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Abstract

We prove a generalisation of the Grothendieck-Riemann-Roch theorem, which is
valid for any proper and flat morphism between noetherian and separated schemes of

odd characteristic. !
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1 Introduction

The aim of this text is to prove a generalisation of the Grothendieck-Riemann-Roch (GRR)
formula, which is valid for any proper and flat morphism of noetherian schemes. There is

some speculation about such a generalisation in [3, §2 & §6.4].
We first recall a version of the GRR formula.

Write K°(W) for the Grothendieck group of vector bundles (= coherent locally free sheaf)
on a scheme W. The tensor product ® endows this group with a canonical structure of
commutative rings. There is also a ring endomorphism ¢? : KO(W) — K°(W) (called the
2nd Adams operation), which sends a vector bundle H to the element Sym?(H) — A%(H)
(see [7, 1, §6]).

Let S be a quasi-compact scheme, which carries an ample line bundle. Let f : Y — S be
a perfect and proper morphism. The morphism f then sends perfect complexes to strictly
perfect complexes since S carries an ample line bundle. Hence one may define a morphism
of groups R*f, : K°(Y) — K°(S), which sends a vector bundle V' to the class of the strictly
perfect complex R* f,.(V') in K°(S).

For any vector bundle H, write ©*(H) := @, A'(H). If R is a commutative ring, 7" is a
R-algebra and M is a R-module, write My := M Qg T.

The GRR formula is then equivalent to the conjunction of the following statements.

(1) For any vector bundle H on a scheme W, which carries an ample line bundle, the element
©%(H) is invertible in K°(W)g.

(2) If f is a Koszul-regular closed immersion, then for any vector bundle on Y we have
PR £ (V) = RO (O%(N)) @ (V)
in KY(S)q. Here N; is the conormal bundle of f.

(3) If f is smooth and projective then for any vector bundle on Y we have
VIR LU(V)) = R [(O%(Q)) @ v*(V)) (1)
in KO(S)Q

We note for future reference that in (1), we may have assumed without restriction of gen-
erality that the sheaves R’f,(V) are locally free, because any vector bundle on Y admits a

resolution by vector bundles with this property.

We refer to [3, VIII] and [7, V, §7] for details (see also Proposition 7.1 below). The equal-

ities (2) and (3) can be joined to give a Riemann-Roch formula for any f which admits a
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factorisation into a Koszul-regular closed immersion followed by a smooth and projective
morphism (or in other words, for any f which is projective and Ici). This version of the GRR
formula is often called the Adams-Riemann-Roch (ARR) theorem for the Adams operation
P2,

Our aim is to formulate a generalisation of (3), which will work without assumption of
smoothness or projectivity for f but only retains the assumption of flatness and of proper-
ness. Note that one expects a priori that any generalisation of (3) to the proper and flat
case must be formulated using the Grothendieck group of coherent sheaves rather than the
Grothendieck group of locally free coherent sheaves, because the sheaves of differentials of
non smooth morphism are not be perfect complexes in general. One can also seek to gener-
alise (2) but this would presumably require techniques different from the ones that will be

employed in this article.

We shall now formulate the generalisation of (3), which is the main result of this article.

We first need to introduce a few notions and some terminology.

If W is a scheme, we shall write Ky(W) for the Grothendieck group of coherent sheaves
on W. The group Ko(W) is a K°(W)-module via the tensor product of coherent sheaves
by locally free sheaves. We let rK°(W) be the quotient of K°(TW) by the annihilator of
Ko(Y). The group Ko(W) then obtains a rK°(WW)-module structure. Note also that the
natural map K°(W) — Ky(WW) factors through rK°(W), so we can speak of the image
of an element of rK°(W) in Ko(W). Similarly, we will write rK°(W)q for the quotient of
K°(W)g by the annihilator of Ko(WW)g. Note that there is a natural map of Q-vector spaces
(rtK°(W))g — rK°(W)g but it is not clear that this map is an isomorphism in general.

Suppose from now on that f is flat and proper (no other assumptions). We shall also
suppose that S is a separated noetherian scheme and that 2 is invertible on S (it will
become apparent below why this is necessary). We do not assume that S carries an ample

line bundle anymore.

Let A CY xgY be the relative diagonal of Y — §. Let Ia € Oy .y be the sheaf of ideals
of A.

Let 7 : X — Y xg Y be the blow-up of Y xg Y along A and let ¢ : E — A be the
corresponding exceptional divisor. Let N /% be the conormal bundle of E in X. Let
cm(f) = cm(Y — S) > 0 be the minimal natural number A such that Rm,.(O(—FE)®") =0
for all @ > 0 and such that the natural morphism of sheaves Iy — m,(O(—FE)®") is an iso-
morphism for all » > \. This exists by [29, Cohomology of Schemes, Lemmas 14.2 and 14.3].
Note that if Y is smooth over S then cm(f) = 0. Note also that the invariant cm(Y — S)

makes sense for any scheme Y, which is separated and of finite type over S. The integer



cm(f) is bounded by the Castelnuovo-Mumford regularity of the Rees Algebra @>ol%. See

section 5 below.

Write s(l, j) for the Stirling numbers of the first kind and Ej for the j-th Euler number. By

definition

Ht—=1)..(t—=1+1)=) s(l,j)t
J
(where it is understood that t(t —1)---(t —k+1) =1 if £ = 0) and

2 =t
=Y B—.
et +1 ]ZO i

Note that for j > 1 we have

E; = 2(=1) (2" — 1)¢o(—j) = 2(~=1)7 (2" — 1)L
)= 21T = 1)Go(—) = 212 — D
where the B;; are Bernoulli numbers and (g(-) is the Riemann zéta function (see [34, chap.

V).

We will show below that for any line bundle £ on a noetherian scheme W, the element £—1
is nilpotent in rK°(W)g (in fact even in rK°(1W)) and we shall write do(L) for the smallest
natural number n such that (£ — 1)) = 0 in rK°(W)g. This simple fact is what will

allow us to circumvent the projectivity hypothesis on f. Now let
do(f) = 0o(Np, %)

and for any 0, A > 0 let

k A—1

GTI(f,5,)) = (_21> SED Y (_i!)(k_isilz’!j )Ig“/fg““JrZ(—1)'612/12“ € Ko(Y)g.

b
j=0 k=0 u=0 k=0

We will show in section 6 below that GTI(f,d,A) is constant in the range d > do(f) and
A > cm(f). We shall write GTI(f) for this constant.

We will show that if Y has an ample line bundle and is of finite dimension, then §o(f) < dim(E)

(see Lemma 2.2 (c) (3)). In particular, we then have
do(f) < max{dim(Y;)|s € S} + dim(Y)

(use eg [18, 4.3.12] and [19, Th. 15.17]) and if S is the spectrum of a field and Y is integral
and projective over S, we even have dp(f) < 2dim(Y) — 1.



Theorem 1.1. Suppose that V is a vector bundle on'Y and that R'f.(V') is locally free for
all i > 0. Then the equality

Y (FDSym(RUL(V) = A2(RUL(V)] = R*L(GTI(f) @ (Sym*(V) = A*(V))) (2)

i

holds in Ko(S)g.

We will show in Corollary 2.5 below that for any vector bundle V' on a noetherian scheme

W with an ample family of line bundles, we have

Z E; Z Z ) Sym*(V) (3)

k=0 u=0
in K°(W)q for any & such that (O(1) — 1)®¢+1) = 0 in K°(P)qg. Here P := Proj(Sym*(V))
and O(1) is the tautological line bundle on P. The proof of this purely combinatorial state-

ment is surprisingly difficult and requires some tools from analytic number theory. As a
consequence of (3), we see that formula (2) naturally reduces to formula (1) when f is
smooth and projective (but even then, the two formulae do not have the same range, in

particular because we work with coherent and not locally free sheaves).

Corollary 1.2. Suppose that S is the spectrum of a field and that'Y is integral and projective
over S. Let V' be a vector bundle on'Y .

(a) If dim(Y) < 1 we have
(=D)*x(Y,V)

>

Lo ¢ (C1) S I @ (Sym?(V) — A2(0):

3
= x(v, [fﬁ/&“ 1
0

B
Il

(b) if dim(Y") < 2 we have

(—1)*x(Y, V)
15 )\ 1+)\ 1 1+ 2+)\ 5 24X 3+)\ 1 3+ 44+ )\)\71 k 1k k+1
= x(v, [16 IN/IA 16I /Ix 1 — IR 16[A JIN + (1) (=1)"Ix/IA }

e
Il

® (Sym*(V) — A*(V)));

(c) if dim(Y") < 3 we have

(=1)*x(Y, V)
63 57 21 11 7
— X(Y [64 IA/II+)\ o [1+)\/]2+>\ 3 ]i+>\/l3+)\ 3 I3+)\/I4+/\ o ]i+)\/-[2+)\
1 A—
_ 64]5+/\/16+>\ A Z IA/IkH (SymZ(V) _ A2(V)))
k=0
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for all A > cm(f).

Here x(Y, ) takes the Euler characteristic of a coherent sheaf.

Remark 1.3. We note the following conceptual consequence of Theorem 1.1. The correction
factor GTI(f) depends only on the thickening of order cm(f)+ do(f) of the relative diagonal
of Y — S (this thickening is the algebra of differential operators of order cm(f) + do(f) of
Y — S;see [9,IV.4, 16.7]). As we have seen, the invariant do(f) is usually easy to estimate
but by contrast cm( f) depends on the singularities of the fibres of the morphism f and is in
general difficult to compute (although it is in principle effectively computable in any given
case). One expects cm(f) to be large if the fibres of Y are ’very’ singular. In particular,
one expects a Riemann-Roch theorem for a variety with ’complicated’ singularities to have

a correction factor which depends on a big infinitesimal neighbourhood of the diagonal.

Remark 1.4. It is instructive to carry out the comparison between formula (b) in Corollary
1.2 and the output of the classical Riemann-Roch theorem for smooth projective surfaces
(to convince the reader that formula (b) really does generalise that theorem to the singular

setting. .. ).

So suppose for the time of the present paragraph that Y is a smooth projective surface.
Let D be a divisor on Y. Then formula (b) applied to V' = O(D) and V = Oy separately

implies that we have

x(Y;O(D) = Oy)

_ Do Mg 5 gm2a) — Lsym? @2 _
= x(v, (16OY 169Y + 16Sym (Qy) 16SYm (Qv)) @ (O(D) Oy)).

Now for any divisors H and J on Y, write (H, J) for the intersection number of H and J.

From the definition of this pairing (see [10, V.1]), we see that we have
X(Y; (O(H) = Oy) ® (O(J) = Oy)) = (H, J).
We will also use the fact that for any two vector bundles Vi and V5 on Y, we have
X(Y, (Vi =V2) ® (O(H) = O(J)) = 0

if rk(V7) = rk(V3) and det(V;) ~ det(V%). This follows from the fact that the Chern character
of (Vi—Va)®(O(H)—O(J)) in the (Chow) intersection ring of Y vanishes in this situation.

Now using the splitting principle and the theorem on symmetric functions, we may compute



that

11
_OY - EQY + —Sym (Qy) — —Sym (€y)
1
= Z — g(Qy — 20}/) — E(det(Qy) — QY + Oy)

1 1 1
+ g((det(Qy) —Qy + Oy) & (Qy — 2(93/)) + 1—6(Qy — 2(9y)®2 — 1—6(Qy — 20y)®3

in K°(Y)g (this follows from the polynomial identity

15 11 5 o1
16 16( +y)+16(:v +ay +y°) 16(37 + 2y +yir +y°)
1 1 1
= Z—§($+y—2)—1—6(1’—1)(y—1)
1 1 1
+ g((w—1)(@/—1)($+y—2))+ﬁ(w+y—2)2—E(:Hy—?)?’ )-

and thus, using the just mentioned computational rules, we have

(.000)-0r)
— (Y. (50 — 58 + TpSy(Ry) — 1oSvn’(Qy)) © (O(D)* - Oy)
- x(Y,<i—§<Qy—2oy>>®<@<D> —oy>>>:§x<Y,0<D>®2—oy>

- éX(K [QY — 20y + det(Qy) — Qy + Oy] ® (O(D)®? — Oy)))

= X(Y,0(D) = Oy) = x(Y, (det(y) — O) @ (O(D)* = Oy )
= (D, D)+ (Y, 0(D) = (¥, Oy) - £{K,2D)
= 5(D.D)~ S(K.D)

where K is a divisor representing the line bundle det(€2y). This is the classical Riemann-
Roch formula for surfaces [10, V.1, Th. 1.6].

We shall now consider some examples. Remember the running assumptions on Y — S: the
morphism Y — S is flat and proper, S is separated and noetherian, and 2 is invertible on S.

The properties of Y — S considered in the examples are all in addition to these properties.

Example 1.5. When f is smooth then cm(f) = 0 and we have

5 5k hug k:j)
ZEJZZ o Sm(V)

7=0 k=0 u=

GTI(f

l\.’)lr—\



for any § > do(f). Note however that in this situation, the element ©2({2;) is not necessarily
invertible in K°(Y")g and GTI(f) cannot a priori be compared with ©%(€2;) (an ample family

of line bundles is needed for this).

Example 1.6. We will show in Proposition 7.4 below that if S is an integral Cohen-
Macaulay scheme whose regular locus contains an open set and whose local rings have
infinite residue fields and if Y — S has geometrically integral Cohen-Macaulay fibres with
at most hypersurface singularities (see before 7.4 for the definition), then cm(f) = 0. In

addition, we will show that in the situation of the last sentence, we have
IR/IXT =~ Sym" ()

although €2; might not be locally free. These conditions are met in particular in the situation
where S is an integral Cohen-Macaulay scheme whose local rings have infinite residue fields
and Y can be embedded locally on Y (as a S-scheme) as a Cartier divisor into a smooth
scheme over S. If there is a (global) embedding of Y as a Cartier divisor into a smooth
scheme over S, then the GRR theorem for lci morphisms can be applied, and again one can
show that Theorem 1.1 reduces to GRR in that case, although the argument for showing
this is quite indirect (see Proposition 7.1 below). See [28] for an example of a scheme, which
satisfies the just described conditions but does not afford a global embedding into a smooth

scheme.

Example 1.7. At the other end of the spectrum, one might consider finite, flat and purely
inseparable morphisms. Here is a simple example. Suppose that Y is a smooth curve over a
noetherian separated scheme 7. Suppose that 7" is a scheme of characteristic p > 0, where p
is an odd prime. Let Fy 7 :Y — Y ®) be the relative Frobenius morphism and set f := Fy;s
and S := Y® . The ideal I, is then nilpotent, E is empty and f is finite (and flat). Suppose
for simplicity that V' = Oy. Theorem 1.1 then states that

>

-1

Sym*(f.(Oy)) = A*(fu(Oy)) = > (=1)"f(I3/IX)

0

in Ko(S)g if A > cm(f). From the definitions, we see that the integer cm(f) is the smallest

>
Il

natural number A such that IA = 0. It is shown in [23, §2] that cm(f) = p and that
IR/IXT =~ QP We thus have an equality
p—1
Sym?(£.(Oy)) = A(fo(Oy)) = > (=1)*£.(Q7)
k=0

in Ko(S)g. On the other hand, the morphism f is lci because it is a T-morphism between

two smooth schemes over T. The Adams-Riemann-Roch for the operation ? thus applies
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and gives the identity

Sym®(f«(Oy)) = A(f.(Oy)) = f(f* (1 + Qsyr) © (1 + Qyyr) ™) = (1 +Q97) © (1 + Qyyr) ™)

in K°(S)g (in fact the equality holds in K°(S)[35]). Now, since Qy,r is a line bundle, we

have
p—1

(L+ 90 ® (L+Qyyr) ™ =) (-1,
k=0
so Theorem 1.1 gives the same formula as ARR in this situation (but Theorem 1.1 only
provides an identity in the Grothendieck group of coherent sheaves). We will see that the
proof of Theorem 1.1 is completely elementary in this situation, because it does not involve
any blow-up construction and only relies on the nilpotence of Io and its equivariance under
the natural involution of X xg X. It is curious that this elementary argument was never
discovered before. The argument above can be generalised to higher relative dimension (over

T). We leave the details as an exercise for the interested reader.

Example 1.8. Here is a numerical example in a situation where cm(f) # 0 and f is
not finite or lci. We consider the plane projective curve Y over S = Spec(F5) defined
by the equations zx,23. This is a non-reduced curve whose underlying reduced scheme
is a copy of the projective line. It carries a ”thickening” of order 3 of the origin and it
is not lci (this can be shown directly but it also follows from the numerical calculations
below together with Proposition 7.4). In this case, the blow-up morphism of the diagonal
of Y Xg Y is finite over Y xg Y and we thus have dy(f) < 1. We would like to compute
x(Y,GTI(f,1,\)) for A > 0. For this it is sufficient to be able to compute the quantity
XY %Y, Oyyoy/IR) for 1 <n < A+ 2 (by the formula in Corollary 1.2 (a), which is valid
because do(f) < 1). We made use of the computer package Magma (see [20]) to do this for
small values of n. This computer package has a routine, which computes the dimension of
the cohomology groups of the structure sheaf of a projective scheme over a field described by
homogenous equations; the underlying algorithm is based on the Beilinson-Gelfand-Gelfand
combinatorial description of the derived category of projective space (see [2]). We first embed
P?% x g P% into P§ via the Segre embedding and we find explicit homogenous equations in P¥
for the diagonal of P% xgP% and for Y xgY C P% xgP% . We can then work entirely in P¥

and we can use the command CohomologyDimension of Magma to compute that
XY xsY,Oyyyy/Ix) =3,5,7,7,5,0,—-7,—16, —27, —40

for n running from 1 to 10 (the computation took about two hours on the computer main-

frame of the Oxford Mathematical Institute). From this, we can compute

5 5 11

Y, GTI(f,1 =—2,-,=,—
X( 7G (f7 7)\)) 72727 47

= - 3,3,3,3
47 g}
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for A running from 0 to 8. So x(Y,GTI(f,1,A)) has the value x(Y,Oy) = 3 required by
Corollary 1.2 (a) for 5 < A < 8. This suggests (but does not prove) that ecm(f) < 8 in the
present situation. In particular, it suggests that x (Y, GTI(f,1,A)) = x(Y, GTI(f)) = 3 for
all A > 5.

Example 1.9. Theorem 1.1 implies that the Euler characteristic of certain linear combi-
nations of the sheaves Iy /Ixt" are divisible by certain integers. Eg when Y is integral of

dimension < 2 and S is a field, Corollary 1.2 implies that
L5X (Y, IR IN™) = V(Y TN IR + 5x (Y IR IR = x (VIS IR (4)

is divisible by 16 if A > em(f). In particular, this gives an obstruction for cm(f) to vanish
in that situation. Similar divisibility properties can be worked out in any dimension. It
would be interesting to have a general formula. Note that a direct proof of the fact that (4)
is divisible by 16 when Y is a smooth surface over S (so that I /Ix"" ~ Sym”({y)) involves

long winded computations with symmetric functions.

Outline of the proof. Our method of proof is based on a fundamental remark of Nori,
who noticed in [21] that the Adams-Riemann-Roch for a smooth variety over a field can
be understood as a special case of the geometric fixed point formula of Atiyah-Bott. More
precisely, he showed that the Adams-Riemann-Roch theorem (for ¢?) for a smooth and
projective variety Y over a field of odd characteristic can be obtained by applying the fixed
point formula of Atiyah-Bott to the involution of Y xg Y, which swaps the factors. We
generalise this method to the singular and relative setting, using instead a more general
fixed point formula proven by Thomason. We show that the local term of Thomason’s fixed
point formula for a diagonalisable group of order 2 can be explicitly computed by blowing-up
the fixed point set and analysing the asymptotic behaviour of the local terms associated with
increasing powers of the ideal of the exceptional divisor. As mentioned above, an essential
point here is that the action of a line bundle minus the unit on the Grothendieck group of
coherent sheaves of a noetherian scheme is nilpotent. This is easy to prove but it allows us
to forego any projectivity assumptions. Once the local term of a sufficiently high power n of
the ideal of the exceptional divisor is computed, we can push back down to Y xgY. The size
of n is controlled by the Castelnuovo-Mumford regularity of the Rees algebra of the ideal of
the diagonal on Y X¢ Y and this leads to the integer cm(f), which is in essence a measure
of the singularity of the fibres of ¥ — S. Note that our computations are greatly simplified
by the fact that the group action is of order 2. It is presumably also possible to provide
explicit formulae for the local term of group actions of higher order but for that one would

probably have to consider several successive blow-ups (about this, see [0, p. 278]), leading

10



to combinatorial problems that do not arise for group actions of order 2. The restriction to
odd characteristic in Theorem 1.1 comes from the fact that to apply Thomason’s formula,
one needs to know that the group Z/2Z is diagonalisable, and this fails in characteristic
2. It seems unlikely that a singular generalisation of the GRR exists, which is sufficiently
explicit and avoids any restriction on the characteristic. For explanations about this, see

remark 1.14 below.

Structure of the article. The structure of the article is a follows. In section 2, we prove
equation (3). This does not involve the fixed point formula and involves a limiting process
and some complex analysis. In section 3, we review Thomason’s fixed point formula and we
give an explicit formula for the local term, by blowing-up the fixed point scheme. In section
4, we provide a different computation of the local term, in the situation where the scheme
under scrutiny can be equivariantly embedded by a closed immersion of finite tor-dimension
into a scheme, whose fixed point scheme is regularly embedded. This was in essence already
done by Thomason in [31, Th. 3.5] but his result is not general enough for our purposes. The
results of this section are used in section 7 to show that the ARR formula and the formula
of Theorem 1.1 coincide when the morphism is lci. In section 5, we review the definition
of the Castelnuovo-Mumford regularity of a graded ring and we collect some results on the
Castelnuovo-Mumford regularity of Rees algebras, which are available in the literature. The
computation of the Castelnuovo-Mumford regularity of a Rees algebra is a problem studied
by several people since the late 1970s, in particular Vasconcelos and his school. In section
6, we prove Theorem 1.1 by applying the results of section 3 to the involution of Y xg Y
swapping the factors. In section 7, we consider Theorem 1.1 in the situation where ¥ — §'is
Ici, and also in the situation where the fibres of Y — S have Cohen-Macaulay hypersurface
singularities and are geometrically integral. In the latter situation, Theorem 1.1 formally
looks very much like the ARR theorem in the smooth case. The crucial point here is that
the diagonal immersion of a geometrically integral scheme of finite type over a field with
Cohen-Macaulay hypersurface singularities is an almost complete intersection in the sense
of [12], and the sheaf of ideals of the diagonal is then locally generated by a d-sequence
in the sense of Huneke (see [13]); this allows us to show that cm(f) = 0 using the results

collected in section 5.

Remark 1.10. Note that there is already a singular form of the GRR theorem in the
literature, namely the singular Riemann-Roch theorem of Baum-Fulton-MacPherson (see [!]
- note that this article only treats varieties over fields, but the method could presumably be
generalised). This theorem is formulated in terms of Chow homology but it could presumably
be translated into a formula involving only Euler characteristics. The conceptual difference
between the theorem of Baum-Fulton-MacPherson and Theorem 1.1 is that the right-hand

11



side of the formula proven by these authors is computed using immersions into smooth
schemes, whereas in Theorem 1.1 the right-hand side is computed directly on Y. There is
a similar state of affairs in the theory of Grothendieck duality. The dualising complex of a
projective scheme can be computed using an ambient projective space (as in [10, II1.7]) or it
can be described intrinsically using residual complexes (see [ 1], or [11, I1.7, Th. 7.14.2] for
the case of curves). In this sense, Theorem 1.1 provides the analogue for the Riemann-Roch
theorem of the intrinsic description of the dualising complex in Grothendieck duality. Note
that we also provide in section 4 a computation of the right-hand side of the Riemann-Roch

formula in the situation where an embedding into a smooth scheme is available.

Remark 1.11. The attentive reader might have noticed that we have outlined two different
proofs of the equivalence between the ARR formula and the formula of Theorem 1.1. The
first one, given in section 2, does not involve any reference to the fixed point formula, and
works only when ¥ — S is smooth. The second one, given in section 7, works for all lci
morphisms. However, this second proof relies on the unicity of the local term of the fixed
point formula, which implies that the local terms computed in section 4 and in section 3
coincide when Y — S is lci. It is desirable to find a way to compare the two formulae
directly when Y — S is lci, without resorting to this unicity. In other words, one would
like to have a direct combinatorial proof of the equivalence of the formulae. The results of
[26, Th. 6.3 and Prop. 10.3] should be relevant here but we don’t how to apply them. A
related question is: is there a simple upper bound for cm(Y — S) when Y — S is 1ci? Also,
is it true that, when Y is lci over S, the ideal of the diagonal can be locally generated by
a sequence of regular type r (in the sense of [33, before Th. 1.3]) for some r? Note that in
section 7 we answer all these questions in the situation where Y — S factors locally through

a smooth scheme as a Cartier divisor (but our answer does not rely on [20]).

Remark 1.12. Suppose S is a field. It would be interesting to compute cm(Y — S) in
terms of the structure of the singular points of Y when Y has isolated singularities. Can any

bounds for cm(Y — S) be given for certain classes of singularities (eg rational singularities)?

Remark 1.13. Each Adams operation * (k > 2) has an associated Adams-Riemann-
Roch theorem (see [7, V.7]). These Riemann-Roch theorems are all equivalent to the GRR
formula, at least if one works with coefficients in Q. So at first sight it does not seem very
interesting to model a singular generalisation of the GRR formula on Adams operations 1)*
for natural numbers £ > 2. However, by doing so, one could presumably avoid the restriction
to odd characteristic (excluding the characteristics prime to k instead). To carry this out,
one would probably have to consider the fixed point formula for cyclic permutations of the
k-fold product Y xgY Xg -+ Xg Y (this is done in [21] in the smooth case and when S is

12



the spectrum of field). As explained above, this would lead to combinatorial problems that

we can forego in the case % = 2.

Remark 1.14. If one wanted to drop the restriction on the characteristic, one would have
to consider the derived functors (in the sense of Quillen) of the non additive functor Sym?*(-).
One can forego having to consider these derived functors when one deals only with locally
free sheaves (because the higher derived functors of Sym? of a free module vanish). This
is why no restriction on the characteristic is made in the classical ARR theorem, where
all the sheaves in sight are locally free, including in the cotangent complex, which can be
locally represented by a complex of locally free sheaves when the morphism is lci. When
one considers non lci morphisms, coherent sheaves appear and without any restriction on
the characteristic, consideration of the derived functors of Sym?(-) is inevitable. It would be
interesting to see such calculations (which would in particular involve revisiting Thomason’s
fixed point formula) but the resulting formula would likely be very complicated. About the
ARR theorem and the derived functors of Sym?(-), see also [16].

2 Comparison between old and new

The aim of this section is mainly to prove equality (3).
We need a few preliminary results. We will use the terminology described in the introduction.

We define

(0 = 3 2D B D g g

where by convention z(z —1)---(z —k+1)=1if k = 0. If R is a Q-algebra and n € R is

a nilpotent element, then the expression

r(x—1)---(x—k+1) ,
ppELa ).

K
defines a polynomial with coefficients in R and we shall write TT(x,n) € R[z] for this

polynomial.

We record the following elementary lemma, which will be used a number of times.
Lemma 2.1. Let H be a vector space over an infinite field K. Let by, ...,b; € H. Suppose
that 22:0 t'b; = 0 for infinitely many t € K. Then by =b; = --- = b, = 0.

Proof. (of Lemma 2.1). Let {hc}cep be a basis of H. Write b; = > .5
tion, we have Zlizo bit' = 0 for all ¢ € B and infinitely many ¢ € K. Since K is an infinite
field, we thus have b, = 0 for all c € B. Hence by =b; =--- =0, =0. [

bich.. By construc-
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For the definition of a family of ample line bundles, which is used in the next lemma, see
(8, 12.2.3]. We recall that if a scheme is noetherian, separated, and quasi-projective over an
affine scheme, then it carries a family of ample line bundles. Also, a separated, noetherian

and regular scheme carries an ample family of line bundles.

If V' is a vector bundle, we shall write rk(V') for its rank.

Lemma 2.2. (a) Suppose that R is a Q-algebra and that r —1 € R is nilpotent. Then the
wdentity
r® =TT (n,r — 1)

holds in R for all n > 0 and we have
5 5k .
(=) "s(k,5)
1= Y (Y S

in R for any § > 0 such that (r —1)°*1 =0 in R.

(b) Let R be a commutative ring and let r € R. Let ro > 1. Suppose that v — ro is
nilpotent. Then r is invertible in R[%]

(c) Let W be a scheme. Let V' be a vector bundle on W.
(1) Suppose that W is noetherian. Then tk(V') — V is nilpotent in tK°(W).

(2) Suppose that W is noetherian and carries an ample family of line bundles. Then
rk(V') =V is nilpotent in K°(W). In particular, there is an isomorphism of rings
K°(W) /nilradical(K°(W)) ~ Z.

(3) If W is noetherian, has an ample line bundle and dim(W) < oo then we have
(rk(V) — V)edmW)+) — 0 jn KO(W).

Proof. (a) We compute

= (11 (r — 1)) = (Z)(r—nk:Z"(”‘”"éf”"““)(r—nk
k=0 k ’

_ Zn(n_l)“];(n_k—i_l)(r—l)k—TT(n,r—l)

5 ) 1 ' .y 5 ok (—1)k’“8(/€,j) ol
TT(x,r—1):Z[ZES(/%J)(T—D =3 [> D Wk — )] e’

j=0 k=0 =0 k=0 u=0

14



which establishes (a).
(b) We have the identities

and setting = = r we get (b).

(c) (1) By noetherian induction. We may thus assume that the claim holds for any proper
closed subscheme of W instead of W. Let 5 : U — W be an open subset such that
Vg ~ (’)gark(v). Let ¢ : Z — W be the complement of U (viewed as a reduced closed
subscheme). If Z = (), there is nothing to prove so we may assume that Z # (). Recall that

there is an exact sequence
Ko(Z2) ' Ko(W) 5 Ko(U) = 0
(see [25, Prop. 3.2]). Here i, sends a coherent sheaf on Z to its direct image on W and j*

sends a coherent sheaf on W to its restriction to U.

Let y € Ko(W). By construction, we have j*((V —rk(V)) ® y) = 0 and hence
(V =1k(V)) @y = i(y1)
for some y; € Ko(Z). So if n > 0 we have
(V —1k(V)" @y = i(V]z = tk(V)*"V @ y1) (5)

by the projection formula. By the inductive hypothesis, there is an ng > 1, which is
independent of y; and which is such that (V]z — rk(V))®™ ® y; = 0. We conclude from (5)
that (V — rk(V))"* @ y = 0. Since y € Ko(W) was arbitrary, we see that V — rk(V) is
nilpotent in rK°(W).

(c) (2) For this, see [31, Lemme 1.6, proof].
(c) (3) For this, see [8, VI, Prop. 6.1]. O
Equality (3) will now be deduced from the following proposition.

If H is a complex vector space, we shall say that a topology on H is a vector space topology
if it is induced by a norm (note that every complex vector space can be endowed with a

norm, so this always exists).

Proposition 2.3. Let T be a C-algebra such that T # 0. Suppose that the natural homo-
morphism of C-algebras C — T /nilradical(T) is surjective (and hence bijective).

15



Let ¢(t) =S, hat* € T[[t] ( resp. () = Y. gxt* € T[[t]]). Suppose that there is a
polynomial
x) = Zdjmj € T[x]

( resp. |
Q) = 3 ey € T0a))
such that hy = P(k) (resp. gr = Q(k)). Then

(a) For any y € C such that |y| < 1 and any vector space topology on T, the series ¢(y) :=
> huy® (resp. ¥(y) =32, gky™) (resp. (&) (y) = 324 (3,srmy hsgr)y™ ) converges and

we have
(@-¥)(y) = o) - (y). (6)

and

lim ¢y Z E;d;. (7)

(b) Let X be a noetherian scheme with an ample famzly of line bundles. Let V' be a vector
bundle on X.

(1) There is a polynomial Py(x) € K°(X)glz] such that Py (k) = Sym*(V) in K°(X)g
for all k > 0.

(2) For any vector space topology on K°(X)c we have

m KO(X)(C

Note that by Lemma 2.1, the polynomials P(x) and Q(z) are the unique polynomials such
that hy = P(k) and g = Q(k) for all k£ > 0.

Proof. Write p : T" — C for the homomorphism of C-algebras, which is the quotient
map 7' — T'/nilradical(T) composed with the inverse of the isomorphism of C-algebras
C — T/nilradical(T).

(a) Let Ty € T be the C-subalgebra generated by all the d; and all the e;. We contend
that Ty is a finite dimensional vector space. For this, note that for each j, there exists by
construction r; > 1 such that (d; — p(d;)) = (e; — p(g;))" = 0. Hence T is spanned as

C-vector space by a finite number of monomials in the d; and e;.
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Now equip Ty with a vector space norm, which makes 7 into a Banach algebra. This can be
achieved as follows. Consider T} as a subalgebra of its algebra of linear operators End¢(7p)
by sending an element e € Tj to the operator () ® e. If we choose an arbitrary vector space
norm on 7, we have a corresponding operator norm on End(7p). The norm on Ty, which is
inherited from such an operator norm then makes Tj into a Banach algebra. Note that the

topology of T; does not depend on the norm, since Ty is finite-dimensional.

Let Ty C Ty[[t] be the vector subspace of power series >, cxt® such that the sum >, cxy*
converges absolutely in Tj (for the Banach algebra norm) for all 4 € C in the open unit disk.
A straightforward generalisation of Mertens’s theorem for Cauchy products of absolutely
convergent series implies that the subspace ¥ is a subring of Ty[[t]]. Mertens’s theorem also

implies the following. For any y € C in the open unit disk, let
EVy : ‘ZO — Ty

be the map defined by the formula Ev, (3", cxt*) = 3, cxy*. Then Ev,, is a homomorphism
of C-algebras.

We will now make use of the following facts from complex analysis.

For any 7 > 0 we have an identity of power series

d... t .
t—1%7 =y Kt
FiMGeribdY
where [t%]@ is the operator t% composed j-times with itself (this can be proved by induction

on j). Here by convention we have k7 = 0 if kK = j = 0. Since the Taylor series of /(1 — t)
has radius convergence 1 around 0, we conclude from this that ¢(t),1(t) € Tp. In view of

the multiplicativity of Ev,(-), this already proves equation (6).

Now we also have

d... t . .
(131 ()= = Lia(—)
where (1)
) -1
Li_i(z) = Z ok
k>1
is an instance of a polylogarithmic function and also of a Lerch zéta function (see [35, chap.

XIII]). In particular, we have

1)+t
SV

Lii(=j) = Gu(=7)(2" = 1) = (8)
and so Li_;(—j) = % if 7 > 0 (recall that E; = 0 if j is odd and > 0).
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Hence we may compute
Ev,(o(t) = > hiy* = Z Zd " = dy + Zd t— B )|t:y
k

for any y € C in the open unit disk. Usmg (8), we may then calculate

1
lim Ev,(¢(t)) = 5 Z E;d;
J

y——1*
establishing equation (7).
We now establish (b) (1). Let 7 : P := Proj(©;Sym*(V)) — X. Let O(1) be the canonical

line bundle on P (corresponding to the trivial line bundle of weight one on the graded
sheaf of algebras @;Sym"(V)). Recall that we have Sym*(V) = 7,(O(k)) = R*m.(O(k)).
Note also that P also carries a family of ample line bundles, because O(1) is relatively
ample (see [32, 2.12 (f)]). Hence, by Lemma 2.2 (a) and (c) (2), there is a polynomial
P@( (x) = Z a;z? € K°(P)glz] such that for all n > 0 we have Ppy(n) = O(n) in
K°(P)g. Hence we have
R°m.(O(n)) = > R°m,(a;)n’ = Sym™(V)
J
in KO (X)Q
We now turn to (b) (2). Note first that by Lemma 2.2 (c) (2), the nilradical of K°(X) is

the kernel of the rank function. In particular, we have an exact sequence
0 — nilradical(K°(X))c — K°(X)c — C — 0.

A simple calculation shows that nilradical(K°(X))¢ C nilradical(K°(X)¢). Since C is a
field, this implies that nilradical( K°(X))c = nilradical(K°(X)c) and so we may apply (a)
and set T := K°(X)c. Let now Sym, (V) := ", Sym*(V)t* and A,(V) := >, A¥(V)t*. Note
that Ay(V) is polynomial in t. By standard properties of symmetric and exterior powers,
we have
Sym, (V)A_(V) =1

and in particular

Sym, (V) = (A—(V))™"
in K°(X)gl[t]. Applying (a), we compute

tim  (Sym,, (V)A-,(V))) = ( Tim Sym, (V))( lim A_,(V))

y—>— y——11 -1+t
= ( lim Sym, (V))(1+V+A2(V)+---+Afk<v V) =1
Yy—

in T = K°X)c, which establishes (b) (2). [
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Remark 2.4. In the situation of Proposition 2.3 (b), suppose that V' is a line bundle
and that X is noetherian and has an ample line bundle. There is then a Chern character
homomorphism ch : K°(X)g — GrK°(X)g, where GrK?(X)q is the graded ring associated
with the v-filtration on K°(X) (we refer to [, Exp. V & VIII] for details). The map ch(-)
is an isomorphism and has the same formal properties as the Chern character with values in
the Chow intersection ring (which is only defined under more restrictive conditions on X).
Now let Py (x) =: >, a2’ € K°(X)g. We may compute

kel .
ch(VE*) = ch(Sym*(V)) =~ —-chy (V)
— J:
J
In particular, we have ch(a;) = %Chl(V)j. Hence
eh((1+V)) = (1401 = 25~ Biop vy = 1S~ Ban(ay)
- S 24! ! S 2T

and since the Chern character K°(X)g — GrK°(X)g is an isomorphism, we get
_ 1
(1+V) 1 = §ZEjCLj
J

which in combination with (a) proves the formula in (b) (2) (under the just described
supplementary assumptions). It seems difficult to generalise this method proof to the case
where rk(V') > 1 however, because there are no explicit formulae for the Chern character of

symmetric powers.

The next corollary contains in particular a proof of equality (3).

Corollary 2.5. Let X be a noetherian scheme which carries an ample family of line bundles.
Let V' be a vector bundle. Let w: P := Proj(®, Sym"(V)) — X. Let O(1) be the canonical
line bundle on P (corresponding to the trivial line bundle of weight one on the graded sheaf
of algebras @@, Sym”*(V))). Then we have the equality

Rem ((L+0(1)7) =e*(V)™ (9)

in K°(X)q. Furthermore, we have

5 5k ug(k i
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Proof. The argument for proving (9) already appears in the proof of Proposition 2.3 (b).
Let

Poay(z) = Zdjxj € K°(P)glx]
J
be a polynomial such that O(n) = Poy(n) in K°(P)g for all n > 0. Then we have
Sym™(V) = R'm.(O(n) = > (R*m.(d;))n’
J

in K°(X)g. On the other hand, by Proposition 2.3 (a) & (b), we have
1 _
3 Y Eid;=(1+0(1)"
J

in K°(P)g and
3> B () = @) (1)

in K°(X)g. This proves equality (9). For equality (10), note that by Lemma 2.2, we have

I bug(k i ‘
Pou(e) =2 [2.2 ( ul!)(/{: - ilzlj)(o(“”“’”j'

Hence

by (11). O

Remark 2.6. The first part of Corollary 2.5 looks like a consequence of the Grothendieck-
Riemann-Roch theorem (for the morphism 7). We were not able to deduce Corollary 2.5

from this theorem however. We propose this to the reader as a challenge.

3 The geometric fixed point formula for an involution

In this section, we review Thomason’s geometric fixed point formula and we compute its
local term in the situation where the group action is of order 2. For more details, see
Thomason’s articles [31] and [30].

Let S be a scheme. Let X/S be a S-scheme. Let G be a flat group scheme over S.

Suppose that X is endowed with a G-action over S. We shall call such a S-scheme an
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equivariant S-scheme. We shall write Ko(X,G) (resp. K°(X,G)) for the Grothendieck
group of the abelian category of G-equivariant coherent sheaves (resp. the additive category
of G-equivariant locally free coherent sheaves) on X. As usual, the tensor product endows
K°(X, @) with a natural structure of commutative ring. There is a natural ”forgetful” map
of groups K°(X,G) — Ko(X,G), which sends a G-equivariant locally free coherent sheaf
on its class in Ky(X,G). Furthermore, the tensor product by equivariant coherent locally
free sheaves endows Ko(X, G) with a structure of K°(X, G)-module.

If G is the trivial group scheme, we shall drop the reference to G in the above (so Ky (X, G)
will be written Ky(X) etc.). Note that if X has a trivial G-equivariant structure, then
there is a natural morphism of abelian groups (resp. of rings) Ko(X) — Ko(X,G) (resp.
K°(X) — K°X,G)) which sends a coherent sheaf (resp. a locally free coherent sheaf) to

the corresponding sheaf endowed with its trivial equivariant structure.

Suppose from now on that 2 is invertible on S. Let uy = Z[T]/(T*—1) be the group scheme
of square roots of unity. We set G := s s (so that G ~ (Z/27Z)s).

If the action on X is trivial and F' is an equivariant coherent sheaf on X, we shall write F_ for

the weight one part of F and F; for the weight 0-part (in particular, we have F' = F, @ F_).

If Y is a noetherian G-equivariant S-scheme and f : X — Y is an equivariant and proper
S-morphism then there is a natural morphism R*f, : Ko(X,G) — Ko(Y, G), which sends a
coherent G-equivariant sheaf F' to the element Y, (—1)*R*f.(F) of Ko(Y,G). Here the
functors R*f, are the right derived functors of the functor f. and the sheaves R¥f,(F) are
endowed with their natural equivariant structure. If f is a finite morphism, we shall often
write f, for R f,.

If f: X — Y is an equivariant S-morphism of equivariant S-schemes, the operation of pull-
back of locally free sheaves induces a natural map of commutative rings f* : K°(Y,G) —
K'(X,G).

If f is of finite tor-dimension, there is a map of groups L*f* : Ko(Y, G) — Ky(X,G) which
sends a coherent G-equivariant sheaf F on'Y to the element Y, ,(—=1)*L* f*(F) of Ko(X, G).
Here the functors L f* are the left derived functors of the functor f* and the sheaves L* f*(F)
are endowed with their natural equivariant structure. The map L* f* : Ko(Y,G) — Ko(X, G)
is naturally compatible with the map f*: K°(Y,G) — K°(X, Q) via the forgetful map.

If f is proper and Y is noetherian, there is a projection formula
Rfi(z @ f*(e)) = Rfu(z) ®e

for any element z € Ko(X, @) and any element e € K°(Y, G).
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We shall write X5 < X for the fixed point scheme of X (when it exists), which is a closed
equivariant subscheme of X. The scheme Xg has a trivial equivariant structure and it
represents the functor on S-schemes T + X (7)) where X(T) is the subset of X (T),
which is fixed under the action of G(T). In our situation, X¢ exists if X is separated over
S and it is then given by the intersection between the diagonal of X x ¢ X and the graph of
the automorphism of X induced by 1 € Z/27Z.

We shall write R(G) := Z|Z/2Z] ~ Z[z]/(x? — 1) for the group algebra of Z/27Z. There is
a unique morphism of rings R(G) — Q, which sends x to —1, and we shall often view Q
as a R(G)-algebra via this morphism. The ring K°(S,G) also has a natural R(G)-algebra
structure, which arises from the morphism of rings R(G) — K°(X, ) which sends x to
the structure sheaf Og endowed with a weight one equivariant structure. Via the natural
pull-back maps K°(S,G) — K°(X,G), this endows K°(X, ) with a natural structure of
R(G)-algebra and Ky(X,G) with a structure of R(G)-module. This structure is compatible
with the push-forward and pull-back maps R*f,, f* and L°®f*.

If £ is an equivariant coherent sheaf on X, we shall write E{1} for the tensor product of
E with the trivial sheaf endowed with its equivariant structure of weight 1. Note that by
construction, we have the equality {1} = —F in the group Ko(X, () ® () Q. If the action
of G on X is trivial and E is an coherent equivariant sheaf on X, we shall write [F], for

the coherent sheaf £ endowed with its trivial equivariant structure.

Suppose for the time of the next paragraph that the action of G on X is trivial. There is
then natural map of Q-vector spaces Tr : Ko(X, G) ®rc) Q = Ko(X)g, which sends £ ® r
to (£, — E_)®r. To check this, we only have to check that this map is R(G)-bilinear. This

follows from the equalities
(E{1})+ —(E{1}))@r=(E- - E.)@r=(—(EL - E_))®@r = (E, —E_)® ().

Note that that the map Tr splits the natural map Ko(X)g — Ko(X,G) @r(e) Q. In partic-
ular, the natural map Ko(X)g — Ko(X,G) ®r) Q is injective. Also, from the definition
we see that Tr(-) is a map of K°(X)g-modules.

Theorem 3.1. Suppose that S is a separated noetherian scheme. Suppose that X is a

G-equivariant S-scheme, which is separated and of finite type over S.

(a) The fived point scheme 1 : X¢ — X ewxists. Write Nx./x for the conormal bundle of
X in X. If every point of Xg has a G-invariant affine open neighbourhood which lies over
an open affine subscheme of S, then Nx,/x = Nx,/x,—-

(b) [Thomason] The map t, ® Idg : Ko(Xg, G) @rc) Q = Ko(X,G) @pe) Q is an isomor-
phism of R(G)-modules.
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The (unique) element e € Ko(X¢g, G) ®g(e) Q such that (v, ® Idg)(e) = 1 will be called the

local term of the equivariant S-scheme X.

Proof. (a) The existence of the fixed point scheme in our situation has already been
discussed. For the second statement, note that by assumption, we may assume that X and
S are affine. So suppose that X = Spec(B) and S = Spec(A). The action of G on X is given
by a Z/27 ring grading B = B, @& B_. The ideal of X is the intersection of the diagonal of
X xg X with the graph of 1 € Z/2Z. The ideal of the diagonal of X xg X = Spec(B ®4 B)
is generated by the elements b ® 1 — 1 ® b, where b € B. This ideal is the kernel of the
morphism V : B ®4 B — B of A-algebras sending b ® ¢ to bc (this morphism corresponds
to the diagonal immersion). Thus the ideal of the graph of 1 € Z/2Z is generated by the

elements

The image of this last ideal under V is the set of element 2b_, with b_ € B_. Since 2 is
a unit, this is exactly the ideal (B_) generated by B_. We thus see that the ideal of X
in X is (B-). In particular, (B_)/(B-)? (which corresponds to Nx,, x) is generated by

homogenous elements of weight one. This proves the claim.

(b) This is a special case of [31, Th. 2.2]. O

Theorem 3.2. Suppose that S is a separated noetherian scheme and that X is a G-
equivariant S-scheme, which is separated and of finite type over S. Suppose that 1 : Xg — X
1s a Cartier divisor in X. Suppose furthermore that every point of Xq has an open affine

G-invariant neighbourhood, which lies over an open affine subscheme of S.

Then Nx./x —1 € tK°(X)q is nilpotent. Furthermore, if we let
> a;27 = TT(x, Nxox — 1) € tK°(X¢)gla]
J
Then we have .
(1. ®1do)[5 ) Eja;] =1 (12)
J
in Ko(X,G) ®r) Q. In other words, the local term of X is %Z] E;a;.

Note that the element % Zj a; E; lives in tK°(Xg)g but we take its image in Ko(Xg, G) Rre) Q
in the last equality.

Proof. (of Theorem 3.2). The fact that Nx,/x —1 € rK°(X)g is nilpotent is a consequence

of Lemma 2.2.
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By Theorem 3.1 (b), there is a unique element e € Ko(X¢,G) @pe) Q such that (1, ®
Idg)(e) = 1. By the projection formula, we have

(tx ® Idg)(e ® O(—nXg)|xy) = O(—nXg)
in Ko(X,G) @ Q. We have
O(—nXe)lxe = (=1)"(O(=Xe)|xc{1})*"
in Ko(X¢, G) ®g(e) Q and thus the adjunction formula implies that we have
(—1)"(ex ®1dg) (e® (O(=X¢)xa{1})7") = (—1)" (1. ®1dg) (e® (Nxg/x {1})®") = O(—nX¢)

in Ko(X,G) @r) Q. Note that by Theorem 3.1 (a), the sheaf Nx, ,x{1} has a trivial

equivariant structure.

On the other hand, we have an exact equivariant sequence

0— O(—nXg) —» Ox — Oym-n — 0
G

where X (Gn_l) is the n — 1-th infinitesimal neighbourhood of X in X. Since the immersion

of X into X is regular, we have an equality

—_

n—1

Oyomn = D (1@ Mg)u(NF5 ) = D (—1)" (1 ® Ldg).(Nxg/x {1))

k=0 0

3

£
I

in Ko(X,G) @r) Q. Thus we have

n—1

1= (.®ldg)(e) = Y (=1)" (e ®1dg) ((Nxg/x {1H) ) +(=1)" (e ®1dg) (e ® (Nxg/x {1})*")

k=0

and thus by Lemma 2.2 we have

1:@*@1(1@)(@):2( 1)% (1, © Idg) Zajk] + (—1)"(1. ® Idg) (e ®Za]n]

i
L

= (e @ 1dg)(a; 3 (~DFR) + (—1) (e © dg)(e @ 3 agn?))

J k=0 J
0 n—1
7=0 k=0
We now use the following formula from [17, p. 2]. This formula states that
n—1 7j—1 .
(= J 1, B 1
- = — En’ =1+ (=1)").
2 : ;lm + 5+ (=)™
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In view of the injectivity of ¢, ® Idg, this formula implies that

7j—1

_ :__Z[ZZ()EWZ b;j(u(—1)n+1)}aj+znj(e®aj)

J

for all n > 0 and hence

—1)”[6—%;@%} :—%;[ ()Emj g gj]aj—l—;nj(e@aj)

Since the left hand side of the last equality takes the same value for infinitely many n, we

7=l

=0

deduce from the Lemma 2.1 that its right hand side vanishes. Hence
1
=52 B
J

whence the Theorem. [

Remark 3.3. We keep the assumptions of Theorem 3.2. Suppose in addition that X carries
an ample family of line bundles. Then it follows from Lemma 2.2 (a) and Proposition 2.3 (a)
& (b) that %Z] Eja; is the image in Ko(X¢, G) ®pre) Q of O*([Nxy/xluiv) ' € K*(Xe)o-

Corollary 3.4. Suppose that S is a separated noetherian scheme and that X s a G-
equivariant S-scheme, which is separated and of finite type over S. Suppose furthermore
that every point of X¢g has an open affine G-invariant neighbourhood, which lies over an
open affine subscheme of S. Let I be the ideal sheaf of X in X. Let v : Xg — X be the

immersion of Xg into X.

Let m: X — X be the blow-up of X along I and let ¢ : E — X be the corresponding

exceptional divisor.

Let N\ > 0 be such that

- for allr > X and a > 0 we have Rm,(O(—E)®") = 0;

- for all r > X\, the morphism of sheaves I" — 7.(O(—E)®") is an isomorphism.

Then for all & > do(Np ) we have

(L* ® IdQ)( (_1> Z Ej Z Z (_Ilj')<k_i55f>7,‘j) [Iu-i-)\/[u-i-l—i-)\]triv (13)
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In other words, the local term of X is given by the formula

>
—

A 0 5§k _1)k-ug .
(_1> ZEJ' ZZ ( ;R(k — Ej{;"]) [Iu+)\/[u+1+/\]triv + 0(_1)k[lk/[k+1]triv-

e
Il

Note that we have R*¢(O(—E)|%") = (I"/I"™1)" (in the derived category) for all r > . To

see this, apply R*m.(-) to the exact sequence

0— O(—(r+1)E) = O(—rE) = O(—E)|%" — 0.

Finally, note that if X is regularly embedded in X, then we may take A = 0.

Proof. The existence of A follows from [29, Cohomology of Schemes, Lemmas 14.2 and
14.3]. By functoriality, the action of G extends to X and E , making 7 and ¢ into equivariant

morphisms.

We claim that every point of )?G has an open affine G-invariant neighbourhood, which lies
over an open affine subscheme of S. From the hypothesies, we see that to prove this we may
assume (for the time of the proof of the claim) that X = Spec(B) and S = Spec(A4). We
saw in the proof of Theorem 3.1 (a) that in this situation we have I = (B_). Now we have
X = Proj(®r=0l*) and X is covered by the open affine subschemes, which are the spectra
of the rings (@kzolk);o), where f € B_. Here (EBkZOIk);O) are the homogenous elements of
degree 0 (for the Z-grading of @;>I*) of the localisation of the ring @g>oI* at f. Now
Spec((Dr>ol* )Sco)) is G-invariant, since f is of of weight one. Hence X has an open covering

by affine G-invariant subschemes and so this proves the claim.

We also claim that E = X¢. Indeed, we have E = Proj(®=ol*/I*) and Proj(®s=ol*/I1F)

is covered locally by the open affine subschemes, which are the spectra of the rings (®g>ol*/1 k“);o),
where f € I/I?. Here, as before, the ring (@kzolk/lk“)}o) consists of the homogenous
elements of degree 0 (for the Z-grading of @®>ol*/I*™) of the localisation of the ring
Grsol* /¥ at f. The elements of degree 0 are all sums of elements of the form g/f*,
where g € I¥/I**!. Such elements have weight (—1)*/(—1)* = 1 according to Theorem 3.1

(a). Hence E is fixed under the action of G. On the other hand, Xg C E since E lies over

Xg, and hence E = )Nfg.

We now apply Theorem 3.2 to X. Let § > do(Np,x) and let

S at! = TT(p(Ny ) = 1.0) € e ()]
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From Lemma 2.2, we have

4 k .
Z Z . N§7X. (14)

u=0
Let e: E — X be the immersion of £ into X.
We deduce from Theorem 3.2 and the adjunction formula that
13
(e, ®1dg) [5 3 Ej(a; © N2\ = O(—E)™ (15)

E/X
j=0

(remember the all sheaves in this equation carry their natural equivariant structure). On

the other hand, we have an equivariant exact sequence
01— O0x - O00-n =0
G

where X (G’\_l) is the infinitesimal neighbourhood of order A — 1 of X4. Thus

>

-1

=1—(t, @) (=1)*[I*/T" ]

e
Il
o

and putting this together with (15) and using the definition of A we have

)

(1 ©109) (R, 1) [ 3 By © [V i)

>
—

+ (L ®Idg)[) (—1)FI*/T" ] = 1

=
Il

from which (13) follows. O

Remark 3.5. Keep the assumptions of Corollary 3.4 and assume that X has an ample
family of line bundles and that X is regularly embedded in X. It then follows from remark
3.3 and Corollary 2.5 that the local term (13) is equal to the image of @2([NXG/X]triV)_1 in
Ko(X,G) ®p) Q.

4 The local term for smoothly embeddable schemes

We keep the notation of the last section. In the present section, we shall compute the local

term in the situation where the equivariant scheme under consideration can be equivariantly
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embedded by a closed immersion of finite tor-dimension into a G-equivariant S-scheme,

whose fixed point scheme is regularly embedded.

Throughout this section, S will be a noetherian and separated scheme (with 2 invertible on
S as before).

Suppose that X and Z are G-equivariant S-scheme which is separated and of finite type
over S. We suppose that the fixed point scheme Z5 of Z is regularly embedded in Z. We
also suppose given a G-equivariant closed immersion a : X — Z, which is of finite tor-
dimension. In other words, the coherent sheaf a,,(Ox) has a finite resolution by locally free

Oz-modules locally on Z.

We let ¢ : X¢ — X (resp. 8 : Zg < Z) be the canonical closed immersion. We let Z be the
blow-up of Z along Z; and let E be the exceptional divisor of Z.

Proposition 4.1. Let § > 0o(Ny,z). Then the local term of X is

IS e (D) s, ) o
2 Ei Y s (oD Tor, (O, 0x) @y, 1Sy (N2l

>0

Here Torlbz((’)zg,@x) ®0y., [Sym"“(Nzg/z)luiv is viewed as a Ox,-module. Note that
TOT%Z(OZG,OX) is a Ox,-module because it is annihilated by the ideal sheaves of Zg
and of X, and hence by the ideal sheaf of Zo N X = X¢.

Proof. Since « is of finite tor-dimension, we have a homomorphism L*a* : Ky(Z,G) —
Ky(X,G). Note also that the local term of Z is given by

5 5k g
% Z E; Z Z (_:')(k — S{;;j) Sym"“([Nzg/zluiv)

by Corollary 3.4. We now compute

(L*a* ® Idg)(1) = 1

s 6 B (L )h—ug(k i
- 53 EYY ( J!)(k_fj;;”(va*®Id@><<5*@m@([Sym%NZG/Z)]m))
1 1 k

=5y S (1) Tord, (v (Vg2 O))

i>0

On the other hand, by [3, VII, Lemme 2.4], we have a functorial isomorphism

Toro, ([Sym"(Nzg/z)luiv, Ox) = Tore, (Ozs, Ox) @o,,, [Sym"(Nzg/z)luiv

and the formula for the local term follows. [
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Corollary 4.2 (see [31, Th. 3.5] and [21]). Suppose in addition that X carries an ample
family of line bundles. Then the local term of X is equal to

(D (=1)'Tory,(Ozs,0x)) ®x¢ O*([Nzez)uivlxs) ™

>0

Here the inverse of ©%([Nz,/z]uiv) is taken in the ring K°(X¢)g.

Proof. This follows from the proposition and Corollary 2.5. [

5 The Castelnuovo-Mumford regularity of Rees alge-

bras

We will now explain the link between the integer A considered in Corollary 3.4 and the
Castelnuovo-Mumford regularity of the Rees algebra of the sheaf of ideals of the fixed point
scheme. The results of this section will be used to show that we can take A = 0 is certain

circumstances and can be skipped by a reader not interested in estimating .

We need some preparation. Let T' = @;>01) be a graded ring. We view T' as a Z-graded
ring. For any a > 0, we shall write 7%, := @®g>,Tx (note that this is a graded ideal). Let
M = ®rez My, be a graded T-module. For any 4, we shall write

Hy, (M) 1= limg, Ext'(T/(To0)", 1)

for the i-th local cohomology group of M with respect to T5¢. This is a T-module and it
inherits a natural Z-grading from 7" and M by functoriality. For any j € Z, we shall write
Hj. (M); for the set of elements of Hf_ (M), which are homogenous of degree j.

Assume now that M is finitely generated and that T generates T as a Ty-algebra. Suppose

also that T} is noetherian.

The Castelnuovo-Mumford regularity (or simply regularity) of M is then the integer
reg(M) := max{i + j | H%>O(M)j #0}.
It can be shown (see [22, Th. 8]) that reg(M) > 0.

We also recall the following geometrical interpretation of local cohomology in this situation.

Let M be the coherent sheaf on Proj(T) associated with M. We then have a canonical

isomorphism of Ty-modules

Hyl (M) ~ H'(Proj(T), M(j))
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for all ¢ > 1 and j € Z, and an exact sequence of Ty-modules

0— H%>O(M)j — M; — H°(Proj(T), M(j)) — Hj

T>o

(M); =0

for all j € Z (see [3, 20.4]).

Now consider the following special case. Let R be a noetherian ring and let J C R be an
ideal. Let Rees(J) := @®p>0J"* be the Rees algebra of J, which we view as a Z-graded ring.
Let

H(J) = inf{h € Z| Hyo( s, (Rees(J))y; = 0 Vi > 0and Vg > h}

Clearly, we have H(J) < reg(Rees(J))+1 and if R is a domain (so that Rees(.J) is also a do-
main) then we even have H(.J) < reg(Rees(.J)) (because then we have Hp, . ;_ (Rees(J)) = 0).

>0

The above definitions tie in with Corollary 3.4 in the following way.

Lemma 5.1. Assumptions as in Corollary 5.4. Suppose that h > SUD,e xg H(Rees(1p,)).
Then

- for allr > h and a > 0 we have Rm,(O(—E)®") = 0;

- for all r > h, the morphism of sheaves I" — m,(O(—FE)®") is an isomorphism.

In particular, any A > sup,.y. H(Rees(lp,)) satisfies the condition required by Corollary
3.4.

Proof. The proof immediately follows from the definition of the blow-up and from the

discussion above. [

We shall now collect a few results from commutative algebra.

We recall the notion of d-sequence (see [13]). Ideals generated by d-sequences will turn out to

have Rees algebras with vanishing Castelnuovo-Mumford regularity in certain circumstances.

See below.
Let R be a commutative ring. A sequence x1,...,x, € R is said to be a d-sequence if
(a) foralli =1,...,n we have x; & (1, ..., Ti_1,Tit1, .-, Tn);

(b)ifi=1,...,nand k € {i,...,n}, then the image of x; in R/((xg,...,x;—1) : (zx)) is not

a zero divisor.

Here we set o := 0. Condition (b) can also be written as
((3707 ce axi—l) : (xkxl)) = (('IOv s axi—l) : (93'].3))
Note that if x,...,x, is a R-regular sequence, then it is a d-sequence in R.
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Write [ := (z1,...,x,). We say that the sequence z1,...,z, € R is a Cohen-Macaulay d-
sequence (see [11, Def. before Th. 2.3)) if the rings R/((zo, ..., x;) : I) and R/(((zo,...,2;) : I)+ 1)

are Cohen-Macaulay rings for all e =0,...,n — 1.

The following lemma (which is probably well-known, but for which we could find no proof

in the literature) is needed in the proof of the subsequent proposition.

Lemma 5.2. Let T be a Cohen-Macaulay local noetherian ring with maximal ideal my. Let
J C T be an ideal. Let j := grade(J) and let ¢ = dimy/w, (J/mpJ). Then j < ¢ and there

exists a set of generators ty,...,t. of J such that ti,...,t; is a T-reqular sequence.

Recall that grade(J) = grade,(J) = depthy(J,T) is the length of a regular T-sequence of

maximal length contained in J.

Proof. * By induction on grade(J). If grade(J) = 0 there is nothing to prove. So suppose
that grade(J) > 0. Let {p;} be the set of associated primes of the the 0-ideal in T". We have
J & p; for all ¢ since J contains a non zero divisor by assumption. We also have J € mpJ,

for otherwise J = 0 by Nakayama’s lemma. Hence, by prime avoidance, we have
J L (Uip;) Umr .

Hence there exists t; € J, such that t; ¢ (U;p;) UmypJ. In particular ¢; is not a zero
divisor and ¢; (modmyJ) # 0. Now consider the ideal J' := J/(t;) in T" := T/(t1). We
have grades(J') < gradep(J), for otherwise the element ¢; together with a lifting to 7'
of a regular sequence of maximal length in J' would give a regular sequence of length
> grade(J) in J. Thus, by induction, there is a minimal set of generators t,...,t. of J'
such that t},...,t;y41 is a regular T'/(t;)-sequence, where j' = grade;.(J'). Let tq,... %,
be liftings of t,...,t. to J. The sequence ty,...,t. is by construction a minimal set
of generators of J and the sequence ty,...,t;41 is a regular T-sequence. Furthermore,
height((t1,...,t41)) < j'+ 1 by Krull’s principal ideal theorem and since ¢;,...,t;41 is a
T-regular sequence, we have height((t1,...,%511)) > j'+1 (see [19, before Th.16.9]) and thus
height((¢1,...,t5+1)) = 7' + 1. Now by construction .J is contained in the union of associated
prime ideals of (¢1,...,t;4+1). Also, since T' is Cohen-Macaulay, [5, Cor. 18.14] implies that
the associated prime ideals of (1, ...,t;11) are all minimal prime ideals of (¢1,...,¢;4+1) and
thus by prime avoidance J is contained in a minimal prime ideal of (¢;,...,¢;41). Hence
height(J) = ' + 1 and by [19, Th. 17.4] we have grade(J) = j = j' + 1. Hence t1,...,t. is

the required minimal set of generators of J. [

2T am grateful to the anonymous user ‘metalspringpro’ on the website math stackoverflow for a comment

which suggested this proof.
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Proposition 5.3 (Huneke). Let T' be a noetherian local Cohen-Macaulay ring with maximal

ideal mp and let p € Spec(T') be a prime ideal of T. Suppose that

dimy /m, (p/mrp) < height(p) + 1.

Suppose also that the ring T, is reqular. Then p is generated by a d-sequence.

This is [15, Intro. (5)] and it is also a special case of [1, Prop. 2.4 (1)], although neither
references provide an explicit proof. We include a proof for the sake of completeness and to

show d-sequences at work.

Proof. (of Proposition 5.3). Let n := height(p). Note that we have n = grade(p) because
T is Cohen-Macaulay (see [19, Th. 17.4] ). Let ¢ := dimyp/m, (p/mrp). Let ¢1,...,t. be a
minimal set of generators of p such that ¢,..., ¢, is a T-regular sequence of maximal length
in p (this exists by the previous lemma). By assumption, we have n > ¢ — 1. If n = ¢ then
p is generated by a regular T-sequence, and hence by a d-sequence, so there is nothing to

prove. So we suppose that n = ¢ — 1. We will show that

((t1, ... tn) : (te) = ((t1, ... 1) = (£2)

thus showing that tq,...,%. is a d-sequence and proving the proposition.

Note first that p is a minimal prime of (¢4, ...,t,) because height((¢1,...,%,)) = n (for this
last equality see [19, Th. 17.4]). Note also that the associated primes of (¢1,...,t,) are all

minimal because 1" is Cohen-Macaulay (for this see [5, Cor. 18.4]).

Now let qq,...,q; be a minimal primary decomposition of (t1,...,t,). We may suppose
that radical(q;) = p by the above. We have t, ¢ radical(q;) for ¢ > 1 (and hence t? ¢
radical(q;)) for otherwise p C radical(q;) and then p = radical(q;) = radical(q;) (because
the associated primes of (¢, ...,t,) are all minimal), which would contradict the minimality

of the decomposition.

We also claim that q; = p. To see this, note that since q; is p-primary and 7' is noetherian,
the ring 7'/q; has only one associated prime ideal, namely the ideal p/q;. Also, note that
the image of ¢1,...,t, in T, is a regular system of parameters of 7 since T, is regular
and of dimension n. In particular, g1, = (t1,...,%,), is the maximal ideal p, of T,. Now
the localisation of T'/q; at p/q; is the ring 7,/q;1,, and by the above this is a field and in
particular a regular ring. We conclude from [5, Exercise 11.10, p. 270] that 7"/q; is reduced,
in other words that q; = radical(q;) = p.

We may now compute
((t1, - otn) 1 (8e) = Nilai = (2e) = (a1 (E) N (Nis1ge) = (P2 (£) N (Ni>19:) = TN (Ni>19:)
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and

((tr oo tn) £ (62)) = il = (£2)) = (a0 = (€)M (Nisas) = (0 = ()N (Niz10:) = TN (Niz1)
proving the proposition. [
We now come to the relationship between d-sequences and the Rees algebra.

Theorem 5.4. Suppose that T is a local noetherian ring with infinite residue field and
mazimal ideal mrp. Let I C T be an ideal in T. Suppose that I can be generated by a

d-sequence. Then:
(a)[Herzog-Simis-Vasconcelos, Kiihl, Ng6| We have reg(Rees(I)) = 0.

(b)[Huneke] The natural surjection of T-algebras @p>oSym*(I) — Rees(p) is an isomor-
phism.

(c)[Huneke| If I can be generated by a Cohen-Macaulay d-sequence then the natural surjec-
tion of T-algebras Syp=oSym*(1/1%) = ®p=ol*/I* is an isomorphism.

(d)[Huneke| In the situation of Proposition 5.3, the ideal p is generated by a Cohen-Macaulay
d-sequence iff T /p is a Cohen-Macaulay ring.

Proof. See [33, Cor. 1.2] for (a) (and for more references - this is a deep result). See
[15, Th. 3.1] for (b). See [11, Theorem C] for (c) and [11, Prop. 2.4] for (d). [

We now have

Proposition 5.5. Assumptions as in Corollary 3.4. Suppose also that X is integral and
that X¢q is a disjoint union of integral schemes. Suppose that X is reqular at the generic
points of the irreducible components of Xq. Suppose furthermore that for each x € Xg, the
local ring Ox , of x in X is Cohen-Macaulay with infinite residue field. Finally, suppose the
for any v € X¢, the Ox ,-module (Nx,/x)ox., can be generated by height(I - Ox,) + 1 (or

less) elements.
Then the conclusion of Corollary 5.4 holds for A = 0.
Furthermore, if X¢ is also Cohen-Macaulay, we have I"/I*T! ~ Sym"(1/I?) for all u > 0.

Note the following. Let C' be an irreducible component of X4 and let 7o be its generic
point. Then height( - Ox ;) is constant on C', with value dim(Ox ) = codim(C, X).

Proof. Nakayama’s lemma implies that I - Ox, can be generated by height(/ - Ox,) + 1
elements. Hence the conclusion of the proposition follows from Proposition 5.3 and Theorem
5.4 (), (¢), (d). O
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Example 5.6. Here is a simple example. Suppose that S is the spectrum of an infinite
perfect field and that Y is a geometrically integral plane projective curve. Then (y/g is
generated locally by two elements, since we have an epimorphism of sheaves Qp2/5|Y — Qy/g.
Now set X :=Y xgY and let G act on X by swapping the factors. Then Y ~ X and so
X is integral and has codimension one in X. Furthermore, Nx,/x ~ €}y, can be locally
generated by cod(Xg, X) + 1 = 2 elements. The local rings of Y are Cohen-Macaulay
with infinite residue fields since Y is Ici over S and so the local rings of X are also Cohen-
Macaulay with infinite residue fields. Furthermore, X is regular at the generic point of Y,
since Y is geometrically integral over S. Hence X satisfies the assumptions of Proposition
5.5. This example will be generalised in Proposition 7.4 below, to whose proof we refer for
more details.

6 The Riemann-Roch theorem

We use the notation of the introduction. We recall some of it for the convenience of the
reader.

Let S be a separated noetherian scheme on which 2 is invertible and let f : Y — S be
a proper and flat scheme over S. Let V be a vector bundle on Y and suppose that the
coherent sheaves R’ f, (V') are all locally free. Let X :=Y xgY and let 7 : X =Y xgY be
the blow-up of Y xgY along the diagonal A of Y xgY. Let ¢ : E— A be the corresponding
exceptional divisor. Let In be the ideal sheaf of A.

Let em(f) > 0 be the minimal natural number X such that R*m,(O(—FE)®") = 0 for all a > 0
and such that the natural morphism of sheaves I} — m.(O(—FE)®") is an isomorphism for
all » > \. As already mentioned, this exists by [29, Cohomology of Schemes, Lemmas 14.2
and 14.3]. Note that we then have R*¢(O(—FE)|S") = (IL/Ix™)" (in the derived category)
for all » > A. To see this, apply R*m.(-) to the exact sequence

0= O(—(r+1)E) —» O(-rE) = O(—E)|%" — 0.

Note that if Y is smooth over S (so that the diagonal immersion is a regular immersion)
then cm(f) = 0.

Let do(f) := 0o(Ng, ) be the smallest natural number n such that (N, ¢ — 1)@+ = 0 in
rK°(E)q. Here rK°(E)q is the quotient of K°(E)qg by the annihilator of Ky(E)g.

Finally, for any A, > 0 let
k A1

_ (= d , (=1 sk, ) rurr s pusasn Nk 7k 7R+
GTI(f.5,0) = " SEDY N IO IR IR (—DFIE I € Ko(Y)o.

s
j=0 k=0 u=0 k=0
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We now consider X =Y xgY as a G-equivariant scheme, with the action of G = (Z/2Z)s

which swaps the two factors. We then have a natural identification Xg = A ~ Y.

Theorem 6.1. The local term of X is given by the image of GTI(f, 6, X) in Ko(Xe, G) @rc) Q
for any § > do(f) and any X\ > em(f).

Proof. Note that any point of A has an open affine G-invariant neighbourhood, which lies
over an open affine subscheme of S. To see this, let x € A and view x as a point of Y. Then
this point has an open affine neighbourhood U which lies over an open affine subscheme of
S. Hence x € U xg U in X and U xg U is affine, G-invariant and lies over an open affine
subscheme of S. So the assumption of Corollary 3.4 are satisfied and the conclusion follows

from the conclusion of Corollary 3.4. [

In particular, GTI(f,d, A) is constant in the range 6 > do(f), A > cm(f). We write GTI(f)

for this constant value.

Corollary 6.2 (Theorem 1.1). Suppose that V is a vector bundle on' Y and that R'f.(V)
15 locally free for all i > 0. Then the equality

Y (FSym*(RU£(V) = A*(RU£(V))] = R*L(GTI(f) @ (Sym*(V) — A*(V)))(16)

%

holds in Ko(S)g.

Proof. (of Corollary 6.2). We let W := 7f(V) ® m5(V'), where m5: Y XgY — Y are the
natural projections. The bundle W is naturally endowed with the G-action which swaps
the factors of the tensor product. Hence we deduce from Theorem 6.1 and the projection

formula that

N bk (Vg i
_ Tr(R'f*([(_Ql) ZEJZZ ( ull)(k:_ES}J)[IZH\/IZJW\H]HN

YDA/ IE | @ W)

i
[«

in Ko(9)g for any § > do(f) and any A > cm(f). Now note that by definition (W|g); =
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Sym?(V) and (W|g)_— = A%(V). Hence we get the equality

To(R*(f x £).(W)) = (GTI(f 5.0 @ (Symt(V) = A(V))
. (—1 )\ ° e ) sk, j) U/ TuFAE1
- f*[ ;Eﬂz_; — u!(k—u)! I37/18
b DM/ @ (SymA(v) - AWV) (7)

B
I

0

in Ko(S)g. Here the two expressions on the right are computed in Ky(X )g without reference

to any equivariant structure.

The corollary now follows from (17) and the next

sub-lemma 6.3. We have
T(RE(f % f)-(W)) = 3 (=) [Sym?*(R'£.(V) = A*(R'L(V))]

m K()(S)Q

Proof. (of sublemma 6.3). By the Kiinneth formula (see [9, III, par. 6, Th. 6.7.3]), we

have a canonical isomorphism
RY(f % (W) = RU(f x (@i (V) @ w3 (V @ RUL(V)ORTAV).  (18)

The vector bundle

PR L(V)@RTLV)

carries a natural G-action by permutation, namely the action such that the 1 € Z/2Z sends
D, wr ® wi—y to @,(—1)"Yw;_, ® w;. By the Koszul rule of signs, the isomorphism (18)

becomes G-equivariant with this choice of G-action on the righthand side.
Now let us first suppose that ¢ is odd. We then have an equivariant isomorphism
RI(f x Num(V)emvV) = @ RAV)ORTLV)ORTLV)RLV). (19)
0<t<|i/2]

where (by the above) the element 1 € Z/2Z acts on R f,(V) @ R £ (V) @ R f (V) @
R!f.(V) by the automorphism which swaps the two factors of the direct sum. We thus have

non equivariant isomorphisms

RA(V)@RTLA(V) @R AV) @RL(V)),
~ RAV)QRTLA(V) = (RAV)QRTAV)BRTA(V) QR f(V))
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and hence Tr(R!(f x f). (75 (V) @ 73(V)) = 0.

Now suppose that i is even. We then have an equivariant isomorphism

RI(f x f)u(mi (V) @ m3(V))
>~ RPL(V)QRPLV)e @ RAV)QRTLV)SRTL(V) R (V).

0<t<i/2

Here the element 1 € Z/27Z acts on R'f.(V) QR f.(V)® R f.(V) @R' f.(V) by multipli-
cation by (—1)* followed by the automorphism which swaps the two factors of the direct sum.
On the other hand, the element 1 € Z/27Z acts on R7/2f,(V) ® R¥/2f,(V) by multiplication
by (—1)%/2.

So we conclude that
Tr(R'(f x f)(mi (V) @ m5(V)))
= (“)P(RPLV)QRPL(V)y — RPL(V) @R L(V)-)
= (=17 (Sym*(R7*f.(V)) — A*(R7*f.(V)))

Summing over all ¢ > 0 we get the equality of the sublemma. [

7 Special cases

7.1 local complete intersections

We shall now consider Corollary 6.2 in the situation where the morphism f is an lci mor-
phism. The following Proposition in particular proves the ARR theorem for any flat, lci and
projective scheme over a noetherian separated scheme, which carries an ample line bundle

and over which 2 is invertible.

Proposition 7.1. Assumption as in Corollary 6.2. Suppose that there exists a reqular closed
S-immersion Y — W, where W is smooth over S. Suppose also that'Y carries an ample

family of line bundles. Then we have
GTI(f) = ©*(Ny,w)® O*(Quysly)™"

m KO(Y)Q

Proof. We again consider Y xg Y and W xg W as G-equivariant schemes. The natural
embedding Y xgY — W xgW is then G-equivariant and the scheme W x ¢ W is smooth over
S. As before, we have W ~ (W xg W)g and Y ~ (Y x5Y)q via the diagonal immersions.

37



From Theorem 6.1 and Corollary 4.2 we get
GTI(f) = (Z(—l)iTT(TO””lbWXSW(OW,OYXSY))) R0y @z(NW/Wsz’Y>71 (20)
i>0
in Ko(Y)g (here Ny wxgw is not considered as an equivariant sheaf, but Tor{, (Oz.,Ox)
carries its natural equivariant structure). Note that Ny w,w =~ Qw/s by definition.

We shall now compute TOTEQWXSW(OW, Oyx,y)- Let
Voo o Vi Vi —> ... Vg =0y =0

be a (possibly infinite) resolution of Oy in W by flat quasi-coherent sheaves. This exists by
[1, Appendix A.1]. Let my, 7 : Z — W be the two natural projections. Since W is flat over
S, the sequence 73 (V*) @75 (V*) is a resolution of Y X g Y in W x ¢ W. By construction, this
resolution carries a G-equivariant structure (the G-action permuting the factors according
to the Koszul rule of signs) making it into an equivariant resolution of Y x¢Y". By definition,

we have an equivariant isomorphism of sheaves
H (1 (V) @ m (V) lw) = Toro,,, . (Ow, Oy x,y)
Furthermore, from the definitions we see that we have
m(V)lw = m(V)lw = V*

and thus
H(m (V) @ (V)lw) = HT(VE @ V?) = Torg,, (Oy, Oy).

Since Y is regularly immersed in W, we have a functorial isomorphism
TOT%W(Oy, Oy) ~ AZ(Ny/W)

(see [8, VII, Prop 2.5 1')]). Finally, since 1 € Z/2Z acts by (—1)" on A'(Ny,w ), we get from
(20) that
GTI(f) = ©*(Ny;w) ® O*(Qwysly)

as required. [

Remark 7.2. Notice that if S is regular then W carries an ample family of line bundles and
then so does Y (see [3, IT 2.2.7.1]). In that case, we have K,(S) ~ K°(S) and Proposition
7.1 is stronger than the classical GRR theorem, because no projectivity assumptions are

made.
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7.2 Cohen-Macaulay schemes with hypersurface singularities

If W is a noetherian scheme, we shall say that W has at most hypersurface singularities if

for any w € W, the embedding dimension of Oy, is at most one more than the dimension

of OW,w .

For the proof of the next proposition, we shall need the

Lemma 7.3. Let K be field and let Z be a scheme of finite type over K. Suppose that the
geometric fibre of Z over K is integral with at most hypersurface singularities. Then for

every point z € Z, the Oz.-module Qz0, . is generated by dim(Z) + 1 (or less) elements.

Proof. Let n > 0 and let
Zn = {Z ez | rkﬁ(z)(QZ7H(z)) > n}

where k(z) is the residue field at z. This set is closed by [10, IL5, Exercise 5.8 a)] and
we view it as a reduced closed subscheme. By Nakayama’s lemma, the conclusion of the
lemma is equivalent to saying that Z, = 0 if n > dim(Z) + 1. So suppose for contradiction
that we are given n > dim(Z) + 1 and that Z, # 0. Suppose that n is maximal with that
property. Let ¢ : Z, — Z be the inclusion morphism. By [10, II.5, Exercise 5.8 ¢)], the
sheaf 1*(€2z/) is then locally free of rank n. In particular, for any closed point z of Yy
lying over a point of Z,, a minimal set of generators of () Zz0z, x has cardinality n. On the
other hand, dim(Z%) = dim(Z) and dim(Oz, :) = dim(Zx) since Z is closed. Finally, we
have mz/m2 ~ Q_ (5, again because z is closed. So n = rkyz)(mz/m2) > dim(Oy, z) + 1,
which contradicts the fact that Zz has only hypersurface singularities. [J

Proposition 7.4. Assumptions as in Corollary 6.2. Suppose that S is Cohen-Macaulay,
integral with infinite residue fields, and that the regqular locus reg(S) of S contains a non-
empty open set. Suppose that the geometric fibres of Y over S are integral, Cohen-Macaulay

and have at most hypersurface singularities. Then for all & > do(f) we have

LN~ gy (D sk )
o =33 833 G s
Furthermore, we have Sym*(Qy,s) ~ I /I for all u > 0.

Note that (2y/s might not be locally free. We also note that the assumptions imply that ¥’

is integral. See the proof below.
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Proof. By [I8, Prop. 4.3.8], the schemes Y and Y xg Y are integral. By [29, tag045J,
Lemma 10.163.3], Y is also Cohen-Macaulay and so is Y xg Y. Furthermore, from the

assumptions we see that Y xg Y is regular at the generic point of Y.

Let now y € Y. By Lemma 7.3 and Nakayama’s lemma the Oy, = -module QY/SvOYf(y),y is
generated by d, 4 1 elements, where d, = dim(Y}(,)). Now note that d, does not depend on
y by [29, tag02NI, Lemma 29.29.4] (because f is flat with Cohen-Macaulay fibres). Let n
(resp. p) be the generic point of Y (resp. S). Since f is flat and S is integral, the point
n lies over p. Therefore, by [18, 4.3.12], we have dim(Oyxy,,) = dim(Oy,x,v,,,) and since

Y, x, Y, is an integral scheme of finite type over a field, we have
dim(Oy, x,v, ,) = codim(Y,, Y, x, Y,) = dim(Y,) = d,,.

We conclude that the Oyf (y.,~Iodule Qyys, C is generated by dim(Oy x4v,,)+1 elements.
Hence by Proposition 5.5 we have cm(f) = 0 and Sym"(Qy/s) ~ I%/Ixt". The formula of

the proposition now follows from Corollary 6.2. [

Remark 7.5. We keep the assumptions of Proposition 7.4. Suppose in addition that Y is
a Cartier divisor in an S-scheme H, which is smooth over S, and that Y carries an ample
family of line bundles. Then Proposition 7.4 applies but so does Proposition 7.1. So suppose

for the time of this remark that we are in that situation. We then have a resolution
0— Ny/H — QH/S|Y — Qy/s —0

In particular €}y,g represents a strictly perfect complex in the derived category of Oy-
modules, namely the cotangent complex of ¥ over S. Also, since Ny/g is a line bundle and

Y is smooth over S at its generic point, we have an exact sequence
0— Ny/H & Sym”_l(QH/S]y) — Sym”(QH/S\y) — Sym”(Qy/S) —0

for all n > 0 (see [29, tag01CF, Lemma 17.21.4]) so that the coherent sheaf Sym"(Qy/g)
represents the u-th symmetric power of the cotangent complex of Y over S. We will give a
direct proof (not involving the fixed point formula) of the fact that the right-hand side of
Propositions 7.4 and 7.1 coincide (note that we know a priori that they coincide since they
are both equal to GTI(f)). This will show that under the given assumptions Proposition

7.4 is a natural generalisation of the ARR theorem to a non-projective situation.

We need to show that

@2(91{/5’1/)71 ® @2(NY/H)

= 3 ZE Z Z o ) (Sym"(Quysly) = Nyym @ Sym" ™ (Quysly)) (21)

]0 k=0 u=0
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in Ko(Y)g for any § > do(f). Here the inverse of ©%*(Qy/s|y) is taken in K°(Y)g and we
take the image of this inverse in Ky(Y)g.

Let P(x) = Y, a;27 € K°(X)g[z] be a polynomial such that P(k) = Sym*(Q/sly) in
K°(Y)q. This exists by Proposition 2.3 (b) (1). We then have

Sym"(Qmysly) — Nyyg © Sym"™ ' (Qpysly) = P(n) — Nyym @ P(n — 1)
(note that one can show that P(—1) = 0 [we skip the proof] so this makes sense) and we let

Q(z) := P(z) — Ny)g @ P(x — 1) = beﬂ e K°(Y)g[z].
We have by construction an identity of power series
At (Nyyu)Sym, (Qmysly) Z Q(n)t" € K°(Y)ql[t]]
and applying Proposition 2.3 (a) & (b) (2) we get
02 (Quysly) ™" @ O*(Ny/w) = Z E;b; (22)
in K°(Y)g. On the other hand, for all n > 0 we have

R*¢.(O(n)) = Sym"(Qy;s) = Sym"(Quysly) — Nyyu © Sym™ ' (Qpysly)

in Ko(Y)g and so by Lemma 2.2 (a) & (c) (1), we have

in Ko(Y)g for § > do(f). In particular, we have

o =3 153 S sy )

K()(Y)@ 1S

6k —ug(fe i b k(L q)ug(k i
ZZ (—1.)19 _;k,'ﬂSme(QY/s) :ZZ ( 1')/€ Ebk;j)(Symu(QH/SlY)_NY/H®Symu_1)'

Combining this with (22) we get (21).
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