivalently:

1V ][1,2 < constant - [|(9s + A_o)V s |

Step (2). For V =0 away from —oc:
[[As — A_oo|| < e for s < =5 + 1 (for large S depending on ¢)
Assume V =0 for s > —S + 1:
= [Vl < e [l(0s + Aco)V]l2 (by (1))
< e (|(0s + A)Vl2 + || (As — A_o)V]]2)  (triangle ineq)
< e (V2 +el[Vil) (L =05 + As)
< [ILV ]2 (pick & > 0 small so ce < 1)

Step (3). Similarly do (1) for A, ., and (2) for V =0 for s <S5 — 1.

1ca

Step (4). General case:
Pick a bump function 8 € C*(R, [0, 1]) with 8 = {

11 *f)VHl,z

1 for|s|<S-—1

0 for|s|>S

< constant - ||L(1 — B)V]|2 (by (2), (3))
= [IBV]l2 + [[0s(BV)]l2

< BVl2 + [ILBV 2 + (sup, [ As]) - 1BV ]2

< constant - (||BV ]2 + |LAV||2)

VI < I(X=B8)Viiz+18V]12 (triangle ineq)
< constant - (|[BV ]2 + ||LAV |2 + ||L(1 — B)V]|2) (above ineq’s)
< constant - (|| KV |2 + || LV]|2) (see below)

The last inequality used that 3,050 are bounded and vanish outside [—S, S], so
[|(0:8)V |2 < constant - [|V]_g s|l2 = constant - | KV||2,
and it used that |SLV||2 < constant - | LV ||z and similarly for ||(1 — 8)LV|2.

O

Cor. L =05 + As has closed image and finite dimensional kernel.

Aim of next lecture: the cokernel is also finite dimensional, so 95 + A, is Fred.
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4.14. 95+ As Fredholm (continued).
L=0,+A,: W2(R,R™) » [A(R,R™)]

Aim: L has finite dimensional cokernel.

Lemmas 4.11 = coker L & (im L)+ = ker L*.
Warning. L* : L? — W12 is difficult to calculate (try!).!
Remedy: the formal adjoint L*, which is not L*, but it has a similar kernel.

Def. X, Y — M wvector bundles with metrics over a (possibly non-compact) Riem
mfd. Given a linear map on sections L : C(X) — C*(Y), the formal adjoint (if
it exists) is a map L* : C°(Y) = C(X) satisfying

/ (Lx,y)y volpyr = / (x, L*y)x volpy Vo € C(X),Vy € C(Y).
M M

Ezxercise: L* is unique if it exists.
Lemma. For L = 0, + A, get® L* = —0, + AX.

Proof. X =Y = R™ and we trivialize v*T'M by gM-ortonornrlal3 e;. Therefore
(v)x = (7 )y = (- )rm. Forall z,y € C(R,R™), by definition of the weak
derivative:?

J{(0s + Ag)x,y)ds = [(x, —0sy) ds + [(zx, ALy)ds. O
Cor. L* extends to —0s + A% : Wh2 — L2, so (L*x,y)2 = (z, Ly)2, Yo,y € W2
Proof. approximate x,y by C°. O

Cor. coker L = ker L* = ker(—0, + A¥)

Proof. coker L = (im L)+ e ker L* ¢ WH2(R,R™) (Lemma 4.13).°

= if b € (im L)+ then 0 = (La,b)s = (a, L*b)y for all a by the previous Cor, so
b € ker L*, and conversely if b € ker L* then b € (im L)+ by the same equation.

= ker L* = (im L)+ = coker L. O

Date: May 2, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
IThe issue is that it involves (z, L*y)y1,2 not just L? pairings.
2Where gr(Asv,w) = gar (v, AZw), Vo, w. In our case Ag is symmetric, so As = A%.
3Pick e; orthonormal at a point, then parallel transport will preserve orthonormality:

Os{ei,ej) = (Vse,ej) + (ei, Vsej) = 0 since Vge; = 0.
in this case, we are really just doing integration by parts.
50Observe that we are first checking that b € L? really is W12 before we apply L*!

1

4
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4.15. Index of 05 + As.

Cor. ‘ Index(L) = dimker L — dim ker L*

Aim: find ker L, ker L* to calculate dimensions.
Need to solve
Osx = —Asx z:R—R™ x(s0) = o

write z(s) = ¢(s) - zo, for ¢ : R = End(R™) = m X m matrices. So need to solve:

Dsp = —Ag- ¢, P(so) =1  (so z(s0) = ¢(s0)ro = o)

This ¢ is called fundamental solution (and later we will write ¢(s) = @3, to
emphasize the initial condition).
By 2.1 Rmk 2 = 3 unique ¢ € C*~! since A : R — EndR™ is C*~'-bounded.®

Consider ‘ E* = E*(sg) = {0 € R™ : ¢(s)zg — 0 as s — +o0} ‘

These are vector subspaces of R™ since the ODE is linear.
Recall L = 05 + As, L* = —0s + A}, where A1, are symmetric non-singular.

Thm.
ker L= E~ N ET,
ker L* & (E-)t n(E+)t,
E- =E"(—A_o) = E*(A_) = Geigenspaces for evals A <0 of A_o, = Hess,f,
Et 2 B (—Ais) = E*(Atn) = Deigenspaces for evals A > 0 of Ayoe = Hessg f.
Cor.
Index L = dimE~NET —dim((E7)* N (ET)Y)
dimE~NET — (m—dim(E~ + ET)) (taking L of N gives +)
= dmE” +dimET —m
= Ipl—lgl-

4.16. Dynamical systems and ODEs.
Aim: study a/(t) = A(t) - z(t), A(t) matrices converging to a nonsingular matrix
B as t — +o0o. Want to compare solutions with the solutions of /(t) = B - z(t).

Rmk. We use a time variable t € R instead of s € R to emphasize that this is an
abstract problem separate from previous sections.

Example: B = [§ % ]. Then

E“(B) = {xo:flow(zg) »0ast— —oo}=R-(}
E*(B) = {zo:flow(zg) »0ast— +oo} =R-(9)

v = exp(Bt) -z
%&ﬁ: o

Now look at a flowline for 2/( t) starting at xg for t = t¢:

65+ Agis C*1 Ay — Asoo in C*Lass — 00, so for s > 0: ||As|| = || Ateell, 02 As]| = 0.
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V(to)\
V(t)

Because the ODE is linear, we can in fact consider the flow of the lines V(t) =
¢t - (R-x0), which viewed as a flow on the Grassmannian RP' = {lines in R?} is:

V(to)
V(t)

T-axis r-axis

which shows that V(t) — E"(B) = z-axis as t — 400, so E*(B) is an attractor.

Aim of next Lecture: prove in general that E“(B) is an attractor in the
Grassmannian of k-planes, k = dim E*(B), for the flow 2'(t) = A(t)z(t) (assuming
B is nonsingular and symmetric and A(t) — B as t — 400).
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4.16. Dynamical systems and ODEs (continued).
Def. B is a hyperbolic matrix if the real parts Re(eigenvalues) # 0.

Rmk. These matrices are generic. Exercise: check the details of this lecture for
B symmetric and nondegenerate (so the eigenvalues are real and non-zero, so it’s
hyperbolic), indeed just assume WLOG that is B diagonal (by a change of basis).

Linear Algebra Trick!

For L : R™ — R"™ linear with evalues \ satisfying

there exists a basis of R™ inducing®an inner product (-,-) with norm ((-)) such that

a((@)? < (Lo, ) < b((x)?*.

Key trick. If 2/(t) = Lz(t) then

C@)? = L(w,2) = 2La2)

dt dt
s0 a < 547 log((@)? =  log((x)) < bso|e”((2(0)) < (x(1) < " ((x(0)) ‘
Example. For L restricted to® @ Ey\(L) can pick b < 0 so («(t))) — 0 exp fast.
Re A<0
Def. Recall eP? is the flow for ' = Bx. The stable and unstable spaces for B:

E*(B) ={z0 € R™:eBt .29 — 0 as t — +oo}
E“(B) ={zg € R™:eB' .29 = 0 as t — —oc0}

Rmk. ‘ES(fB) = E“(B) ‘ since lim e P20 =0« . lim e5' x5 =0.

t—+oo ——00
E*(B) = @geaco Er(B)
Exercise.* B hyperbolic = E*(B) = @grersoEr(B)
Es(fB*) — ES(B)J_

Date: May 2, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.

I¥or a proof, see the 1974 edition of Hirsch-Smale, Differential Equations, p.147. For diagonal
matrices this is obvious, so for symmetric matrices it’s easy (take an orthonormal basis of evectors).
You need to fiddle around with the Jordan Normal Form in the general case.

2(96, y) = > x;y; where x;,y; are the coordinates of z,y in the given basis, and ((x)) = (z, z)/2,
We reserve the symbols || - ||, (-,-), L for the standard R™ symbols.

3Ey\(L) = ker(L — AI)™ is the generalized eigenspace for .

4For B symmetric, E$(—-B*) = E*(—B) = E“(B).

1
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Thm. Suppose B hyperbolic and A(t) — B as t — +oo. Then for t > 0, E*(B)
is an attractor inside

‘ Gr = {k-planes in R™} ‘
for the flow x'(t) = A(t)x(t) (where k = dim E*(B)), with basin of attraction®
Gr \ (k-planes intersecting Cone.(E®(B))

where” € > 0 can be chosen arbitrarily small for t > 0.

Proof. Define local coordinates on Gr:
N = E*(B)

linear

V =graph({: P — N)C P@® N =R™

The (m—k)-k local coordinates are the entries of the matrix ¢, and these coordinates
are defined on Gr\ (k-planes V intersecting N). We abbreviated E“(B), E*(B) as
P, N since they involve evalues with, respectively, positive and negative real parts.

V = span {p; ® £(p;)} ?—>Bt eBt .V = span {ePip; @ Bt - U(p;)}
graph(? : p; — £(p;)) + graph(eB?.¢.e=Bt:eBlp, s B ((p)))

So the local ODE is:

d
"= —| eBle B! =Bl —IB,
dt |

so ¢/ = L¢ for the linear map L : £ — B{ — {B for®
¢ € Lin(P, N) 2 Lin(R*, R™ %) =2 R™~* @ (RF)*.

Smeaning: nearby solutions converge to E%(B) as t — +oo.
6¢he subset which specifies what “nearby” means in the previous footnote.
"Recall R™ = E*(B)®E* (—B*) (orthogonal subspaces), so we uniquely decompose = z* +-z

in the respective subspaces with 2° 1 z*. Easy check: ||z||? = ||z*]|? + ||z*||2. Define

Conee (E*(B)) = {o € R™ : lo*|* < el|*|%}

8The last isomorphism works as follows.
Identify RF 2 (RF)* = Homg (R, R) by v — (vT : 2 = vTx = (v,z) € R). The linear map w®@vT
is RE — R™=F s w - (vT'z). If p; are an orthonormal basis, then £ = > £(p;) @ p} .
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We want to find the eigenvalues of L. Observe
Lw®vD) =Bw@vl —w@v'B=Bwevl —we (BTv)T.
So if w € N evector of B for evalue \,,, and v € P evector for BT for evalue j,,
Lw®vT) = (A — 1) w@vT,
so w @ vT is an evector of L for evalue A\, — Ly -
Exercise. the multiplicities (dim of gen. espaces) are what you expect.
B preserves P, N, and evalues of B|p = evalues of BT |p, so
Re\y, <0, Repy, >0
so Re (A — ty) < 0. So by the Key trick applied to L,
(L, 0) < —5((0)* <0 (%)
for any —d < smallest Real part of all such differences of eigenvalues Ay — fiy.
Now consider 2/ = A(t)z. Let ¢} denote its flow,” so
£(t) = ¢}, (L(to)) = flow of £(to)

Warning: the flow can be unbounded since the flow of V' may intersect E*(B), so
{ — o0, i.e. you exit the chart for Gr!
For ty > 0, and away from a cone around E?:

d

2l G te) = L - L(to) ()

t=to

since A(tg) — B as tg — +o0.
= g (U(t), (1))

|
DO

IN I
&

2 ((
where in the last line we combined (%) and (x). So arguing as in the Key trick,
@) < e_%(t_to)((f(to))) — 0 (“= E"(B)”) exponentially fast. [

Aim: E*(tg) converges to E°(B) as tg — oo. The idea is: solutions of z'(t) =
A(t)x(t) which decay to zero as t — oo cannot get attracted to E“(B) because if
you are close to E*(B) then you flow off to infinity. The difficulty is that we don’t
know the dimension of E*(ty), and a priori the dimension can jump at ¢ty = oo since
we haven’t proved a continuity “at infinity” result. The key idea is: show that the
adjoint problem produces a space orthogonal to E*(ty), and use that cleverly.

Def. Write ¢, for the flow for 2’ = A(t)x starting at to, and 5%0 fora' = —A(t)*z.
E*(tg) = {xo€R™: ¢} (x0) =0 ast— +oo}

ES(ty) = {zoeR™: ¢}, (xg) = 0 as t — +oo}

Lemma.

R™ = E*(to)D E*(t) — E*(B)D E*(—B*) as ty — +00

9fundamental solution with initial condition to, so Ot qﬁio = A(t) o qbztto and qbzg =1.
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Proof.

Claim 1: E*(to) gets “attracted” to E®(B), meaning: FE*(tp) lies in an arbi-
trarily small cone around E*(B) for large ¢y (not claiming dim E*(ty) = dim E*(B)
yet).

Proof: Suppose not. Then some vector x € E*(ty) lies outside that small cone.
So z lies in the basin of attraction of E%(B) by the Theorem.'® But once x stays
within a small cone around E*(B), the flow of the vector 2 will go off to infinity
exponentially fast by Hwk 16, ex.1.11 v

So, via this argument, the Theorem has shown that E*(ty), E*(to) get “at-
tracted” to E*(B), E*(—B*), but we still need to show that the dimensions agree.

Observe: any vector subspace inside Cone, (E®(B)) has dimension at most dim E*(B),
by basic linear algebra.!? So ‘ dim E*(tg) < dim E*(B)
Key observation:
0e(t, (20), @}, (y0)) = (A1)t (20), D4, (40)) + (@}, (w0), —A(t)" ), (y0)) = 0
s0 (¢}, (o), ~§0 (yo)) is constant. For zg € E*(to),yo € E*(to) this constant is zero
so at t = to: (zo,y0) = 0. So | E*(to) L E*(to) |

, similarly for E.

13

ES(B)  Es(to)

E(to) o EER

Cone. (E*(B)) —
“— Cone.(E*(—B*))

Claim 2: E*(to) = E*(to)* N Cone.(E*(B)) (in particular dim E*(to) = dim E*(B)).
Proof. Suppose not, by contradiction.

= 3z € E*(tg)L N Cone.(E*(B)) but zo ¢ E*(to)

= a(t) = ¢}, (v0) € E5(t)* = (¢}, E*(t0))*  (by the Key observation)

E5(t) C Cone(E*(—B*)), Vt >0 (by Claim 1)

= 2(t) € (Cone. (E*(—B*)))* = Cone.(E*(B)), Vt > 0

By Hwk 16: for tg > 0, 29 € Cone.(E*(B)) (with € > 0 sufficiently small),

(6%, (20))? < ~8(x0)? it 6}, (w0) € Cone.(B"(B)) ¥t > to,

So, in our case, ((z(t))) < e~ 210 ((z)) — 0, so zg € E*(ty). Contradiction.
Similarly E*(tg) = E*(tg)* N Cone.(E*(—B*)).

1011 order to work on Gr, you just turn « into a subspace of the correct dimension, k, by taking
the span of « and any k — 1 vectors from E“(B).

11Strictly speaking Hwk 16 ex.1 proves exponential convergence to 0 of vectors whose flow
stays in a small cone around E*(B), but a similar argument proves what we mentioned here.

12The vector subspace in fact lies inside the graph of a linear map constructed as in the local
coords construction for Gr.

13gince both vectors in the inner product converge to zero as t — oo by definition.
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So R™ = E*(ty) ® E*(to), the summands are L to each other, and given any
small € > 0, E*(tg) @ E*(tg) C Cone.(E*(B)) @ Cone.(E*(—B*)) for to > 0. O

Cor. E*(tg) — E*(B) as ty — oo and the dimensions agree.
Similarly, if A(t) — C ast — —oo then

E"(tg) = {zo € R™ : ¢} wg — 0 as t - —o0} — E*(C) as to — —o0.
Proof. The first claim is by the Lemma.

Note 2/(t) = A(t)z(t) = y(t) = x(—t) satisfies ¢/ (t) = —A(—t)y(¢).
= EZ(t)(tO) = EiA(ft)(_tO) — Es(—C) = Eu(C) as tQ — OQ. O
4.17. Proof of Theorem 4.15. We go back to the notation of 4.15:
Lr=0 <& 2/'(s) =—Asx(s)
L'x=0 & 2/(s) = Alx(s) = —(—AD)x(s)
Notice that we are now using s, — Ay in place of the ¢, A(t) of Section 4.16.

By Cor 4.16, ET — E%(— A4 o) = B (A4 o) as sg — 400 = 4" claim Thm 4.15.v
By Cor 4.16, E~ — E%(—A_.) as sp — —oc = 3"¢ claim Thm 4.15.v

Lemma (1! claim Thm 4.16).
ker(9s + As) =2 E-NET
(z:R—=>R™) — x(s0)
(x(s) = 95, - w0)
where ¢ denotes the flow for x'(s) = —Asx(s).

Proof. Suppose = € ker(ds + A, : W2 — L[2). By 4.10, x is C* and satisfies
x(s) = ¢, - x(s0). By Sobolev, 2 — 0 at Fo0 since z € (CV, || - [|). So x(so) €

E~(s0)NE*(s0). Conversely: for zg € E~NET need z(s) € W2 so need to prove
fast convergence at the ends. By Hwk 17 (Exponential Convergence at the ends):

Zo

either |z(s)| — oo as s — +oo or — o0, so x ¢ L?

_ 1
(05 +4;)2(s) =0, 2 € €7 = { or z(s) — 0 exponentially fast as |s| — oo, so x € L?

Sozg e EENEt=2—-50=>0cl?=0,0=—-Aaxcl?=zcWH2 O
Cor (2" claim Thm 4.16). ker(ds — A*) = E- N E+ = (E~)L n(EH)L.

4.18. The clever way to calculate the Index.
Aim: if you only care about the index of Js + Ay, then one can avoid the difficult
asymptotic analysis of 4.16. Trick: the index will not change if homotope A so
that it becomes constant in s near s = +o0.
Consider
Ay :R — End(R™) C*~!-differentiable
with A; — Ay as s — +00, and Ay hyperbolic matrices. By 4.14 (and Hwk 15),
ds + Ay : X = Y is Fredholm (X = WH3(R,R™),Y = L*(R,R™))

The Index of a Fred operator is constant under small-operator-norm perturba-
tions (by 2.3). If A, is a homotopy of As:

s + AV = (0 + AV ]2 = [|AV — AV
sup,eg | 4s — Al - [V]l2
supez [| Ay — Asll - [V

IN A
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So if ||Z; — Ag|| is small enough for all s, the indices of 95 + ;1: and Js + A, agree.

This proves index invariance for small homotopies. To prove index invariance
for a general homotopy (A, x)o<i<1: the above shows that the index of Js + As »
is constant on the interval (A —dx, A+ dy) (some small §x > 0). Now cover [0, 1] by
finitely many such intervals. Hence, the index is constant for all A € [0, 1].

Upshot: By homotopying A, we may assume:

A — Ay fors> S
s A_ fors<—-8S

Then E*(sg) = E5(—A4) for sp > S since both definitions involve the same equa-
tion 2/(s) = —Atx(s). Similarly for E~.

So you avoid the asymptotic analysis of 4.16! (but you still need 4.17).14

Rmk. The same arguments show that the index of Os + As is invariant under
homotopying the'® W2-path u with fized ends p,q. Just compare the two operators
by parallel transport for small hpies, and repeat the above arguments.

HMNote: ¢35, : ET(s0) = EY(s) is an isomorphism. So all we care about is ET(s) for large s.

15recall we trivialized our section F on w*TM to obtain Os + As.
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5. COMPACTNESS THEOREM

5.1. Motivating example.
Consider M = T? tilted C R? (see Hwk 1), f = height function.

q a q9
0T -
B2

q q

where we view the torus as a square with parallel sides identified. Observe:

dimW(p,q) = |p| — l¢| =2 (parametrized flowlines)
dim M(p,q) =1 (unparametrized flowlines = trajectories)

Consider the lower left subsquare: the transverse intersection of the flowlines with
the dashed subdiagonal parametrizes the space of trajectories M(p, ¢) (since you fix
the parametrization by declaring that «(0) is the point of intersection). Considering
all squares, the four open subdiagonals parametrize M (p, q):

a4
O(this interval) | T M(p, q) = 4-open intervals
= {B1#0s3, as#taa}t pg| 7
. as
By .
Bo| e

/’ \\ //
f
O(this interval) = {a1 #aq, B1#682}

The boundaries of the open intervals involve broken trajectories, such as aj#as
which means the trajectory a; followed by as. Thus:

OM(p,q) = M(p,a) x M(a,q) I M(p,b) x M(b,q) (0-dimensional)

8 broken trajectories

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
1
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and the obvious way to compactify this is to compactify each interval separately:*

M(p,q) = M(p,q) UIM(p,q) = disjoint union of 4 closed intervals
= compact smooth 1-manifold.
Key idea: to compactify R (2 open interval)
(1) identify which sequences fail to have a convergent subsequence:
xn, C R with |z,| — oo
(2) artificially add the limit points to your set:
R=RU{—o00,+o0}
(3) declare new open sets? to ensure those new points are indeed limit points:
[—o0,7), (1, +00] for all r € R
Upshot: R is compact, whose open part® R C R has the original topology, and
it has boundary OR = {new points}.
5.2. The topology of M(p,q) = W(p,q)/R. Recall that
W(p,) € U € W2 (R, M) C Cloo(R, M)

and W(p, q) is a submanifold of U. So it comes with a topology induced from U
which in particular implies CY-convergence on compact sets.

Call 7 : W(p,q) = M(p,q)/R,u — m(u) = [u] the quotient map. The R-action
is just the reparametrization action given by shifting the s-variable by a constant:

v = [u] = [u(- + constant)].

We call such a u = v € W(p,q) a lift of v € M(p,q). The quotient topology is:
O C M(p,q) is open < 71O C W(p, q) is open. More usefully:

v = v € M(p,q) < v, = v in W(p,q)

or even more explicitly:

‘ [un] = [u] in M(p,q) < un(- + s,) — u(-) in W(p, q) for some s,, € R‘

Example. v € W(p,q) = un(s) = u(s + n) not cgt in W(p,q), but cgt to [u]
(indeed constant!) in M(p, q).

5.3. C}) -convergence. M™ closed mfd, f: M — R Morse.
Lemma. dsu, = —Vf(u,) = 3 subseq u, — u in ClooC (= C%-cgce on compacts).

Proof. unli—s.s) : [=5,S] = M C R are equibounded (since M is compact) and
equicontinuous by the mean value theorem using [Osu,| < sup,cy, [V f(z)]. Now
apply Arzela-Ascoli (see 2.1). O

Cor. |W = U W(p,q) is C .-compact.
p#q€ Crit(f)

You do not want to identify the ends of the intervals pairwise, giving a circle: consider two
sequences of trajectories, one which converges to S1#082 and [1#/83 respectively (for example).
Then the two sequences are not actually approaching each other, because 82 and 33 are not equal.
So you do not want to identify the two limiting broken trajectories.

2the new topology is then the one generated by the old topology and these new open sets.
Example: {—oo} is a closed set because, for example, {—oo} =R\ ((—oc0,0) U (=1, +00]).

SR is open & closed, R C R is open but no longer closed (since the complement of @ is now R).
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Rmk. Suppose {asu"zfvf(u") } Then u, — u in Clooc & Clkoc Vk < in Cpy..

Osu=—Vf(u)
Proof. Usual bootstrapping: u, — u in C . = —Vf(u,) — —Vf(u) in CP.

loc
= U, — uin ClloC = etc.

Cor. W is C}s.-compact.

Thm. |C?

loc

-convergence in W(p,q) = convergence in W(p,q) (in 5.1 topology) ‘

0 ., where u,,u € W(p,q). On [-S,S] we have C*
convergence hence W12 convergence. So we reduce to showing convergence at the
ends. The key trick is to show that for energy reasons, the u,,,u must be uniformly*
close to the critical points at the ends, so this does not happen:

Proof. Suppose u,, — u in C?

p
U U,

q

Recall E(u) = [, |05u|® ds. Pick S>> 0 such that

1
/ |0sul? = =8 (small).
R\[-S,5] 2

By Rmk:
= Un|—s,5) = ul[-s,s) in C*
= E(un|-s,s) = E(ul=s,s))
by g2 E(unlr\[-s,5]) <6 (forn>0, say n > N)
by g3 un(s) € small ball around p for s < —S,;n > N

un(s) € small ball around ¢ for s > +S,n > N

Where 3.2 refers to the a priori estimate f(p)—f(q) = E(u) = E(u,) and 3.3. refers
to the No escape Lemma: if you have little energy left and you have to converge to
P, q then you must be close to p,q.
Thus we reduce to showing W12 convergence near p,q. WLOG do the case q.
Hwk 17 Exponential cgce at the ends: Locally near ¢ =0,
Je,0 >0, Fball B, (0) s.t. if u:[S,00) = B,(0) solves dsu = —V f(u) then

lu(s)| < c-e % for s> 8.
So in our case, u,(s) — ¢ exponentially fast as s — oo at a rate independent of n.
= dist(un(s), u(s)) < dist(un(s),q) + dist(q, u(s)) — 0 exp fast in s.

= =V f(un(s)), =V f(u(s)) exp close, indeed exp close to =V f(q) =0
= uy,,u are Wh2-close on [S, 00). O

Rmk. In more complicated situations, when you don’t have a result like 3.2 in the
above argument, you would assume that E(u,) is bounded. So the Thm would hold
for sequences having a bound on the energies.

4independently of n.
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5.4. Convergence to broken trajectories. Given u, € W(p,q). By Cor 5.2, a
subsequence u, — u in W in Cj) . Two situations can arise:

Case 1: no breaking. if u € W(p,q) then w,, — v in W (p,q) by Thm 5.2.
Case 2: breaking. u € W(py,qu) # W(p,q). Observe:

f() > f(pu) > f(qu) > f(q) since f decreases along flowlines (3.2)

‘ Trick (3.3): 36 > 0 s.t. flowlines with ends near distinct crit pts consume E > §

Lemma (Reparametrization Trick). Assuming we are in Case 2,
s, € R such that wy, = up(- + sy) %G w with f(w(R)) N f(u(R)) = 0.
Proof. Suppose p,, # p (case ¢, # ¢ is similar). Then

f(p) > f(pu),

otherwise un|[,am,bn] has ends close to p,p, (for b, large, a, very large) with
energy ~ f(p) — f(p.) = 0 contradicting Trick 3.3.

R
P f(p)

o ) )
Wn, Guw f f(Qw)

Fix a regular value ¢ of f with

f(p) >c> f(pu)

and any s, € R with
flun(sn)) = c.

CO
Cor 5.2 = wy, = up (- + 5,) —%° w some w € W (pu, qu ), With

fp) = flpw) > > flgw) (%)

We claim® that s,, — —oo. Proof:

un B u = > f(pa) > Fu(=9)) "R° Flun(~5))
= ¢> f(un|[-s,0)) (for n.>>0)
I . (by ()

It remains to check f(qw) > f(pu)-
Suppose by contradiction f(p,) > f(gw). Observe:

Sintuition: it takes co time to reach P, since Vf — 0.
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S>>0 n>0
S
w) = f(w(S)) = f(un(S+ s,
Flaw) % SlS) = flun(S+30) (i ollows, Bt s, —oc
so contradicts ecreasing along u,,
flpu) = f(u(=9)) = f(un(=95) g g

O
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5.3. Convergence to broken trajectories (continued). Recall that by the
reparametrization trick, for any sequence u,, € W(p, q) without a convergent sub-
sequence, 3s, € R with w,, = u,(- + s,) — w in C  with f(w(R)) N f(u(R)) = 0.

loc

Thm. u, € W(p,q) = 3 subseq u,, such that:
e Jsi € R i=1,...,N
o Jul € W(pi,pit1) P=DP1,4 =PN+1
o f(p1) > f(p2) >+ > f(pN41)

with

%

ul = un(-+s5) = uin W(pi,pig1)

q = PN+1

Proof. Cover [f(p), f(q)] by closures of disjoint intervals obtained by the reparametriza-
tion trick. This is a finite cover by Trick 3.3.1 (]

Def. Call (u',u?,...,u’) € W(p1,p2) x --- x W(pn,pny1) a broken flowline.
5.4. Compactness theorem.
Rmk. In the Theorem, ul, € W (p,q) are different lifts of the same [u,] € M(p,q).

Def. In the Theorem, denote v, = [u,] = [ul] € M(p,q), v* = [u'] € M(pi,pis1)-
Then we summarize the conclusion of the Theorem by the broken limit symbol

Unjvl#"'#UN
and we call v 4 - - - #vN € M(p,p2)x--- M(pn,q) an (N-times) broken trajectory.
Cor. v, € M(p,q) = 3 subseq v, = vi# - #0N with v € M(p;, piy1)
(f(p) = fp1) > > flon+1) = (@), P=D1, ¢=DpN+1)-

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
1you consume energy > length of interval > § > 0.
1



2 PART III, MORSE HOMOLOGY, L18

Rmk. From now on, assume transversality holds (it does for a generic metric). So
lpl = |pal > |p2| > -+ > |pn4al = Il
since M(pi, pi+1) = 0 if* |pi| < |pis1| (note dim M(pi, pi1) = |pil = |pit1| =1 < 0).
Repeat the Key idea 5.0 for the compactification of M(p, q):

(1) sequences u,, € M(p,q) which do not have a convergent subsequence:
those with a subsequence = broken trajectory
(2) artificially add limit points to M(p, q):

M(p,q) = M(p,q) UOM(p,q)
OM(p,q) = U M(p,p2) X -+ x M(pn,q)

N2>2,|p|>|p2[>->]ql

(3) enlarge the topology to make them limit points:
topology of =% convergence to broken trajectories

Upshot: Theorem. M (p,q) is compact.

Two problems:

e 5.3+ ‘ every broken flowline arises as a = limit ‘
e M(p,q) smooth mfd (with corners)?

Answer: Yes, by the gluing theorem! (next section)
We will only study once-broken trajectories, so there are no corners. But, for
example, you should think of a 2-dimensional moduli space as follows:

no breaking

(A1, A2) € R? « once broken:
T the boundary (so codim = 1)

twice broken:
corner of codim = 2

5.5. Gluing theorem. For once broken flowlines (for simplicity):

dim W (p,q) = |p| — |g| =2
dim M(p, q) =1

Thm. (Assuming transversality) For all a € Crit(f) with |p| — |a| =1 = |a| — |q|,
there is a gluing map

#: W(p,a) x W(a,q) x (\o,00) — Wi(p,q)
(u,w,\) =  uF\w

(1) # induces a smooth embedding on M(-,-) spaces
(2) u#rw = uH#w as A — o
(3) if v, = uFtw then for n >0, v, = [uF#x,w] € M(p,q), for some X\, — o0

Cor. dim M(p,q) =1 = M(p, q) smooth compact 1-mfd with bdry OM (p,q).

uHFEANW  uHW
Proof. Thm = 3 (collar nbhd of utw) = 2 X NP R O

%pi # pit1 since f(p;) > f(pit1)-
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Sketch of Proof of Theorem?

Step 1. construct a smooth approzimate solution of F'(u) = 0:

u(s +2X) for s < —\
ax(s)=X a for s € [-A+1,A—1]
w(s —2\) for s > A

and we use exp, (-) to interpolate this data.?

F(ax(s)) # 0 since you would need® oo time s to reach the crit pt a
(%) F(ax(s)) — 0 as A — oo since

F(u(-+2X) =0=F(w(- —2X)))
F(s+—a)=-Vf,=0
F(interpolation) = —V f, =0

Step 2. (x) = 3 “unique” actual solution u# w close to ay,

F(u#w) = 0.
This “=" is proved using the contraction mapping theorem and the implicit func-
tion theorem. “Unique” is imprecise: one can construct a cts bijection ay — u# w.
Step 3. a)(s) = u#w, indeed make s-shifts by —2X and 42X\ when you lift «y.
Ideas used in Step 2. L, = D, F, L, = D,F, Ly = D, F
Rmk. D,F, D, F, Ly are Fredholm (Thm 4.14°)

Technical Fact:
O Ly surjective for A > 0

Ly, Ly surjective ] 0305 0'st. for A> 0
(by transversality)
[1L3VIi2 < e [LaLiVIn| ¥V € W2 (R, 05T M)

0 One can patch’ together elements in ker L,, ker L,, to obtain approximate
solutions to L,V = 0, and one proves that for A > 0 this defines an isomorphism:

ker L, @ ker L, = ker L)
Vu®V, +— (orthogonal projection) - (V,#x Vi)

where # is the patching. This we call lznear gluing. It is quite simple to prove
because it just involves linear subspaces. This linear gluing map arises as the
differential of the gluing map, and this isomorphism is used to prove the embedding
property in (2).

3This would take too many Lectures to prove in detail, and the details are not enlightening.

4Non-ezaminable: exp,(B(—s—A+1)-u(s+2X)) for s € [-\, —A+1]; exp, (B(s—A+1)-w(s—2)\))
for s € [\ — 1, A], where 8 : R — [0, 1] is increasing with 8 =00on s <0, 3=1on s > 1.

SHwk 22. ex. 2

6recall the theorem only used that the path was C*, not that F(path) = 0.

" Non-ezaminable: For operators L, K which are asymptotically constant at +o00, —oo respec-
tively, then for A > 0 we can glue L(-+2M\)#K (-—2)\) = L#, K, then ker Ldker K = ker(L# ) K)
is the orthog projection of the patching V# W = V(- +2X) + W (- — 2)\) (for fixed s this is small
for A > 0 since the solutions V, W decay to zero fast at the ends). This map is an iso for A > 0.
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By invariance of the Fredholm index under homotopying paths (indeed we know
it is the difference of the Morse indices of the ends):®

‘indeX (Ly) + index (Ly,) = index (Ly) (A >0) ‘

so dim coker Ly = dim coker L,, + dim coker L,, = 0, so Ly is surjective. v’
0 Why that inequality? For A, B Hilbert, L*
. . /\
L : A — B Fredholm and surjective = A= KO A)——B
v

R = (L|a,)™"

where? and “R” stands for right-inverse since LR = I.

Cor. L: A — B Fred and surj < 3 bdd right inverse and dimker L < oo
Lemma. |L*b|| < c-||LL*b|| Vb < ||Rb|| < c- ||b]| Vb
Proof. Both are equivalent to: ||a|| < ¢- || Lal| Va € Ay. O

Upshot: Combining inequality [0 with the Lemma:'°

= Ly have uniformly bounded right inverses.

Huk 19 4 unique actual solution exp,,, (LXV') (some unique V € W?) and all

nearby actual solutions are of form exp,,, (k@ g(k)) where k € K is
small and g : K — Ap is a smooth implicit function, g(0) = exp,,, (L3V).

So we define ‘ uFFaw = exp,, (L3V) ‘

Rmk. The key is that L* provides a way to obtain uniqueness. L3V is constrained
to be inside Ao, whereas if you allow vectors in the whole of A, such as k @ g(k),
then you no longer get uniqueness.'' This is crucial also in Hwk 19: the contraction
mapping principle (Picard’s method) is applied to Ay, not the whole of A.

Hwk 19: Picard’s method.
For F: A — B a C'-map of Hilbert spaces, by Taylor:

F(x)=c+L-z+ N(x)
where ¢ = F(0), L = doF linear, N non-linear. Assume L Fred & surj, so as above:
L:K®A)— B R:B— A LR=1.
Assume the following two estimates hold:
(1) [[Rell < 5
(2) |RN(z) = RN (y)ll < C-(lzl|+ lyll) - [z —y] for all z, y € ball-(0), & < 5.
then

e by the contraction mapping theorem for P : Ay — B, P(x) = —Rc—RN(x),
there is a unique ag € Ag N ball.(0) with F(ag) = 0.

8or use formal adjoints to get isos of cokernels like for linear gluing of kernels.

9(im L")L =ker L = K, and Ay is closed since it is the complement of a finite dim’l subspace.

10%hich works in our setup for the formal adjoint L} instead of L7.

11Unsurprisingly7 since when the Morse index difference is large, there is a large dimensional
family of actual solutions, so the actual solution u#,v is not isolated. Indeed, the family is

parametrized by K via exp,, (k@ g(k)).
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e by the implicit function theorem at ag, there is a C*-map g : K — Ay such
that F(k @ g(k)) = 0 for small k € K (with 0 ® ¢(0) = ag).

Application: We apply Picard’s method to F' = local expression of the vertical
part of our section F = 0s +Vf :U — E in a chart around ay € U (so ay is 0 in
the chart). So

F:WYA(R,a3TM) — L*(R,a3TM),

c=F(0) = F(ax),

L=dyF =D, F =L,.
Thus g defines a parametrization of all the actual solutions F(u#xyw) = 0 close
to the approzimate solution F(ax) = 0, where A\(0) = A.



LECTURE 19.
PART III, MORSE HOMOLOGY, 2011

HTTP://MORSEHOMOLOGY.WIKISPACES.COM

6. MORSE HOMOLOGY

6.1. Definition. M closed mfd, f : M — R Morse, g generic metric (=transversality).
The Morse(-Smale-Witten) complex is the Z/2-vector space generated by the
critical points of f:

MC), = EB 72 p
pECrit(f), [p|=Fk

where k € Z is the Z-grading by the Morse index.
The Morse differential 0 : MCy, — MCy_1 is defined on generators p by

op= Y #M(p,q) - q

dim M(p,q)=0, p#q

and extend 0 linearly to MC,. Note' dim M(p, q) = 0 is equivalent to |¢| = |p| — 1.

Rmk. The sum is well-defined because M(p,q) is a 0-dimensional compact mani-
fold, hence finite, so can count® the number of elements #M(p,q). Proof: It is a
smooth manifold by transversality, and it is compact by the following argument:>

dim M(p,q) =0 = dimoM(p,q) <0
= OM(p,q) =0
= M(p,q) = M(p,q) compact 0-dim mfd v’

Thm. 0% = 0.
Proof. |p| = k. Compute:

Pp = 0 #M(p,a)-a

la|=k—1

— Z #M(p,a) - #M(a,q) - q

la|[=k—1 |q|=k—2

~ Y #Meox M) g

lal=k—1, |q|=k—2

= > #OM(p,q) - q

lal=k—1, |q|=k—2

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.

LCultural Remark: In more general situations, M(p, ¢) may have components of different
dimensions, and you only count the u € M(p, q) in the 0-dimensional part Mo (p, q).

2 Non-ezaminable: To work over Z instead of 7/2 you must count the elements of M(p, q) with
orientation signs 1. Orientations of moduli spaces are an unpleasant technical detail which we
decided to omit from this course (compare with sign headaches in singular homology arguments).

3Exercise. Can you think of a simple argument which only involves using tranversality, the
compactness thm and dimension arguments, but1 which does not use the gluing theorem?
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Finally observe:

dimM(p,q) = p| —lg| = 1=k - (k-2)-1=1

= M(p, q) compact 1-mfd with boundary

= M(p, q) is a disjoint union of finitely many circles and closed intervals
= #90M(p,q) even, so 0 modulo 2

=0%p=0

= 0% = 0 by linearity. [

Def. | MH.(M, f,g) = <9

is the Morse homology of (M, f,g).

im0

Rmk. If you are given a metric g, then a priori you need to perturb g unless you
know/check that transversality holds (see Hwk 1). Key Trick: perturbing g does not
affect Crit(f) and indices, this often helps.*

Examples (all homologies are over Z/2):

P 1‘/\ grading

R Op=q+q=0
(1) N MH, = Z/2 & Z/2 =H/(S"
height * 0 1+ grading
4,0
p,m
R 0 = 0 as the indices are > 2 apart (see Rmk)
2) @ EEEN MH, = 7/2 & Z/2 =H./(S™)
v height x = 0 m <+ grading
4,0

(3) Thm. MH.(M, f,g) = H.(M).
Proof. Next time we will prove invariance:
MH*(Ma flvgl) = MH*(Ma f2392)'
So

MH,(f) M H., (self-indexing Morse function)

Heelllar(Ar) (3,10 & Hwk 19)
H,(M).

1R 11

(4) M compact mfd with boundary:

Ensure f|ga = constant min < f|interior
(= Vf MhOM = no crit pts on OM)
= M(p, q) stay away from OM (f decreases along flowlines)

ker 0
= MH, = _era ~ H,(M,0M)  (proved like in (3))
1m

Example: M = D™ disc.

pb,m

R
f MH,
D height

f|6M = min

Z/2-p (in degree m)
H,.(D™,0D™)
(have Hy = 0)

'l

4Key example: if all indices are even then, after perturbing, the 0-dimensional moduli spaces
are empty for index reasons. So there is no differential. So M Hx = M C%, which you know.
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Z/2-q (in degree 0)

R
pm @ f MH,
o height H.(D™)

/ % (compare Handle attaching)
oM = max

But both are useless for LES of pair (M,dM): cannot recover M H,(OM).
Instead of making Vf th OM we will now try Vf tangent to M.

Il

6.2. Morse homology for mfds with bdry. [Non-ezaminable]
Assume ‘ Vf is tangent to oM ‘ (that is: Vf € T(OM)). This ensures that the flow
of a point in OM stays in OM and f|sas is Morse, so hope to recover M H,(OM).

Write ‘ a = a~ if df (outward normal) < 0 at a‘
= W"(a) C OM (exercise)

b+

Write ‘ b= bt if df (outward normal) > 0 at b‘
= W*(b) intersects interior, oW (b) = W*(b) N OM

3 Similar statements for W* reversing the roles of +, — (Proof: switch sign of f).

=|MC. = MCY e MCC @ MCH

respectively generated by p € int M, a™’s, b™’s.

Bad case:’
a”,bt = W) C oM, W5(b) C OM
= cannot hope W"(a) h W*(b) in M
= require M just in IM.
Therefore:

dim M(a=,b%) = |a| — [b]  bad case
dim M(p,q) = |p| — lg| —1 otherwise (as usual)

Getting M H,.(OM):
p,q € OM =|B(p.q) = {[u] € M(p,q) : u C OM} = M(p,q, flonr) |

; _ [ Irl if p~
pE@MﬁmdeXfaM(p){ pl—1 ifp*
Therefore MCy(OM, flon) = MC;, & MCyf, |, with differential
Bp= Y #Ba)-q

dim B(p,q)=0, p#q
whose homology recovers M H,.(OM).

Getting M H.(M,0M):
There are 2 new bad phenomena:

SWe are tweaking the definition of Morse-Smale to suit the situation.
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Pk p;k

1-family a k=1 cannot a k-1

in M(p, q) cor})ve'rge_/v

breaking - tos Snee

twice btk —1 We(bt) Cc OM N
M q¢k—-2 OM M oM
O 3 flowlines between same O Gluing fails for this twice
index bdry pts! (Bad case) broken trajectory!

Upshot:

The argument in 6.1 for 9% = 0 will yield:

> H#HMpr)#M(rq)+ Y #M(pa)-#B(a,b)-#M(b,q) =0 (mod 2) (x)
r€int M la=|=|b+|=k—1
where p,q € int M, |p| =k, |q| =k — 2.

Miracle: [ essentially fixes [J. The two problems suggest that one should not keep
both MC* and M C~, one should use only one of the two. Try keeping

MC? o MCF

Notation:® B: MC,” & MC}, | — MC,_, & MC},

B B*}
B=| o
BI B

Similar notation for . Then (*) can be rewritten as:

9908 + 0y Bz 9" =0
Define a differential d by combining 0 with B’s, so that a once-broken trajectory
breaking at an a~ point is considered as if it were just one flowline.”

% 9
B;9° Bf +Bjot

d =

} :MCY @ MG — MCY_, @ MGy,

o [ 0000+ 05 B O° e
=d {. .

By (%), the first entry is 0. Similar arguments show the other entries are zero. So

-
Example

bt McO =0
MCF =7Z/2-b in degree 2
= = H,(d)=7/2-b= H,(D? 0D?)

a

Thm. | H.(d) = H,(M,0M)]

6The top index is “from”, the bottom index is “to”, so BT goes from MC* to MC~.
TThis is to fix the two problems by pretending that [ is a once-broken trajectory, and that
the first breaking in O is not a breaking.
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Proof Sketch. First you show that M H, changes by an iso if you change f. Then
you construct your favourite f by the methods of Hwk 7: one for which

df (outward normal) < 0

near dM (so all critical a € M are of type a~, and no trajectory from the interior
will get arbitrarily close to M unless it ends there). The claim then follows by
examples (3) & (4). O

If you instead try just keeping

MC? e MC;

then the appropriate differential is

5| % of By
9° BZ +0tBL

In the above Example, H.(d) is generated by a in degree |a| = 0.

Thm. | H.(5) = H.(M)]

Proof idea. Make all critical b € M to be of type b+. [
Def. The homologies of B,d,d (also denoted 9, d, d) are called:

MH = H,(0M) “MH bar”
MH =~ H,(M,0M)  “MH from”
MH = H,(M) “MH to”

The hat tells you the movement of flowlines: from/to the boundary OM.
Thm. LES of pair (M,0M)

. MH, — MH, — MH, — MH._, — -
at the chain level, the maps are:
o= MO~ @ MCt - MC°® MC~ — MCY® MCT — MC~ ® MC* — ---
0 o I 0 o of
I of 0 B} 0 I
An excellent reference for further details is the CUP book Monopoles and Three-
Manifolds by Kronheimer & Mrowka.
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6.3. Invariance Theorem. Let M be a closed mfd.

Thm. MH.(M) does not depend on the auxiliary parameters you chose: given
Morse fo, f1 : M — R and generic metrics go, g1, there is an isomorphism

lp10] : MH.(fo. g0) — MH.(f1,91)
and these isomorphisms satisfy

(1) [p21] © [p10] = [20] (Vfi,g9i, i =0,1,2)
(2) [poo] =1d (Vfo, 90)

Outline

(1) Construct a continuation map

|- Mo~ MCH

(MCE = MC.(f%,g%), f* Morse, g* generic)

defined on generators as follows (then extend linearly):
e )= Y. #COp .qh)-q"
dimC(p~,gT)=0

which counts the moduli space of continuation solutions

Clp=yq)={v:R—=M : 9v=-V5fs(v),
v(s) = p~,q" as s — —o0, +00}

where p~ € Crit(f7), ¢© € Crit(fT), gs(V*fs, ) = dfs. This moduli space
depends on a choice of smooth homotopy fs, gs,

s (fs: M —=R), s gs

where the functions fs; need not be Morse and the metrics g5 need not be
Morse-Smale for f,. The key requirement! is that for some S:

| f7 fors< =8 | g fors< =8
fs_{f+ for s > S 9=\ gt fors>S8 (+)

Rmk. Transversality for C(p~,q™") is achieved for generic paths gs.

Rmk. Note that we do not®> quotient C(p~,q") by an R-action by shifting
s, unlike what we did for M(p,q) = W(p,q)/R.

(2) ¢ = identity for the constant data fs = f, gs =g" =¢g~.

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
Lthis is crucial for the energy estimate, later.
2indeed7 cannot: V?®fs is not invariant under shifting s — s + constant.

1
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(3) ¢ is a chain map:

(oo =0t op| (0% : MCF — MCE)

hence we get a map on homology:

[o] : MH, — MH].

(4) ‘ [¢] does not depend on f;, gs

Consider a homotopy (f2,g2)o<x<1 from 0, g% to f1, gl, where we assume
(%) also for f2,g2. Denote ©°, o' the continuations for f0,¢% and f}, gl.

Claim ¢°, ¢! are chain homotopic:

3K :MC; — MC},

WP —pl=Kod  +0t oK

hence® [p°] — [p!] = 1. v
(5) Suppose f10 gl% is a homotopy from f9 ¢° to f!, g%, and f2!, ¢! is a
homotopy from f!, g to f2, g%. Glue* the (reparametrized) homotopies:
-s +S
| | | | s

I I
0 0 10 10 1 .1 21 21 2 2
f 5 g 5+25795+25 f 5 g 5_25795_25 f 59

first hpy (shifted) second hpy (shifted)

Claim. For § > 0, the ¢ obtained for this glued homotopy equals the
composite 2! o !0 of the continuation maps for the two homotopies.
(6) Consequences of these properties:
(4) and (5) = [p?1] 0 [p'?] = [p?"] (independently of choices of hpies) v’
(2) and (4) = [p"] = identity (independently of choice of hpy) v/
=[] o [p!] = [¢"] = identity so [¢'°] injective
= [p'% o [p] = [p!] = identity so [¢!°] surjective
= [p1%] isomorphism
= Theorem
Key ideas in the proofs:

(1) Redo the transversality proof, now using:

i ) . _J g7 fors< =S
G = {C"-paths of metrics s — g5 with g5 = { gt fors>S }

F(u,gs) = 0su— Vofs(u) (where g5(V?®fs,-) = dfs)

= Parametric transversality, Fredholm analysis, etc. like we did for W (-, -)

C(p~,q") smooth mfd for generic smooth g

= . ,
dimC(p~,q%) = [p| — lq|

In (3) we explain how to compactify C(p~, ¢*"), and it shows that C(p~, q*)
is compact when dimC(p, ¢) = |p| — |q| = 0. So ¢ is well-defined.

3since @~ = 0 on ker &, 81 (Ke) = 0 modulo im .
4for large S these glue correctly.
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(2) For constant data f = fs, g = gs,

C(p,q) = W(p,q).

So since g = g~ = g™ is generic, W (p, q) is a smooth mfd, thus so is C(p, q).
Finally we make a dimension argument:

If v € C(p, q) is a solution then v(- 4+ constant) is a solution since d;v =
—Vf(v) has Vf independent of s.
= if v non-constant, then there is a 1-family of solutions v(- 4+ constant)
= dimC(p,q) > Lifp# ¢
= ¢ only counts constant solutions C(p,p) = W (p,p) = {constant at p}
= ¢(p)=p
= ¢ = identity.
Rmk. The key is not to make an s-dependent perturbation of gs = g~ =
g™", but rather to perturb s-independently (in fact, since we assume g~ =
is generic, we don’t need to). This gives transversality for W (p, q) = C(p,

(3) Study the breaking of 1-dimensional C(p~,¢"), so [p~| — |¢*| = 1.
The key claim is that a once-broken continuation solution does not con-
sist of two continuation solutions, but rather consists of one continuation
solution and one f*-trajectory:®

Proof. Consider a sequence vy, of continuation solutions in C(p~, ¢*). Con-
sider the interval [—S, S] where fq, gs depend on s. Since [—S, S] is compact,
by Arzela-Ascoli a subsequence will satisfy C%-convergence on [—S, S] so
there is no breaking there.

p
v
" here can apply the
image of [—S, S] where Un, bt reparametrization trick
fs,9s depend on s (think “stretching of an
u .
interval [—spn, —S] or [S,sn]”)
q+

5In the figure, we denote by v the continuation solutions, and by u® the — V¥ f¥-trajectories.
We write boldface numbers which indicate the Fredholm index of the linearization of the Fredholm
section. So in the figure, |b] — |¢| = 1, |p| — |a| = 1. Recall that

dim(C or W spaces) = dim tangent space = dim ker(surj Fred operator) = index.

For W spaces, dimension 1 implies that M = W/R has dimension 0. So solutions v,u in C, W
spaces of dim 0,1 respectively are called rigid (or isolated).

Finally, these dimension numbers add to give the correct dimension of the breaking family
because of linear gluing (see 5.5 Step 2, details to 0): “gluing kernels of Fred operators is iso to
kernel of glued Fred operator”. So indices add correctly under gluing.
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In the general case (when we do not assume |p| — |¢| = 1): mimick the proof
of 5.3 and use the above observation = general breaking for C(p~,¢™) is:

Here u; are —V~ f~-trajectories, u;' are —V T ft-trajectories, and v is
a continuation map for (fs, gs).

Details. Reviewing the proof of compactness for W spaces, observe that
what we needed crucially was an a priori energy estimate. In our case it is:

E(w) = [7_|0sv[*ds
[ 9s(0sv,05v) ds
ffdfs (Osv)ds (since Osv = —V* f)

= - [ (fsov (0sfs)(v)) ds
< f7) = fTa) + [10sfslods
< fT7) - fT@h)+2S max |0, f5(z)|

We also needed the energy consumption trick 3.3. This can also be used in
our setup in the regions s < —S5, s > S where fy, gs do not depend on s.

Key observation: each ul ,u; contributes to 1 to the index difference

Ip~| — |¢T|, since the M* spaces are empty if the index difference of the
ends is zero or negative.

Key = for |p~| — |[¢T| = 0 no breaking can occur = C(p~,¢") is compact.
Key = for [p~|—|¢*| = 1 only 1 breaking can occur for dimension reasons.

Hence (after reproving the gluing theorem) for |p| — |¢| = 1:
) = Mg (p,a) x Cola, q) U|_|Co(p,b) x M{ (b,q)

b+

where the numbers indicate the dimension we request® and M=* are the M
spaces for (f*,g%).

= C(p, q) compact 1-mfd
= #09C(p, q) is even
= pod +0Top=0. O

(4) (f2,9))0<r<1 is called homotopy of homotopies (x)

Olp| = (8] = K, la] = |q| =k — 1.
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Fix p~,¢* with |[p~| — |¢*| = 0. Look at the “movie”

Cr=C o, q" 12, 92)
as A varies. This “movie” is called the parametrized moduli space

P .q") = || ¢

0<A<1

For generic data (), it is a smooth 1-mfd:”
Vel ")

C)‘ /\
CO — m . Cl

o )
e

xT ’
A
death of solutions
birth of solutions x,y, 21, 22 = bad births/deaths

Warning. C* may not be a smooth manifold for fized \. Genericity of the
family (in X) does not guarantee genericity of each point of the family (fixed
A = \o). However, one can guarantee that each C* satisfies transversality
except for finitely many values of \.

Breaking analysis: a subsequence (A, vy,) has A, — 0,1 or Mg € (0,1).
=oP=CcuctuB

where B = {bad births/deaths}.
If B =), then P is a 1-cobordism from C° to C!,

= #C° — #C!' = #OP = even = 0 mod 2
= ¢’ = ¢!

If B # 0, let K count the bad set B:

Question. How is it possible that such v exist: the relevant moduli space
C?0 is negative dimensional!

7dim P(p,q) = |p| — |g| + 1, where the additional 1 is because of the parameter .
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Answer. This happens because f2°, g0 is not generic.® So “~1” is the
virtual dimension: the dimension you would get if transversality held true:
virdim €*(p, q) = [p| - |gl-

Def. Suchv € Ci“l(-, -) (virtual dimension —1) are called rogue trajectories.

There are no rogue trajectories at A = 0,1 since by assumption f?, g°
and fl, gl are generic. So define

K : MC;— MCH,
Ka™ = Z #(rogue trajectories from x to y) - y

lytl=lz—[+1

+

So in the above pictures, the contributions would be:

Kp— = bt 4.
Ka= = q"+---
0" p = a +---
otpt = q++,,,

So ‘ WVt =0T o K+ Kod~ ‘ comes from counting the even number of

elements in:

dP(p~,q")=Ccuct U L] C2(p, b) x Mg (b,q)
X0 €(0,1),b+eCrit f+
U || M (p,a) x €2} (a, q)

Ao €(0,1),a= €Crit f—
(5) This is a gluing argument: you can approzimately glue solutions, then for
large S (depending on p,r,q) you can associate a “unique” actual solution.
This produces a bijection:

| ] Co®® q"1°" hpy) x Co(g",r%; 2" hpy) — Co(p°, 7%; glued hpy)
gteCrit f1
So ¢t 0 p1%(p?) and ¢?°(p°) have the same r? coefficients. Therefore

o o pl0 = 20
(there are only finitely many critical points, so you can pick the largest of
the S’s, as you vary p, q,7).”

8Just because the family () is generic, does not mean that each fﬁo,gﬁo is generic.

9 Non-ezaminable: In more complicated situations, when there are infinitely many generators,
you can still prove the equation at the level of homology: cycles involve finite linear combinations
of generators, so only finitely many generators are involved in showing that the two expressions
agree on a given cycle.
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7. APPLICATIONS

7.1. Poincaré duality. Define

MC* = Morse cochain complex = Z Z/2 -p
peCrit f

op = Z #M(q,p) - q¢ (note the changed order!)
dim M(q,p)=0, q#p

Cor. MH*(f)=H.(MC*,0)= Morse cohomology=H*(M) (proved like 6.1 (3)).
Thm. MH.(f) 2 MH™ *(—f)
Proof. Note that ind_y(p) = m — inds(p). So define on generators
¢: MC.(f) = MC™ " (=f), p—=>p
and extend linearly. So ¢ is clearly an isomorphism of vector spaces. Moreover,
Mp, g f) = Mlg,pi—f)
[u(s)] = [u(=s)]
S0 ¢ is a chain map:
(pod)(p) =Y #Mp.q;f)-a=Y #M(g.pi—f)-q=(00¢)(p). O
7.2. Kiinneth’s theorem.

Thm. Over Z/2 coefficients,

MH.(f1 ® fo) — MH.(f1) ® MH.(fs)

; :

H*(Ml XMQ) H*(M1)®H*(M2)
where f1: My — R, fo: My — R are Morse functions on closed mfds.

Proof.
fidfor MixMy — R
(m1,m2) = fi(mi) + fa(ma2)
So d(f1 () fg) = dfl [S2) dfg : TMl (&) TMQ — R.
Also f1, fo Morse = f1 & fo Morse.
For g1, go generic metrics, we will use’ g1 @D go on My x Ms. Then

W(p1 x p2,q1 X g2, f1 @ f2) = W(p1,q1, f1) x W(p2, g2, f2)

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
e will see directly that transversality holds for (f1 @ f2, g1 @ g2).
1
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since Jsuy B dsus = —V f1 & —V fo. The grading is:

[p1 X p2| = |p1] + |p2|.
To get 1-dimensional moduli spaces W (-, -): need uj or us constant, otherwise have
dim > 2 by shifting s in vy and in us.
M(p1 X p2,q1 X p2) = M(p1,qu, f1) X {p2}
= d counts ’ T
{ M(p1 X p2,p1 X q2) = {p1} X M(p2, g2, f2)
= d(p1 X p2) = Op1 X p2 + p1 X Op2

= MCi(f1® fo) = @ MCy, (f1) ® MCy,(f2)
[

is an isomorphism of chain complexes, where the differential on the right is
d:81 de+1d><82

and this complex is denoted (M C\(f1) @ MC.(f2))grading k-
Hence, by abstract algebra,”? M H,(f1 @ f2) = M H.(f1) @ M H.(f2). O

2 MCo(f1) ® MCh,(f2)
id ® 02
o1 ®id

- MCkl(f1) ®Mck2(f2)

(k‘l + ko = k:)
'/Mck(fl) ® MCo(f2)
7.3. Morse-inequalities. Abbreviate:
¢, = F(crit pts of Morse f of index k) = dim M Cy(f)
my, = dim MHy(f)
b = dim Hy (M) (Betti numbers)

computed using Z/2 coefficients (although everything in this Section holds also if
you use Z or R coefficients?).

Cor. ¢, > by,
Proof. ¢, = dim MCy > my, = by, (since M Hy, = Hi(M)). O

dn_
Lemma. If0 — Cpy o, (& My Ty C, — 0, diy1 od; =0, where C; are
vector spaces over some field, then the Fuler-characteristics agree:

X(H.) = (=1)'dim H; = > (~1)"dim C; = x(C.)
where H, is the homology of (Cy,d).

Zsee May, Concise Course in Algebraic Topology, p.131: this is an abstract version of Kiinneth’s
theorem, and it uses the fact that we work over Z/2.

3this involves orienting the moduli spaces M(p, q), and in the definition of @ you count the
elements of M(p, q) with orientation signs +1. When using Z, replace dim by rank.
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P?“OOf. K; = kerd;, Ji+1 =imd; C Ci+1,

C; =2 K; ® complement N Jit1 C Ciga
and the complement maps isomorphically onto J; 1. So, using H; = K;/J;

dimC; = dimK,; 4+ dim J;1

dim H; = dimK,; —dim J;
Writing ¢;, h;, ki, j; for the dimensions,
DD =Y (ki + > (1 i = > (—1)'ki— > (=D 5= Y (1)

i i i i ¢ ¢
O
Thm (Morse inequalities).
ek — k1 + o+ (=)o > bp —bp—1 + -+ (=1)"bg  VE
and for k = m get equality: > (—1)'c; = > (—1)'m; = x(M).
Proof.
0 —s MCy 2% MOy 25 . 27 mey 25 im(9,) — 0
So by the Lemma,
co—c1 44 (=D)Fep + (=P dim(im 0y ) = mo — m1 + -+ + (—=1)"my.

Now multiply by (—1)¥ and use (—1)?**! dim(im dy) < 0. Finally use m; = b;. 0O

7.4. Products. You would like to count the following rigid configurations:

P A VS
-Vf
T
0/ V1
which is an abbreviation for:
uy : (—00,0] = M, Osu; = =V f
ug : (—00,0] = M, Osus = =V f

usg : [0,400) = M, Osuz = =V f
Note the intersection point lies in
Wip,q;r) = WH(p) nW*(q) N W?(r). (%)

Problems: Firstly, such configurations are unlikely: flowlines do not intersect
unless they coincide. Secondly, we need W(p,q;r) to be a manifold. To fix both
these issues, one needs to perturb the function f on each edge,* so we use Morse
f1, f2, f3 on the 3 edges, and we pick a Morse-Smale metric g for all three edges.”

So, for generic f;, W(p, q;r) is a manifold of codimension

codimW(p,q;r) = > codims
= m—|p|+m—lgl+]r]

din fact, it is enough to perturb f on only one of the first two edges, since we already have
W4u(p) h W#(r). But for more general graphs, you will have to perturb all f’s.
5a finite intersection of generic sets is generic.
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we want this to be m (so we get dim = 0) so want |r| = |p| + |¢| — m. Thus
Mca & Mcb i) Mca-i-b—m
p-q=1(p,q) = S #Wpgr)-r

dim W (p,q;r)=0
on generators, and extend bilinearly.

Example. For the torus, you can check directly that p-q = r in the figure:

perturb f

’ on each edge '
_—

‘W T2

T1
r 3

which is Poincaré dual to the statement H}p, @ H}, — H3p, ds Adt = (area form).
Claim. 1 is a chain map

Proof. Breaking/gluing analysis:

e e

Cor.

MHa®MHb . MHaerfm

intersection product
P.D.l: P.D. l’d

MH®® MH? . MHHB

cup product

where a =m —a, B=m—b, a+B=m—(a+b—m).
Comparison with algebraic topology:

Claim. 1 is compatible with homotopying fi, fa, f3.
Consequence. WLOG f1, f2, f3 are self-indexing. Then MC, — C¢! p
W*(p) is an isomorphism (see 3.10), and the cellular intersection product is:

Wh(p) - Wh(q) = S #(W™(p) h W(q) h W(r)) - W (r)

where you homotope W"(q), W?*(r) to W4(q), W#*(r) to ensure the intersection
is transverse and that all intersections occur away from the boundaries® of the
unstable/stable mfds. So in fact, we do not need to homotope if we choose f1, fa, f3
generically. This proves you recover the classical intersection product. [

6more precisely, we mean: away from the boundary of the compactification of the image.

Non-examinable: the notion of pseudo-manifolds makes these arguments very rigorous.
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Sketch of Proof of the Claim. Consider ¢ o (¢ oid), where ¢ is a continuation map
(so we are only homotopying f1, using a hpy fs from fo to f1). Consider the
following two configurations:

fs fs#tsh

1
u fs u1Ffsu2 fa

f2 fa

On the left, are the broken solutions counted by 1y, .1, © (¢ 0 id) where we em-
phasize for which f’s 1 is defined. On the right, are the glued solutions counted
by Yt s, t2,55- By a gluing argument, for a large gluing parameter S, there is a
bijection between the broken solutions and the glued solutions.

Now homotopying fs#sf1 to fo, produces a chain homotopy K like in 6.3 (4):

brttsfianfs = Vfofass = 030 K+ Ko (0 ®@id +1d ® 9y).
So the maps agree on homology. So ¥, 7,7, © (poid) = 9, .5, on homology. O
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7.5. Spectral sequences.
Spectral sequence = algebraic gadget that interlocks a bunch of exact sequences.
It usually arises for a chain complex C, with

d=dy+dy +do+--

where dy is “dominant” in some way over the higher order terms di, ds, . .., and we
hope to approximate H,(C\,d) by

cges?

E'= H.(C.,dy), E* = “H.(E*,dy)", ... "= H.(C.,d).

Def. An exact couple is an exact' triangle of vector spaces of the form
A—— >4
E\\/4/
E

Given an exact couple, define

l[d=jok:E— E]

Then d? = jkjk = 0 since kj = 0 by exactness. Thus we obtain the derived couple:

i(A) : i(A)
kb \ / ia
k J
] [ja]
Exercise. Check these maps are well-defined, and that this new triangle is exact.
Rmk. Ifi = inclusion, then k =0, sod=0, so E = H(E,d) = A/iA unchanged!

7.6. Example: the spectral sequence for a bounded filtration.
Suppose (C,d) is a Z-graded chain complex? with a filtration by subcomplexes®

O=F CFyCckh cC---CF,=0C,

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
lrecall exact means the kernel of one arrow equals the image of the previous arrow.
2d : Ck — Ckfl, d2 =0.

3dF, C Fp.
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=0 F, 5 F, % F,/F,_; — 0 exact
= define F,, = 0 for p < 0, F,, = C, for p > n. Then define

0
Ep7* —p @(Fp/Fp—l)the part in Z-grading *

p
Then the LES asssociated to the above SES:*
=@, H.( H.(F,) = Al
p p *— p) p p *—p

The dash on the arrow indicates that the grading x drops by 1. Abbreviate ¢ = x—p
(* = p+ ¢ is called the total degree). Deriving the couple, we obtain:

dlzklojle;q%E; =E,

—L(x=1)=(p—1) = Tp-lg’
H(E', dY)
and keep deriving. So obtain‘ ,di=g"ok" By = By, i

'/ diagonal of elements
in total degree x =p+qg =k

Al =sumup (0 = H(F) 5 H(F) 5 - S HF)SHS )
where H = H(C,,d) = H(F},) for p > n. The image under " becomes:

A = sum up (0 — i"H(Fy) Ci"H(Fy) C--- Ci"H(F,)=H =--+)
=sumup (Go CG1 C---CG, =H=---) where G, =im (H(F}) % H).
E; p = ®(Gp/Gp=1)the part in Z-grading = Eps,._, constant for r > 0.

But now H =2 Gy @ (G1/Go) @ (G2/G1) & -+ @ (G, /Gp—1), so rewriting:

= | H,(C,,d) =~ @ e p

4recall that every short exact sequence gives rise to a long exact sequence. E.g. see Hatcher’s

Algebraic Topology.
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One abbreviates this result by writing

1
E, ,= H.(C.,d)

(read “=" as “converges to”) and one says the spectral sequence E; q converges.®
Warning: the last two isomorphisms are not canonical, because you are recover-
ing the group from certain successive quotients.

7.7. Leray-Serre spectral sequence.

Thm.

F—F Let E be a fibre bundle with simply connected base B, and with fibre
lw F, where B, E, F are closed mfds. Then there is a spectral sequence

B E.,=MH,(B)® MHy(F) = MH,(E).

Example. Kiunneth’s theorem: E = B x F, then Eg,q =FE>

P.q-
Proof. Fix Morse-Smale data:

(b:B%R,gB) (fF—)R,gF)
Critb = {b1,b2,...,bn} Crit f ={y1,.- -, Ym}-

Pick disjoint opens B; around b; € B with trivializations

Elp, — B; x F
ifi lf
R=——R

0 outside B;

Fix bump functions p; : B — [0, 1], p; = { 1 near b

Then we obtain a function on E:
h=b+ed pifi:E—R
where we abusively write b but mean borw : E — B — R.

Claim. h is Morse for 0 < e < 1.
Proof. h=b@ef on (p; =1) C B; x F is Morse (compare Kiinneth proof) v/
Outside U;(p; = 1): |db] > & > 0, so for £ < § get |db] > 16 > 0 (p;, fi are
C'-bdd since F compact). [
This also proves that
Crit h = Critb x Crit f (in the trivializations). (%)

Now want to build a metric on E such that in the above trivializations we are
in the Kiinneth setup:

g = gp®gronB; xF
=Vh = Vb®eVf,onp =1

Problem: Vh is useless: outside p; = 1 you get Vp; terms and also you will need
to perturb gg to get transversality

5Tn our case, one also says the spectral sequence degenerates at sheet n 4 1 because d” = 0 for
r > n+ 1, so we may identify E"tl = Ent2 — ...,
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= you have no idea what dw(Vh) is.
= no idea what wo (—=Vh trajectory) is.
Trick: we will construct a gradient-like vector field v for A such that

O drov=Vb
Oov=Vh=Vb®eVfonp =1

Hence, for e # ¢’ € Crit h define:

‘ V(e,e") = {—v flowlines converging to e, e’} /R ‘

Because of 0, V (e, ¢’) projects via m to the moduli spaces M(b;,b;) for b: B — R,
where b; = 7(e), b; = m(e’). Like for the M spaces,’

| dim V(e,e') = e[ — |¢/| — 1]

calculating the indices for h, since near the ends —v = —Vh by 0.
Modifying gg: Define the vertical and horizontal subspaces of TE by

V= kerdmn,
H = VvVt (perpendicular for gg)

So in particular V = TF and H = TB; over B; X F = E|p,. Define

~ ) 9E onV ~
gE—{W*gB on H and V L H for gg

v=Vb+eY pV/; (V = gradient for §g)

Note that gg = gg on U;(p; = 1).
Proof of O and O: O is immediate.

db = Gu(Vb,e)
9r(Vb, project ; o) since db =0 on V

(m*gB)(project ; Vb, project; @) since V' L H for gg

g (drVb,dme)

= dm - Vb= Vb
= dr-v=Vb since” dnV f; = 0
= uv

Proof v is gradient-like: dh(v) = |Vb|2—order(e) > 0 outside p; = 1, and on p; = 1
v is the gradient of h by O v'.
We now construct a Morse-like complex for —v. Because of (x), we define

C, = MCy(h) = MC.(b) ® MC.(f),

6indeed, the same proof holds: our index calculation shows that only the asymptotics of the
linearization of the flow matter, and at the ends the flow is a Morse flow: —v = —Vh by 0.
7§E(Vfi, H) =df;(H) =df(T'B;) =0 over B;, and outside B; have p; = 0.
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with differential
de = Z #V (e e e

dim V (e,e’)=0, e#e’

(d0+d1+d2+"')6

dpe = Z #V(e,€) €.

|me|—|me’|=p, dim V (e,e’)=0

F, = b zn2-e

|re|<p, e€Crit h
Observe: Fnegative =0, FgimB = C*, Fp,1 C Fp.

Define the filtration:

Crucial claim. F), is a subcomplex: dF}, C Fj,.
Proof. if 3 —v traj u, then wow is a —Vb traj.
= |me| — |me/| = dim W (we, we’) > 0

= |me’| <|me| < pv

0 _
= Ep,*—p -

F,/F,_1 = MCy(b) ® MC,_,(f) | with d = d° on E°.

Claim. dy = Ogpre counts —V f trajectories in the fibres.
Pf. |me| = |rwe’| = W(me, me’) = () unless me = we’, in which case mowu =constant.v’

Warning: this isomorphism is not canonical, because we made choices of trivial-
izations. So let us be more precise:

El, = @ R, (b;)

b; eCrit b
Ry(b;) = MHy(Ey,,h|p, =0bbi)+cefils,)
MHy(Ey,, filE,,)

and non-canonically R,(b;) = MH,(F, f) by using the choice of trivializations.

Using B simply connected. For simply connected B you can identify fibres
by following a path in B, and if you change the path then you get a homotopic
identification: hence the homology does not notice the change. Pictorial idea:®

Write F), = C? & Fj,_1, where C? is generated by the e with |re| = p. Then

d: [d9 OH}
F,=Cr&F, 29 Cr & F,

8on the right, compare parallel transports P;, P2 along two paths: homotope to a constant the
loop that concatenates the two paths; obtain a chain homotopy between P, Lo Py and id.
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where 9',0" are dy + d2 + - -+ composed with projection to C?, F,_q respectively.

Fp1=CrlgF, , — F,=CP&F,
(a,b) — (0,a+b)

L \ ' / F) [(m)]i:w (o, B)]
(FJF) S EL <

Recall k! is the boundary of the LES, so study the SES’s:

Oﬂ(F

P—l)* - (Fp)* - (Fp/Fp—l)* —0

ok |
00— (Fp—1)s—1 —— (Fp)sc1 —— (Fp/Fp—1)s1 —>0
and diagram chase what happens to a:
(e, 0) o 0
| )

00— (0,0) —=d(a,0) = (0,0'a) ——=dpa =0—0

50, by definition of the boundary k', in the triangle above we get

(0", 0)]
AN
(o]
So d'[a] = jlkl[a] = [0'a] = [d1a] € Hi—1(Fp—1/Fp—2) (here d; and &’ agree since
we quotient by Fj,_2). Thus
d'[a] = [d1a]

We need to understand di:
di(b; ®@y) = Z #Vo(bi @y, b;@y')-bj @y
|bj|=p—1, any y’€Crit f

counts the 0-dimensional V' spaces, and recall each u € Vj(b; ® y,b; @ y') lies over
the —Vb trajectory 7o u from b; to b;.
Note di : R(b;) — R(b;) is a chain map (with respect to dg) since:

0 =d*=d3+ (dido + dody) +

and d§ = 02, ., = 0, hence didy + dody = 0. (Ezercise: you can also prove this last
equality by a breaking analysis like in 7.4)

9

Idea. d; counts trajectories which have an index drop in the base, so we expect
the trajectories to be “constant” fibrewise. This makes sense if E is trivial (that is
how we proved the Kiinneth thm), but otherwise the notion of “locally constant”
depends on choices of local trivializations. So we need to keep track of choices.

9we break d? up according to the filtration, so each summand must vanish.
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Claim. Along a trivialization over the path mowu the solutions u are continuation
solutions of a Morse flow, and the count dy of such rigid solutions defines the same
identification between R(b;) and R(b;) as the one induced on ordinary homology by
parallel translation along any path joining bs, b;.

Proof.
EbiEbj
G

Pick a trivialization R x F agreeing'® with the given ones at b;, b;, so

b — ef + constant at — oo
" | ef +constant at -+ oo

The count of isolated —v flowlines in this trivialization (which project to the J
flow in R) then defines a map similar to a continuation map. Indeed, by covering
the path mu by small charts, and extending the trivialization to these charts, we
can homotope the metric gg to make it a direct sum metric gg ® gr (which it
already is at the ends of the path 7u), so that v is the gradient of a homotopy
hs = b+ efs, where f,; at the ends equals f. But now this homotopy can be
homotoped to hs = b+ cf + ¢(s), where ¢(s) only depends on s and at the ends
equals the constants in the above expression for h at +oo.

Observe that V(b +ef +¢(s)) = V(b+ef), so just as in the case of a constant
hpy (6.3 (2)), one proves that b+ ef + ¢(s) induces the identity continuation map.
Hence, our original count of flowlines is chain homotopic to the identity. Hence
on Morse homology it equals the identity. Thus the map agrees with the parallel
transport map which defined the various trivializations (see footnote 10). v/

Conclusion: Recover d; by finding the isolated —Vb trajectories on B, and doing
parallel transport in the fibres to get the map between the R(b;)’s. More precisely:

dy on E' = @5 R(b;) can be identified with dhase on MCl(b) @ MH.(f)
b;

= Ez%,q = MH,(b) ® MHy(f)
=|E,, = H.(Ci,d)

Finally, the last step of the proof of the Leray-Serre theorem, is:
H,.(C.,d) = MH,(h)

This is proved by a parametrized moduli space argument like in 6.3 (4): you homo-
tope —v to —Vh. Note that —v = —Vh except in the regions where the p; # 0,1
which are small subsets of B; \ (p; = 1). O

10 Need to choose trivializations carefully: pick a trivialization B; x F for some b;, then parallel
transport this over chosen paths to define the trivializations for the other B; x F’s. Finally we
use the fact 71 B = 0 to obtain the required trivialization with prescribed ends.
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7.8. Example of applying the Leray-Serre theorem.
Let E = {v € TS?%: |v| =1} (the sphere bundle of 7'S?).!

St —F E2 = MH,(S%) @ MHy(S").
Vr
52
Represent E? graphically as: So we can already deduce:®
q HY(E) = Z
HYE) = Z/imd?
H?*(E) = kerd?
Z p|Z H3E) = Z
z Z %here please take on trust that one can do Morse ho-

D mology over Z by keeping track of orientation signs.
We take b = height function on S?, and f = height function on the fibre S*. To find
d?, we need to understand how parallel transport relates the critical points of index
1,2. Consider how a vector at the North pole p of S? gets parallel transported to
the South pole ¢ when moving along four great half-circles meeting at 90° at p.

b = height

_—

We see that two? of the parallel transports of the vector point in the direction of
the maximum in the S' fibre over ¢. Indeed, this shows that there are exactly two
great half-circles from p to ¢ such that the minimum in the fibre over p gets parallel

Date: May 3, 2011, © Alexander F. Ritter, Trinity College, Cambridge University.
ISecretly, one knows that E 22 SO(3) =2 RP3.
%secretly, this “two” is the Euler characteristic of the base S2.

1
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transported to the maximum in the fibre over q.
= d? = multiplication by 2
=H(B) =7 ® Z/2 ® 0 & Z
x* = 0 1 2 3

Rmk. One can similarly do this for the higher dimensional case S"~! — S(T'S™) —
S™. More generally, this method should in principle yield the Gysin sequence.

8. MORSE-BOTT THEORY
8.1. Motivation. Question. In the construction of the Leray-Serre spectral se-
quence, what happens if we let:

supports of p; shrink to b;
and € — 0.

Answer. the trajectories become more vertical near the critical fibres, and more
“horizontal” away from them:

So the trajectories converge to a combination of —V f flows along fibres and
“quantum jumps” between the fibres given by —Vb flows:

= [ flow for finite time here
—Vf —Vb (whereas u1,ug, ... are
u :R— FE flows for infinite time)
-V —Vb
Cu RS E .
bi bj bk

8.2. Morse-Bott functions.
A smooth function b : M — R is called Morse-Bott if

(1) C =Critb = |_| C; is a finite disjoint union of connected submfds C; C M

(2) Hesspb = Dp(dlb) : Ty M — T M nondegenerate transversely to C;, meaning
T,C; = ker Hess,b Vp € C;.
Equivalently: Hess,b induces an invertible self-adjoint map on normal bdles
Hesspb : v, — ve,.
Examples.

(1) b= Morse, C = {critical points}
(2) b=0,C =M.
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(3) b(z,y,2) = —2% +y? and C = z-azis inside R3, but not b= —a3 + y>.
(4) a torus lying flat with the height function:

C1 = maxima
b = height

- =

Co = minima

(5) Fibre bundle F— FE
I,

Suppose b : B — R is Morse. Then bow : E — R is Morse-Bott with
C; = 7 1(b;) the fibres over the critical points b; of b.

8.3. Morse-Bott chain complex. Choose auxiliary Morse functions

|f=Ufi:C=UC; > R|

and a generic metric go = Uge, on C. Write V f for the gradient of f w.r.t. gc.

Def. Define the grading of p € Crit(f;) C C; by:

‘ Ip| = indy(p) + ind¢(p) = ind C; + inds(p) ‘

Note that indy(p) is independent of p € C; and is the index of Hess,b : vo, — ve,.
Key Idea: you are pretending that you perturbed b to b+ pifi.

Example. In example (3): indy(C) = 1 because of the —a%. For f : C — R,
(0,0,2) — —22 get [(0,0,0)| = —2, which equals the index for —x* + y? — 22,

Def. Define the Morse-Bott complex by

BC. = & z/2-p

peCrit f

EB MC,(f;)[ind Cy]

The [ind C;] is a shift in grading: |p[ind C;]| = indy, (p) + ind C;, so grading 0
becomes grading ind C;.

8.4. Morse-Bott differential. 0 counts rigid Bott trajectories:

—Vb flowline rael flow by —V f;
“quantum jump’\\ <
C{
Ck

Useful Notation to summarize a Bott flowline:
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jump w1 : R — M (nonconstant) /jump Uyn (nonconstant)

. 0, =-Vb
p € Crit f s q € Crit f
S Oy
vg : (—00,0] = M finite length ¢1 € [0, 00) edge vp ¢ [0,00) = M
Osvg = =V f V1t [0,[1} — M 9sv; =—-Vf Osvn, = =V f
(can be constant) (can be constant) (can be constant)

Def. The moduli space of Bott flowlines with n > 1 jumps is:
W™(p,q) ={(ur,...,un;l1,..., lh1) tu; € W(pj,q;:b),p; # q; € C such that
P € Wu(pv f)a qn € Ws(Qa f)7 and qj,Pi+1 are connected by a
finite time — V f flowline v; : [0,¢,;] — C,{; € [0,00)}
WO(p,q) = W(p,q; f) the moduli space of — V f flowlines R — C.

Def. The moduli space of Bott trajectories is
B(p.q) = | W"(p,q)/R",
neN

where R™ acts by shifting the s coordinates in wuy, ..., Uy,.

8.5. Breaking of Bott trajectories.
Under C}, -convergence, a Bott flowline can break in two ways:
(1) some ¢; — oo and therefore v; breaks on some critical level set C;:
p € Crit f;

C;

(2) or some u; breaks:

Cr

where on the right we indicated the abbreviated notation for the breaking.

The broken Bott flowlines in (2) for W"(p, q) are precisely the boundary points
of W™t1(p,q) arising when ¢; = 0. So when we compactify B(p,q) we do not
need to artificially add these limit broken Bott trajectories since they are already
present. However, we still need to enlarge the topology so that it is recognized as
a limit in the sense of (2). So we just artificially add the breakings of type (1):

B(p,q) = B(p.q) U |_| B(p,p2) x B(p2,ps) x -+ B(pn, ).

0B(p,q) = UB(p,p2) X B(pa, p3) X- - - B(pn, q) are called the broken Bott trajectories.
8.6. Energy estimates for Bott trajectories. Define the energy:

E(vo, u1,v1,. .., un, vp) = Zenergies = E(vo)+E(u1)+E(v1)+ - +E(un)+E(vn).

Lemma.

(1) b decreases along a Bott trajectory
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(2) 36 > 0 such that to go from one C; to another C; a Bott trajectory must
consume energy > 6 > 0.
(3) There are at most (f(p) — f(q))/d jumps, so W™(p,q) =0 for large n.

Proof. b is constant along the v;, and b decreases along u,. (2) is proved like 3.3:
|[Vb| > § > 0 outside small nbhds of the C;’s, etc. and (3) follows from (2). O

For generic metrics gps on M, gc on C, one can prove the corresponding transver-
sality, compactness and gluing results for B(p, q) like we did for M(p, q), thus:

B(p, q) smooth mfd

dim B(p, q) = |p| — [q] — 1
B(p, q) is a compact mfd with corners

8.7. Morse-Bott homology. Recall
BC. = @ MC.(f;)[ind Ci].

Define
0:BC, — BC,_1

ap = > #B(pq) - q.
dim B(p,q)=0, p#q
The proof of 9 = 0 follows just like for Morse homology from the results in 8.6.
Hence we obain the Morse-Bott homology:

ker 0
im f

Example. In example (4) above, using height functions on the circles Cq,Ca:
/3131 =0-p2+0-q1

Op2 =0-q2

BH.(b, f) =

This shows 0 = 0, so over Z/2:

BH,=BC. = 7/2 & (Z/2)* & Z/2 = H,.(torus)
e 0 1 2

8.8. Invariance of Morse-Bott homology. At this stage, one has to redo some
of the work done for Morse homology:

(1) Build continuation maps,® when homotopying b, f;, gur, gc-

(2) Prove invariance using continuation map properties.

(3) Invariance (2) implies* BH, (b, f) & BH,.(Morse function F,0) =2 M H,(F) =
H,.(M), thus:

| BH.(b, f) = H.(M)]

3these are a little tricky, since homotopying b can change C' drastically.
4Also7 BH. (b, f) =2 BH«(0,Morse function F' on M) works.
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8.9. Filtration by action. For a € R,

F, = F,(BC,) = T 7)2-y
yeCrit(f), f(y)<a
Key observations: dF, C F,, F, =0 for a < 0, F, = BC, for a > 0.
Now make it a discrete filtration, using the § > 0 of the energy estimates:
CFyCFsCFys Coo- CFpsC---

= E). , = Fpt1)s/Fps, and d = dy on E° since if you make a quantum jump,
then you fall inside Fjs, so d only counts —V f trajectories in C.
= E;ﬁ*ip = ®z MH*(fl)[md Cz]

So we deduce:

Thm. There exists a spectral sequence | B* = @ MH.,(f;)[ind C;] = BH.(b, f)

3

So there is also a spectral sequence @H* (Cy)[ind C;] = H.(M)

Cor. The Euler-characteristic x(M) = > (—1)"4C ().
Proof. This follows from the Theorem and from Lemma 7.3:
X(M) = X(H.(M)) = x(E>) = X(E") = x (0:H.(C;)[md(Cy)]) = Z(~1)"x(C).
O
8.10. Filtration by the index of b. Make the following
Assumption. B(p,q) =0 if indy(p) < indp(q).
For example, this holds in example (5) above. Define
Pe @ @
ind, C;<p yeCrit(f;)
Then d =dy + dy + do + - - -, where

dy = counts — Vf flowlines in C
dy = allow one quantum jump
dy = allow two quantum jumps

Thm. There exists a spectral sequence of the same form as above.

Example. In example (5), we obtain the Leray-Serre spectral sequence. Use b :
B — R Morse on the base, and f; : Ey,, — R Morse on the fibres over b; € Crit(b).

F, = B z2y

[bi|<p, yeCrit f

E'= P MH.(f:)[Ibil]

biGCrit(b)
For m1(B) =0, get d* = Opase. So
E. = MH,(B)® MHy(F) = H,(E).

Note this has the enormous advantage that we do not have to construct a special
metric and a pseudo-gradient vector field.
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9. WHERE TO GO FROM HERE

I recommend three interesting survey papers:

e Michael Hutchings, Lecture Notes on Morse homology.

This is available online. It is a very elegant treatment of many interest-
ing topics. It covers parts of this course, but sometimes using a different
approach (some proofs in Morse homology can be simplified if one uses
smooth dependence of ODE’s on initial conditions, but unfortunately these
proofs do not generalize to Floer theory so we avoided this approach).

e Dietmar Salamon, Lectures on Floer homology.

This is available online. It is the best place to learn the basics of Floer
homology. Always short and to the point, which is wonderful.

e Kenji Fukaya, Morse homotopy, A -category and Floer homologies.

Available online (the fonts are a little strange). This is excellent to get a
feel for the ideas involved in Floer theory.

For research directions on more advanced topics, I recommend three books:

e Dusa McDuff and Dietmar Salamon, J-Holomorphic Curves and Quantum
Cohomology, 1994 (not the similarly called 2004 version).

This is a great book and is very readable.

e Paul Seidel, Fukaya categories and Picard-Lefschetz theory.

This is a very advanced book. It is the key reference for A*°-algebras, La-
grangian Floer homology, Lefschetz fibrations, Fukaya categories. This is
useful if you become a mathematician in the area of symplectic topology.

e Peter Kronheimer and Tomasz Mrowka, Monopoles and Three-Manifolds.

This is a very detailed treatment of Seiberg-Witten Floer homology. It al-
ways motivates ideas using Morse homology, which is a great approach.



