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Abstract

We prove that the Adams-Riemann-Roch theorem in degree one (ie at the level of
the Picard group) can be lifted to an isomorphism of line bundles, compatibly with

base change.

1 Introduction

The aim of this text is to provide a proof of the following theorem.
Let B be a scheme.

Let Siine s be the category whose objects are pairs (.5, M), where S is a locally noetherian
B-scheme and where M is a line bundle (ie a locally free sheaf of rank one) on S. An
arrow (S', M') — (S, M) in Sjpep is @ morphism of B-schemes ¢ : S” — S, together with
an isomorphism ¢* (M) = M.

Let S,e11ine, 5 be the category, whose objects are pairs (Y — S, L), where Y — S is a smooth
and locally projective morphism of B-schemes with geometrically connected fibres and

constant relative dimension, S is a locally noetherian B-scheme and L is a line bundle on
Y. Anarrow (Y — S' L") = (Y — S, L) in Syeline, 5 is a cartesian diagram of B-schemes

y' Loy

|

S'— S
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together with an isomorphism p*(L) = L'.

If (Y — S, L) is an object of Syel1ine, 5, We shall write dim(Y/S) for the dimension of some
(and hence any) geometric fibre of the morphism ¥ — S.

Recall that to say that Y — S is locally projective means that every point in S has an
open neighbourhood U, such that there is a factorisation of 7|y into a closed U-immersion
Yy — PY followed by projection to U, for some N > 0 which depends on U.

We let S,el line.of, 5 be the full subcategory of S jine, 5, Which consists of those pairs
(m:Y — S, L),

where L is cohomologically flat over S. Recall that to say that L is cohomologically flat
over S means that R'r.(L) is a locally free sheaf for all i > 0.

If 7 : Y — Sisaproper and flat morphism of locally noetherian schemes and F'is a vector
bundle (ie a coherent locally free sheaf) on Y, we shall write A\(F') := det(R*7.(F)). Here
det(-) is the Knudsen-Mumford determinant of a perfect complex (note that R*x,.(F') is a
perfect complex by the semicontinuity theorem because 7 is proper and flat). We shall
denote by Sym”*(F) the k-th symmetric power of F and we shall write IV := Hom(F, Oy)
for the dual of F. If M is a line bundle on Y and k € Z, we define M®* := ®f:1M ifk>0
and M®F .= ®;:’“1M Vif k < 0. As is costumary, we shall write Qy,g = Q, for the sheaf of
differentials of 7.

Note that the rule, which associates the line bundle

22dim(Y/S)+2

A(L)®
with the object (Y — S, L) of Selline, 5, Naturally defines a functor from S;el jine, 5 tO Siine, 5-
We shall denote this functor LRR.
Similarly, the rule, which associates the line bundle

2dim(Y/S) ‘ .
R AL @ Symd(ys)) =

Jj=0

(2d1m<y/3)+1)

with the object (Y — S, L) of Selline, 5, Naturally defines a functor from S;el jine, 5 tO Siine.5-
We shall denote this functor RRR.

Theorem 1.1. Suppose that B = Spec Z[3]. Then the restrictions of the functors LRR and RRR
t0 Siel tine,cf, B Are isomorphic.

In other words, it is possible to associate with any locally projective and smooth morphism of
locally noetherian Z[5]-schemes Y — S and any line bundle L on Y, which is cohomologically
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flat over S, an isomorphism

2dim(Y/S)
92 dim(Y/S)+2 j §~2dim(Y/S)—j <2dim<Y/S>+1)

AL)® = (R AL @ Sym(Qyys))* " E

Jj=0

(1)

compatibly with base change to any locally noetherian scheme.

Remark 1.2. (1) We conjecture that the assumption that L is cohomologically flat over
S is unnecessary. In other words, we conjecture that the functors LRR and RRR are
isomorphic if B = Spec Z[%] (and not only their restrictions to S jinecf,5). Proving this
boils down to a problem in the linear algebra of perfect complexes. See Remark 7.4 below
for details.

(2) Note if S is a scheme of characteristic 0 then the trivial line bundle Oy is cohomologi-
cally flat over S by a theorem of Deligne (see [4, Th. 5.5]).

(3) It is actually plausible that LRR and RRR are isomorphic if B = Spec Z (this would
generalise conjecture (1) above in this remark). This is suggested by Proposition 1.3 be-
low and Deligne’s theorem [3, Th. 9.9 (3)]. See the discussion after Proposition 1.3.

(4) Our construction of the isomorphism I between the restrictions of the functors LRR
and RRR to Sielinect,p depends on a slew of arbitrary combinatorial choices. These
choices are all contained in the proof of Lemma 4.1 below. One might conjecture that,
up to sign, the isomorphism I does not depend on these choices but proving this seems
to be a formidable task. Presumably it is possible to show that there is only one isomor-
phism I, up to sign, provided it satisfies some axiomatic conditions. It would be very

interesting to determine such conditions.

For example, suppose that dim(Y/S) = 1. We then get an isomorphism
)\(L)®16 ~ )\(L®2)®7 ® )\(L®2 ® Qy/s)®(f4) ® )\(L®2 ® Q?;/Qs) (2)

In particular, writing )\, := )\(Qfﬁfs

) for any k£ > 0, (2) gives
AP0 = AT @ M @ Agpsa

By Grothendieck duality, there is a canonical isomorphism A\g = A;. Thus, setting £ = 0

we obtain an isomorphism
AT = . ()

In [26] Mumford also constructs such an isomorphism and also proves that it is invariant
under base change (and he does not need the assumption that 2 is invertible on S). Our
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isomorphism presumably coincides with his up to a universal constant of the form +2*
(k € Z) but we did not verify this.

Suppose that 7 : Y — S is an elliptic scheme (ie an abelian scheme of relative dimension

1) over S. We then have a canonical isomorphism Q%% =~ 7*(7,(Q%,)) for any k € Z.

Y/S — Y/S
Furthermore, we have

Rim, (Oyys) = m(Qyys)”

by Grothendieck duality. Using the projection formula, we can thus compute
>\k == det(((’)g - Rlﬂ*(Oy/S)) X W*(Qy/5)®k> == det<7T*(Qy/S)®k — Ty (Qy/5)®(k_1)) &= W*(Qy/g)

for all £ > 0. In particular, we are provided with an isomorphism (m.(Qy,s))®*? = Os.
Again, possibly up to multiplication by a term of the form +2* (k € Z), this is presumably
the classical discriminant modular form (but we did not verify this). This suggests that

the isomorphism in Theorem 1.1 is in some sense optimal.

When Y is an elliptic scheme over S and L is a non trivial torsion line bundle, whose
order is prime to the characteristic of all the residue fields of S, then R*7,(L) = 0. In
that case, both sides of (1) are canonically isomorphic to the trivial line bundle. Thus
the isomorphism (1) provides an element of I'(S, O%), in other words an elliptic unit. It
seems likely that one can construct all the Siegel units in this way but to prove this, one
will have probably have to wait for a metric version of Theorem 1.1. See below for a
discussion.

Returning to the general situation, recall that if S is of characteristic 0, the trivial sheaf
Oy is cohomologically flat over S by a result of Deligne. Let us suppose that S is of
characteristic 0 and dim(Y/S) = 2. We then get the isomorphism

A(Oy)®5 = A(Oy) P @A (Qyy5) @A (Sym® (Qy/s)) @A (Sym? (Qy/5))* V@A (Sym* (Qy;s)).
from Theorem 1.1. This is equivalent to
MOy)* @ A(Qyys)®* @ A(Sym® (Qyys)) ™ 2= A(Sym®(Qyys))?'® @ A(Sym*(Qyys)).

and there are similar identities in any relative dimension.

Here is our method of proof. We first give a proof of the geometric fixed formula for an
involution, which avoids any reference to K-theory and uses only the geometric prop-
erties of quotients. This is Theorem 6.1, which is of independent interest. The idea to
use quotients to prove the fixed point formula is due to Thomason (see [30]) and most
probably many earlier authors but our proof relies on the crucial fact that when the fixed
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point scheme is a Cartier divisor then the quotient morphism is flat. This seems to be a
well known fact (J. Oesterlé kindly explained the proof to me many years ago) but we
could find no proof of it in the literature in the required generality and we provide one
in Proposition 2.5 (1). Our proof of the geometric fixed point formula is sufficiently ex-
plicit to provide isomorphisms at every step (rather than equalities in the Picard group)
but ends with an error term, which turns out to be a line bundle arising from a higher
dimensional version of the Deligne pairing. This pairing was studied by Ducrot in [7]
and we use his results to show that this line bundle is canonically trivial, compatibly
with any base change to a locally noetherian scheme. We then apply this formula to
the space Y xg Y with the involution swapping the factors. Nori (see [27]) was appar-
ently the first one to notice that the fixed point formula applied to this situation recovers
the Adams-Riemann-Roch for the Adams operation ¢* and using our method we thus
recover a refinement of this formula (in degree one). This is formula (1).

In [10] Eriksson gives a proof of a functorial refinement of the Adams-Riemann-Roch
formula (see also [9] for an announcement), which can also be used to prove a weaker
version of Theorem 1.1. It is weaker in the sense that the provided isomorphism, al-
though invariant under base change, will include a 2°°-torsion line bundle, which is un-
determined and also because the resulting linear combination in the symmetric powers
of (2y,s will a priori depend on the dimension of the total space.

Similarly, using Franke’s work in [11], it is possible to prove a weak version of Theorem
1.1, where an undetermined (not necessarily 2°°) torsion line bundle will be included (but
on the other hand the linear combination in the symmetric powers of €2y, should be the
same as ours and should thus not depend on the dimension of the total space).

One interesting aspect of our result is thus that it removes this indeterminacy. However,
the main interest of the present text is the method of proof, which is elementary (whereas
Franke’s and Eriksson’s approaches require a vast categorical apparatus and use higher
K-theory, resp. the homotopy theory of schemes). Our isomorphism is constructed very
explicitly, making it in principle possible to compute its norm, when both sides are en-
dowed with metrics (eg Quillen metrics). We hope to return to this question in a later
article.

Note that other constructions of the higher dimensional Deligne pairing were given in
[51] and [8] but they cannot be used in our context, because they are not described in
terms of determinants of cohomology and therefore cannot easily be compared with
our error term. In [1], a canonical isomorphism between Ducrot’s pairing and Zhang’s

pairing is announced (in a restricted setting), which could be used to bypass the use of



Ducrot’s pairing in certain situations. However, the details of the proof of Theorem 1 of
[1] have not appeared yet (thank you to one of the referees for pointing this out). In [5]
Ducrot’s pairing is also considered.

Finally, note that in the situation where dim(Y/S) = 1, Deligne also constructed an iso-
morphism similar to (1) (see [3]). Deligne’s work was in fact the initial motivation for
the work of Franke and Eriksson. Under the assumptions of Theorem 1.1 and when
dim(Y/S) = 1, Deligne’s theorem [3, Th. 9.9 (3)] provides in particular an isomorphism

ML) 2 MOy)'® @ ML @ QY5)%° @ A(L @ Qy,5)° Y, 4)

which is invariant under any base change to a locally noetherian scheme (note that
Deligne’s theorem is expressed in terms of the Deligne pairing; Deligne’s pairing can
be expressed using the determinant of cohomology - see section 4 below - and (4) is the
expression one obtains when using only the determinant of cohomology). This can be
seen as a variant of the isomorphism (1) when dim(Y/S) = 1 and Deligne shows that it
holds even if 2 is not invertible on S and L is not cohomologically flat over S.

Using Theorem 1.1 for dim(Y/S) = 1, we prove

Proposition 1.3. Under the assumptions of Theorem 1.1 and when dim(Y/S) = 1, there is an
isomorphism

2182 o 18 ©2 o OV \®6 v e(=6)\®
(ML) = (MOy)"* @ ML @ OY )™ @ A(L © Q) 9) (5)
which is invariant under any base change to a locally noetherian scheme.

In other words, we give a new proof of Deligne’s theorem, up to a torsion line bundle
of order 8 (and under the running assumption that 2 is invertible on S and that L is
cohomologically flat over S). The proof of Proposition 1.3 actually also shows that one
can deduce Theorem 1.1 for dim(Y/S) = 1 from Deligne’s theorem, up to a torsion line
bundle of order 9. Thus, when dim(Y/S) = 1 and under the running assumption that 2
is invertible on S and that L is cohomologically flat over S, Theorem 1.1 and Deligne’s
theorem are equivalent up to torsion.

The structure of the article is as follows. In section 2 we recall various facts about quo-
tients of schemes by finite groups and we prove various supplementary properties of
these in the situation where the group is isomorphic to a diagonalisable group scheme,
whose order is prime and invertible in the base scheme and the fixed point scheme is a
Cartier divisor. In section 4 we recall the part of Ducrot’s work that is relevant to this text.
In section 6, we give a proof of a local refinement of the fixed formula for an involution,
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in the situation where the fixed scheme is regularly immersed. In section 7, we apply this
formula to the fibre product of a relative scheme by itself and we prove Theorem 1.1. In
the final section 8 we give the proof of Proposition 1.3. Note that the core of the proof
of Theorem 1.1 amounts to a detailed analysis of the geometry of the blow-up along the
diagonal of the relative fibre product of X with itself. This is intriguing, since this partic-
ular space was believed to be relevant to a possible solution of the standard conjectures
in the early days of scheme theory. It would be interesting to relate our construction to
statements about algebraic cycles.

Notation. We shall say that a morphism i : Z — T of schemes is strongly projective if
there is a factorisation of % into a closed T-immersion Z — P¥ followed by projection to
T, for some N > 0. The notion of locally projective morphism is defined at the beginning
of the introduction. If Z is a locally noetherian scheme, we write Coh(Z) for the category
of coherent sheaves on Z. If F' is an Oz-module on a scheme Z and [ > 0, we shall
write F® .= ®._, F. If Z is a scheme, we write D(Z) (resp. D%(Z)) for the derived
category of complexes of Oz-modules (resp. the derived category of bounded complexes
of Oz-modules) on Z.

Acknowledgments. We are grateful to Jean-Michel Bismut and Vincent Maillot for inter-
esting discussions around this article. Warm thanks to the referees, whose very detailed
reading (to say the least!) led to many improvements. This text would be much less clear
without their input.

2 The geometry of quotients by finite groups

Let G be a finite group.

A scheme T together with a group homomorphism G — Aut(7) will be called a G-
equivariant scheme, or an equivariant scheme for short (if there is no ambiguity). A
G-equivariant morphism of G-equivariant schemes is a morphism commuting with the
action of GG on source and target. We shall say that the action of G on the G-equivariant
scheme 7T is trivial if the image of G — Aut(7) is the identity morphism.

A G-equivariant sheaf (or equivariant sheaf for short) /' on a G-equivariant scheme is a
quasi-coherent sheaf F' together with a morphism of sheaves oy = ap, : F' — g.(F) for
every g € G, such that g, (a;) o ay = ayop, for any g, h € G and ayq,, = Idp.

Suppose that T"is a G-equivariant scheme with trivial action and that F'is a G-equivariant
sheaf on 7. The G-equivariant structure on F' then amounts to a homomorphism of



groups G — Aut(F). We then write F© for the quasi-coherent sheaf on 7" such that

for every open set U C T. Here F(U)® is the subgroup of elements of F(U), which are
tixed under the action of G.

Suppose that ¢ : T' — Z is a morphism of schemes, where T is locally noetherian. Assume
also that 7" carries G-equivariant structure and that ¢ o g = ¢ for all g € G. Let F be
a G-equivariant sheaf. Then the sheaf ¢.(F) is also quasi-coherent. Furthermore, if Z
is viewed as a G-equivariant scheme carrying the trivial G-equivariant structure, then
¢.(F) carries the G-equivariant structure given for any ¢ € G by the composition of
arrows

O (F) = ¢u(9:(F)) = ¢(F)
arising from the equivariant structure on F' and the identity ¢ o g = ¢.
Suppose that ¢ : ' — Z is a morphism of schemes, that 7" carries a G-equivariant struc-
ture and that ¢ o g = ¢ for all g € G. View Z as a G-equivariant scheme endowed with
the trivial G-equivariant structure. Let F' be a G-equivariant sheaf on Z. Then the quasi-
coherent sheaf ¢*(F') carries a natural G-equivariant structure, given for any ¢ € G by
the composition of arrows

¢"(F) = ¢"(F) =g~ "(¢"(F)) = g:.(¢"(F))
where the first arrow comes by functoriality from the arrow ¢.(F) — g¢.(F'), the second
arrow from the identity ¢ o g = ¢ and the third arrow from the identification of functors
g = Gx-

If z € X, then we define G4(z) to be the stabiliser in G of = viewed as a subset of X.

—1,%

This group is called the decomposition group of =. The group G4(x) naturally acts on the
residue field x(x) of z. The kernel of the homomorphism G4(z) — Aut(x(z)) is called the
inertia group G;(z) of .

Suppose that X is a G-equivariant scheme. A (categorical) quotient X/G of X by G
(if it exists) is a G-equivariant scheme X /G together with an G-equivariant morphism
q : X = X/G, with the following properties:

- X/G carries the trivial action;

- if X’ is a scheme with a trivial G-action and ¢’ : X — X' is a morphism then there is a
unique morphism & : X/G — X', such that hog = ¢'.

These properties clearly determine X/G up to unique isomorphism.
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We recall the following

Proposition 2.1. Let X be a G-equivariant scheme. Suppose that the orbit of every point in X is
contained in an affine open subscheme. Then the quotient X /G of X by G exists and

(1) The canonical morphism q : X — X /G is integral and surjective.

(2) The natural morphism of sheaves Oxc — q.(Ox) factors through (¢.(Ox))¢ and induces
an isomorphism Ox,c — (¢.(Ox))C.

(3) The underlying set of X/G is the quotient of the set X by the action of G and the topology
of X/G is the quotient topology.

(4) if Z — X/G is a flat morphism then the natural morphism (Z xx;q X)/G — Z is an
isomorphism.

(5) Consider the X /G-morphism ¢ : G x X — X X x/q X given in set-theoretic notation by
the formula (g, x) — (g(x), z). Suppose that ¢ is an isomorphism. Then

- q is étale;

- if M is a G-equivariant locally free sheaf of finite rank on X then the natural morphism
q*(¢-M)¢ — M is an isomorphism.

(6) If Gi(x) = 0 then Ox , is étale over Ox /G 4(x)-

Proof. See [15, chap. V, §1 and §2]. [

Corollary 2.2. Suppose that there is a morphism of finite type f : X — S, where S is a locally
noetherian scheme. Assume that the action of G on X factors through Autgs(X) and that the orbit
of every point in X is contained in an affine open subscheme. Then the quotient X /G of X by G
exists and the morphism q : X — X/G is finite.

Corollary 2.2 follows from the fact that under the listed assumptions, the quotient mor-
phism is integral and of finite type and hence finite.

Suppose that X is a G-equivariant scheme. Suppose given a morphism X — S and as-
sume that the action of G on X factors through Auts(X). We say that X is a G-equivariant
S-scheme. The fixed scheme X (if it exists) is a closed subscheme of X, which represents
the functor on S-schemes

T — X(T)°.



Note the following link with decomposition and inertia groups: if z € X and
Ga(z) =Gi(z) =G

then z € X¢. This simply follows from the fact that the morphism Spec k(x) — X then
lies in X (Spec x(z))¢.

Proposition 2.3. Suppose that X is separated over S. Then X exists.

Proof. For each g € G, let I'; be the graph of g in X xg X. Let A = I'iy, = X be the
diagonal of X over S. From the separatedness assumption, each Iy is a closed subscheme
of X x ¢ X. The closed subscheme X = Nycl'y is naturally a closed subscheme of A and
can thus be viewed as a closed subscheme of X. It follows from the definitions that X
is the fixed scheme of G. [

If X exists, we shall write Nx,,x for the conormal sheaf of X in X. Recall that if 7 is
the ideal sheaf of X in X, we have by definition Nx,/x = Z/Z?. The sheaf Z7/Z* has
a natural structure of Ox,-module. The conormal sheaf Nx,,, x is thus a quasi-coherent
sheaf on X and it carries a natural action of G.

Suppose now that G is a finite cyclic group of order n. Let us write G for the group
scheme over Spec Z corresponding to GG. Note that we then have a canonical identification
G(SpecZ) = G. Suppose now that Gs = jin.s, where i, = SpecZ[t]/(1 — t") is the
diagonalisable group scheme associated with the cyclic group Z/nZ. Note that there
exists an isomorphism G s = g is iff nis invertible in S and the polynomial 2™ — 1 splits
into linear factors in I'(S, Og). We fix an isomorphism Gg = y, s.

Note the following two facts.

Suppose in this paragraph only that X = Spec R is affine. Then the action of G on X is
given by a ring grading R = ®ycz/nz Rk, such that the morphism X — S factors through
Spec Ry. Furthermore, the ideal of X¢; is then R - R, where

Ry = ®rez/nz, kro k-
See [30, proof of Prop. 3.1] (this is also a good exercise for the reader).

Suppose that the action of G on X is trivial. Let F' be a G-equivariant sheaf on X. The
G-equivariant structure on F is then given by a Z /nZ-grading of Ox-modules

F = ®rezjnzFi-

Let g € G. By the above, the element g gives an element of G(SpecZ) and hence after
base change an element z € G(S5). Applying the isomorphism Gg = 1, ¢ we obtain an
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element z € p,,(S). The action of g on F is then by construction given by the formula

9((fos frseo s fa1)) = (1 foy 2+ fryeo oy 270 facn),

where f}, is a local section of Fj,. In particular, we have F = F G,

We record the following

Lemma 2.4. Let X be an G-equivariant S-scheme. Suppose that the orbit of every point in X is
contained in an affine open subscheme. Assume that G is a finite cyclic group of order n and that
Gs = pns. If Z — X/G is a morphism then the natural morphism (Z x x,c X)/G — Z is an
isomorphism.

In other words, when Gs = p, g, the quotient construction commutes with any base
change on X/G (not only flat base changes as in Proposition 2.1 (4)).

Proof. By Proposition 2.1 (4), we may assume that Z and X are affine, say Z = Spec B
and X = Spec A. In this case, we have to prove that the morphism of Aj,-modules

B — (B X Ao A)O
given by the formula b — b ® 1 is an isomorphism. We have

B®4, A= B®y, EB Ay, = @ B ®4, Ay

keZ/nZ keZ/nZ
so that (B ®4, A)g = B ®4, Ao = B, proving the assertion. [J
The next proposition collects the main results of this section.

Proposition 2.5. Suppose that X is a G-equivariant S-scheme such that S is locally noetherian
and the morphism X — S is separated and of finite type. Assume that the orbit of every point
in X is contained in an affine open subscheme. Finally, suppose that G is a finite cyclic group of
order n and that Gg = i, 5. Let v : X — X be the fixed point scheme of X. Then:

(1) Suppose that n is prime and that X is a (possibly empty) Cartier divisor. Then q is flat.
(2) Suppose that X, is a Cartier divisor. Then (Nx/x)o = 0.

(38) The morphism q o : X¢ — X/G is a closed immersion and we have the set-theoretic
equality ¢ *(¢(X¢)) = Xg. Thus we have a natural isomorphism (X/G)\q(Xg) =
(X\X¢)/G.
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(4) Let U = X\ X¢ (sothat U/G = (X/G)\q(X¢) by (3)). Consider the U/G-morphism
¢:GxU—=UxygU

given in set-theoretic notation by the formula (g, u) — (g(u),w). If n is prime then ¢ is an
isomorphism.

(6) Let M be a G-equivariant locally free sheaf of finite rank on X. Suppose that .* M carries the
trivial action, that q is flat and that n is prime. Then the natural morphism q*(q. M)y — M
is an isomorphism.

(6) If X — S is smooth and X — S is flat then X — S is smooth.

(7) If X — S is smooth, X is a Cartier divisor in X and X — S is flat then X/G — S is
also smooth.

Remark 2.6. A variant (for algebraic varieties) of (5) is proven in [6, Th. 2.3]. See also
[20, Lemma 4.8] and [21, Proposition (3.3.4.i)], where most of the above proposition is
proven in the restricted context of algebraic varieties.

Proof. We begin with (1). We may suppose that X = Spec(R) is affine. Then X/G = Spec(Ry)
by Proposition 2.1 (2). To show that R is flat over Ry, it is sufficient to show that for all

p € Spec(R), the ring R, is flat over the ring Ry yng,. If p 2 R - Ry, then p ¢ X by the
previous discussion. Thus G;(z) # G and thus G;(x) = 0 since n is prime; thus R, is flat
over the ring Ry ,nr, by Proposition 2.1 (6). Thus we may assume that p O R - R,. The
prime ideal p is then graded by construction (if » € p, write r = rq + - -- + r,_1, where
the r; are homogenous for the grading; by assumption ry,...,7,-1 € p; thus ry € p as
well). The ring R, is thus naturally a Z/nZ-graded local ring. Now notice that we have a
natural identification

Ropnr, = (Ry)o

(use the fact that R\p C Ry). Also by construction the ideal generated by the image of
theideal R - R, in R, is R, - R, +o. Thus the assumption that R - R, is a Cartier divisor
implies that there exists ¢t € R,, which is not a zero divisor, such that () = R, - R .

Thus we may assume without restriction of generality that R is a local ring and that
R - Ry is generated by an element ¢, which is not a zero divisor.

We claim that ¢ can be taken to be homogenous of degree # 0 (mod n). To verify the
claim, let
RR#O - (a17"‘7ak)
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where the a; € R, are homogenous and of degree # 0 (mod n) (recall that R is noethe-
rian). We take k£ minimal. We may assume that £ > 1, otherwise there is nothing to prove.
Then for some family of z; # 0, we have

x1a1+--~—i—xkak:t

Let b; € R be such that a; = ¢ - b;. If by is a unit then R - R,y = (a;) contradicting the
assumption that £ > 1. Thus b; is not a unit and thus 1 — z;b, is a unit since R is local.
We compute

L2 i i Lk
— a e —a
1-— xlbl 2 1-— l’lbl F

contradicting minimality again. Thus k& = 1 and the claim is verified.

So we may suppose that (¢) = R - R, where t is homogenous of degree # 0 (mod n).

I am grateful to one of the referees for suggesting the argument below.

sub-lemma 2.7. For any i € Z/nZ, we have t' - Ry = R; qeg(s)-

Proof. (of the sublemma) The proof is by induction on i, where i is viewed as an element
of the ordered set {0,...n — 1}. The identity of course holds if i = 0. We suppose that
t/ - Ry = Rjaeg) for all j < i. Note first that we certainly have ' - Ry C Rj.qegr). 10
conclude the proof, we need to show that R;.qee1) € t' - Ry. To show this, let e € R deg(t)-
By assumption e can be written in the form e = ¢ - r, withr € R. For k € {0,...,n — 1},
let 7, be the homogenous component of degree k of . We have

e=t-r=t-ro+---+t-rp

so that t - r(y_1)aegry = t -7 = e. By induction, we have r;_1).4esry € t' 'Ry so that
e €t (" Ry) =t"- Ry, as required. [J

Now since n is prime and deg(t) # 0 (mod n), every element of Z/nZ is a multiple of
deg(t). We can thus conclude from the sublemma that R is a direct sum of copies of R, so
in particular R is flat over Ry.

To prove (2), localising at points of X, we may still assume that X = Spec(R), where R
is a local ring and R - R is generated by a single element ¢, which is not a zero divisor.
In the proof of (1), it was shown that we may suppose that ¢ is homogenous of degree
# 0. The sheaf Ny, x corresponds to the R-module (¢)/(t*) and thus (Nx,,x)o = 0, since
t is of degree # 0 (mod n).

Proof of (3). We may suppose that X = Spec R is affine. The first statement now cor-
responds to the statement that Ry — R/(R - Ry) is surjective. This follows from the
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definitions. The fact that ¢ !(¢(X¢g)) = X¢ follows from Proposition 2.1 (3). The third
assertion follows from Proposition 2.1 (4).

Proof of (4). Note that for all + € X\ X, we have G;(z) # G and thus G;(z) = 0, since
n is prime. By Proposition 2.1 (6) this implies that g is étale, in particular flat. Hence the
morphism U — U/ is finite and flat.

We first compute its degree. For this, let ug € U/G and let H be the spectrum of the strict
henselisation of Oy ... Then H = (U x ¢ H)/G by Proposition 2.1 (4) and the fact that
H is flat over Oy, (see [12,1, §1,1.20] for this). We only have to compute the degree of
U %y H over H. Now note that U <, H is a disjoint union [ [,_, H; of copies of H, since
H is strictly henselian and U Xy H — H is étale. Furthermore, the group G permutes
the H; and also the closed points of the H;. Hence the degree is the cardinality of the orbit
of a closed point P € H;, (i arbitrary). Since G;(P) = G4(P), we must have G4(P) = 0,
since n is prime and (U xy /¢ H)¢ is empty. Hence the orbit of P has n elements and thus
the degree of U — U/G is n.

Now consider the morphism ¢ : G x U — U Xy U. Let T be a connected scheme. The
map G(T)xU(T) — U(T) xwcyr) U(T) is injective. To see this note that otherwise there
ise € U(T) and g € G(T) such that g # 0 and g(e) = ¢; since G(T') is of prime order this
means that e € U(T)“ and thus e € Ug(T), which is not possible, since Uy is empty. Since
T was arbitrary, the morphism ¢ is a monomorphism of schemes. Since it is also proper
(because G x U and U xy,¢ U are proper over U/(), it is a closed immersion (see [14,IV.3,
8.11.5] for this). Since both G' x U and U x /¢ U are flat and finite of the same rank over
U by the previous paragraph, this implies that ¢ is an isomorphism.

Proof of (5). Consider the natural morphism
a:q (¢M)y— M

The restriction ax\ x,, is an isomorphism by (4) and Proposition 2.1 (5). Now both sides
are locally free of finite rank by (1). Thus, by Nakayama’s lemma, it is sufficient to show
that o, is surjective for x € Xq. In particular, it is sufficient to show that the restric-
tion *(«) of a to X is an isomorphism. Now note that since ¢ is an affine morphism,
the natural adjunction morphism « : ¢*(¢.M) — M is a surjection and thus we have a
surjection

(g (g M) — (M)

restricting a. Hence we have a surjection
t(q"((g:M)o)) = ¢ (M)o

14



and since (*(M )y = o*(M) by assumption we get a surjection
(¢ ((g:M)o)) — (M)

which must be an isomorphism, since both sides are locally free of the same rank.

Proof of (6). We need to check that the geometric fibres X/G — S are regular. So let
Speck — S be a geometric point. By assumption, X}, is regular and by [30, Prop. 3.1],
(Xk)e = (X¢)i is then also regular.

Proof of (7). Since ¢ is faithfully flat, we see that X/G — S is also flat. To see that X/G —
S is smooth, we need to check that the geometric fibres X/G — S are regular. Now since
X is flat over S and a Cartier divisor, we see that for any base change ' — S, (X7)¢ — T
is also flat and a Cartier divisor. Furthermore, by Lemma 2.4, for any base change 7" — 5,
we have (X/G)r = (Xr)/G. So let Spec k — S be a geometric point. By assumption X,
is regular and since (X})¢ is a Cartier divisor, we see that (X;)/G = (X/G); is regular,
since g, is faithfully flat by (1) and Proposition 2.1 (1). [

3 Free algebras

This section is mainly here to fix some notation that will be needed in section 4. Let I be
a finite set. We shall write (/) for the free monoid generated by the set /. See for instance
[24, chap. 1] for this. Recall that the set (/) consists of all the finite words written in the
alphabet /. A finite word is a map {1,...,n} — I, where n is a positive integer. The
integer n is called the length of the word. If

wy{L, .o, —= T

and
wy: {l,... not — 1

are two finite words, their concatenation w,w, is by definition the map
wywg : {1,...,ny +no} — I,

such that wyws(k) = wy(k) if & < ny and wywe(k) = we(k — ny) if & > ny. The monoid
structure of (/) is given by the concatenation of finite words. We shall write Z(I) for the
free Z-module with basis the elements of (/). If I = {X;,..., X,,} then we shall use the
shorthand

Z{X1,... Xp} = Z{Xy,.... X0})

15



The set Z(I) has the structure of a unital ring, where the addition is given by the addition
on Z(I) provided by its structure of Z-module and the multiplication - is given by the

(an-w)-(va-v)::Z( Z Ny - My) + h.
we(l) ve(l)

he(I) w,we(l), wv=h

formula

Note that there is an equivalence relation ~,, on (I), defined as follows. If w; and
wy are two finite words as above, then w;~,, ws iff n; = ny and there is a bijection
o:{1,....,m} — {1,...,n1} such that w; = wyoo. We shall write [w],, for the equivalence
class of a finite word w in (I).

We shall write Z[I] for the polynomial ring over the set I (ie the polynomial ring with
coefficients in Z where each element of [ is a variable). This is by definition the free
Z-module with basis the free commutative monoid generated by /.

Note that there is an obvious surjective map of rings
Z(I) — Z[I]

Lemma 3.1. Anelement 3, n-wis in the kernel of Z{I) — Z[I] iff for all v € (I), we have

Proof. Left to the reader. [

Abusing language, we shall say that Z(/) is the ring of non commutative polynomials
with variables I and with coefficients in Z. In particular Z{ X}, ... X,,} is the ring of non
commutative polynomials in the variables X, ..., X,, and coefficients in Z.

If P € Z(I), then for each w € (I), the integer P,, is defined by the equality

P=> P,-w
we(T)

4 The determinant of cohomology and Ducrot’s generali-

sation of the Deligne pairing

Let f : X — S be a flat and strongly projective morphism. Suppose that S is locally
noetherian. Let I be a finite set. Let { F; };c; be a collection of vector bundles on X indexed
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by I. If w = i1is . . . ix is a non empty word in the alphabet I, then we shall write

where \(F},) = det(R*f.(F},)) is the determinant of cohomology of the vector bundle
F;,, relatively to f (see beginning of the introduction). If w is the empty word then by
convention A(w) := A\(Oyx).

If we are given a non commutative polynomial P = P((F});c;) with variables in I and
integral coefficients (see section 3), we shall write
AP) = Q) Aw)®"
we(l)
Note that with this definition, if P and () are two non commutative polynomials with

variables in I and integral coefficients, then in view of the distributivity of the tensor
product, there is a canonical isomorphism

AP+ Q) 2 AP) @ MQ).

Abusing language, we shall mostly write non commutative polynomials P = P((F});er)
with variables in I using the F; as variable symbols instead of the elements of the index
set I. Also we shall mostly use the tensor product symbol ® instead of the symbol -. So
egif I = {X;, Xy} we would write

FLQF+F,QF
instead of X - Xy + X, - Xo.

Lemma 4.1. Let {F}},c; be a finite collection of vector bundles on X. Let P = P((F;);er) € Z{I)
be a non commutative polynomial with integral coefficients in the F; and suppose that P lies in
the kernel of the natural map of rings Z(I) — Z[I]. Then there is an isomorphism \(P) = Og,
which can be chosen compatibly with any base change to a locally noetherian scheme.

Proof. Let us write O for the set of equivalence classes of the relation ~,, in () (see
section 3 for the definition). Choose a representative w’(0) € o (arbitrary but fixed) for
each o € O. Furthermore, for each 0 € O and each w € o, choose an automorphism
oy, of {1,...,length(w'(0))} such that w'(0) = o, o w. Finally, choose an isomorphism
a,:0={l,...,#o0} foreacho € O.

According to Lemma 3.1, if we write

P=>") P, w

0€0 weEo
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then > _ P, = 0 for each o € O. On the other hand, by the definition of A\(P) and the
distributivity of the tensor product, we have a canonical isomorphism

AP) 2 Q) ) Aw)"™
o€0 weEo

and by the commutativity of the tensor product, there is a canonical isomorphism
Aw) = A(w'(0))

for each w € o, which depends of the choice of the automorphism o,,. Hence there is a
canonical isomorphism

A(P) 22 Q) A(w'(0))>uee P,

0€0
which depends on the isomorphism «,. The conclusion follows. Note that this isomor-
phism depends a priori on the choices of the representatives w'(0o) € o and of the auto-
morphisms o, and «,. One might conjecture that different choices of representatives and
automorphisms will lead to the same isomorphism A(P) = Og, up to sign (but this is
irrelevant to the conclusion of the lemma, which contains no unicity statement). [

Let Ly, ... Lgyq be line bundles on X. Suppose that X is of constant relative dimension d
over S. We shall write

]X/S(Lla R ,Ld+1) = )\((OX — Ll) X (OX — LQ) R ® (OX _ Ld—}—l))@(_l)d

where the expression defining /x/s(L1, ..., L4t1) is to be read with the above notational
conventions in mind. In particular, the expression (Ox —L;)®(Ox—L2)®- - -®@(Ox—Lg41)
should be understood as a non commutative polynomial in the line bundles Ox, L1, ..., Lat1
and A\((Ox — L) ® (Ox — L2) @ --- @ (Ox — Lg441)) is to be computed according to the
conventions described above.

So for example, if d =1,
IX/S(Lh L2)v =AM(Ox — L1) ® (Ox — Ls))
= MOx®0x —0Ox® Ly — L1 ® Ox + L1 ® Ly)
= MOx®0x)@XNOx @ L)Y @ ML ® Ox)" @ MLy ® Ly)
> NOx) @ A(L2)” @ A(L1)Y @ MLy ® Lo). (6)
Ducrot showed in [7, §5] that the line bundle Ix/s(L1, ..., Ls11) is multiadditive in the

line bundles Ly, ... Lqy;. In particular, he shows that if () is a line bundle on X, then

there is a canonical isomorphism
Ixn/s(Li®Q, ..., Lay1) = Ix/s(La, ooy Lay1) ® Ixys(@Q, - - - Laya) 7)
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The canonical isomorphism (7) is compatible with any base change to a locally noetherian
scheme. See [/, Th. 4.2 (BC)].

We may thus compute

MOx —Q)®(0Ox — L) ®(Ox — Ly) ® -+ ® (Ox — La41))
1)
= AN(Ox = L) @ (Ox = Ly) ® -+ @ (Ox — Lay1))
® MQ-Q®L)®(0x —Ly)®@(0Ox — L3) @+ @ (Ox — Lat1))"
(2
= MN(Ox — L) ®(0x — L) ® - ® (Ox — Lgy1))
® M(Ox—Li®Q—(0x—Q))®(0Ox — L) ® (Ox —L3) ® -+ ® (Ox — Lgy1))"
(3)
> Iys(La,. .o, Lagr) 0
® Ix/s(l1®Q, Ly, ..., Ld+1)®(7l)d+1 ® Ixs(Q, Lo, . . ., Ldﬂ)@(*l)d
(4 X
= Ixs(La, Lo, - - 7Ld+1)®(_1)d ® Ix/s(Li1, L, . .., Ld+1)®(_1)d+

d+1 d (5)

® IX/S(Qa L27 oo 7Ld+1)®(71) ' ® [X/S(Qa L27 ER) Ld+1>®(71) = OX

and this trivialisation is invariant under any base change to a locally noetherian scheme.
The isomorphisms (1), (2), (3) are formal consequences of Lemma 4.1 and of the polyno-
mial equalities

L—x1)- (1 = 2a41)

(= 2ga) = (y —yz) (L —22) ... (1 — 2441)

(= zan) = (L—zy) = (L= 9))(L = 22) ... (1 — 2g41)

e (=2ge) = (M =my)(L —22) ... (1= 2g) + (1 —y)(1 —x2) ... (1 — Tay1)

~~ o~ —~
—_
8
=

~— ~— ~— —

(in the same order). The isomorphism (4) comes from the multiadditivity of the symbol
Ix/s described above. Isomorphism (5) is just a cancellation.

The following theorem summarises the discussion and it is one of the main consequences
of the theory developed in [7].

Theorem 4.2. Suppose that X — S is flat, strongly projective and of relative dimension d.
Suppose that S is locally noetherian. Let L, . .., Lqyo be line bundles on X. Then the line bundle

AM(Ox — L)@ (Ox — L) ® -+ ® (Ox — Lgy2))

is canonically trivial and the trivialisation is invariant under base change to any locally noetherian
scheme.
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See also [2, Th. A.21, Appendix], where it is verified that some noetherian assumptions
in Theorem 4.2 can be removed (we do not exploit this because noetherian assumptions
are needed elsewhere in this text).

Corollary 4.3. Let F :=ny My + - - - + ng My, where M, is a line bundle on X (resp. n; € Z) for
alli € {1,...,k}. Let Ly, ..., Lgy1 be line bundles on X. Suppose that Y. n; = 0. Then the line
bundle

AMF ®(Ox = L1) ® (Ox — L2) ® -+ ® (Ox — Lat1))

is canonically trivial and the trivialisation is invariant under base change to any noetherian
scheme.

Proof. (of Corollary 4.3). By Theorem 4.2, there is a canonical isomorphism
AM(niMy)@(Ox—L1)®(Ox — L)@+ @(Ox—La+1)) = A(Ox—L1)®(Ox —La) @ - @(Ox—Las1)) ™™

for any n;. The Corollary follows from this. [

5 Equivariant derived functors

We first recall the definition of a perfect complex. Let Z be a locally noetherian scheme.
We shall as usual write D°(Z) for the derived category of bounded complexes of O -
modules. A complex J* of Oz-modules is said to be of finite tor-dimension if there are
integers a < b such that for all O,-modules M, we have Tor*(J*, M) = 0if k < aor k > b.
A bounded complex J* is said to be perfect if

- the homology sheaves #*(J*) are coherent for all k € Z;
- there is a covering (U;) of Z by open subschemes, such that .J*|, is of finite tor-dimension.

In view of this definition, we see that the property of being perfect depends only on the
image of J* in the category D’(2).

Let G be a finite group. If Z is a G-equivariant locally noetherian scheme, we let Coh®!(Z7)
be the category of coherent G-equivariant sheaves on Z. Recall also that Coh(Z) refers
to the category of coherent sheaves on Z. Note that the category Coh®!(Z) has a nat-
ural structure of abelian category. We shall write D’(Coh®(Z)) for the derived cate-
gory of bounded complexes in Coh®*(Z). Note that there is a natural forgetful func-
tor from D’(Coh®!(Z)) to D°(Coh(Z)) and thus also to D*(Z) via the forgetful functor
D*(Coh(Z)) — D*(Z).
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Lemma 5.1. Suppose that f : X — Y is a strongly projective morphism of G-equivariant noethe-
rian schemes. Let J* be a bounded complex of G-equivariant coherent sheaves on X. Then there
is a bounded complex H*® of G-equivariant f-acyclic coherent sheaves on X and a G-equivariant
quasi-isomorphism J* — H®.

Recall that if F' is a quasi-coherent sheaf on X, one says that F is f-acyclic if R*f.(F) = 0
when k& > 0.

Proof. When the action of G on X and Y is trivial, this is standard. The proof in the
equivariant situation is completely similar and we skip it. [

In view of Lemma 5.1 and [18, Th. 1.5.1], in the situation of Lemma 5.1 the functor f¢4 has
a right derived functor

R® 1 : D*(Coh®(X)) — D°(Coh®I(S)).
The functor R* f{4 is compatible with the usual right derived functor
R*f. : D’(Coh(X)) — D"(Coh(Y))

via the forgetful functors D’(Coh®!(X)) — D’(Coh(X)) and D°(Coh*d(Y)) — D*(Y). If
f:X —=Yandh: X — Y are strongly projective morphism of G-equivariant noetherian
schemes then we have a natural isomorphism of functors R*(ho f)$1 = R*h¢90oR® f29. This
follows from [18, Prop. 5.4 and following remark]. We leave the details to the reader. The
point is that for any bounded complex of G-equivariant coherent sheaves J* on X, there
is a bounded complex H* of G-equivariant coherent sheaves on X, which is both f— and
h o f-acyclic, and a G-equivariant quasi-isomorphism J* — H°.

If ' is a G-equivariant locally free sheaf on a G-equivariant locally noetherian scheme
Z, we have a functor F ® (-) : D*(Coh*d(Z)) — D?(Coh*d(Z)) (resp. a functor (1) ® F :
Db(Coh®Y(Z)) — D*(Coh®Y(Z)). This functor simply sends a complex J* € D’(Coh(Z))
on the complex J* ® F' (resp. the complex F' & J°*).

We have a projection formula:

Proposition 5.2. Suppose that f : X — Y is a strongly projective morphism of G-equivariant
noetherian schemes. Let F be a G-equivariant locally free sheaf on Y. Then there is a natural
isomorphism of functors

REAS(F)@ () =R @ F
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Proof. Left to the reader. Apply the usual projection formula to the definition of Rff4(-). O

Recall that a morphism & : T' — S of locally noetherian schemes is called Ici (local com-
plete intersection), if locally on S, there is a factorisation of % into a regular closed im-
mersion 7" — T followed by a smooth morphism 7} — S. We recall the

Proposition 5.3. If a morphism h : T — S of noetherian schemes is Ici and strongly projective
and F* is an object of D*(Coh(T)), which is a perfect complex then R* f.(F*) is also a perfect
complex.

Proof. See [17, Cor. 4.8.1, Exp. IlI]. O

Suppose now that Z is a locally noetherian scheme, that G = Z/2Z and that 2 is invertible
on Z. Suppose also that the scheme Z is endowed with a trivial G-equivariant structure.
If ' is an equivariant coherent sheaf on Z, we shall write

F+ = F()

and
F_ = Fl.

The functors
(1) = ()1 : Coh®*(Z) — Coh(2)

and
() = ()0 : Coh®(Z) — Coh(Z)

are exact functors and so they uniquely extend to functors from D°(Coh®}(Z)) to D*(Coh(Z)),
which are their right and left derived functors simultaneously. We shall also call these
extensions (-); and (-)_. If F'* is an object in D?(Coh®!(Z)) then we have by construction

a canonical direct sum decomposition F* & (F*), & (F*)_ in D*(Coh(Z)). In particular,

if the image of F* in D?(Coh(Z)) is a perfect complex, so are (F'*), and (F*)_. We shall
say that an object F'* of D?(Coh®!(Z)) is a perfect complex if its image in D?(Coh(Z)) (or
D(Z)) is a perfect complex. If F'* is an object of D?(Coh®d(Z)), which is a perfect complex,
we can thus write

det®d(F*) := det((F*)+) @ det((F*)_)".

If
F*— H* — J* — F*[1]
is a triangle of perfect complexes in D?(Coh®!(Z)), we then have a canonical isomorphism

det®(F*) @ det®(J*) = det®(H*®)
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by the standard properties of determinants (see [22]) and the fact that the functors
()x : D*(Coh*(Z)) — D"(Coh(Z))

respect triangulations (because they are derived functors).

Let f : X — Y be alocally projective and lci morphism of G-equivariant locally noethe-
rian schemes, where the G-action on Y is trivial. Suppose that G = Z/27Z and that 2 is
invertible on Y (and thus on X). Let F'* be an object of D’(Coh®! (X)), which is a perfect
complex. Let U C Y be an open subset, such that f|y : f~'(U) — U is strongly projective.
By Corollary 5.3 and the above discussion, we may define

AUE® | p1w)) o= det(R*(fU0)(F*[ 1)) +) @ det((R(F)« (F*|y-129))-)”

which is a line bundle on U. Since this line bundle is defined locally on Y, by varying
U, we obtain a line bundle on all of Y, which we denote by A*!(F*). If the equivariant
structure on X and I is trivial, then we of course have a canonical identification

A(F®) =2 A(F*).
Note that if
F*— H®* — J* — F*[1]
is a triangle of perfect complexes in D?(Coh®!(X)), then we have canonically
A(E®) @ A%(J%) = X9 (H?) ®)

(because R*® f{9(-) respects triangles, locally in Y').

Let I be a finite set. Let {F;},c; be a collection of equivariant vector bundles on X in-
dexed by I. For any non commutative polynomial P = ((F;);c;) with integral coefficients
and variables in /, we may now define A\°!(P) in a manner entirely similar to the non
equivariant case (see beginning of section 4). The evident equivariant analog of Lemma
4.1 then also holds.

Finally, we shall write {—1} for the trivial sheaf Ox, endowed with the G-equivariant
structure such that for any g € G the isomorphism oy 13 : {—1} = g.({—1}) composed
with the canonical non equivariant identification g.({—1}) = {—1} is given by multipli-
cation by (—1)¢. If F' is a G-equivariant sheaf on X, we shall write F'{—1} for ' ® {—1}.
Note that if /7 is an equivariant coherent locally free sheaf on X and [ € Z, we have

canonical isomorphisms
NU(F{=11)) = AP0 = a0 (= F)). ©)
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6 Local refinement of the fixed point formula for an invo-

lution

Let S be a locally noetherian scheme and let f : X — S be a separated morphism of finite
type. Suppose that 2 is invertible in S. Let G = Z/2, so that we have a canonical isomor-
phism Gg = p15¢. Suppose that we have a G-equivariant structure on X over S. Suppose
finally that the orbit of every point in X is contained in an open affine subscheme. Let
t: X — X be the fixed scheme of X and let ¢ : X — X/G be the quotient morphism.
These morphisms exist by Proposition 2.3 and Theorem 2.1. Note that if ¢ is flat then it
is faithfully flat (since it is surjective) and thus if ¢ and f are flat the natural morphism
X/G — Sis also flat. Similarly, if f is locally projective then so is the natural morphism
X/G—S.

In this section, we shall prove a version of the relative geometric fixed point formula for
the G-action of GG on X, which avoids K-theory entirely, replacing all the equalities in a
Grothendieck group or a Picard group by explicit isomorphisms. This is the following
Theorem.

Theorem 6.1. Suppose in addition that f is smooth, locally projective and that f has constant
relative dimension d. Suppose also that the morphism X — S is flat. Then Xg — S is
smooth and thus Xq is regularly immersed in X. Let N = Nx/x be the conormal bundle of
t: Xg — X, endowed with its canonical G-equivariant structure. Let M be a G-equivariant line
bundle on X. We have a canonical isomorphism

d—j (d+1

AP 2 (A1 (M) @ Symd (W) * = (1)

which is compatible with any base change h : S" — S such that S’ is locally noetherian.

For the proof, we shall need the following

Lemma 6.2. Let Z — T be a morphism of locally noetherian schemes. Let C' — Z be a regqular
closed immersion. Suppose that C' and Z are flat over T. Let h : T — T be a morphism of
schemes, where T" is locally noetherian. Then

(a) the natural morphism Ble,,(Z7+) — Blo(Z)r is an isomorphism;

(b) Bl(Z) is flat over T..

Proof. Let I be the sheaf of ideals of C'in Z. By definition, we have
Blo(Z) = Proj(@ I')

i>0
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so that
Blo(Z)r = Proj(ED hi(I'))

>0
where hy : Zp — Z is the base change of h to Z and h}(I*) is the pull-back to Z7 of I* as
a coherent sheaf on Z. On the other hand, we have again by definition
Ble,, (Zr) == Proj(EP h,' (1)) = Proj(EP h; ' (I'))
i>0 i>0

where h;'(I') is the ideal sheaf on Z;v, which is the image of &, (1) in O_,. The surjection
of sheaves hj(I*) — h,'(I') provide a natural Zz-morphism from Bl (Z7) to Ble(Z),
which is the natural map mentioned in the lemma. To prove (a), we need to show that
this morphism is an isomorphism. For this, it is sufficient to show that the surjection
hy(I') — h,'(I') is an isomorphism for all i > 0. We will show that the closed subscheme
of Z defined by I’ is flat over T, from which this immediately follows. Now note that
because C is regularly immersed in Z we have I*/I**! 2 Sym"(N/) for all k > 0. Here
N¢/z is the conormal sheaf of C'in Z. See eg [13, IV, par. 2, Cor. 2.4] for this. Since N¢/,
is locally free over C and C is flat over T, we see that I k /I is flat over T for all k > 0.
Since O /I has a natural filtration, whose quotients are of the form I*/I*™1, we conclude
that Oz /I" is also flat over T'. In other words, the closed subscheme of Z defined by I’ is
flat over 7. This concludes the proof of (a). For (b), note that since Z is flat over 7" and
Oz/I" is flat over T (see the proof of (a)), the sheaf I" is also flat over T (for all : > 0).
Thus the graded Oz-algebra @, I is flat over T, which implies that Blo(Z) is flat over
T. O

Proof. (of Theorem 6.1). First note that since the advertised isomorphism of line bundles
is local on S, we may assume that S is affine. In particular, we may assume that f is a
strongly projective morphism.

We start with an identity in Z[t]. Define
Pu(t) =28 4212 —t) 4+ 222 — )2 + -+ (2 - 1)F € Z[1].
Setting ¢ := 1 — £, we have
1Pu(t) = 21— )2 (1 4+ g+ - -+ ¢F) = —2FFL(gF1 — 1) = 2F+1 — (2g)F+1 = 2k+1 _ (9 p)k+1,
(I am grateful to one of the referees for providing a simplification of earlier calculations).

Now suppose first that X is a Cartier divisor. Let L := O(—X¢).

We have an exact sequence

0—=LOM — M — 1,((M))—0 (10)
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The existence of this sequence, unspectacular as it may seem, is the linchpin of the proof.

Note that by the adjunction formula (or by definition, according to taste) we have a
canonical equivariant isomorphism ¢*(L) = N. Note also that by Proposition 2.5 (2), G
acts by —1 on N. Let J := ¢.(L{—1})o. Proposition 2.5 (5) implies that this is a line
bundle on X/G such that ¢*(J) = L{—1}.

Now we compute
(M) ® Pi(Oxq — N)))

A7 (M)
A (M) @ Pi(Ox — (L)) = XM ® (Ox — L) ® P(Ox — L))
(
(

—

<
=
—
~

2

—~
Q
=

)
0P — (0P — (Ox — L))**+1))
(

~ MM

(e) 1

~ ) M® O®2k+ (OEBQ OX + L{ 1}))®(k+1 ))
) 1

2 N(M @ (0P — (0x — L{-1})9¢+1))

—~
S
=

I

¢4 M)@Q’“*l /\eq(M ® (OX . L{_1})®(k+1))\/

z

(¢
(
(
“ay
(
(
(

A\ M)®2k+1 /\eq(q*(M) ® (OX/G’ . J)@(k—&-l))V

R 1R

)\eQ(M)®2k+1 R A(q(M) 4 — q(M)-) @ (Ox/c — )@tk

—~
<.
~

Il

A9(M)ET @ M((Oxjc — ¢.(M)_) — (Ox/6 — .(M)4)) @ (Oxjg — J)*FD)Y

—~
S
~

2k+1

I

ANYM)ZT @ M(Ox/6 — ¢.(M)-) ® (Oxjc — JYB(HD)V
M(Oxja = ¢.(M)4) © (Oxjq — J)**HD)

X

Equality (b) is justified by the adjunction formula. Equality (c) follows from the existence
of the exact sequence (10) and the compatibility of \*I(-) with triangles. Equality (d)
follows from the equality ¢ - Py(t) = 2571 — (2 — ¢)*"! and the equivariant analogue of
Lemma 4.1. Equality (e) follows from (9). Equality (f) is a simple cancellation and so
is equality (g). Equality (h) follows from the projection formula 5.2, the compatibility
of equivariant derived functors with compositions of morphisms (see before Proposition
5.2) and the fact that we have ¢*(J) = L{—1}. Equality (i) follows from the definition of
A%4(-). Equality (j) is a simple cancellation and so is equality (k).

Now if we let £ = d, we obtain by Theorem 4.2 canonical trivialisations

A((Ox/6 = ¢.(M)-) ® (Oxy6 — J)**V) 2 A(Ox/6 — 4.(M)-) @ (Oxyq — J)**HY) 2 O
and

A (Ox/6 = 4.(M) 1) ® (Oxy6 — J)**V) 2 A(Ox/6 — 4.(M)+) @ (Oxyq — J)**HY) = O
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and thus a canonical isomorphism

AU (M) ® Py(Oxg — N)) 2 XM (11)

Note that all the isomorphisms (b),..., (k) are compatible with any base change to a
locally noetherian scheme. This follows from that fact that X — S and X; — S are flat,
from Lemma 2.4 and from Theorem 4.2.

We repeat the calculation for M = Ox and d = 1 (ie when X — S is a fibration in curves)
to make the calculation completely explicit in a simple situation. In the case d = 1, we
may choose k = d = 1 (see above). We then have P;(t) = P;(t) = 4 — t. We shall write
F = q,(Ox)_. We compute

A (Ox)™* ® A(N)

X9(O0x)% @ AYL)*) @ AY(L) @ A (LP?)=

“U0x)* @ AY(L{~1})*? @ A*Y(L{-1}*%)=Y

O @ ANJ)P2 @ NJ @ F)?CD @ A(J22)2ED @ A (J22 @ F)
(
(
(

>

N0 RN(1-F)e (1-J)® (1 - 7))
\ed OX ®4

R~ R R IR=2IR= Re
>

)
)
)
2A0x)%* @ MNOx/6)* TV @ ANF) @ M) @ MJ @ F)*CD @ A(JE)*CD @ \(J? @ F)
)
)

The isomorphism a comes from the adjunction formula, the exact sequence (10) and the
identity (8). The isomorphism £ is a consequence of the identities (9). The isomorphisms
v and § come from the equivariant projection formula (Proposition 5.2) and the fact that
equivariant derived functors are compatible with compositions of morphisms (see before
Proposition 5.2). Isomorphism e is just a reshuffling of terms, taking into account the
commutativity of the tensor product. Isomorphism ¢ comes from Theorem 4.2.

We now go back to the general situation. If X is not a Cartier divisor let X be the
blow-up of X along X and let b : X — X be the canonical morphism. Note that since
S is affine, the scheme X carries an ample line bundle. In particular the morphism b
is strongly projective. Also, the scheme X is flat over S by Lemma 6.2 (b) and it has
geometrically regular fibres over S by Lemma 6.2 (a) and the fact that X; — S is smooth.
Thus X is smooth over S and this implies that b is Ici. The scheme X is canonically G-
equivariant since the sheaf of ideals of X is equivariant. The exceptional divisor E of X
is isomorphic to the projectivised bundle P(/N). Since G acts by multiplication by —1 on
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N, we see that the action of G is trivial on £. Hence F = )?G and )~(G is a Cartier divisor,
which is clearly smooth over S.

Let i : Xg < X and p : Xg — X be the canonical morphisms. From equality (11), we
obtain

it (P) d+1
)\eq(M)®2 + & )\eq(b*(M))@JZ +

AU (0" (M) ® Py(Og, — Nz, /%))

—
Q
~

12

—~
—
~

=\ (M)

® ¢ d - -
® R pﬁ<(9§'§2@ +27H0F = (0%, — Nz /x)) +272(0% — (Og, — Nz yx) P + ..
+ (02 - (0%, — Ngx)™))
(m)
2 e, (M)
® Rp(O% 4+ 297 (O, + Ny, z) + 2020, + Neyy) ™ + -
+ (O)?G + N)}G/)?)(gd))
n) d i . _
= N <Z Qd Z( ) XG/X)®j))

i=0 j=

For equality (1), use the projection formula (Proposition 5.2) and the fact that the functors
Rfe4 - RO and R(f o b)$? are naturally isomorphic (see discussion after Lemma 5.1).
Equality (m) is a simple cancellation. Equality (n) follows from the equivariant analogue
of Lemma 4.1 and from the polynomial identity Py(1 —t) = S0 S 1027 (5)/, which
itself follows from the binomial formula. Equality (o) follows from (11). Equality (p)
follows from the projection formula and the fact that R*b,.(O;) = Ox (see [13, VI, &4,
proof of Prop. 4.1] for lack of a better reference).

Now since X = P(N) we have

Rp. (N 2) = Symi(N)

(see [19, Lemma 3.1]) and we obtain

d i
RIS AN

i=0 j=0

g <;) Symd (V).

Now note that we have the formal equality

Xd:Zle()Sym] (V) = d [dZiQdJ l(zjjﬂsynﬂ( ).

=0 5=0 =0 =0
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To simplify this expression, we shall make use of the following combinatorial lemma,
that was kindly communicated to us by E. Gomezllata Marmolejo.

Lemma 6.3 (E. Gomezllata Marmolejo). For 0 < j < d, we have

d—j

ZQsz(Z+]> d](d—l—l)
i=0 =0

Proof. (of Lemma 6.3). The equality clearly holds if d = j. We prove it by induction on d,
starting at d = j:

(1) - OH0O- ()£ 0 (2)

d—j

1

d—j . .
- () 12)

i=0
The first and third equality in (12) follow from standard properties of binomial coeffi-

cients, the second and last one are just simplifications and the fourth one relies on the
inductive hypothesis. [l

Using Lemma 6.3, we finally get the advertised canonical isomorphism

NN Aeq(ﬁ(M)®zd:[§<djl)}Sme( )

d
= QA (M) © Sym? (V) Ei=s (*

=0

Note again that this isomorphism is invariant under any base change to a locally noethe-
rian scheme by Lemma 6.2 and by the fact that it is invariant under any base change to a
locally noetherian scheme when X¢; is a Cartier divisor. [

7 Local refinement of the Adams-Riemann-Roch formula

We shall now prove Theorem 1.1. We recall the terminology. We let 7 : ¥ — S be a
smooth and locally projective morphism of locally noetherian schemes. We suppose that
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the fibres of m are geometrically connected and that = has constant relative dimension
d > 0. We suppose that 2 is invertible on S. We want to prove that there is a canonical
isomorphism

2d _ ,

ALY = (RYA(L? @ Symd (ys)) 2 2507 ()

=0
(this is (1) in Theorem 1.1) which is invariant under any base change to a locally noethe-
rian scheme.

We shall write
X =Y xg5Y

and we shall write 7, : X — Y and m, : X — Y for the two projections. The group
scheme G = Z /27 acts on X by swapping the coordinates, with fixed point scheme the
relative diagonal A. The diagonal A is then regularly immersed.

Note that we used the fact that the fibres of 7 are smooth and geometrically connected
here. If 7 is only supposed to be smooth, the diagonal A might not be regularly im-
mersed. This can be seen on the example of a finite and étale morphism. In that case, the
immersion of the diagonal is open and closed and thus A is not a Cartier divisor.

Let L be a line bundle on Y and suppose that L is cohomologically flat over S (see the be-
ginning of the introduction for the definition of cohomological flatness). The line bundle
M = 7i(L) ® m3(L) is naturally G-equivariant and M|x = L®? carries the trivial action.
Furthermore Nj/x = (y,5 by definition.

Proposition 7.1. We have a canonical isomorphism
N9(M) =2 \(L)*®?

where \°*4(M) is computed using the above equivariant structure on M. This isomorphism is
invariant under any base change to a locally noetherian scheme.

Lemma 7.2. Let W be a vector bundle on a locally noetherian scheme T. Suppose that 2 is
invertible on T. Endow W ® W with the G-action which swaps the factors. There is a canonical
isomorphism

det® (W @ W) := det(W @ W), ) @ det(W @ W)_)" = det(W)*? (13)

which is compatible with any base change to a locally noetherian scheme.
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Proof. (of Lemma 7.2) Note that we have by definition
Sym?(W) := (W @ W)

and
ANW):=WeW)._.

The identity (13) can be proven “by pure thought”. We sketch the argument, leaving
some of the details to the reader. Let r := rk(WW). Recall that there is an additive and
exact functor A from the additive category of the GL,-comodules (ie representations of
the group scheme GL,), which are finitely generated and free Z-modules, to the additive
category of vector bundles over T'. This functor can be described as follows. Choose an
open covering (U;) of S, such that Wy, = OF" for all indices i. This leads to transition
functions 7;; : U; N U; — GL,(U; N U;). Now let h > 0 and choose a GL,-comodule
structure on Z". This corresponds to a homomorphism of group schemes p : GL, — GLj,.
We then define the vector bundle A(W/) as the vector bundle described by the transition
functions p(7;;). See [17, Exp. VI, after Th. 3.3] for more details on this. The functor
A is compatible by construction with all the usual tensor constructions (tensor powers,
exterior powers, etc.) and the construction of A is naturally compatible with any base
change of W. Let now V be the standard representation of GL, (so that V' = Z" as a
Z-module). Consider the two GL,-comodules det(A?(V)) and det(V). These are both
one-dimensional GL,-representations. Since the one dimensional GL,-comodules are all
of the form (det(V))®" for some n € Z (see eg [29, par. 3.8] for this), we see that there
exists a uniquely determined integer m and an isomorphism of comodules

det(A*(V)) = det(V)®™.

We fix one such isomorphism (it is actually fixed up to sign, since det(1V) is a one dimen-
sional Z-module). In view of the definition of the functor A(-), we see that this isomor-
phism induces an isomorphism of vector bundles

det(A2(W)) 2 det (W)=™

To compute m, it is sufficient to find a locally noetherian scheme Z and a vector bundle
J of rank r on Z, such that det(A?(.J)) is isomorphic to at most one tensor power of
det(J). The scheme P* has this property, since Pic(P')) = Z, provided det(.J) % Op:. So
supposing that Z = P! and J = O(1)®", we compute

det(A?(J)) = det( @ O(1)®0(1)) = 0(2 Z 1):0(2(’”))

1<i<j<r 1<i<j<r
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We can repeat this reasoning for Sym?*(-) in place of A?(-) and we obtain

1
det(Sym?(.J)) = O(2 (: i 1) )
We conclude that for any 7" and W, we have

r—1)!

det(A2(W)) = det(W)® 62 2 det(W)20

and
det(SymZ(W)) o det(W)‘@% ~ det(W)®(’"H)

and the lemma follows from these two equations. [

Lemma 7.3. Let W be a vector bundle on a locally noetherian scheme T. Suppose that 2 is
invertible on T'. Let G be the action of G on W @ W, which swaps the summands. Then there is
a canonical isomorphism

det“ (W @ W) :=det(W @& W),) @ det(W & W)_)" = O, (14)
which is compatible with any base change to a locally noetherian scheme.
Proof. (of Lemma 7.3). Note that the diagonal morphism of sheaves W — W & W
identifies (W & W) with W. Similarly, the antidiagonal morphism W — W & W (given

by the formula w — (w, —w)) identifies (W & W)_ with W. The lemma follows from
this. O

Proof. (of Proposition 7.1) Let f : X — S be the canonical morphism. By the Kiinneth
formula (see [14, I1I, par. 6, Th. 6.7.3]), we have a canonical isomorphism

R'f.(M) = PR'm.(L) ® R (L). (15)

Note that we used the fact that L is cohomologically flat here. The vector bundle

Pri7.(L) @ R 7 (L)

carries a natural G-action by permutation, namely the action such that the non trivial
element of G sends @, w; ® w;_; to @,(—1)""Yw,;_, ® w,. By the Koszul rule of signs, the
isomorphism (15) becomes G-equivariant with this choice of G-action on the righthand
side. Let sgn : G — {0, 1} be the non trivial character of G. Let us first suppose that i is
odd. We compute

det'(R'f.(M)) = (K) det(R'm.(L) @ R'm, (L) & R'm (L) @ R'm.(L)).  (16)

0<t<]i/2]
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In the righthand side of the isomorphism (16), the terms
Rim. (L) ® R 1, (L) @ R"'m, (L) ® Rim, (L)

carry a G-equivariant structure of the form considered in Lemma 7.3. We thus see that

we have a canonical isomorphism
det*I(R'f.(M)) = Og
Now suppose that i is even. We then have

det®d(R" f.(M))
> det(R7’m (L) @ R*m. (L) ® (X) det™(R'm.(L) ® R (L) ® R 'm. (L) ® R'7.(L)).
0<t<i/2
Here the summands Ri7.(L) ® R 'm. (L) ® R 'm.(L) ® Rim, (L) carry a G-equivariant
structure of the type considered in Lemma 7.3 multiplied by sgn’ and the summand
R¥/?m, (L) ® R¥/?m,(L) carries the equivariant structure considered in Lemma 7.2 multi-
plied by sgn?/2. As before, we conclude that

det®Y(RIf,(M)) = det®(R"?7,(L) @ R"?1,(L)).

On the other hand, by Lemma 7.2, we have

i/2

det*d(R?7,(L) ® R/?m, (L)) = det(R"*r, (L))®* -V

Summarising, we have
det* (R £, (M)) = det(R?m,(L))®2 D"
if 7 is even and
det*Y(R'f.(M)) = Og
if 7 is odd. We conclude that we have
AYM) = Q) det™ (R fu(M))*CV = (X)) det*I(R'f. = (X) det (R77., (L)1 = A(L)®?
>0 >0, 7 even j>0

which is what we wanted to prove. [J

Remark 7.4. Lemma 7.1 is the only place in the proof of Theorem 1.1 where we use the
assumption that L is cohomologically flat over S. We conjecture that Lemma 7.1 holds
without that assumption. If this is true then Theorem 1.1 holds without the assumption
that L is cohomologically flat over S. If one tries to prove Lemma 7.1 without the as-
sumption of cohomological flatness, one is faced with a difficult problem in the linear
algebra of perfect complexes that to date we have not been able to solve. See also [25]
about this.
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Finally, combining Proposition 7.1 and Theorem 6.1 we get an isomorphism

2d 2d+1)

A(L)F 2 (R MLE2 @ Sym! (Qy5)) 20 Zi%7 ()

=0

(17)

and this completes the proof of Theorem 1.1.

8 Proof of Proposition 1.3

We work with the assumptions and terminology of Theorem 1.1 and we suppose that
d = 1. Consider the formal linear combinations of line bundles

MT(L) := TL®* — 4Qy /s ® L¥* + L®* @ QF7

and
DT(L) := 18 + 6L%* ® Qyg — 6L @ Qg

Theorem 1.1 for dim(Y/S) = 1 says that we have a canonical isomorphism

1%

AMT(L)) = A(L)®'S.

Similarly, Deligne’s theorem (4) implies that there is a canonical isomorphism

A(DT(L))

1%

A(L)®'8,

We shall prove that the line bundle )\<9MT(L) — 8DT(L)) is canonically trivial, even
without the assumption that L is cohomologically flat over S. Assuming Theorem 1.1 for
dim(Y/S) = 1, this will prove that A(8DT(L)) is canonically trivial, which is the conclu-
sion of Proposition 1.3 (note that 9 - 16 = 8 - 18 = 144).

Now since L is arbitrary, it is sufficient to prove that
)\<9MT(L @ Qy/s) — SDT(L @ QY/S))

is canonically trivial.

We first compute

IMT(L®Qy/s) —8DT(L®Qy/s) = (992, — 36053

Y/S y/st 630257 — 480y 5) ® L¥* +48L — 144.

Y/S

Let
P(x,y) = (9y* — 365> + 63y> — 48y) a2 4 48z — 144 € Z[x, y).
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We compute

Plx,y)=P(1—-(1-2),1-(1-y))
91 —y)" +9(1 —y)* = 6(1 —y) —12)(1 — )?
+ (=18(1 — )t —18(1 — )2 +12(1 —y) — 24)(1 —2) + (9(1 —)* + 9(1 — y)* — 6(1 —y) — 108)
= 1201 —2)?+ (1201 —y) —24)(1 — z) + (9(1 — 9)* — 6(1 — y) — 108)
mod ((1 —y)*, (1 —y)(1 — )%, (1 —y)*(1 — 2), (1 — 2)*)

(where ((1 — )3, (1 —y)(1 — 2)2, (1 — y)*(1 — z), (1 — z)3) refers to the ideal of Z[z, y]
generated by (1 —y)?, (1 —y)(1 — )% (1 —y)*(1 — z) and (1 — 2)?).

We deduce from this identity, Lemma 4.1 and Corollary 4.3 that we have a canonical
isomorphism

/\(9MT(L ® Qy)s) — SDT(L® Qy/s)>

1%

A( —12(1 — L) + (12(1 — Qyys) — 24)(1 — L) + (9(1 — Qy5)% — 6(1 — Qy ) — 108))
= A(( = 12292 + (1205 + 36) © L+ (90§ — 240y;5 — 129) )
Note that by Grothendieck duality, we have a canonical isomorphism
AMQyys @ L) = A(LY).

We deduce that we have
A(9MT(L @ Qyys) = SDT(L @ Qyys) ) 2 A 12092 + 12LY + 36L + 9052, — 240y;5 — 129).(18)
Now by Corollay 4.3, we have a canonical trivialisation

MLY ® (11— L)®) = Og
or in other words a canonical isomorphism

MLY) 2 A\(L®* — 3L + 3).
Merging this with (18), we obtain a canonical isomorphism

A(QMT(L) - 8DT(L)> >~ \(9092, —

y/s — 117) = ()‘(93/25) ®AOx)*)®. (19)

To conclude, notice that by (3), we have canonically
)‘(Q%?s) > \(Ox)®",
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