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ABSTRACT

We define a “compactification” of the representation ring of the linear
group scheme over SpecZ, in the spirit of Arakelov geometry. We show
that it is a A-ring which is canonically isomorphic to a localized polyno-
mial ring and that it plays a universal role with respect to natural opera-
tions on the Kp-theory of hermitian bundles defined by Gillet—Soulé. As
a byproduct, we prove that the natural pre-A-ring structure of the Kp-
theory of hermitian bundles is a A-ring structure. This last result plays
a key role in the proof of the main results of [18] and [12].
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1. Introduction

In their paper [6, 6., II], Gillet and Soulé gave a definition of arithmetic
Grothendieck groups, i.e. they showed how to associate Grothendieck groups
to arithmetic varieties “compactified” in the sense of Arakelov geometry. Fur-
thermore, they gave a description of a pre-A-structure on these groups. As is the
case for the traditional Grothendieck groups of vector bundles on schemes, this
structure arises from the exterior power operations on vector bundles. Once this
pre-A-structure is given, one is naturally lead to ask if it is a A-structure, i.e. if
there exist universal polynomials computing products as well as compositions of
A-operations (see subsection 2.1 for a brief introduction to A-rings). In the tra-
ditional setting of the Grothendieck groups of vector bundles mentioned above,
such polynomials exist and there are two main ways to prove their existence:
the first one relies on the geometric splitting of vector bundles when lifted to
their own projectivized total space (see [9, VI]) and the second one relies on the
existence of a universal ring for natural operations on Grothendieck groups of
vector bundles (see [9, p. 393] and [19]), which is a A-ring. This last ring is in
fact the representation ring of the linear group scheme over Z. Both methods
extend to the Arakelovian setting and yield the existence of a A-structure on
arithmetic Grothendieck groups. We refer to the (unpublished) text [15] for a
proof using the first method. It is the purpose of the following paper to prove the
existence of a universal ring for natural operations on arithmetic Grothendieck
groups, which is a A-ring and thus give a proof of the existence of a A-structure
taking the second route. It will appear that this ring is a “compactification”,
in the sense of Arakelov geometry, of the representation ring of the linear group
scheme over Z. The existence of such a “compactification” was apparently al-
ready known to J.-F. Burnol (private conversations) but we don’t know if his
methods of proof coincide with ours. This second proof apparently also works
for a much more general class of schemes (Meissner’s result is only formulated
for projective varieties and our result applies to all schemes X such that X xz Q
is smooth over Q) and differs in method from the proof of its algebraic analog
(see 3.1) in that it doesn’t rely on the theory of the Brauer homomorphisms for
its main step. Furthermore, one might hope that the universal ring defined here
could be used to define a A-structure on a yet to be defined higher arithmetic K-
theory (see [20]) since its traditional counterpart has found such an application
in the paper [13]. The hermitian representations that we use to construct our
“compactifications” also appear in [5], in the context of the theory of heights.
The main results of this paper are announced in [16]. The existence of a special
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A-structure on arithmetic Grothendieck groups plays a crucial role in the proof
of the main results of [18] and [12] (see the end of the paper).

ACKNOWLEDGEMENT: We want to thank C. Soulé for proposing to us the topic
of these investigations and for his constant support, help and advice during our
work. We also extend our thanks to J.-B. Bost and K. Kiinnemann, for their
detailed comments on this paper.

2. Preliminaries

2.1. A-STRUCTURES. Here we gather some general facts about A-rings. The
reader will find [1] a good reference. A pre-A-ring is a unital commutative ring
R with operations A*: R — R (k > 0), such that
(i) A’ =1,A' = Id;

(i) Me(z+3) = S5, X (@)W(y)
for all £ > 1 and for all z,y € R. Elements ¢ € R are called line elements
if X%(z) = 0 for alli > 1. Now let k,5 > 0 and = € R and suppose that
x =11+ -+ 1., where l1,...,l, are line elements, and that r > kj. The
expression A¥(A(z)) can then be computed via the rule (ii) and yields a polyno-
mial with integer coefficients in the I;, which is symmetric by construction. By
the fundamental theorem on symmetric functions, this polynomial can be writ-
ten as a polynomial in the symmetric functions o1(l1,...,l),..., 0k (l1, ..., 1;),
which turns out to be independent of r; we denote it by Py;. Similarly, let
k > 0 and let z € R (resp. ' € R) and suppose that = Iy +--- + I, (resp.
o =1 +---+1.), where Iy,..., 1 (resp. l{,...,I.,) are line elements, and that
r > k, r' > k. The expression A*(x + z) can then be computed via the rule
(ii) and yields a polynomial with integer coefficients in the I; and [}, which is
symmetric in the /;, as well as symmetric in the I, By the theorem on sym-
metric functions it can be written as a polynomial in the symmetric functions
or(ly, . le)s okl ) o0 (8, U)ok, - 1), Again it can be
proved that this polynomial is independent of r; we denote it by P.

A X-ring is a pre-A-ring satisfying the following additional conditions:

(iii) )‘k(z‘y) = Pk()‘l(x)v SRR ’\k(x)v )‘1(?/)7 SRR) Ak(?/))?

(iv) A (N(2)) = Pea(A (@), . .., A¥(x)).
An element z such that A*¥(z) = 0 for all ¥ > d is said to be A-finite of \-
dimension d. A pre-A-ring with the property that all its elements are equal to
differences of elements of finite A-dimension is also said to be A-finite. In a A-
finite ring, the conditions (iii) and (iv) are by definition automatically satisfied.
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This also holds if R has a A-ring extension in which this is satisfied.

Let A¢(z): R — 1+ R[[t]] be defined as A(z) = 1+ Y po, A*(z)t*, where
1 + R[[t]] is the multiplicative subgroup of the ring of formal power series R[[t]]
consisting of power series with constant coeflicient 1. The first condition states
that A; is a group homomorphism from R as an additive group into 1 + R[[t]] as
a multiplicative group. A pre-A-ring structure on R gives rise to a collection of
group homomorphisms, called Adams operations.

Definition 2.1: The Adams operations ¥*: R — R are defined by the equations

 —t.d)(z)/dt

P_i(z) = @) Ye(z) = Zwk(x)tk~

k>1

The Adams operations are additive. They are multiplicative and satisfy the
identities ¥* o ¢! = ¥ (k,I > 1), if the pre-A-structure is a A-structure. If
R is a Q-algebra and we are provided with a collection of ring endomorphisms
¥*: R — R, such that ¢* o' = ¥, we can define a A-structure via the formula

o0

0 e (S0 )

k=1

which inverts the formula given above for ;. Given any commutative graded
unitary Q-algebra R = .2 R;, one can define Adams operations by the formula
YF(z) = 32y k*.z;, where x; is the component of degree 7. Any Q-graded ring
thus carries a canonical A-ring structure. See [9, V, Appendice].

2.2. ARITHMETIC GROTHENDIECK GROUPS. In this subsection, we recall the
definition of the arithmetic Grothendieck group I/(\'O(X ) of a scheme X such that
X x7 Q is smooth over Q. We describe its canonical pre-A-ring structure.

We shall denote the complex manifold associated to its complex points by
X(C).

The complex conjugation induces an anti-holomorphic automorphism Fy, of
X(C). A hermitian bundle E = (E,h) on X is a geometric vector bundle
E on X, together with a conjugation invariant hermitian metric 2 on Eg, the
holomorphic vector bundle associated to E on X(C). A metric h on Eg is con-
jugation invariant if (FX(h))(s,1) = h(s,1), for all C* sections s,{ of Ec. We
shall denote by APP(X) the set of real differential forms w of type (p,p) on
X(C) that satisfy the equation Frw = (—1)Pw and by APP(X) the quotient
(APP(M)/(im 8 + im 8)). The direct sum D50 (APP(M)/(imd + im 8)) will be
referred to as A(X). Finally, let ZPP(X) be the kernel of the operator d = 0 + 0
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in APP(X) and let Z(X) be the direct sum sum €P,, ZPP(X). Let
(2) E0E 5 E—-E'-0

be an exact sequence of vector bundles on X. Denote by £ the sequence &
together with F..-invariant hermitian metrics »',h and h” on E', E and E".
To these data is associated a Bott~Chern secondary class ch(£) € A(X). It
satisfies the equation

(3) dd°ch(€) = ch(E @ E") — ch(E)

(recall that d® = ;1(0 — ), so that dd° = ;:-00) where ch(El), ch(E) and
ch(E”) are the Chern character forms associated to the unique holomorphic her-
mitian connections of E', E and E”. It vanishes if the map E' — FE is metric
preserving and the map E — E" admits a metric preserving holomorphic left
inverse. More generally, if p is any power series in the Chern forms associated to
the holomorphic hermitian connection of a hermitian holomorphic vector bundie,
one can associate a Bott—Chern secondary class 5(€) to the same data as above,
with similar properties. For a definition of the secondary classes, see [6, Th. 1.2.2,

p. 167]. The following definition is taken from [6, II].

Definition 2.2: The arithmetic Grothendieck group I?O(X ) of X is the free
abelian group generated by the hermitian bundles on X and A(X ), quotiented
by the relations:
(a) E+ch(€)=FE +E" for exact sequences of hermitian bundles € as above;
(b) if ', n,n" are elements of A(X) and 7 is the sum in A(X) of 7/ and 7",
then n =7/ + 7" in Ko(X).

Note that there is a natural exact sequence of groups

(4) A(X) S Ko(X) = Ko(X) = 0

where the second map sends elements of A(X) on 0 and hermitian vector bundles
on the corresponding vector bundles.

One can define a multiplication and A-operations on I?O(X ) as follows. Let
['(X) be the R-vector space Z(X)® A(X) with the grading giving degree p to
the subspace ZP? @ AP~1?~1 when p > 0 and degree 0 to the subspace Z%0 & 0.
Denote by * the bilinear pairing defined on T'(X) by the formula

(w,n) * (W', 7) = WAV, wAR + AW + (dd°n) A 7).
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This pairing defines a commutative, unitary, R-graded ring structure on T'(X).
For a proof, see [6, 7.3.2, p. 233]. The space I'(X) is thus endowed with a
canonical A-ring structure.

PROPOSITION-DEFINITION 2.3: Let E, 1, _E_I,n' be generators of I?O(X ). Define
a product by the equations

EE =EQFE, nn =[0,1)%(0,7)], En:=ch(E)Aqg

where |.] is the projection on the second component in I'(X). Then this product
is well-defined on Ko(X) and turns it into a commutative unital ring, where the
unit is represented by the trivial line bundle, endowed with the trivial metric.

See [6, Th. 7.3.4, p. 235] for the proof. It follows from the definitions that
A(X) is an ideal of T'(X) closed under the A*-operations for & > 1.

Let now V be a finite dimensional complex vector space and let k be a hermitian
metric on V; let vy, ..., v, be a basis of V, which is orthonormal for . The k-th
exterior power A¥(V') of V is then also endowed with a natural metric, the unique
one making the standard basis v, Avj, Ao Ay, (1 <4 <dg <--- <4 < m)
orthonormal. One can show that the k-th exterior power metric is independent
of the basis chosen for its construction. The basis vq,...v, also determines a
representation of s: GL,(C) — End(V) of GL,(C) in V; if A’ is any metric on
V', with matrix H' in the basis vy, ..., v,, one can show from the definition that,
in the standard basis consisting of the v;; A v, A--- Av;,, the matrix H' of the
k-th exterior power metric of ' on A¥(V) is (A\¥(s))(H’). From this, we see that
the construction of the exterior power metric also carries over to vector bundles.
For k > 1, let us define

N(E) = (B, h) == (\X(B), A ()

which is the k-th exterior power of E endowed with the k-th exterior power
metric A¥(h). We thus obtain operations A* (k > 1) acting on all the generators
of I?O(X ). The operation A° will by convention send all the generators on the
trivial line bundle. It is proved in [6, IT] that these operations are well-defined
on I?O(X } and give it the structure of a pre-A-ring.

3. Universal relations

In this section, we shall show that there is a “compactification” in the sense of
Arakelov geometry of the representation ring of the linear group scheme over
SpecZ, the group Rz(GL, x GLy,), which is a A-ring. The statement of the
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main result is in Corollary 3.22, where the exact structure of that group is also
given. In the last section, we shall prove that EZ(GLH x GL,,) plays a universal
role with respect to arithmetic Ko-theory (Corollary 4.4) and we shall use this
universality to prove that the pre-A-ring structure defined above on the arithmetic
Grothendieck group is a A-ring structure.

3.1. G-MobuLES. In this subsection, we collect some general facts about rep-
resentation theory (cf. [19]). Let A be a commutative unital ring and G an
affine group scheme over A. Let E be an A-module. For any A-algebra A,
let G(A) refer to the group of sections of G4 over A’. This group is also
called the group of points of G over A’. Let Auta(E) refer to the group of
all A’ automorphisms of E ®4 A’ as an A’-module. A G-module structure on
E is a collection of group morphisms da: G(A’) — Auta (E), varying functo-
rially with A’. A map of G-modules is a map of A-modules f: E — E’ such
that (da (P))((f @4 Id)(v)) = (f @4 Id)({da(P))(v)) for all A-algebras A', all
vEE®4 A and all P € G(4'). Furthermore, the G-modules form an abelian
category. We denote the associated Grothendieck group by R4 (G). If E = A®",
a G-module structure on E is equivalent to a map of group schemes from G to
GL,,, the n-dimensional linear group scheme over A. If G is the n-dimensional
torus T™ over A, it can be shown (see [3, Expose I, 4.7.3]) that a T"-module
structure on an A-module is equivalent to a Z™-grading on this module. There
is a natural ring morphism i*: R4(GL,) — R4(T"), which is the pull-back map
arising from the immersion i: T® — GL,,. The following is a particular case of
a theorem of Serre (see [19, p. 49, Th. 4 and p. 52, 3.8]). If Risaring and S a
subset of R, we shall write Rg for the localization of R at the multiplicative set
generated by S.

THEOREM 3.1 (Serre): Let ¢ denote the natural map T™ x T™ — GL,, x GL,,.
If A is a field, then the induced map i*: R4(GL,, x GL,;,) = Ra(T" x T™) is in-
Jjective and the ring R4(GL, x GL,,) is isomorphic to the (localized) polynomial
ring

ZIN (Idn X 1), oo, A (Idp X 1), A (1 X Tdm), -, A™(1 % Idim)]am (1, x 19,0 (1 Tl
Moreover, if A is a principal ideal domain with fraction field F' then Ra(GLy) ~
Rp(GLy,), where the isomorphism is induced by the functor (.) ®4 F.

Recall that the Weyl group of T"*™ in GL, X GL,, is a finite group W
(see [3]), given by the quotient of the normalizer of T**™ in GL, x GLy, by
T™+™. This group acts on T"*™ by automorphisms and is isomorphic to the
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symmetric group on n + m elements; given a permutation o and a Z**™-graded
A-module V = Pcznim Vi, the image o*V of V under o is the graded module
Diczn+m Vo(s), where o(i) denotes the vector ¢’ with components permuted by o.

3.2. HERMITIAN G-MODULES. In the following, D is Z or Q. Let G be a
closed group subscheme of (GL,, x GL,,) p, with the property that the associated
closed holomorphic group G(C) C (GL, xGLy,)(C) is connected for the ordinary
topology and invariant under the operation of taking the matrix adjoint. This
hypothesis on G will hold until the end of the paper. We shall construct a
Grothendieck group of G-modules with metrics. This construction will turn out
to yield the universal ring we seek, when applied to G = GL,, x GL,,.

3.2.1. First definitions and results. For any finitely generated projective G-
module V over D, we let V¢ be V ®p C endowed with the induced G(C)-module
structure. Denote the corresponding group map G(C) — Autc (V) by 7.

Definition 3.2: An admissible hermitian metric on V is a conjugation invariant
hermitian metric h on V¢ such for all M € G(C), r(M*) is the adjoint with re-
spect to h of the endomorphism r(M). The pair V := (V, h) is called a hermitian
G-module.

Recall that the conjugation Vo — V¢ is an R-linear map given by the formula
v®2z — v®Z. A metric h on V is conjugation invariant if h(Z, 7) is the conjugate
of the complex number h(z,y), for all z,y € V¢.

LEMMA 3.3: The representation r is determined uniquely by its restriction to
G(C) N Uy, x Uy,. The metric h is admissible if and only if for every M ¢
G(C) NUy, x Uy, the automorphism r(M) is unitary with respect to h.

Here U; denotes the group of unitary ¢ x ¢ matrices.

Proof of Lemma 3.3: Recall that the underlying complex vector space of the
(holomorphic) Lie algebra of GL,(C) x GL.,,(C) is the complex vector space
M, x M,,, where M; is the space of complex ¢ X ¢ matrices. The matrix ad-
junction (-)*, viewed as a map from GL,(C) x GL.,(C) to itself, is a C* map
and its differential at the origin is the matrix adjunction viewed as a map from
M, x M,, to itself. Thus, the Lie algebra TG(C) of G(C) is invariant under
matrix adjunction. Let now My € TG(C). The elements A := 2i(Mo+ Mg) and
B := (Mo — M}) lie in TG(C) and by construction My = —i.A+ B. Recall now
that the (real) Lie algebra of U, x U, consists of the matrices M € M,, x M,
such that M* = —M; by construction again A and B lie in T(U,, x U,) and
as the representation r is holomorphic we can write r(Mp) = —i.r(A) + r(B).
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This settles the first statement in the lemma. To see that the second one is true
suppose that for every M € G(C)NU,, X Up,, the automorphism r(M) is unitary
with respect to h and let My, A, B be as before. Consider the string of equations

r(exp(Mp)*) = exp(dr(M{)) = exp(i.dr(A*) + dr(B*))
= exp(i.dr(A)* + dr(B)*) = exp(dr(Mp)*) = exp(dr(Mo))*
= r(exp(Mo))*

These equations show that the admissibility condition is satisfied for all the
elements in a small neighborhood of the identity in TG(C). Using the fact
that matrix adjunction reverses the order of products and the fact that any
neighborhood of the identity generates TG(C), we see that it is satisfied for all
the elements of TG(C). This proves one direction of the equivalence; the other
direction follows immediately from the definitions, so we are done. 1

COROLLARY 3.4: There exists an admissible metric on every finitely generated
G-module.

Proof of Corollary 3.4: The group G(C) N U, x U, is compact and one can
thus obtain a G(C) N U, X Uy,-invariant metric on a representation of G(C) by
integration. Using the second statement in the lemma, the result follows. ]

Next, we define a Grothendieck group of hermitian G-modules.

Definition 3.5: Let ﬁD(G) be the free group generated by all the hermitian
G-modules, with the relations (V, k) = (V', b)) + (V" k") for exact sequences

(5) 0> V'sVV" 50
of G-modules such that in the induced sequence
(6) 0 V=2V V-0

the first map preserves the metric and the second map induces an isometry from
the orthogonal complement of (V{, k') in (V¢, h) onto (V{, h").

A sequence as above will be said to be orthogonal.

If G is the trivial group scheme SpecD, then one might wonder if the groups
Ko(D) and ﬁD(G) are isomorphic. The answer is affirmative; for the proof,
compare [6, Th. 6.2. (1)]GS3 and [7]. We shall from now on identify Ko(D) with
Rp(G) in that case.
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LEMMA 3.6: The orthogonal complement (V{)* of V{. in V¢ is invariant under
conjugation and is a sub-G(C)-module. In particular, in the sequence (6), the
map Vg — V{ has a left inverse which preserves the metric of V{

morphism of G(C)-modules.

and is a

Proof of Lemma 3.6: We first prove conjugation invariance. We have to check
that Z is orthogonal to Vg, if = is orthogonal to V. Let y € Vi; we compute
h(z,y) = 0 = h(z,7) = h(T,7). Since conjugation induces an (R-linear) auto-
morphism V¢ — Vg, this implies that h(Z,y) = 0 for all y € V¢ and thus proves
our first claim. To prove the second claim, let r: G(C) — Autc(V) be the map
arising from the G(C)-module structure. The fact that V¢ is a sub-G(C)-module
is expressed by the relation r(M)z € V¢ for all z € V{ and for all M € G(C). For
(Ve)* to be a sub-G(C)-module, the equation h(z,7(M)y) = 0 has to hold for
all z € V{ and all y € (V{)*. Now using the admissibility of h, we can compute
h(z,r(M)y) = h(r(M*)z,y) and h(r(M*)z,y) vanishes by hypothesis. Thus we
are done. |

Remark: The last lemma entails that the properties of G(C) that are given at
the beginning of the paragraph (connectedness and invariance under the opera-
tion of taking the matrix adjoint) imply that G(C) is a reductive holomorphic
group.

The two last lemmata immediately imply the following facts.

Let V' be a sub-G-module of the projective G-module V. Let h be an admissible
metric on'V and h' its restriction to V'. Suppose that V/V' is projective as well.
When V/V' is endowed with the quotient metric, it is a hermitian G-module.

Let (V. h), (V', ') be hermitian G-modules; the tensor product metric on the
G-module V@V’ is admissible; the exterior power metric A¥(h) is admissible on
the G-module \¥(V).

From these facts, one deduces

PROPOSITION 3.7: The tensor product endows the group ﬁD(G) with a com-
mutative unital ring structure.

We shall show that exterior powers are well-defined on Rp(G).

PropPOSITION 3.8: The equality

NV =Y M)AV

i=0
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holds in Rp(G).
Proof of Proposition 3.8: Let V', V, V" be as in Definition 3.5. The Proposition

will follow from the next lemma.

LEMMA 3.9: For i > 0, let AXI(V) be the D-submodule of \"(V') generated by
the elements Ty A -+ Azt Ayiy1 A+ Ay, where zi,..., ), are elements of V'.
Fori =0, let X;(V') be A"(V)). Then X\}(V) is actually a sub-G-module and there
is a natural isometric isomorphism of G-modules

NV @ ATHV) = AL(V) /A (V).

Proof of Lemma 3.9: For i = 0, the statement is obvious. For i > 0, the map is

given by
(7) TIAN AT, QA AT oA AT AT A AT,
where z4,...,z; € V' and z{,...,z]/_, are inverse images of elements of V.

It is known (see [14, Prop. 9.3, p. 592]) that this map is well-defined and
an isomorphism of G-modules. Let b},...,b), € V{ and bY,...,0, € V¥ be
orthonormal bases. Considering V¢’ as included in V¢ by the map given in Lemma
3.6, we can consider the union b},...b], € V{,bY,...b/,, € V¥ as an orthogonal

base of V. To prove that the map (7) is an isometry amounts to showing that
the elements
/ / 11 11

where 1 < jy <+ < 5; <n', 1 <ky <--- < kp_; <n", are orthonormal and in
the orthogonal complement of Aj,,(V¢). They are clearly of norm 1. Consider
now that the vector space Aj +1(V<c) is generated by elements of the type
! / 1 1
By Ao A ABE A ABY

.7 +p —i-p

for p > 1. These elements are all orthogonal to the elements by A --- A b} A
by, A--- Aby . mentioned above, since they are both distinct members of the
by,.... b

canonical orthonormal basis of A\"(V¢), arising from bf, .. 80 we

nl, n'’

are done. [ |
Now we can compute
XN(V)=) XNV AV Z ANV @A (V)
=0 =0

and we are done. |
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THEOREM 3.10: The exterior powers are well-defined on ﬁD(G) and endow it
with the structure of a pre-A-ring.

Proof of Theorem 3.10: Let I be the set of all isometric isomorphism classes
of hermitian G-modules. Define a map Ay: I — 1+ Rp(C)*[[t]] by the formula
M(V) = 1+352, A¥(V). Extend this map by linearity to obtain a homomorphism
ZII] -1+ Rp (C)*[[t]]- Proposition 3.8 shows that the kernel of A; contains the
elements V—V —V ' as above. Thus ), and therefore all the A* are well-defined
on ﬁD(G) and the fact that A; is a homomorphism corresponds to the second
part of the statement of the theorem. ]

There is a natural embedding of Ko(D) in Rp(G), which associates to every
hermitian D-module the corresponding G-module endowed with the trivial struc-
ture. We shall denote by I;;(:(D) c K o(D) the isometric isomorphism classes of
hermitian projective D-modules of rank 1.

3.2.2. Tori. In this subsubsection, we shall determine the structure of Rp(T™).
See [19] for the corresponding algebraic statements.

LEMMA 3.11: A (conjugation invariant) metric h on a hermitian T™-module V is
admissible if and only if the pieces of the Z"-grading of V are pairwise orthogonal.
Proof of Lemma 3.11: Each T™-module structure on V induces a map S™(C) EN
Autc(Vg), where S™(C) is the set of diagonal matrices in GL,(C)). The natural
grading of V¢ is connected to f in the following way. Let S be a diagonal matrix
with diagonal elements X11, Xz, ..., Xpn n; the piece Ve(g, . q,) IS an eigenspace
of f(S) with eigenvalue X7} X532 --- X% . Now suppose that V is endowed with
an admissible metric. The admissibility property 3.2 implies that the images
of elements of S™(C) by f are normal (i.e. commute with their adjoints) for
the hermitian metric of V. For two distinct non-zero pieces of the grading
(a1,...,a,) and (a},a,...,a}) there clearly exists an element S € S”(C), such
that Ve (a,,....an)s YC(al aj,....ay,) lie in distinct eigenspaces of f (S). Since f(9) is
normal, its distinct eigenspaces are orthogonal. This implies that the pieces of
the Z™-grading of V are pairwise orthogonal.

To prove the converse, choose an orthonormal base on each piece of the grading
and join all these bases to obtain an orthonormal base of V¢, thus defining a
hermitian metric on V. Let S be a diagonal matrix as above. If we identify f(S)
with its matrix in this basis, f(9) is diagonal and the elements on the diagonal
are the polynomials X7 X352 - - - X2z; thus we deduce f(S*) = f(S)*. Since the
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adjoint of f(S) for the metric h can be identified with the matrix f(S)*, this
concludes the proof. |

We can determine the structure of ﬁD(T") exactly. In the next Proposition,
the elements (e™),cz are the basis elements of the group algebra Ko(D)[Z"].

PROPOSITION 3.12: There is an isomorphism Rp(T") = I?O(D)[Z"], with o
defined by the formula a(V) = AeDn Vae™, where the Vs are considered
equipped with the induced metric.

Proof of Proposition 3.12: 'We shall describe an inverse that is a homomorphism
of rings. For m € Z™, define a map fz: K o{D) R p(T™) which sends hermitian
D-modules V to T™-modules with their /f-component equal to V and all the
others 0. This map is well-defined by definition and the family of all f; defines
a map f: I/(\'O(D)[Z"] — Rp(T"), which is seen to be a two-sided inverse of a.
B

ProposITION 3.13: All elements of ﬁD(T") are sums of line elements.

Proof of Proposition 3.13: Let V be a hermitian T"-module. Since the pieces
(lf the grading are orthogonal by Lemma 3.11, we can write V = Zmezn Vi in
Rp(T™), where the V5 = (Vi, hs) are considered endowed with the induced
metrics and with the grading that is non-zero on the 7i-th piece of the grading
only. It will therefore be sufficient to show that any such V,; can be written as
sums of hermitian 1-dimensional Z"-graded modules in R\D (T"); to prove this,
remember that the structure theorem for finitely generated projective modules
over a Dedekind domain (see [14, Par. 2, p. 532]) shows that there exists a
fractional ideal J in the quotient field of D and an exact sequence of D-modules

0>J—>Vz-Va/J—0

where Viz/J is projective as well. Endow J with the metric induced by h and
with the grading induced by Viz. Endow Vj/J with the quotient grading and
metric. One can then apply induction on the dimension to obtain the last claim
and complete the proof. ]

3.2.3. Linear group schemes over Q. In this subsubsection, we shall prove a
structure theorem for Rg(GLy, X GLy,). The proof will also show that the pre-
A-ring structure of this ring is a A-ring structure. We let I:

Ro(GLy, x GL,,) ~ Ko(Q)[A' (Id,, x 1),...,A"(Id,, x 1), \}(1 x Id,),

ooy AT X Tdgm )] an (14, x 1), A (1x Tdim )
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denote the standard isomorphism. We shall use the same letter for the standard
isomorphism I: Ro(T"*t™) ~ Ko(Q)[Z"*™].

First notice that from Lemmas 3.3 and 3.6 and the fact that the group U, x U,
is 2 maximal compact subgroup of (GL,, X GL,){C) we can deduce the following
facts.

Let'S be a simple hermitian (GL,, x GLy,)g-module. Then its metric is unique
up to multiplication by a constant (real, positive) factor.

Let V be a hermitian (GL, x GLy,)g-module. ~Then there are simple
(GL, x GLy,)o-modules with admissible metrics Vi,...,V,, such that

V=Vi+---+V,
in Ry(GLy, x GLy,).
PrOPOSITION 3.14: There is an exact sequence
Pic(Q) ®z Rg(GLy, x GL,) 5 Ro(GLy x GLy) 5 Rg(GLy x GLy,) — 0
where ¢ is the map forgetting the metric. The map i is defined by
P(a®b) = (a - 1).x(I(b)),

where & is the ring morphism sending X(Id,, x 1) to X*(Id,, x 1) and A¥(1 x Id,)
to A'(1 x Id,,).

Proof of Proposition 3.14: We have to show that i is well-defined. We only
have to check that it is additive in the first factor, i.e. that (ab — 1) =
(a—1)+(b—1). Since the image of the inclusion 151\0((@) C Ry(GLy, X GL,,) lies
in I?O(Q) - ﬁ@(GLn x GLy,), this equation has only to be checked in I?O(Q).
Now, in view of the isomorphism Ko(Q) %X Z and the sequence (4), we have
(a—1) € A(SpecQ), (b—1) € a(A(SpecQ)) and by the definition of the product
in A we have (a —1).(b— 1) = 0 and thus (ab— 1) = (a — 1) + (b — 1).

Next we have to show that 1 is surjective onto ker ¢. Since Q is a field, the
Jordan—Hélder theorem implies that Rp(GL, X GLy,) is a free abelian group

with generators the simple (GLy,, X GLy,)g-modules. Let
(8) mVi+-+nV,

be in ker ¢. Suppose, without loss of generality, that nq,..., 7., > 0,2 41,..., 7
< 0 and write Vi = Vi1 4 - -+ Vi, (1 <i < 1) where the V;y,... are simple, as
in 3.2.3. Under this decomposition, the expression (8) becomes

(9) Vi +nVig+-+ —[Rrgi1| Vg1 — < — 17|V s,
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and the remark preceding (8) shows that the same simple modules (with multi-
plicities) must appear in the positive part of (9) as in its negative part. Therefore
ker ¢ is generated by expressions (S, h) — (S, k'), where S is simple. The image
of ¢ is generated by expressions (S, h) — (S,t.h) (t > 0), so that we shall have
proved surjectivity if we can show that all the metrics of a simple module are
proportional. This is the content of 3.2.3.

Finally, to prove surjectivity on the right, it will be sufficient to show that for
every (GL, x GLy,)c-module, there exists an admissible metric. This follows
from the structure theorem 3.1 for the case 4 = C, Lemma 3.3, the Jordan—
Holder Theorem and Lemma 3.6. ]

On SpecZ all the line bundles are isomorphic in Z. Thus every element of
ﬁl\c(Z) can be represented by a hermitian bundle of the type (Z, h). Moreover,
it is easy to see that there is an isomorphism I;I\C(Z) ~ R} sending (Z,h) on
v/h(1,1). Similarly, there is an isomorphism 151\(:(@) ~ Rf/Qt.

LEMMA 3.15: There are isomorphisms Ko(Z) ~ Z&R} and Ko(Q) ~ ZoR} /Q;
given by V + rank(V) @ det(V).

Proof of Lemma 3.15:  See [6, Prop. 2.5, p. 177 and Th. 7.2.1, p. 225]. |

LEMMA 3.16: There is a commutative diagram with exact rows
(10)

0 —> Fic(Q) &7, Ry(T™™) ~*——> Ro(T™+m) ———> Ro(T™+™) —> 0

o B I

Fie(Q) ®2 Ro(GLy x GLyn) * Bo(GLy x GLy) > Bo(GLy x GLy,) = 0
where i is the natural map T"*™ — GL,, x GL,,, and ¢ is defined by
$(a®b) = (a —1).u(I(b));

here, p sends r.Z € Z[Z"*™] ~ Rg(T"*t™) on Z" endowed with the standard
metric and with trivial grading except at Z.

Proof of Lemma 3.16: Only the exactness of the first row requires proof. Under
the isomorphisms given in Proposition 3.12 and Lemma, 3.15, it becomes

Pie(Q) @z ZZ™™] - (2.6 Pi(@)[Z"™] - Z[Z™™] - 0
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where the first map is given by ¢ ® .7 — (0 @ a").Z and the second one by
(r&®a).Z > r.Z. From this description, the surjectivity of the second map and the
exactness in the middle follows. We must prove the injectivity of the first map. To
prove this, notice that ¢ is a direct sum of morphisms ¢ : P/)I\C(Q) QzZ — lgi\c(Q),
sending a ® r on a”, for all Z € Z™. One checks that a double-sided inverse to ¢
is given by the map sending a on ¢ ® 1. Taking the direct sum over Z" of these
inverses yields an inverse of ¢ and ends the proof. |

In the next corollary we shall denote by W the Weyl group associated to the
immersion of T"*™ in GL,, X GL,,. If S is a set on which W acts, we shall write
SY for the elements of S which are fixed under each element of W.

COROLLARY 3.17: The pre-A-structure of the ring EQ(GLn x GL,) is a A-
structure. There is natural action of the Weyl group W on ﬁQ(T"+m) and there
are isomorphisms

o~

Ro(GLy x GLyn) & (Ro(T+™)"
~ Ko(@MN (Td, x 1),...,A%(1d, x 1), AY(1 x Id,y),
ey AT (1 X Idm)])\"(ﬁnxl),/\m(lxﬁm)'

Proof of Corollary 3.17: The commutativity of the first square in (10) and the
injectivity of ¢ show that ¢ is injective too. Since the first and last vertical
maps are injective, we can apply the 5-lemma and conclude that the middle ver-
tical map is injective. This proves that ﬁQ(GLn x GL,) is a A-ring, by the
discussion before the definition of the arithmetic Grothendieck group. There
is a natural action on Pic(Q) ®z Ro(T™™) of the elements w of W, defined
by the equation w*(a ® b) = a ® w*(b). Note that an element w of W only
modifies the Z™*™-index of the pieces of the Z"+t™-gradings of the hermitian
T"*™.modules; therefore they remain pairwise orthogonal after the action of
w, which means that w sends hermitian T"*t™-modules into hermitian T7*™-
modules; therefore there is also a natural action of W on Rg(T™*™). Moreover,
this action is compatible with the action of W on Pic ® Ro(T™™); to show
this, notice that the image of l;l\C(Q) in ﬁQ(T‘"me) is invariant under W, since it
consists of modules with trivial grading except at 0, whose grading is invariant
under permutation of the components of the index vectors in Z"*™. We can
thus compute w*(¢(a ® b)) = w*((a — 1).x(I(b))) = (a — 1).u(I(w*(b))), which
is the compatibility. Since the isomorphisms ISI\C(Q) ®z Rop(GL, x GL,) £
(Pic(Q) ®z Rg(T™*™)W and Rg(GLy x GLy) & (Rg(T™™)W hold, we
deduce that the isomorphism (Rg(T™™))% & Rg(GL, x GL,,) holds, which
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ends the proof. [

3.2.4. Linear group schemes over Z. In this subsubsection, we shall prove a
structure theorem for ﬁZ(GLn x GLp,); as in the previous section the proof will
show that ﬁZ(GLn x GLy,) is a A-ring. Let now G satisfy the properties stated
at the beginning of section 3.2, with D taken to be Z. We denote by R;(G) the
Grothendieck group of the finitely generated torsion G-modules.

PRrOPOSITION 3.18: Let E be a Gg-module and Ly a finitely generated Z-module
in E. There exists a finitely generated G-module L in E, containing Ly.

Proof of Proposition 3.18: See [19, p. 40, Prop. 2]. |

We shall define a map from R,(G) into Rz(G) by taking projective resolutions
of torsion G-modules. For any torsion G-module T, let 0 — F — P ENY N
be a resolution of T by finitely generated projective G-modules. Such a resolu-
tion always exists by [19, Prop. 4, p. 42]; since such a resolution determines an
isomorphism E¢ ~ Pg, we can choose any admissible metric on E¢ and induce
it on Pg, to obtain hermitian G-modules E and P. We define j(T) = P - E.

PrOPOSITION 3.19: The map j is a well-defined group homomorphism. The
sequence

R.(G) D Ry(G) = Bo(G) — 0,

where the second map arises from the functor ®zQ, is exact.

Proof of Proposition 3.19: We shall first prove that j is well-defined. Let g
be the morphism F — P. Consider another orthogonal projective resolution
0~ E % P' 557 5 0. Let Q be the kernel of the morphism P & P' "+ T
The projection Q) — P is clearly surjective and its kernel by construction arises as
the image of the morphism E’ 0%¢ I P @ P'. Thus we get an orthogonal resolution
0= E' —Q — P — 0, where Q is considered endowed with the metric induced
by the inclusion @ C P @ P'. Applying precisely the same reasoning to the
projection @ — P’, we get an orthogonal resolution 0 - F - Q — P’ — 0.
Thus in ﬁZ(G) we can compute P + E = Q=7+ E, which implies that
E-P=F - 7. This proves our first claim. We shall now prove that j is a
group homomorphism. Let

0T -T3T' =0
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be an exact sequence of torsion G-modules, where T is the same as before. We
get another orthogonal resolution

0 E' SPL T 50

of T”, if we define f"" = a o f, E" = ker f", where ker f" is endowed with the
metric induced by P. The snake lemma applied to the commutative diagram

0 E p—tsT 0
I
0 E p-tqn 0

yields an isomorphism T’ ~ E” /E such that the resolution
0—>E—E'-T' -0
is orthogonal. Now we can compute
T =i +iT)=E -E-P-E)+P-E =0

which yields our last claim. To prove the exactness, we shall construct a map
P: ﬁq(G) — Rz(G)/Im(j) inverting the map Rz(G)/Im(j) — EQ(G) Let V
be a hermitian Gg-module and use Proposition 3.18 to choose a lattice (i.e. a
finitely generated Z-module that generates F as a Q-vector space) K in V that
is a G-module and induce the metric from V on K to obtain a hermitian G-
module K. Define ¢(V) = K. To prove that it is well-defined, consider that
if K’ is another such lattice, then K'/(K’ N K) is a torsion Z-module and by
symmetry K/(K' N K) is too. Therefore, the sequences

0->K'NK—-K - K/(K'NK)—0

and
0-K'nNnK—-K—-K/(K'NnK)—>0

show that K = K (moduloIm(j)). Finally, if
(11) 02V 5 vVLviso

is an orthogonal sequence of hermitian Gg-modules, we choose lattices K’ C V7,
K" C V" as above, define K := f~1(K") and we endow them with the induced
metrics. We get an orthogonal sequence

0K - K—>K'>0
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where the maps are induced from the sequence (11), so that ¥(V) =
¢(V’) + w(V”). This proves that ¢ is a group homomorphism and ends the
whole proof. |

In the next lemma, we consider the sequence of the previous Proposition, with
G the torus of rank n + m over Z.

LEMMA 3.20: The sequence of groups
0 = Ry(T™™) & Ry(T"*™) = Ro(T™*™) = 0
is exact.

Proof of Lemma 3.20: Only the injectivity of j requires proof. The category
of finitely generated torsion Z-modules has a natural decomposition as a di-
rect sum over the set of all primes p of the categories of p-primary torsion Z-
modules. The Grothendieck group of p-primary torsion Z-modules coincides with
the Grothendieck group of p-torsion Z-modules (modules over Fp,), because every
p-primary Z-module has a canonical filtration by p-torsion Z-modules. More-
over, the category of finitely generated torsion T%*’m—modules is canonically the
direct sum over Z"+™ of the (repeated) category of finitely generated torsion
Z-modules. Using this fact and Proposition 3.12, we see that the sequence of
Lemma 3.20 can be written

(12) 0 ([P KoF)Z™ S Ro(@)[Z+™ 5 Ro(QZm™] — 0.

Since we can form projective two-term resolutions for each piece of the grading
of a T"*t™_module separately, this is a direct sum over Z"*™ whose elements are
the unique sequence

(13) 0= P Ko(F,) 5 Ro(z) 5 Bo(Q) — 0,

which is the sequence (12) for n + m = 0. Under the isomorphism of Lemma
3.15, this sequence translates to

0-@Pzizor LzorRH/QF 0.
P
The map [ is then the quotient map Z&R} — ZOR] /Q], since the functor ®7Q

commutes with the operation of taking the rank and taking the determinant. To
determine the map j, we note that for any finitely generated p-torsion Z-module
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J there exists a free Z-module W so that J ~ W/pW (see (14, XV, Par. 2]).
Therefore, we can write down the resolution

0— (W,p%h) = (W,h) = J =0

where the first map is multiplication by p and A is any metric; from this resolution
we can compute

(rk @ det)(J) = (rk @ det)((W, h.p?) — (W, h))
= 0@ det(W, h).p™") det(W, )™ = 0 @ p™™).

Therefore j is given by the formula a,, @ ap, @ - -+ +— p;™ Py*? -+~ Since all the
positive rational numbers can be written uniquely as products of integer powers
of primes, we deduce that j is injective, which completes the proof. [

ProprosITION 3.21: The diagram

00— R, (T™t™) Rz (T*™) Ro(T™t™)——0

I E B

Ri(GL,, x GLp,)—> Rz(GL, x GLpy)—> Rg(GL, x GLy,)—>0

is commutative and the first vertical map is injective.

Proof of Proposition 3.21: The commutativity follows from the definitions. As
to the second statement, notice that by construction i* is a direct sum over all
primes p of the maps Ry, (GLy, X GLn,) LN Rp, (T™*™), under the isomorphisms
Ry(T™™) ~ P, Ry, (T™*™) and R¢(GLy x GLy,) ~ @, Br,(GL, x GL,.)
described at the beginning of the last proof. We are therefore reduced to proving
the injectivity of the maps Ry,(GL;, x GLn,) LN Ry, (T™*™). Since F,, is a field,
this is a consequence of Theorem 3.1. |

In the next corollary, W refers to the Weyl group associated to the immersion
T, x Tsy = GLy, X GL;j,.

COROLLARY 3.22: The pre-A-structure of the ring EZ(GLH x GL,,) is a
A-structure. There is a natural action of W on Rz(T, x Ty) and there are
isomorphisms
R2(GL, x GLp) ~ Ry(T, x Tp)W
~ Bo(Z)[A'@d, x 1),..., A"(Td,, x 1), A (1 x Idm),

ey )\m(l X Tam)])\n([_&nxl),,\m(lxﬁmy
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Proof of Corollary 3.22: Consider again the diagram of Proposition 3.21. First,
the injectivity of the first vertical map and of the first upper horizontal map yields
the injectivity of the first lower horizontal map of the last diagram. Therefore,
it follows from the 5-lemma that the middle vertical map is injective; this entails
that the pre-A-structure ﬁZ(GLn x GL,,) is a A-structure. Secondly, it follows
from the description of the action of the Weyl group given at the end of subsection
3.1 and the remark following (12) that the action of the Weyl group W on the
groups of the first row is compatible with the maps in the sequence. Now, since W
consists of automorphisms of T%er, its action on the fibers of T%J”" on SpecZ is
well-defined. It corresponds in each case to the Weyl group of T'I';:m in the fiber
(GLy, X GLy)F,- The correspondance is a consequence of the fact that in both
cases the Weyl group is the entire symmetric group on n+m elements, exchanging
the components of the indices of the Z*®*™ grading. Therefore, the isomorphism
Ry(T"*™)W = i*(Ry(GL, x GL,,)) holds. From this and Corollary 3.17, we
deduce that the isomorphism Rz(GLy, X GLp,) = ﬁZ(T”“Lm)W also holds. This
concludes the proof. |

OPEN QUESTION: Is the last corollary true for a ring of integers in a number field
in place of Z? To prove it, one might have to extend on the left the sequence
appearing in Proposition 3.19. This would probably require the definition of
higher K-groups for the category of hermitian G-modules, since the sequence of
Proposition 3.19 is a hermitian analog of the right end of Quillen’s localization
sequence for the torsion G-modules viewed as a (Serre) subcategory of the finitely
generated G-modules.

4, A universal action

In this subsection, we show that }AZZ(GLn x GL,,) is a universal object with
respect to natural operations on hermitian vector bundles. This is made precise
by the next theorem.

THEOREM 4.1: Let X be a scheme such that X xz Q is smooth over Q and E
(resp. E’) be a hermitian vector bundle of rank n (resp. m) on X. Then there
exists a (unique) pre-A-ring morphism rg : Rz(GLy X GLy,) — Ko(X) such

_—

that TE,E’(E” X 1) = E and 'I‘—E‘EI(]. X T&m) =F.

Proof of Theorem 4.1: Let hg and hg denote the metrics of E and E’. The
local frames of the vector bundles E and E’ give rise to principal bundles GL(FE)
and GL(E’), called their frame bundles. By definition, GL(E) carries a group
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scheme action of GL,, and GL(E’) carries a group scheme action of GL,;, so
that the fibre product GL(E) x x GL(E’) carries an action of GL,, x GL,,. For a
finitely generated projective GL;,, x GL,-module V, we can form the geometric
vector bundle V(GL(E) xx GL(E’)) associated to V over GL(E) x x GL(E")
(cf. [9, VI, p. 396]). This construction yields an exact functor from the category
of finitely generated projective GL,, x GL,,-modules to the category of geometric
vector bundles over X.

The metrics on the bundle E and E’ gives rise to C° principal bundles U({E¢)
and U(Eg) over X(C), the bundles of local orthonormal frames, with groups
U(n) and U(m), the unitary groups of dimensions n and m (cf. [10, 7.4, p.
68]). Endow V with an admissible metric h and let f: U(n) x U(m) — Autc(Ve)
be the representation induced on the product of unitary groups. Write
F(U(Ec) x U(Eg)) for the associated vector bundle. Again, this construction
yields an exact functor from the category of complex linear representations of
U(n) x U(m) to the category of C* vector bundles over X(C) (cf. [10, II, 12.,
5.]).

Let N x M € U(n) x U(m) be a product of unitary matrices. Using the ad-
missibility of A we compute f((N x M)*) = f((N x M)™) = (f(N x M))"1 =
(f(N x M))*, where (f(N x M))* is the adjoint of f(N x M) for h. Thus
f sends U(n) x U(m) into the unitary subgroup of Autc(Ve) determined by
h. Let r = dim(V¢) and let us choose an arbitrary orthonormal basis of V¢
to identify f with a morphism f : U(n) x U(m) — U(r). We can choose
a trivialising cover of X(C) for E¢ x E whose transition functions have im-
age in U(n) x U(m). Now, by construction, the bundle f(U(Ec) x U(Eg)) ~
V(GL(E) xx GL(E’))¢ is (canonically isometrically isomorphic to) a bundle
given by transition functions whose image lies in U(r). It is thus canonically
endowed with a metric, which we shall call V(hg @ h%;). Finally, we define
rgg (V. h) == (V(GL(E) xx GL(E")),V(hg & h%g)). The proof now follows
from the next two lemmata:

LEMMA 4.2: The metric V(hg & hY;) is conjugation invariant.
Proof of Lemma 4.2: The construction of the bundle
(V(GL(E) xx GL(E")), V(hg & h))

is clearly local on X, so we may assume that X is an affine scheme where E and
E' are free. Since it is of finite type over Z, we have

X ~ SpecZ[Xl, X2, ey Xz]/(fl, ey f])
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By definition, the manifold X (C) is then given by the zero set in C' of the
polynomials fi,..., f; and the total space of E¢ x Eg is then X(C) x C*+™,
For every element v x w € X(C) x C*"*™ we have F} (v x w) = T x W, where
the overbar () refers to complex conjugation of the coefficients. Let H: X (C) —
GL,(C) x GL,,(C) be the function giving the matrix of the metric of E¢ x E¢
in the standard basis of C**™. The total space of V(GL(FE) xx GL(E"))¢ ~
Ve(GL(Eg) xx(cy GL(Eg)) is then X(C) x Vi and its metric is given by the
formula h((.),r(H)(.)), where r is the associated complex representation as in
3.2. Now notice that

(a) H(v) = H(v), where H(v) is the complex conjugate of the matrix H(v).

(b) r(M)(z) = r(M)(Z) for all M € GL,(C) x GL,,(C) and all z € Vg, where

T is the conjugate of x for the natural conjugation on V¢.

To prove (a), note that by the conjugation invariance of the metric, we have
wiH (v)wy = W H (@)W, = wiH(T)wy for all wy, ws over v. To prove (b), let us
choose a basis of V, to obtain an integral basis of V¢ by base change. For the time
of the next paragraph, identify r with a map GL, (C) x GL,,,(C) — GL4(C), where
d is the dimension of V. The matrix coefficients of r are then rational functions
with integer coefficients in the components of the elements of GL,, (C) x GL,, (C).
Thus we see that 7(M) = (M), where (M) is the complex conjugate of (M)
in GL4(C). This proves the claim.

Using the conjugation invariance requirement for h, (a) and (b), we can now
compute

h(z,r(H(v))y) = Mz, r(H(v))y) = h(@,r(H(v))7) = k@, (H(©))y),

which proves that the metric on V(GL(FE) x x GL{E’))¢ is conjugation invariant
and ends the proof. |

LEMMA 4.3: The map rg 5 is well-defined as a map from EZ(GLn x GLy,) and
is a pre-A-ring morphism.

Proof of Lemma 4.3: Consider
0=V sV V"0,

an exact sequence of GL,, x GL,,-modules, endowed with admissible metrics h',
h and h”, which is orthogonal. To prove well-definedness, we have to prove that
the sequence
(14) 0 - V/(GL(E) xx GL(E')) = V(GL(E) xx GL(E"))

— V"(GL(E) xx GL(E")) = 0
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has a vanishing secondary class. Let f’, f and f” be the representations of
U(n) x U(m) induced by V', V and V”. Until the end of the paragraph, consider
V¢, Ve and V{ as representation spaces of U(n) x U(m). Let (V{)*, (V¢)* and
(V¢)* be the dual representations. The fact that the map V' — V preserves the
metrics is expressed by the commutativity of the diagram

(Vig)* =—— (Vo)*

]

Ve ——— V¢

where the two vertical arrows are the anti-linear isomorphisms of representations
induced by the metrics and the upper horizontal arrow is the dual of the lower
horizontal one. By functoriality, this diagram yields the commutative diagram
of vector bundles

(f’(U(Ec)TX U(Eg)))* <— (f(U(Ec) >T< U(Eg)*
f'(U(Ee) x U(Eg)) — f(U(Ec) x U(Eg))
which in turn implies that the map
(V/(GL(E) xx GL(E')))c = (V(GL(E) xx GL(E')))c

preserves the hermitian metrics. By the same token, the left inverse V' — V¢
appearing in Lemma 3.6 yields a metric preserving holomorphic map

(V"(GL(E) xx GL(E"))c — (V(GL(E) xx GL(E')))c,

which splits the sequence (14) orthogonally. By the remark preceding the defi-
nition of the arithmetic Grothendieck group, this shows that the secondary class
of (14) vanishes. The map TEE is a pre-A-ring morphism by construction, so we
are done. |

COROLLARY 4.4: Let X be a scheme such that X xz Q is smooth over Q. Then
I?O(X) is a A-ring.

Proof of Corollary 4.4: 'We want to prove (iii) and (iv) in subsection 2.1. Assume
¢=F and y = E . Then Theorem 4.1 tells us that the image of rg 3 contains

z and y. By Corollary 3.22, all the pairs of elements of IAZZ(GLn x GL,;,) satisfy
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(iii) and (iv). This implies that they hold for = and y since r& E, E: isa pre—/\-rmg
morphism. Now notice that if (iii) holds for z = ¢’ and y = ¢’ (resp. z = z”
and y = y"), then it holds for z = 7’ + 5’ and y = ' + y”'; this follows from the
construction of the polynomials P, and Py (see subsection 2.1) and the unicity
statement in the fundamental theorem on symmetric functions; similarly, if (iv)
holds for z = z' (resp. z = z"), then it holds for z = 2’ +z". We are thus reduced
to the cases (a) z = (0,7), ¥ = (0,7), where ,7’ € A(X), and (b) = = (0,7),
y = E, where 1 € A(X). The case (a) is settled by the remark following 2.3. To
prove (b), we compute

X*(E.n) = X*((0,[(ch(E), 0) * (0,7)])
= (0, [\*((ch(E), 0) * (0,m))))
= (0, [P(A' ((ch(E),0)), ..., A*((ch(E), 0)), A*((0,m)), . . ., A*((0,m)))])
= (0, [Pe((ch(A1(E)),0),. . ., (ch(X*(E)), 0), A'((0, 7)), - - -, A*((0,m)))])
= P, AYE),..., X (E),...,\X(n),..., Xk(n)),

where we used the equality A*((ch(E),0)) = (ch(\*(E)),0) on the fourth line.
This is the content of [6, Lemma 7.3.3, p. 235, II]. This concludes the proof.
[ ]

The next corollary follows from the previous one and the discussion at the end
of subsection 2.1.

COROLLARY 4.5: The Adams operations ¢* (k > 1) are ring endomorphisms of
Ko(X) and satisfy the equation ¥* o ! = o* (k,1 > 1).

The fact that the Adams operations are ring endomorphisms is essential to
the proof of the arithmetic Adams-Riemann-Roch theorem stated in [17] and
proved in [18]. Theorem 4.1 also plays a key role in the proof of the main result
of [12] (which is announced in [11]), where it is used to prove the invertibility of
the Todd element in a Lefschetz fixed point formula.
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