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Abstract— SPH was used to simulated forced, wall-bounded 2D
turbulence in a square box. Initial results using the Cubic Spline
kernel found significant particle disorder and clumping, which
contributed to a large excess of kinetic energy at the smaller
length scales of the simulation. This excess in turn caused alarge
increase in the viscous dissipation at these scales. Possibly related
to this, but not proven to be, is the fact that kinetic energy does
not build up at the longest wavelength, contrary to theoretical
predictions and published experiments. The particle clumping
was found to be caused by the tendency of particles to separate
themselves at a distance equal to the location of the kernel’s
spline point. Using a modified Cubic Spline with the spline point
set to the initial particle spacing eliminated all clumping, but
had the disadvantage of decreasing the falloff of the kernel’s
Fourier transform. The use of the Wendland kernel gave the
best results, also eliminating particle clumping while having a
faster Fourier transform falloff than the Modified Cubic Spl ine.
However, even this kernel did not eliminate the excess kinetic
energy at small scales or the lack of kinetic energy buildup at
larger scales. Finally, a global measure of simulation accuracy is
proposed based on the homogeneous nature of the turbulence.

I. I NTRODUCTION

As a benchmarking application for SPH, two-dimensional,
isotropic, homogeneous turbulence has a number of advantages
and one rather large disadvantage. Thanks to the chaotic and
highly non-linear nature of turbulence, it is a challenging
simulation for any numerical method and for SPH in particular.
SPH can be sensitive to particle disorder, something which
turbulence is excellent at producing. The method also tends
to suffer from excess numerical dissipation, which could
disrupt the link that exists in 2D turbulence between the small
dissipative scales and the large scale energetic motions ofthe
fluid.

At the same time, while the turbulence is difficult to
simulate, it provides many interesting avenues to probe what is
happening in the simulation. For continually forced turbulence,
where the particle dynamics are homogeneous and isotropic,
spatial and temporal averages, autocorrelations and othersta-
tistical tools can be used and compared with the significant
numerical, theoretical and experimental work on the subject of
turbulence. But perhaps the most dominant form of analysis
used in this subject would have to be the use of the Fourier
transform to separate and compare the large range of turbulent
length scales. This too is only useful for spatial homogeneous

flows, and could provide new insights into SPH simulations.
The chief disadvantage of simulating turbulence is of course

the large number of particles needed to fully resolve the wide
range of important length scales. This is mitigated somewhat
by only considering 2D turbulence but is still a problem given
that the forcing scale has to be well removed from the domain
size and the smallest dissipative scale, and that the ratio
between the forcing and smallest length scales is proportional
to Re−0.5 . For this paper we have usedRe ≈ 1400 and
integrated over a time period of 50 secs, which has required
the calculation of 250,000 timesteps using 300x300 particles.

But, thanks to the rapid rise in the use of computer
clusters and multiple CPU desktop computers, a parallel
SPH implementation can overcome these difficulties. Standard
quasi-compressible SPH is a local method and is easily and
efficiently partitioned among multiple processors. Once the
parallel code is written, it scales up extremely well to an
arbitrary number of processors, limited only by the number
of CPUs that are available.

There have been a number of SPH turbulence models pro-
posed in the literature, based on versions of existing turbulence
models (e.g. Monaghan [1], Violeau [2]). Examples of Direct
Numerical Simulations (DNS), where the full range of scales
is modelled, are fewer. Mansour [3] has recently completed a
PhD thesis on SPH turbulence, both modelled using theα-SPH
model and DNS. Our work attempts to investigate questions
raised by this work, as well as extending it to wall-bounded
turbulence.

II. SPH METHOD

This work uses the standard quasi-compressible SPH
method outlined in the 2005 review paper by Monaghan [4].
The viscosity term is calculated using the Monaghan [5] form,
which is based on the dissipative terms used in Riemann
Solvers and conserves linear and angular momentum. The
density for each particle is found by integrating the continuity
equation.

The particle’s position and velocity are integrated using
the Verlet second order method. In order to preserve the
reversibility of the simulation (in the absence of viscosity),
dρ/dt is calculated using the particle’s position and velocity
at the end, rather than the middle, of the timestep.



3rd ERCOFTAC SPHERIC workshop on SPH applications
June,4th - 6th 2008, Lausanne, Switzerland

The no-slip boundaries are modeled using four layers of
immovable SPH particles. These boundary particles are iden-
tical to the other fluid particles in every way except that their
positions are constant.

The initial results use the Cubic Spline kernel. The kernel
smoothing length is constant in time and space, and the ratio
of smoothing length to particle spacing is 1.95.

III. S IMULATION DESCRIPTION

The domain consists of a square box with no-slip boundaries
and sides of lengthW = 2.

The forcing term used to generate the turbulence was chosen
to match that used by Clercx [6]. The divergence-free forcing
term is added to the momentum equation for each particle.

Du

Dt
= −∇P

ρ
+ ν∇2

u + F (1)
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wherek = (kx, ky), kx = 1, 2, 3, . . ., ky = 1, 2, 3, . . . is an
integer wavenumber vector,ck is the magnitude of the complex
mode amplitudeak andθk is the phase ofak. The wavelength
of each mode isλ = (W

kx
, W

ky
). The forcing is only applied over

a narrow range of modes|k| ∈ [7, 9]. The complex amplitude
of each modeak = ckeiθk is random in time, using a random
walk first proposed by Lilly [7].

ak = A
√

1 − σ2eiπg + σak (3)

where A = 6 and g is a random variable taken from a
Gaussian distribution with zero mean and a standard deviation
of one.

The correlation coefficientσ is calculated from the timestep
size∆t and the amplitude decay time,τ = 0.01683.

σ =
1 − ∆t/2τ

1 + ∆t/2τ
(4)

IV. T WO-DIMENSIONAL TURBULENCE

One of the primary properties of 2D turbulence is the fact
that energy is transferred to longer wavelengths over time.
This is typically called theinverse energy cascade. It means
that in bounded domains where a turbulent velocity field is
allowed to freely evolve, the average size of the eddies will
continue to grow until only one or two are left that fill the
domain [8], [9]. In a square domain with no-slip walls and
steadily forced turbulence, it has been observed experimentally
[10] and numerically [6] that the flow quickly organises into
a single large vortex structure that fills the domain. The
structure persists for long periods of time, but does undergo
sudden destruction and subsequent reformation into another
large vortex, often with an opposite rotation to the original.

While energy is continually (except during the destruction
of the large vortex structure) transferred to larger lengthscales,
the opposite is true for the vorticity. At larger scales, where
the action of viscosity is negligible, vorticity is materially

Fig. 1. Kraichnan’s predicted kinetic energy spectrum for 2D turbulence
in an infinite domain. For the case of bounded 2D turbulence, the energy is
expected to build up in the longest wavelength

conserved and is teased out into smaller and smaller filaments
by the flow. Once the vorticity gradients are great enough,
viscosity takes over and diffuses the vorticity. This process is
called theenstrophy cascade.

For an infinite domain, where the turbulence is continually
forced at modek = kf , Kraichnan [11] predicted the well
known scaling laws for the inverse energy and enstrophy
cascades. Fork > kf (the enstrophy cascade), the kinetic
energy scales ask−3. For k < kf , the kinetic energy scales
ask−5/3.

V. I NITIAL RESULTS

The SPH simulation was setup with 300x300 particles and
a kinematic viscosity ofν = 0.0003. The forcing term param-
eters wereA = 6 and τ = 0.01683. The Reynolds number
was calculated using the half width of the box (W/2 = 1) and
the RMS velocity. Once the simulation was statistically steady,
the RMS velocity wasvrms = 0.42 and henceRe ≈ 1394.
This means that the ratio between the size of the large, energy
containing eddiesl and the smallest vorticity filamentη is
l/η ≈

√
Re = 37. Using the forcing length scale as the

large scale gives a smallest scale ofW/296. This is, however,
the worst case scenario. Given that kinetic energy should be
transfered to longer scales as the simulation progresses, the
length scales above the forcing scale should contain most of
the energy, which would increase the size of the calculated
dissipation scale and decrease the required resolution.

Fig. 2 shows a number of snapshots from the simulation
with the particles coloured by vorticity. Initially all theeddies
have sizes comparable to the forcing term length scale, and as
the simulation progresses these eddies do grow significantly
in size. However, some process stops the creation of the large,
single vortex reported by [6] and [10], and the average size of
the eddies stops well below the length scale of the box.

The RMS velocity of the SPH simulation is also far below
what is expected for these parameters. The pseudo-spectral
simulation performed by Clercx [6] uses exactly the same

2
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(a) Time = 0.6 (b) Time = 16 (c) Time = 32 (d) Time = 47 (e) Time = 62

Fig. 2. Simulation results using Cubic Spline kernel. Particles coloured by vorticity

forcing term parameters as this simulation, and Clercx reports
an RMS velocity of 1.5. This means that Clercx’s simulations
gives a total kinetic energy nine times greater than the SPH
simulation.

In order to examine the kinetic energy scaling, a 2D
Fourier transform was applied to the particle’s kinetic energy,
following the method of Mansour [3]. This is done by taking
the usual form of the Fourier transform and simply replacing
the integral with an SPH sum over all the particles so that

X(k) =

∫

∞

−∞

x(r)e−iπk·r
dr, (5)

becomes

X(k) =

N
∑

b=1

xbe
−iπk·rb

mb

ρb
. (6)

whererb, mb andρb are the position, mass and density of
particle b and xb is the variable that is being transformed to
the Fourier domain. Mansour tested the accuracy of this SPH
Fourier transform using a number of test spectrums and density
profiles and found that accurate results were obtained up to
wavenumberkc = 21

50
N , whereN is the number of particles

along that dimension. All the spectrums shown in this paper
stop atkc.

In order to reduce the influence of the walls on the result, the
particle’s kinetic energyEb was reduced by the mean kinetic
energy, and a Hann window was applied to the results.

xb = 0.5(1 − cos(π(|rb| + 1)))(Eb −
∑

a Ea

N
) (7)

Finally, the 2D spectrum is collapsed to 1D by averaging
over the angles in wavenumber space. The resultant spectrum
is shown in Fig. 3. Also shown are two reference lines for the
inverse energy cascade (k−3) and enstrophy cascade (k−5/3)
scaling. Note that since we don’t have an infinite domain, it
isn’t expected that the kinetic energy follow thek−3. Rather,
energy should build up in the longest wavelength. For the case
of this SPH simulation, however, this does not happen. While
the kinetic energy roughly follows thek−3 scaling abovẽk =
1, there is no buildup of energy in the smallest wave number.

In the length scales smaller than the forcing scalek̃ > 1,
the kinetic energy spectrum follows the enstrophy cascade
well until k̃ ≈ 4 (this corresponds to a length scale of about
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Fig. 3. Kinetic Energy Spectrum using the Cubic Spline kernel
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Fig. 4. Viscous Power Spectrum using the Cubic Spline kernel

10 particle spacings). After this point the spectrum levelsoff
and then begins to climb. According to Kraichnan’s theory
and many subsequent numerical experiments (e.g. Clercx [6]),
the spectrum should follow thek−3 scaling until viscosity
becomes dominant and the kinetic energy drops to zero.

It is this excess energy in the scales below 10 particle
spacings that is thought to be the primary source of the excess
dissipation in the simulation. Fig. 4 shows the spectrum of
the viscous powerPv(k). This is calculated by first finding
the viscous powerpv = fv · u for each particle, wherefv
is the viscous force applied to the particle andu is it’s
velocity. Then an SPH Fourier transform is applied in the
same manner described previously for the kinetic energy. As
can be seen from Fig. 4, the viscous power rises rapidly once
k̃ > 4, due to the fact that the Fourier transform of the
viscous power is proportional tok2 times the kinetic energy
Pv(k) ∝ k2E(k). The end result is that the excess energy in

3
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Fig. 5. Average number density of particles at a distancer̃ = r/h away
from any particle, using the Cubic Spline

the smaller wavelengths causes the viscous term to remove a
significant proportion of the total energy at those wavelengths.

VI. ELIMINATING PARTICLE CLUMPING FOR THE CUBIC

SPLINE KERNEL

One of the sources of this excess energy has been found
to be the well-known SPH tensile instability. A typical
characteristic of this instability is the particle’s tendency to
clump together, effectively reducing the simulation resolution
and causing the particles to become more disordered. The
homogeneous nature of the turbulence simulation means that
all particles a reasonable distance away from the walls will
become equally disordered, which allows for the use of
statistical averages in the analysis of this instability. We can
calculate a radial particle density function that is valid at all
interior points in the domain. This function,pρ(r), gives the
average particle number density at a distancer away from
any particle. It is calculated by randomly selecting 10,000
neighbouring particle pairs from the domain that are at least
0.25 units away from the wall. A histogram is taken of the
distances between these pairs, which is then converted to a
particle number density function by dividing by the area of
each radial bin and the total number of particle pairs. The
result is shown in Fig. 5.

A clear peak can be seen atr̃ ≈ 1. This is also the value of
the smoothing lengthh. There is also a minimum at̃r ≈ 0.5,
which roughly corresponds to the initial particle spacing.To
compare, a particle distribution that was evenly spaced would
have a clear peak at the particle spacing. Instead, the peak that
can be seen atr = h means that the particles tend to form
groups of particles a distance ofh apart.

Subsequent simulations varying the value ofh (but keeping
the particle spacing constant) show that the peak inpρ(r)
follows the value ofh. For the Cubic Spline kernel,r = h
is the location of the spline point, which is also half the total
radius of the kernel. However, a new kernel, the Modified
Cubic Spline, can be defined so that the spline point is located
at r = α, while keeping the radius of the kernel at2h
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P
ar

tic
le

N
u

m
b

er
D

en
si

ty

Fig. 6. Average number density of particles at a distancer̃ = r/h away
from any particle, using the Modified Cubic Spline

Fig. 7. Typical particle distributions using the Cubic Spline kernel (left) and
the Modified Cubic Spline kernel (right)

W (q) = β











(2 − q)3 − 4

α2 (α − q)3 if 0 ≤ q < α

(2 − q)3 if α ≤ q < 2

0 otherwise

(8)

Whereβ = 10/(h2π(32+4α3)) in 2D. Price [12] developed
a similar kernel with an arbitrary order and two spline points.

Further tests using this kernel and varyingα revealed that
the peak inpρ(r) followed the placement of the spine point
α. This means that the tendency of particles to clump together
is directly related to a property of the kernel. In the case of
the Cubic Spline kernel, the location of the spline point. Using
this information, it is easy to see that the location of the spline
point must be set to the initial particle spacing in order to
minimise particle clumping. The result is shown in Fig. 6 and
7, which show the radial particle density function when using
α = ∆p (where∆p is the initial particle spacing) and a typical
distribution of particles with bothα = h andα = ∆p.

From this point on, the Modified Cubic Spline will refer to
the above kernel withα = ∆p.

VII. U SING THE WENDLAND KERNEL

While the modification of the spline point location elimi-
nates particle clumping, other beneficial aspects of the Cubic
Spline are reduced as a result. The Fourier transform of
the Modified Cubic Spline falls off more slowly than the
typical Cubic Spline, which has been shown to reduce the
simulation accuracy [13]. For this reason we have also tested
the Wendland kernel [14], which has been previously shown
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to reduce the SPH tensile instability [15]. In 2D, the fourth
order Wendland Kernel has the form

W (q) = β

{

(2 − q)4(1 + 2q) if 0 ≤ q < 2

0 otherwise
(9)

Whereβ = 7/(64h2π) in 2D. This kernel’s Fourier trans-
form falls off at a rate between the classical and Modified
Cubic Spline (see Fig. 8). Most importantly, there is little
or no clumping of particles when using this kernel with the
turbulence simulations (the typical particle distribution looks
identical to the distribution for the Modified Cubic Spline
shown in Fig. 6 and 7). Forced turbulence simulations using
both the Wendland and Modified Cubic Spline kernels show
that while both kernels have similar anti-clumping properties,
the Wendland kernel produces more accurate results (i.e. is
more successful at reducing the excess numerical dissipation).

The use of this kernel in the forced turbulence simulation
reduces the excess numerical dissipation significantly. Itdoes
not, however, solve the problem completely. Fig. 9 shows
the kinetic energy spectrum when using the Wendland kernel.
While the energy in the modes with̃k > 10 is greatly reduced,
at wavenumbers smaller than this there is little change. The
spectrum still shows the deviation fromk−3 at k̃ = 4 (or
10 particle spacings). Interestingly, the deviation from the
enstrophy cascade scaling is even more sharply defined. This
is more obvious when looking at the viscous power spectrum
(Fig. 10), indicating that the effect of the noise could be
restricted to a well-defined subset of modes.

As before, there is still no buildup of energy at the largest
wavelength and no formation of the single large vortex re-
ported by Clercx [6]. The kinetic energy spectrum in Fig. 9
shows a slight increase in kinetic energy at smaller wavenum-
bers when using the Wendland kernel. This is also shown in
the simulation snapshots of Fig. 11, which show an increase
in the average size of the vorticity structures.

In his paper, Clercx recorded the evolution of the normalised
total angular momentum̃L(t) = L(t)/Lu(t), where Lu(t)
is the total angular momentum of a similar area of fluid
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Fig. 9. Kinetic energy spectrum using the Wendland kernel
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Fig. 10. Viscous power spectrum using the Wendland kernel

undergoing solid body rotation with an equal total kinetic
energy. When the single vortex was formed,L̃(t) ≈ ±0.5.
Typically the vortex would take 5-10 seconds to form or
reform. Fig. 12 shows a plot of the total normalised angular
momentum for the SPH simulation over 60 seconds. As can
be seen,|L̃| does not rise above0.1.

VIII. E FFECTIVE V ISCOSITY AS A MEASURE OF

ACCURACY

The homogeneous nature of the turbulence in these sim-
ulations also allows us to propose a measure of simulation
accuracy that is spatially and time independent. We start with
the usual Navier-Stokes momentum equation with an additive
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(a) Time = 0.6 (b) Time = 16 (c) Time = 32 (d) Time = 47 (e) Time = 62

Fig. 11. Simulation results using Wendland kernel. Particles coloured by vorticity

forcing termF

Du

Dt
= −∇P

ρ
− ν∇× ω + F (10)

Taking the dot product of both sides with the velocityu

gives a rate of change of kinetic energy on the left hand
side and terms corresponding to the pressure, viscous and
forcing term power on the right. The flow is assumed to be
incompressible, so∇ · u = 0.

D

Dt

[

1

2
u

2

]

= −∇·
[

Pu

ρ

]

−ν
[

ω2 + ∇ · (ω × u)
]

+F·u (11)

We then take the spatial average〈.〉 of this equation. Assum-
ing that the turbulence in the box is spatially homogeneous,
all the divergences will integrate to zero. Of course, this will
not be true near the boundaries, but should be valid over the
majority of the domain.

d

dt

[

1

2
〈u2〉

]

= −ν〈ω2〉 + 〈F · u〉 (12)

For the SPH simulation, if the force on each particlef is
divided into viscousfv, pressurefp and forcing termsfF, then
the SPH equivalent to (11) for any particle will be

f · u = fp · u + fv · u + fF · u (13)

Making the same assumptions and spatial averages as the
continuum case we end up with the SPH equivalent to (12)

〈f · u〉 = −νeff 〈ω2〉 + 〈fF · u〉 (14)

The spatial averages in this equation are easily calculated
and the Effective Viscosity for the simulationνeff can be
found. Table I shows values for the spatial averages and
νeff/ν (where ν is the actual viscosity given to the SPH
simulation) for the forced turbulence simulation using the
classic Cubic Spline kernel, the Modified Cubic Spline, the
Wendland kernel with no-slip walls (for the square box) and
the Wendland kernel using periodic boundary conditions (i.e.
no walls). The results are taken from the simulation while it
is statistically steady (t > 20) and they are given asmean ±
standard deviation over the time period20 < t < 50.

The Effective Viscosity calculated in this way is simply
a comparison between the SPH simulation and the expected

continuum case. Given the velocity, vorticity and forcing terms
reported by the SPH simulation, the Effective Viscosity is the
viscosity expected in the continuum. It does not say anything
about the source of the difference between the viscosity given
to the SPH simulationν and the Effective Viscosityνeff .

We can, however, rule out some options. The no-slip walls,
even though they violate the assumption of homogeneity, do
not seem to alter the results significantly from the periodic
boundary conditions. The Effective Viscosity calculated using
the Wendland kernel and no-slip boundaries (1.6 ± 0.042)
is very close to the Effective Viscosty calculated using this
kernel and the periodic boundary conditions (1.5 ± 0.194).
Also, (12) makes the assumption that〈∇ ·

[

Pu
ρ

]

〉 = 0. The

SPH equivalent to this term,〈fp ·u〉, is also recorded in Table
I. Given that the mean is very close to zero and the standard
deviation is at least an order of magnitude less than then next
smallest term (〈f · u〉) for all simulations, this assumption
seems to be valid for the SPH simulation and the pressure
term does not seem todirectly cause the increased Effective
Viscosity.

So the difference between the actual viscosity given to the
simulation and the Effective Viscosity seems to be attributed
to the SPH viscous term. It is important to note, however, that
this does not mean thatν∇2

u is being calculated incorrectly.
Another option is that existing errors in the velocity field are
contributing to the problem.

IX. CONCLUSION

Given the fact that the SPH simulation cannot recreate the
large scale dynamics of the turbulence, the current resultsare
far from acceptable. Even worse, the excess kinetic energy at
wavelengths below 10 particle spacings would complicate the
development of any SPH turbulence model. Most turbulence
models work by introducing a dissipation term to ”mop up”
any energy below the resolution limit of the simulation. If the
SPH method itself is causing excess dissipation at wavelengths
up to 10 particle spacings, any model would most likely be
overshadowed by this noise.

Further investigation will concentrate on finding the cause
of this excess small scale noise and the lack of kinetic energy
buildup at the largest scale. The ability of the Wendland kernel
to eliminate particle clumping will also be examined. The
Cubic Spline kernel and the higher order spline kernels have
long been popular in the SPH community, but the advantages
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TABLE I

EFFECTIVE V ISCOSITY AND ACCOMPANYING SPATIAL AVERAGES USING THECUBIC SPLINE, MODIFIED CUBIC SPLINE, WENDLAND KERNEL WITH

NO-SLIP BOUNDARY CONDITIONS AND THEWENDLAND KERNEL WITH PERIODIC BOUNDARY CONDITIONS

Simulation νeff/ν 〈f · u〉 6 fF · u〉 〈ω2〉 〈fp · u〉

Cubic Spline 3.4 ± 0.105 0.0074 ± 0.1088 0.1802 ± 0.1085 169.6 ± 15.58 −7.467 × 10
−5 ± 0.00345

Modified Cubic Spline 2.57 ± 0.088 0.0172 ± 0.0988 0.1717 ± 0.09899 200.34 ± 12.89 5.88 × 10
−6 ± 0.0043

Wendland (no-slip boundaries) 1.6 ± 0.042 0.0155 ± 0.1052 0.1849 ± 0.1067 211.9 ± 14.49 −1.35 × 10
−4 ± 0.0033

Wendland (periodic boundaries) 1.5 ± 0.194 0.03399 ± 0.1028 0.1918 ± 0.1015 209.7 ± 11.08 1.16 × 10−4 ± 0.01997

of the Wendland kernel shows that there is still much to
discover about the effect of the kernel properties on the
simulation.
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