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We fix a base field k. In this text all the schemes will be separated and of finite type over k and all the
morphisms will be k-morphisms. The paper [V] is

Varshavsky, Yakov; Lefschetz-Verdier trace formula and a generalization of a theorem of Fujiwara. Geom.
Funct. Anal. 17 (2007), no. 1, 271-319.

Let X be a scheme. Let C — X x; X be a morphism. Let ¢1,co : C — X be the two projections. Let
Z — X be a closed subscheme. Let U := X\ Z.

We say that a closed subscheme Z; — X is locally C-invariant if for all zy € Zj, there is a (Zariski)
neighborhood V of 2 in X, such that we have a set-theoretic inclusion ¢;(c; ' (Zo NV)) € Zo U (X\V). See
[V], Def. 1.5.1. Notice that this is completely set-theoretic and does not depend on the scheme structure of
Zo or C.

According to [V], 1.5.3 (d), Zp is locally C-invariant if and only if, for every irreducible component S of
c5 H(Z)\e; H(Z), we have ¢;(S) N ca(S) = 0. Here - refers to Zariski closure.

Accordingly, we shall say that a point P in c; '(Zo)\c; ' (Zo) is critical (relatively to Zy and C), if
Cl(P) ﬂCQ(P) # (Z)

If f: X, — X is a morphism, we define a pull-back correspondence f*(C) — X; xj X7 by base-change.
More precisely, f*(C) — X; xj X; is uniquely determined by the requirement that the square

[1(C) = X1 x Xy

D

C—> X x X

is cartesian.

Lemma 0.1. — Suppose that co is quasi-finite. Then there exists a proper morphism m : X — X,
such that the induced morphism == *(U) — U is an isomorphism and such that Z = 7*(Z) is locally

C := 7*(C)-invariant.

Proof. We define inductively a sequence of schemes X; (i > 0), together with subschemes Z; — X;, and
morphisms C; — X; X X;.

Let XO = X, ZO = Z7 C() =C.





2 FRANCOIS CHARLES & DAMIAN ROSSLER

If X;, Z; and C; are given, we define ¢ ;,c2; : C; — X; to be the first and second projections. We also
define

W; == [ H mred] N [ H mmd}

7]T662_1(Zi)\cl_;(zi) critical generic point nT€c;1(Zi)\cl__1(Zi) critical generic point

Beware that the N refers to the scheme-theoretic intersection. The coproduct refers to the union of closed

subschemes of X; (ie intersection of the corresponding ideal sheaves). Notice that set-theoretically

H c2,i(N7),0q € Zi

nr Ec;}(ZJ\(';}(Zl) critical generic point
So that W; is naturally a closed subset of Z;.
Now we define:

e X, 1 is the blow up of X; along W;, provided W; # 0; otherwise the sequence stops at the indez i; denote
the corresponding exceptional divisor by F; 1 — X;41; denote by m; 41, : X;4+1 — X; the natural morphism;

o (41 — X4 is the pull-back of C; by w11,

* Zipy =1 (Z).

Now view 02_711+1(Z¢+1)\ci11+1(2i+1) as a reduced locally closed subscheme of C;1; and let
Nit1i : Caip (Zis)\er i1 (Zigr) = ¢30(Zi)\er i (Z0)

be the natural morphism; notice that ¢i; 0 i1, = Tiq1,50¢1,i41 and ¢z ;0 A\j41,4 = Ti41,4 © €244+1 and that

Ait+1,; sends critical points into critical points.
Define for all 7 > 0

T = TM1,00T2,10 -0 ;i1 X, = X=X
and

Xit=A1,00A210 -0\ ;1 CQ_j(Z,)\cl_)ll(Zl) — cgl(Z)\cl_l(Z).
Claim 1. We have
Wo 2 m(Wh) 2 ma(Wa) 2 -+

To prove the claim, let ng € 02_711+1(Zi+1)\ci}+1(2i+1) be a critical generic point.
By construction, we have ¢1,i+1(ng) € Zi+1 and thus m;41(c1+1(0s)) € Z and ¢1,,41(Ns) & Eita-
Now suppose first that ¢z ;+1(ns) € Ei+1. In that case, by construction, we have

Tit1,i(c2,i+1(Ns)) = c2,i(Nit1,:(ns)) & Wi.
Furthermore, by the above we also have

Tit1,i(cLit1(ns)) = c1i(Xiv1,i(ns)) € Wi

Also, Ait1,i(ns) is a critical point and hence a specialisation of a critical generic point of c;i(ZZ)\cfll(Zl),

which is none other than the generic point of the irreducible component in which A;41,:(ng) lies. Hence

Tiv1,i(cLiv1(ns)) € H c1i(N7) ea

nTec;;(Zi)\c;;(Zi) critical generic point
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and

Tit1,i(c2,i41(ns)) € 1T €2,i(N7) eq

7]T€c2_1(Zi)\cl_1(Zi) critical generic point

Now, since blowing up separates closed subschemes (for details on this, see B. Conrad, ”Notes on Nagata

compactifications”, lemma 1.4), this implies that ¢ ;+1(ns) Nc2,i+1(ns) = 0, which contradicts the fact that

ns is critical. Hence we must have ¢z ;11(ns) € Eiy1.
We summarize:

if ng € 02_)11+1(Zi+1)\cl_73+1(Zi+1) is a critical generic point then cz;41(ns) € Eit1 and in particular
mit1(c2,i+1(ns)) € mi(Ws).
This is an important fact that we will refer to as (*).

A consequence of (*) is the weaker fact that W;11 C E;41 and hence that m;11(W;41) C m;(W;), which

proves the claim.

If the sequence stops for some index ¢ then by the discussion before the lemma, we may take X = X; and

™= T;.
So we assume to obtain a contradiction that the sequence does not stop.
Claim 2. There exists an ig such that for i > ig, we have dim(m; 11 (W;11)) < dim(m;(W;)).

We prove Claim 2. By noetherianity and Claim 1, there exists an i such that m; 1 (W;31) = m;(W;) for all
i > i9. We shall show that this iq works.

So let i > ig. We write out the fact that m;41(W;41) = m;(W;). This is
7Ti+1([ H 61,i+1(77T)red} N { H 02,i+1(77T)redD
77TEC£1+1(Z1+1)\C;};+1(Z1+1) critical generic point nT60;1+1(Zi)\c;1+l(Zi+1) critical generic point
= 7T7.(Wz)
In particular, in view of fact (*), we have set-theoretically

Tit1 ( H C2,i+1 (nT)red)

nT60£i+1(Z¢+1)\c;i+l(ZHl) critical generic point

_ U )

77T€c27;+1(Zi+1)\c;;+1(Zi+1) critical generic point

= U c2(Aig1(nr))

WTEC;,LA(Zi+1)\017,1+1(zi+1) critical generic point

= mi(Wi).

Thus there exists a critical generic point ng of 02_’21+1(Zi+1)\ci}+1(2i+1) such that ca(Nir1(ns))
is the generic point of an irreducible component of maximal dimension of m;(W;), ie such that
dim(c2(Ait1(ns))) = dim(m; (W5)).

Let now ng/ be any other critical generic point of Cz_,}+1(Zi+1)\C1_,}+1(Zi+1)-

Since ca(MNi+1(ns)) € m(W;) by fact (*), we have that ca(Ai+1(ns/)) < dim(m;(W;)) and thus

dim(c1(Ai+1(ns7)) < dim(Ai1(ns)) = dim(cz(Niv1(ns)) < dim(m; (W5)),



4 FRANCOIS CHARLES & DAMIAN ROSSLER

because co is quasi-finite. Thus
(1) dim(cz2(Ai+1(ns)) Ner(Ai1(nsr)) < dim(ea(Ait1(ns))) = dim(m; (W;))
for otherwise ca(M\i+1(ns)) = ¢1(Mix+1(ns:)), which would imply that ¢;(N\i+1(ns/)) € m(W;) C Z, a contra-

diction.

Now notice that we a set-theoretic identification
Wi = U c1,it1(Th) N iva (To)
Nty M7, critical generic points of c;1+1(Zi+1)\c;1+l(Zi+1)

and by (1), the closed set

Tit1(c1it1(nmy) Ne2ip1(nm,)) € cr(Nip1(nmy)) Nea(Nig1(n7,))
is of dimension < dim(m;(W;)) if dim(ca(Ai+1(n7y))) = dim(7;(W;)). On the other hand if
dim(c2(Ai+1(n7,))) < dim(m; (W)

then the closed set m;i41(c1i41(nmy) N c2i01(N1y)) is also of dimension < dim(w;(W;)). This proves that
dim(7;41 (Wi41)) < dim(7;(W;)) and proves Claim 2.

Proof of Lemma 0.1. Claim 2 contradicts Claim 1 so the sequence must stop. [

Remark. To see the construction of the lemma at work in a simple example, suppose that X is irreducible
of dimension 2 and that Z is of dimension 1. In that case Wy must be a finite set of closed points. Let np
be a critical generic point of cgj(Zl)\cfj(Zl). Then by fact (*), c2.1(nr) € E1 and thus ca(A1(nr)) € Wo
is a closed point and thus by quasi-finiteness, A;(nr) is a closed point. Thus ¢;(A1(nr)) is a closed point,
which by construction does not lie on Wj. Thus 5y cannot be a critical point, a contradiction. So in this

case, one blow up suffices.

Corollary 0.2. — Same assumptions as in the lemma. Identify U and 7=(U). Suppose furthermore that
c; 1 (U) = U is proper, so that ¢;*(U) — U is also proper. Then there exists

— an open k-immersion )?;—> )N(, where X is a scheme, which is proper over k;

— a morphism C— X x;L)? extending C—X Xk X.

such that )~(\U is locally C-invariant.

Proof. This is a consequence of [V], Lemma 1.5.4. O
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