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1. Introduction

1.1. History. The classical Hall-Steinitz algebra of partitions goes back to Steinitz (1901) and
Hall(1957). The authors were interested in lattices of abelian p-groups.

In 1990, Ringel defined the Hall algebra of an abelian category (with suitable finiteness
conditions). Starting with the quiver algebra of a Dynkin diagram, this gives the positive
nilpotent half of the corresponding quantum group.

In 1995, Green defined a coproduct on Hall algebras. This helped clarify the relation with
quantum groups.

Around 1995, Xiao, Peng-Xiao and Kapranov constructed Hall algebras for certain versions
of derived categories of hereditary algebras to construct the full quantum group.

In 2005, Toen defined the Hall algebra of a triangulated category via homotopical methods.
This was simplified by Xiao and Xu in 2006.

Let us conclude this quick historical survey by some of the current directions of investigations.

In 2005, Joyce exhibited relations with Bridgeland’s space of stability conditions.
Work of Caldero, Chapoton and Keller has shown close connections between cluster categories

and Hall algebras.
Work in progress of the lecturer points in the direction of a different approach of Hall algebras

based on higher representation theory (aka categorification).

There are geometrical approaches to Hall algebras. They eventually led to constructions of
representations.

Lusztig constructed canonical bases in representations of Kac-Moody algebras using per-
verse sheaves on moduli spaces of representations of quivers (note that Kashiwara constructed
independently such bases by combinatorial methods).

Nakajima constructed representations of (quantum) Kac-Moody algebras in the cohomology
(equivariant K-theory) of moduli spaces of representations of “framed double quivers”.

2. Hall-Steinitz algebra of partitions

2.1. Finite representations of discrete valuation rings.
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2.1.1. Discrete valuation rings. Let us consider a discrete valuation ring O with maximal ideal
p and finite residue field k = O/p of characteristic p and with q elements. Recall that a discrete
valuation ring is a principal ring with a unique non-zero prime ideal.

The theory gives the same result for O replaced by its completion. Note that a complete
discrete valuation ring with residue field k is

• k[[t]] (here p = tk[[t]]) (type 1) or
• the ring of integers of a finite extension of the field of p-adic numbers Qp. For example
O = Zp and p = pZp (type 2).

2.1.2. Finite representations. We will consider the category A of finite O-modules (we mean
modules with finitely many elements). It has a unique simple object, namely k. Given M ∈ A,
we denote by l(M) the length of a composition series of M . Note that |M | = ql(M).

In the type 1, a finite O-module is a finite dimensional vector space V over k together with
a nilpotent endomorphism.

Consider the type 2, i.e., O = Zp the ring of p-adic numbers. Given a finite O-module V ,
there is n such that pnO acts by 0 on V , hence V is actually a finitely generated Z/(pn)-module.
So, a finite O-module is a finitely generated abelian p-group. This was the case of interest to
Steinitz and Hall.

2.1.3. Classification. Since O is a principal ideal domain, every finitely generated module is a
direct sum of cyclic modules. Here:

Theorem 2.1 (Jordan, Kronecker). The indecomposable objects of A are, up to isomorphism,
the O/pn with n ≥ 1.

Given M ∈ O, there are unique integers λ1 ≥ λ2 ≥ · · · ≥ λm > 0 such that

M ' O/pλ1 ⊕ · · · ⊕ O/pλm .

This Theorem gives a bijection between partitions and isomorphism classes of objects of A:
given λ = (λ1 ≥ · · · ≥ λm > 0) a partition, we put M(λ) = O/pλ1 ⊕ · · · ⊕ O/pλm .

2.2. Hall-Steinitz algebra.

2.2.1. Definition. Define H =
⊕

λ Zuλ, a free Z-module with basis elements indexed by parti-
tions. Let us put an algebra structure on H.

Let λ, µ, ν be three partitions. We denote by F ν
λ,µ the number of submodules N of M(ν)

such that N 'M(µ) and M(ν)/N 'M(λ).

We define

uλ ∗ uµ =
∑
ν

F ν
λ,µuν

2.2.2. Iterated products. The element u∅ is the identity of the multiplication.
Let us now show that the multiplication is associative. We have

uβ ∗ (uλ ∗ uµ) =
∑
ν′

∑
ν

F ν
λ,µF

ν′

β,νuν′

while

(uβ ∗ uλ) ∗ uµ =
∑
ν′

∑
ν

F ν
β,λF

ν′

ν,µuν′
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The sum
∑

ν F
ν
λ,µF

ν′

β,ν computes the number of submodules L′ ⊂ L ⊂ M(ν ′) such that

L′ ' M(µ), L/L′ ' M(λ) and M(ν ′)/L ' M(β). The sum
∑

ν F
ν
β,λF

ν′
ν,µ computes the number

of pairs (L′, L1), where L′ is a submodule of M(ν ′) and L′ ' M(µ) and L1 is a submodule of
M(ν)/L′ with L1 'M(λ) and (M(ν)/L′)/L1 'M(β). So, uβ ∗ (uλ ∗ uµ) = (uβ ∗ uλ) ∗ uµ.

0

M(µ)

⊂ L′

M(λ)

⊂ L

M(β)

⊂ M(ν ′)

Iterated products compute number of filtrations where the isomorphism type of the successive
quotients is prescribed:

Proposition 2.2. Given λ1, . . . , λn partitions, we have

uλ1 ∗ · · · ∗ uλn =
∑
ν

F ν
λ1,...,λn ,

where F ν
λ1,...,λn is the number of filtrations

M(ν) = M0 ⊃ · · · ⊃Mn = 0

with Mi−1/Mi 'M(λi).

2.2.3. Duality. We have a duality M 7→M∨ on the category A, given by the functor

HomO(−, colimnO/pn) = colimn HomO(−,O/pn).

In type 1, this is the same as taking the k-linear dual. In type 2, we are taking the dual of a
finite abelian p-group.

Since (O/pn)∨ ' O/pn, we deduce that the multiplication is commutative.

2.2.4. Algebra structure.

Lemma 2.3. Let λ be a partition and λ′ be the transposed partition. Then, λ′i = dimk(p
i−1M/piM).

Theorem 2.4. The canonical map Z[u1, u12 , . . .] → H is an isomorphism of algebras.

Proof. Given a partition λ, let

xλ = u
1λ′1
· · ·u1λ′s =

∑
ν

aλ,νuν

where aν is the number of filtrations

M(ν) = M0 ⊃M1 ⊃ · · · ⊃Ms = 0

such that Mi−1/Mi ' kλ
′
i . Given such a filtration, we have pMi−1 ⊂ Mi, hence piM ⊂ Mi. It

follows that l(M/piM) ≥ l(M/Mi), hence

ν ′1 + · · ·+ ν ′i ≥ λ′1 + · · ·+ λ′i

by Lemma 2.3. So, if aλ,ν 6= 0, then ν ′ ≥ λ′. On the other hand, aλ,λ = 1, hence the matrix
expressing the xλ’s in the basis of uν ’s is unitriangular for the order on transposed partitions. �
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2.2.5. Hall polynomials. We obtain now the existence of Hall polynomials.

Theorem 2.5. There exists unique polynomials Hν
λ,µ ∈ Z[t] such that, for any discrete valuation

ring O with residue field of cardinality q, we have F ν
λ,µ = Hν

λ,µ(q).

Proof. Let us show first the Theorem when µ = 1r.
We consider M = M(ν1) ⊕ · · · ⊕ M(νs). The socle S of M identifies with ks. We need

to count the number of k-subspaces L of S of dimension r such that M/S ' M(λ). Let L
be a subspace of S of dimension r. We choose a basis of L so that the matrix given by the
corresponding row vectors has the following shape:

0
· · · 1 0
· · · 0 ∗ · · · ∗ 1 0
· · · 0 ∗ · · · ∗ 0 ∗ · · · ∗ 1 0


Let ji be the column such that the coefficient on the i-th row is 1 and coefficients to its right

are 0 and let JL = {j1, . . . , jr}. We have M/L 'M(α), where α is the partition whose multiset
of entries is {νj − 1}j∈JL

∐
{νi}i∈I−JL

. Fixing J , the number of L’s with JL = J is a power of
q. The result follows.

By induction on n, the coefficients of u1r1 ∗· · ·∗u1rn in the basis of uν ’s come from polynomials.
Inverting an upper unitriangular matrix as in the proof of the previous Theorem, we deduce
that the coefficients of uν in the basis of monomials in the variables u1r come from polynomials.
The Theorem follows. �

2.3. The Hopf algebra of symmetric functions.

2.3.1. Coproduct. There is an alternative way to compute the structure constants of H. Let
P ν
λ,µ denote the number of exact sequences

0 →M(µ) →M(ν) →M(λ) → 0.

Then, F ν
λ,µ =

P ν
λ,µ

|Aut(M(λ))|·|Aut(M(µ))| .

We put a coalgebra structure on H as follows. Given λ, µ, ν three partitions, let

∆(uν) =
∑
λ,µ

P ν
λ,µ

|Aut(M(ν))|
uλ ⊗ uµ.

We admit that this defines a bialgebra structure, i.e., ∆ is a morphism of algebras.

Lemma 2.6. We have ∆(u1n) =
∑n

i=0 q
−i(n−i)u1i ⊗ u1n−i.

2.3.2. Symmetric functions. Let S be the Q-algebra of symmetric functions in x1, x2, . . .. It is
given as limnQ[x1, . . . , xn]

Sn , where the canonical map Q[x1, . . . , xn+1]
Sn+1 → Q[x1, . . . , xn]

Sn

is defined by sending xn+1 to 0. The algebra S is a polynomial algebra in the elementary
symmetric functions

er =
∑

1≤i1<···<ir

xi1 · · ·xir .

The algebra S has a coproduct: it comes from the embedding

Q[x1, . . . , x2n]
S2n ⊂ Q[x1, . . . , xn]

Sn ⊗Q[xn+1, . . . , x2n]
Sn .
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We have an isomorphism of algebras

φ : Q⊗Z H
∼→ S, u1r 7→ q−r(r−1)/2er.

Theorem 2.7. The morphism φ is an isomorphism of bialgebras.

Proof. We have ∆(en) =
∑n

i=0 ei ⊗ en−i. So, Lemma 2.6 shows that φ is compatible with
coproducts. �

Remark 2.8. The set {φ(uλ)} is the basis of Hall-Littlewood functions.

Remark 2.9. There is an isomorphism

Q⊗Z

⊕
n≥0

K0(CSn)
∼→ S

sending an irreducible character χλ of a symmetric group to the corresponding symmetric

function sλ. Under this isomorphism, the product corresponds to induction Ind
Si+j

Si×Sj
, while the

coproduct is a sum of restrictions
⊕n

i=0 ResSn
Si×Sn−i

.

Exercice 2.1. Prove Lemmas 2.3 and 2.6.

3. Hall algebras and quiver representations

Before starting the general study of Hall algebras associated with abelian categories, we
introduce our main source of examples, namely representations of quivers.

3.1. Quivers, beginning. Let Q be a quiver (= an oriented graph), i.e.,

• a finite set Q0 (the vertices)
• a finite set Q1 (the arrows)
• maps p, q : Q1 → Q0 (tail=source and head=target of an arrow).

Let k be a field. A representation of Q over k is the data of (Vs, φa)s∈Q0,a∈Q1 where Vs is a
k-vector space and φa ∈ Homk(Vp(a), Vq(a)).

A morphism from (Vs, φa)s,a to (V ′
s , φ

′
a)s,a is the data of a family (fs)s∈Q0 , where fs ∈

Homk(Vs, V
′
s ), such that for all a ∈ Q1, the following diagram commutes:

Vp(a)
φa //

fp(a)

��

Vq(a)

fq(a)

��
V ′
p(a)

φ′a

// V ′
q(a)

The quiver algebra k(Q) associated to Q is the k-algebra generated by the set Q0 ∪Q1 with
relations

as = δq(a),sa, sa = δp(a),sa, ss′ = δs,s′s for s, s′ ∈ Q0 and a ∈ Q1 and 1 =
∑
t∈Q0

t

Let γ = (s1, a1, s2, a2, . . . , sn) be a path in Q, i.e., a sequence of vertices si ∈ Q0 and arrows
ai ∈ Q1 such that p(ai) = si and q(ai) = si+1. We put γ̃ = s1a1s2 · · · an−1sn ∈ k(Q).

The following Proposition is clear.

Proposition 3.1. The set of γ̃, where γ runs over the set of paths of Q, is a basis of k(Q).
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Note that k(Q) is a graded algebra, with Q0 in degree 0 and Q1 in degree 1. In general, a
path of length n is homogeneous of degree n.

There is an equivalence from the category of representations of Q to the category of right
k(Q)-modules: given (Vs, φa) a representation of Q, let M =

⊕
s Vs. We define a structure of

right k(Q)-module as follows: s ∈ Q0 is the projection onto Vs. An element a ∈ Q1 acts by
zero on

⊕
s 6=p(a) Vs and sends Vp(a) to Vq(a) via φa.

Given s ∈ Q0, there is a simple representation V = V (s) of Q given by Vt = 0 for t 6= s,
Vs = k and φa = 0 for all a ∈ Q1. When k(Q) is finite dimensional, we obtain all simple
representations of Q, up to isomorphism.

Example 3.2. For each of the following quivers, we give the list of finite dimensional inde-
composable representations (up to isomorphism) and we indicate the isomorphism type of the
quiver algebra.

(i) • : (k). The quiver algebra is k.
(ii) 1 // 2 : V (1) = (V1 = k, V2 = 0, φ = 0), V (2) = (V2 = 0, V2 = k, φ = 0) and

M = (V1 = k, V2 = k, φ = 1). The quiver algebra is isomorphic to the algebra of 2× 2
upper triangular matrices.

(iii) •99 : (kn, φ(n, λ))n≥1,λ∈k with φ(n, λ) =


λ 1

. . . . . .
. . . 1

λ

, assuming k algebraically

closed. The quiver algebra is isomorphic to k[x].

Exercice 3.1. A representation of Q is said to be nilpotent if every loop γ̃ = (s1a1 · · · an−1s1)
acts nilpotently. Show that every simple nilpotent representation of a quiver is isomorphic to
V (s) for some vertex s.

Exercice 3.2. Check the statements of Example 3.2.

3.2. Definition of Hall algebras.

3.2.1. Finitary categories. Let A be an abelian category: typical examples are representations
of algebras or representations of quivers, coherent sheaves on an algebraic variety.

Let us assume that A is finitary, i.e., for all M,N ∈ A, then HomA(M,N) and Ext1
A(M,N)

are finite sets.

Recall that Ext1
A(M,N) is the set of exact sequences 0 → N → L → M → 0 modulo

equivalence. Two exact sequences 0 → N → L → M → 0 and 0 → N ′ → L′ → M ′ → 0 are
equivalent if there is an isomorphism f : L

∼→ L′ making the following diagram commutative:

0 // N // L //

f ∼
��

M // 0

0 // N ′ // L′ // M ′ // 0

Exercice 3.3. Show that the following categories are finitary:

(a) representations of a quiver over a finite field
(b) finite representations of a noetherian ring.
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3.2.2. Hall algebras. Given M,N ∈ A, let FL
M,N be the number of submodules N ′ of L such

that N ′ ' N and L/N ′ 'M .
Let PL

M,N denote the number of exact sequences 0 → N → L→M → 0. Then,

(1) FL
M,N =

PL
M,N

|Aut(M)| · |Aut(N)|
.

Let H ′
A be the free abelian group with basis the isomorphism classes of objects of A

H ′
A =

⊕
[L]∈A/∼

Z[L].

We define a product in H ′
A by

[M ] ∗ [N ] =
∑

[L]∈A/∼

FL
M,N [L].

The class [0] is a unit for the product. As in §2.2.2, the product is shown to be associative.
The algebra H ′

A is the Hall algebra of A.

Given N1, . . . , Nn, L ∈ A, let FL
N1,...,Nn

be the number of filtrations

L = L0 ⊃ · · · ⊃ Ln = 0

with Li−1/Li ' Ni. Then, Proposition 2.2 generalizes:

Proposition 3.3. We have [N1] ∗ · · · ∗ [Nn] =
∑

L∈A/∼

FL
N1,...,Nn

[L].

We say that A is a finitary algebra if its category A of finite modules is finitary. When this
happens, we put H ′

A = H ′
A.

Proposition 3.4. Let A and B be two finitary rings. Then, we have an isomorphism of rings

H ′
A ⊗Z H

′
B

∼→ H ′
A×B, [M ]⊗ [N ] 7→ [M ⊕N ].

Note also that H ′
A depends only on the category of finite representations of A. So,

Proposition 3.5. If A and B are two Morita-equivalent finitary algebras, then their Hall
algebras are isomorphic.

Example 3.6. Let A be the category of finite representations of a discrete valuation ring with
finite residue field. Then, H ′

A is the Hall-Steinitz algebra of §2.

Example 3.7. Let A be a semi-simple category. Then, H ′
A is commutative. Consider the

case A = Fq is a finite field with q elements. Then, [kn] ∗ [km] =
(
m+n
n

)
q
[km+n] where

(
r
s

)
q

=
[r−s+1]q ···[r−1]q [r]q

[2]q ···[s]q and [i]q = qi−1
q−1

.

Example 3.8. Let A be the category of finite representations of the quiver 1 // 2 over
Fq (cf Example 3.2, (ii)). Let e1 = [V (1)], e2 = [V (2)] and e12 = [M ]. We find e1 ∗ e2 =
e12 + [V (0)⊕ V (1)] and e2 ∗ e1 = [V (0)⊕ V (1)]. The algebra H ′

A is not commutative. We have
[e1, e2] = e12.
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We have e1 ∗ e12 = q[M ⊕V (1)] and e12 ∗ e1 = [M ⊕V (1)]. So, e1 ∗ e12 = qe12 ∗ e1. If we view
q as an indeterminate and specialize it to 1, then the Lie subalgebra of H ′

A generated by e1, e2
and e12 is isomorphic to the Lie algebra of strictly upper triangular 3× 3-matrices:

e1 7→

0 1 0
0 0 0
0 0 0

 , e2 7→

0 0 0
0 0 1
0 0 0

 , e12 7→

0 0 1
0 0 0
0 0 0

 .

Exercice 3.4. Prove the equality (1).

An important Theorem to be proved later is the existence of Hall polynomials, for Hall
algebras associated to quivers. Our main interest will be the study of the Hall algebra associated
to a Dynkin quiver (type ADE). We will show it is isomorphic to Uq(n+), the positive nilpotent
part of the corresponding quantum group.

3.3. Quivers, continued. We continue our study of quivers. The main theme is the link
between representations of ADE quivers and corresponding simple complex Lie algebras.

3.3.1. ADE classifications. Consider the classifications of the following

• Thom’s catastrophe theory
• Surface singularities
• Quivers with finite representation type
• Regular solids
• Simple connected Lie groups
• Finite simple groups.

The classifications rely on the same A-D-E pattern. The objects are classified (up to some
exceptional cases) by a diagram of type ADE, with possibly some additional data.

An �������� �������� �������� �������� ��������
Dn(n ≥ 4)

��������
��������

�������� �������� �������� ��������OOO
OOO

oooooo

E6 �������� �������� �������� �������� ��������
��������

E7 �������� �������� �������� �������� �������� ��������
��������

E8 �������� �������� �������� �������� �������� �������� ��������
��������

Note that the index attached to the name of the diagram is the number of vertices.

Let Γ be a graph (with no loops): this is the data of Q0 (vertices), Q1 (edges) and a map
from Q1 to the set of 2-element subsets of Q0 (endpoints of the edge). We put VQ = RQ0 and
denote by {es}s∈Q0 the canonical basis.
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3.3.2. Affine Dynkin diagrams. The following graphs Γ̃ come with a subgraph Γ of type ADE
(vertices with a coefficient). The longest root α0 is the element of RQ0 whose coefficients are
provided with the graph. We denote by α̃ the additional vertex, the unique element of Q̃0−Q0.

Ãn �������� ��������
��������

�������� ��������
1 1 1 1

lllllllllllllll

RRRRRRRRRRRRRRR

D̃n

��������
��������

�������� �������� �������� ��������
��������
��������

1

1

2 2 2 2
1

OOO
OOO

oooooo

oooooo
OOO

OOO

Ẽ6 �������� �������� �������� �������� ��������
��������
��������

1 2 3 2 1

2

Ẽ7 �������� �������� �������� �������� �������� �������� ��������
��������

2 3 4 3 2 1

2

E8 �������� �������� �������� �������� �������� �������� ��������
��������

��������2 4 6 5 4 3 2

3

Remark 3.9. There is a unique way to complete (=add a vertex to) a Dynkin diagram of type
ADE so that the new diagram is not a Dynkin diagram anymore and so that by removing any
vertex of the completed graph, we obtain a Dynkin diagram.

Remark 3.10. The graph A0 is defined to be the empty graph and Ã0 is the graph with one
vertex and one arrow.

3.3.3. Quadratic form associated to a graph. We define a quadratic form q on V by

q(
∑
s

xses) =
∑
s∈Q0

x2
s −

∑
{t,t′}∈Q1

xtxt′ .

Let us compute the quadratic form in some simple cases.

Example 3.11. Graph K(n) with 2 vertices and n edges

�������� ��������..............

We have q(x, y) = x2 + y2 − nxy.

Graph with a vertex of valency 3 and all other vertices with valency 1 or 2.
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T (p, q, r)

�������� �������� �������� �������� �������� �������� ��������
��������

��������
��������

x1 x2 xp−1 a yq−1 y2 y1

zr−1

z2

z1

We have

q(xi, yi, zi, a) = Cp(x1, . . . , xp−1, a)+Cq(y1, . . . , yq−1, a)+Cr(z1, . . . , zr−1, a)+
a2

2
(
1

p
+

1

q
+

1

r
−1)

where

Cn(t1, . . . , tn) =
n−1∑
i=1

i

2(i+ 1)
(ti+1 −

i+ 1

i
ti)

2.

So, q is positive definite if and only if 1
p
+ 1

q
+ 1

r
> 1. It is non-negative if and only if 1

p
+ 1

q
+ 1

r
= 1.

Theorem 3.12. Let Γ be a connected graph. Then, Γ is a Dynkin diagram of type ADE if and
only if q is positive definite. The graph Γ is a completed Dynkin diagram of type ÃD̃Ẽ if and
only if q is positive semi-definite.

Proof. The graphs of type ADE are characterized by the property of not having a subgraph of
one of the following types

• J(n), n ≥ 1
• K(n), n ≥ 2
• Ãn, n ≥ 2
• Ẽn, n = 6, 7, 8
• D̃n, n ≥ 4.

For these graphs, q is not positive definite. So, if q is positive definite, then Γ is a Dynkin
diagram of type ADE.

The study of the graph T (p, q, r) (Example 3.11) shows that qΓ is positive definite if and only
if Γ has type ADE. This shows the first part of the Theorem.

Let Γ be of type ADE with completed graph Γ̃. Since q̃(α0 + α̃) = 0, the quadratic form q̃
associated with Γ̃ is positive semi-definite.

Let Γ′ be a graph with a number of vertices minimal for the property that the associated
quadratic form is positive semi-definite and assume Γ′ is not of type ADE or ÃD̃Ẽ. Then, the
subgraphs obtained by removing one vertex have type ADE or ÃD̃Ẽ. By Remark 3.9, one of
those subgraphs is Γ̃ of type ÃD̃Ẽ.

The set of vertices of Γ′ is Q′
0 = Q̃0 ∪ {z} and the subgraph with vertices Q̃0 is Γ̃. Then,

q′(2(α0 + α̃)+ ez) ≤ 1− 2
∑

{z,s}∈Q′1
xs < 0, where α0 + α̃ =

∑
s∈Q̃0

xses. So, the quadratic form

q′ associated with Γ′ is not positive semi-definite
It follows that if q is positive semi-definite, then Γ has type ADE or ÃD̃Ẽ. �
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3.3.4. Quadratic form of a quiver. Let k be a field, Q a quiver with underlying graph Γ and
associated quadratic form q. We will give a geometrical and a homological interpretation of q.

Fix a non-zero map d : Q0 → Z≥0. The representations of Q over k of the form (kd(s), φa)
are the k-points of the algebraic variety Repd(Q) =

∏
aAd(q(a))×d(p(a)). We denote by V (φ) the

representation of Q corresponding to φ ∈ Repd(Q).

The group Gd =
∏

s∈Q0
GLd(s) acts on Repd(Q) by (φa)a 7→

(
gq(a)φag

−1
p(a)

)
for (gs) ∈ Gd. The

action of Gd factors through an action of Ḡd = Gd/Gm where Gm(k) = {(α · id), α ∈ k×} is
the multiplicative group embedded diagonally in Gd. We have

(2) dim Ḡd − dim Repd(Q) = q(d)− 1.

Two representations V (φ) and V (φ′) are isomorphic if and only if φ and φ′ belong to the
same Gd-orbit.

The stabilizer of φ in Gd is CGd
(φ) = Aut(V (φ)). There is an isomorphism between the orbit

Gd · φ of φ and Gd/CGd
(φ). So,

(3) dim Repd(Q)− dim(Gd · φ) = dim Aut(V (φ))− q(d).

Proposition 3.13. Assume Q has no cycle. Let V and W be two finite dimensional represen-
tations of Q over k. Then, Exti(V,W ) = 0 for i > 1, i.e., the category of finite dimensional
representations of Q is hereditary.

We have

(4) dim Hom(V,W )− dim Ext1(V,W ) =
∑
s∈Q0

d(V )sd(W )s −
∑

(p→q)∈Q1

d(V )pd(W )q.

In particular, q(d(V )) = dim End(V )− dim Ext1(V, V ).

Proof. Let s be a vertex of Q. Let P (s) := s · k(Q). This is a projective cover of the simple
right k(Q)-module V (s). Note that P (s)t has a basis given by paths from t to s. Let M be the
radical of P (s). We have Mt = P (s)t for t 6= s and Ms = 0. It follows that M =

⊕
a a · k(Q),

where a runs over the arrows of Q ending at s. Since a · k(Q) ' P (p), where p is the head of a,
it follows that M is projective. We deduce that a submodule of a finitely generated projective
module is projective. It follows that Exti(V,W ) = 0 for all i ≥ 2 and all finite dimensional
representations V and W .

Assume V and W are simple. Then, dim Ext1(V,W ) is the number of arrows from V to W .
Formula (4) follows in that case.

Now, since Ext≥2 vanishes, the form defined on the left is the Euler form and it factors through
a bilinear form defined on the Grothendieck group of finite dimensional representations of Q
over k (cf §4.2.1). The result follows. �

3.3.5. Gabriel’s Theorem.

Theorem 3.14. Let Q be a quiver and k a field. Then, Q has only finitely many isomorphism
classes of indecomposable finite dimensional representations if and only if the underlying graph
is a Dynkin diagram.

proof of ⇒. We show the first implication: finite representation type quivers give Dynkin dia-
grams.
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Note that if a vertex s has a loop a, then the quiver has indecomposable representations of
every dimension: we obtain such representations by letting all other arrows act by zero and by
using the construction of Example 3.2 (iii), with λ = 0.

Assume now that Q has no loop. In that case, we can proceed with the weaker assump-
tion that Q has only finitely many indecomposable representations of a given dimension, up to
isomorphism. So, Q has only finitely many representations of a given dimension, up to isomor-
phism. Equivalently, given a non zero element d ∈ ZQ0

≥0, then Ḡd has only finitely many orbits

on Repd(Q). Consequently, it admits an open orbit. It follows that dim Repd(Q) ≤ dim Ḡd.
So, q(d) ≥ 1 by the equality (2).

We have shown that q restricted to ZQ0

≥0 − {0} takes positive values. Since the off-diagonal

coefficients of the matrix of q are non-positive, it follows that q takes positive values on ZQ0−{0},
hence on QQ0 − {0} and finally on RQ0 − {0}. �

Given a graph Γ with no loop, we define a positive root to be an element α ∈ ZQ0

≥0 such that
q(α) = 1.

Given M a finite dimensional representation of Q over k, the dimension vector of M is

d(M) = (dimMs)s∈Q0 ∈ ZQ0

≥0.

The second half of Theorem 3.14 is made more precise by the following parametrization of
indecomposable representations.

Theorem 3.15. Let Q be a Dynkin quiver and k a field. The application M 7→ d(M) induces
a bijection from the set of isomorphism classes of finite dimensional indecomposable represen-
tations of Q and the set of positive roots.

Proof (case k algebraically closed). We assume k is algebraically closed.
Let V be an indecomposable finite dimensional representation of Q. We show first that

End(V ) = k. Let φ be a non-zero endomorphism of V with φ2 = 0, chosen so that L = imφ
has minimal possible dimension. Let V ′ be an indecomposable direct summand of kerφ. The
minimality of L shows that the composition f : L ↪→ kerφ � V ′ is injective for some indecom-
posable direct summand V ′ of kerφ. Note that the restriction of the element of Ext1(L, kerφ)
given by the canonical extension to Ext1(L, V ′) is non-zero, since V is indecomposable. Since
Ext2(V ′/L, V ′) = 0, it follows that the canonical map Ext1(V ′, V ′) −→ Ext1(L, V ′) is surjective.
So, Ext1(V ′, V ′) 6= 0. By induction, we know that End(V ′) = k. By Proposition 3.13, we
obtain q(d(V ′)) ≤ 0. This is impossible, since q is positive definite (Theorem 3.12).

Let d = d(V ) and fix φ such that V ' V (φ). The equality (3) shows that dim Repd(Q) −
dim(Gd ·φ) = 1− q(d). Since q is positive definite (Theorem 3.12), it follows that q(d) = 1 and
that Gd · φ is a dense open orbit. We have already shown that d is a root. Now, there can’t
be more than one dense open orbit in Repd(Q), hence all indecomposable representations with
dimension vector d are isomorphic.

Fix now d a positive root. There are only finitely many indecomposable representations,
so Gd has only finitely many orbits on Repd(Q). So, one of the orbits must be open. Let φ
be a point in the open orbit. The equality (3) shows that dim Aut(V (φ)) = 1. So, V (φ) is
indecomposable. �

We will denote by M(γ) an indecomposable representation associated with a positive root γ
(it is unique up to isomorphism).
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Remark 3.16. Note that given an indecomposable representation M of a Dynkin quiver over
a field k, then End(M) = k and Ext1(M,M) = 0.

4. Hall algebras and quantum groups

4.1. Quantum groups. In this section, we give a quick introduction without proofs to complex
semi-simple Lie algebras and quantum groups.

4.1.1. Complex semi-simple Lie algebras. We provide here some key facts on semi-simple Lie
algebras.

Let k be a field. Given a k-algebra A, we define a Lie algebra ALie with underlying k-module
A and bracket [a, b] = ab − ba. This defines a functor from the category of algebras to the
category of Lie algebras. That functor admits a left adjoint: it sends a Lie algebra g to its
enveloping algebra U(g). Note that there is a canonical Lie algebra injection g ↪→ U(g).

Theorem 4.1 (Poincaré-Birkhoff-Witt). Let B be a basis of g. Put a total order on B. Then,
the family of monomials b1 · · · bn with b1 ≤ · · · ≤ bn in B and n ≥ 0 is a basis of U(g).

In more intrinsic terms, consider the filtration of U(g) given by U(g)≤i =
∑

j≤i g
j. Then,

gr U(g) is commutative and the canonical map of vector spaces g → gr U(g) extends to an

isomorphism S(g)
∼→ gr U(g).

Note that a g-module can be extended uniquely to a U(g)-module and the corresponding
functor is an isomorphism from the category of g-modules to the category of U(g)-modules.

We take now for k a field of characteristic 0 and we consider only finite dimensional Lie
algebras.

Recall that a Lie algebra g is semi-simple if it has no non-zero abelian ideal. It is simple if
it is non-abelian and its only ideals are 0 and g.

The Lie algebra g is semi-simple if and only if the Killing form is non-degenerate. Recall
that the Killing form is given by the trace in the adjoint representation

β : g× g → k, β(x, y) = Tr(adx · ad y).

Every semi-simple Lie algebras is a product of simple Lie algebras. If g is semi-simple, then
all finite dimensional representations of g are semi-simple.

An element x of g is semi-simple if ad x is semi-simple. A Cartan subalgebra of g is a maximal
commutative subalgebra whose elements are semi-simple. All Cartan algebras are conjugate in
Aut(g). Fix a Cartan subalgebra h of g. Given α a non-zero element of h∗, we put

gα = {x ∈ g| ad(y)x = α(y)x for all y ∈ h}.
We denote by ∆ the set of elements of non-zero elements α of h∗ such that gα 6= 0. These are
the roots. We have a decomposition of g in weight spaces

g = g0 ⊕
⊕
α∈∆

gα.

The Killing form on h is non-degenerate. Let h∗R be the real subspace of h generated by ∆.

Then, h∗R ⊗R C
∼→ h∗ and the restriction of the Killing form to h∗R is positive definite.

We choose a hyperplane H of h∗R containing no root and denote by h∗,+R and h∗,−R the corre-
sponding half-spaces. We put ∆± = ∆ ∩ h∗,±R (positive and negative roots). There is a unique
minimal subset Π of ∆+ such that every element of ∆+ is a linear combination with positive



HALL ALGEBRAS 15

coefficients of elements of Π. We order the elements of Π as α1, . . . , αn, where αi is closer to H
than αi+1. The set Π = {α1, . . . , αn} of simple roots is a basis of h∗.

We put n+ =
⊕

α∈∆+ gα and n− =
⊕

α∈∆− gα. This provides a triangular decomposition of
g:

g = n+ ⊕ h⊕ n−.

The spaces gαi
and g−αi

are one-dimensional. Let hi = [gαi
, g−αi

], a one-dimensional subpace
of h. There is a unique hi ∈ hi such that αi(hi) = 2. We choose ei ∈ gαi

a non-zero element.
There is a unique fi ∈ g−αi

such that [ei, fi] = hi.
Let aij = αi(hj). The Cartan matrix of g is (aij)1≤i≤n.
Note that aii = 2. The possibilities for the pairs (aij, aji) are (up to swapping i and j):

• (0, 0) ��������
i

��������
j

• (−1,−1) ��������
i

��������
j

• (−2,−1) ��������
i

��������
j

• (−3,−1) ��������
i

��������
j

Example 4.2. Let g = sln(C). The Killing form is given by β(x, y) = Tr(xy). We take for h
the subalgebra of trace zero diagonal matrices, which we identify with the hyperplane of Cn of
vectors (z1, . . . , zn) with z1+· · ·+zn = 0. Let {ε1, . . . , εn} be the dual basis of (Cn)∗. Then, h∗ is
identified with the quotient (

⊕
iCεi) /C(ε1 + · · ·+εn). The root system is ∆ = {εi−εj}1≤i6=j≤n

(more precisely, we should take the images in h∗). The set Π = {εi − εi+1}1≤i≤n−1 is a set of
simple roots. Then, n+ (resp. n−) is the subalgebra of strictly upper (resp. lower) triangular
matrices.

Let us recall the list of Dynkin diagrams. In addition to the simply laced ones (types ADE,
cf §3.3.1), we have the types Bn, Cn, F4 and G2.

Theorem 4.3. Isomorphism classes of finite dimensional complex simple Lie algebras are in
bijection with Dynkin diagrams (types A . . . G).

Given Γ a Dynkin diagram with Cartan matrix (aij)1≤i,j≤n, the corresponding Lie algebra has
a presentation by generators e1, . . . , en, f1, . . . , fn, h1, . . . , hn and relations

[hi, hj] = 0, [hi, ej] = aijej, [hi, fj] = −aijfj, [ei, fj] = δijhi

ad1−aij(ei)ej = 0, ad1−aij(fi)fj = 0.

When aij = 0, then [ei, ej] = 0. When aij = −1, we have [ei, [ei, ej]] = 0]. In the enveloping
algebra, that last relation becomes e2i ej − 2eiejei + eje

2
i = 0.

4.1.2. Quantum groups. Let v be an indeterminate. Given a positive integer n, we put

[n] =
vn − v−n

v − v−1
, [n]! = [2] · · · [n] and

[
n
r

]
=

[n]!

[r]![n− r]!
.

Consider the Q(v)-algebra Ũv(g) generated by E1, . . . , En, F1, . . . , Fn, K
±1
1 , . . . , K±1

n with re-
lations

KiK
−1
i = K−1

i Ki = 1, KiKj = KjKi
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KiEjK
−1
i = vaijEj, KiFjK

−1
i = v−aijFj, [Ei, Fj] = δij

Ki −K−1
i

v − v−1

(5)

1−aij∑
r=0

(−1)r
[
1− aij
r

]
Er
iEjE

1−aij−r
i = 0

(6)

1−aij∑
r=0

(−1)r
[
1− aij
r

]
F r
i FjF

1−aij−r
i = 0

Note that for aij = 0, we get EiEj = EjEi, while if aij = −1, we obtain

EjE
2
i − (v + v−1)EiEjEi + E2

iEj = 0.

Here we should view Ki = vhi . Taking the limit v → 1 gives the defining relations of the
ordinary enveloping algebra U(g) (cf below for a precise statement).

Let Ũ+
v (g) (resp. Ũ−

v (g)) be the Q(v)-subalgebra of Ũv(g) generated by E1, . . . , En (resp.
F1, . . . , Fn). Let Ũ0

v (g) be the subalgebra generated by K1, . . . , Kn, K
−1
1 , . . . , K−1

n .

Theorem 4.4 (Triangular decomposition). The canonical map is an isomorphism

Ũ−
v (g)⊗Q(v) Ũ

0
v (g)⊗Q(v) Ũ

+
v (g)

∼→ Ũv(g).

The algebra Ũ+
v (g) has a presentation with generators E1, . . . , En and relations (5).

The algebra Ũ−
v (g) has a presentation with generators F1, . . . , Fn and relations (6).

The algebra Ũ0
v (g) is a Laurent polynomial algebra Q(v)[K±1

1 , . . . , K±1
n ].

We introduce now an “integral form” of the quantum group. We denote by Uv(g) the

Z[v, v−1]-subalgebra of Ũv(g) generated by K±1
i , E

(r)
i :=

Er
i

[r]!
and F

(r)
i :=

F r
i

[r]!
for i = 1, . . . , n and

r ≥ 1. This is a free Z[v±1]-algebra and Ũv(g) = Uv(g)⊗Z[v±1] Q(v): we have obtained a lattice

in Ũv(g). Given v0 ∈ C×, we put Uv0(g) = Uv(g)⊗Z[v±1] C[v±1]/(v − v0).

The assignment Ei 7→ ei, Fi 7→ fi induces a surjective morphism of algebras U1(g)⊗Z C →
U(g). Its kernel is the ideal generated by the central elements Ki−1. So, Uv(g) is a deformation
of a central extension of U(g).

4.2. The Ringel-Hall algebra of a Dynkin quiver.

4.2.1. Euler forms and twisted multiplication. Let A be an abelian category. The Grothendieck
group K0(A) is the quotient of the free abelian group with basis (eM) the isomorphism classes
of objects of A by the relation

eM = eL + eN whenever there is an exact sequence 0 → L→M → N → 0.

Let k be a field and assume A is k-linear. Assume that for all objects M,N of A, we have
dimk

⊕
i≥0 ExtiA(M,N) <∞.

We put

〈M,N〉 =
∑
i≥0

(−1)i dimk Exti(M,N).

This depends only on the classes of M and N and induces a bilinear form, the Euler form,
K0(A)×K0(A) → Z.
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Assume now k = Fq and put t =
√
q.

Definition 4.5. The Ringel-Hall algebra HA is the C-vector space C⊗Z H
′
A with the product

[M ] · [N ] = t〈M,N〉[M ] ∗ [N ].

Exercice 4.1. Check that the definition of the Euler form in §4.2.1 makes sense, i.e., that∑
i≥0(−1)i dimk Exti(M,N) depends only on the classes of M and N in K0(A).

Exercice 4.2. Check the associativity of the twisted multiplication.

Exercice 4.3. Give a definition of the twisted product in the case of an abelian category such
that for all objects M and N , then

∐
i≥0 Exti(M,N) is a finite set.

4.2.2. Rank 2. Let us start with A the category of finite dimensional vector spaces over k
(equivalently, finite dimensional representations of the quiver •). We have 〈k, k〉 = 1, so
[k] · [k] = t[k] ∗ [k]. We have

[k]n = tn(n−1)[n]![kn].

Let us now consider the quiver 1 // 2 of type A2 (cf Example 3.8). We have

e2e1 = [V (1)⊕ V (2)], e1e2 = t−1([V (1)⊕ V (2)] + e12).

We have

e2e
2
1 = (t+ t3)[V (1)⊕2 ⊕ V (2)]

e21e2 = (t−1 + t)([V (1)⊕M ] + [V (1)⊕2 ⊕ V (2)])

e1e2e1 = (t2 + 1)[V (1)⊕2 ⊕ V (2)] + [M ⊕ V (1)]

It follows that

e21e2 − (t+ t−1)e1e2e1 + e2e
2
1 = 0

So, e1 and e2 satisfy the quantum sl3-relations.

Exercice 4.4. Check the calculation of [k]n in §4.2.2.

4.2.3. Ringel’s Theorem. Let Q be a quiver of type ADE and let g be the corresponding simple
complex Lie algebra. The Cartan matrix coincides with the matrix of the symmetric bilinear
form associated with 2q. The definition of positive roots in §3.3.5 coincides with that given in
§4.1.1.

Theorem 4.6. There is a unique isomorphism of rings

U+
t (g)

∼→ HRepk(Q), Ei 7→ [V (i)].

Proof (construction). Let us first show there is a morphism with Ei 7→ [V (i)].
We need to check that the relation (5) holds in the Hall-Ringel algebra. Consider two vertices

i, j. The full subcategory of representations ofQ supported at {i, j} is equivalent to the category
of representations of the subquiver with vertices {i, j}. So, the quantum Serre relations can be
checked in rank 2: this has been done in §4.2.2. �

Proposition 4.7. Let Q be a Dynkin quiver of type ADE and k a field. There are no sequences

of morphisms M0
f1−→ M1 → · · · fr−→ Mr = M0 with r ≥ 1, fi non-zero and non-invertible and

Mi an indecomposable representation of Q over k for all i.
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Proof. Let f : L → M be a non-zero and non-invertible morphism between indecomposable
representations. Let N be an indecomposable direct summand of im f , and consider the com-
positions of canonical maps g : L→ im f → N and h : N → im f →M . These are not zero and
non-invertible maps. It follows that given a sequence as in the Proposition, we can construct a
sequence

N1

g1

    B
BB

BB
BB

B
N3

g3

    B
BB

BB
BB

B
· · · N2m−1

g2m−1

&& &&MMMMMMMMMM

N0

. �

g0
>>||||||||

N2

. �

g2
>>||||||||

N4

. �

g4

>>||||||||
· · ·

- 


g2m−2
;;wwwwwwwww

N2m = N0

where N0, . . . , N2m−1 are indecomposable, g0, g2, . . . , g2m−2 are injective but non-invertible and
g1, g3, . . . , g2m−1 are surjective but non-invertible. We will prove that this is impossible by
induction of m, then by induction on dimN0 and finally by induction on dim Hom(N1, N3).

Since Ext2(N3/N2, ker g1) = 0 (Proposition 3.13), the canonical map Ext1(N3/N2, N1) →
Ext1(N3/N2, N2) is surjective. Consequently, there is a representation L and a commutative
diagram whose horizontal sequences are exact:

0 // N1
//

g1
����

L //

f
����

N3/N2
// 0

0 // N2
// N3

// N3/N2
// 0

Note that L cannot be indecomposable, for otherwise the sequence

N0 ↪→ L � N4 → · · ·

would contradict the minimality of m.
Let L′ be an indecomposable direct summand of L such that the composition g : N0 → N1 →

L→ L′ is non-zero. Consider the composition h : N0
g−→ L′ → L.

Let h′ : N0
h−→ L

f−→ N3. Assume h′ 6= 0 and let N ′
1 be an indecomposable direct summand of

imh′. We have a sequence of maps N ′
1 ↪→ N3 � N4 → · · · → N2m−1 � N ′

1 contradicting the
minimality of m. It follows that h′ = 0.

We have an exact sequence

(7) 0 → N1 → L⊕N2 → N3 → 0

Since h′ = 0, it follows that h factors through a map h′′ : N0 → N1. If h′′ is not injective, let N ′
0

be an indecomposable direct summand of imh′′. Then the sequence N ′
0 ↪→ N1 � N2 → · · · →

N2m−1 � N ′
0 contradicts the minimality of dimN0. So, h′′ is injective, hence g is injective as

well.
We have an exact sequence (cf (7))

End(N3) → Hom(N2, N3)⊕ Hom(L′, N3)⊕ Hom(L/L′, N3) → Hom(N1, N3) → Ext1(N3, N3).

We have End(N3) = k and Ext1(N3, N3) = 0 (Remark 3.16). Furthermore, Hom(N2, N3) 6= 0
and Hom(L/L′, N3) 6= 0. It follows that dim Hom(N1, N3) > dim Hom(L′, N3).

The indecomposability of N1 shows that f(L′) 6= 0 (cf (7)). Let L′′ be an indecomposable di-
rect summand of f(L′). We have a sequence of maps N0 ↪→ L′ � L′′ ↪→ N3 → · · · contradicting
the minimality of dim Hom(N1, N3). �
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This proposition shows there is a total ordering γ1, . . . , γN of the positive roots such that
Hom(M(γi),M(γj)) 6= 0 implies i ≤ j.

Given φ : ∆+ → Z≥0, we put M(φ) =
⊕

γM(γ)φ(γ). The set {[M(φ)]}φ is a basis of HA. We

put d(φ) = d(M(φ)), a linear combination of simple roots.

Lemma 4.8. If i ≤ j, then Ext1(M(γi),M(γj)) = 0.

Proof. Note that if i = j, then the conclusion is provided by Remark 3.16. Consider a non-split
extension 0 → M(γj) → N → M(γi) → 0. Let M(γr) be an indecomposable direct summand
of N . Then, we have non zero maps M(γj) →M(γr) and M(γr) →M(γi). So, j ≤ r ≤ i. �

Lemma 4.9. Consider a1, . . . , aN ∈ Z≥0. Then, [
⊕

iM(γi)
ai ] = [M(γ1)

a1 ] ∗ · · · ∗ [M(γN)aN ].

Proof. Let us compute the right hand side. We look for modules M with a filtration M = M0 ⊃
M1 ⊃ · · · ⊃MN = 0 with Ni−1/Ni 'M(γi)

ai . By Lemma 4.8, we obtain M '
⊕

iM(γi)
ai .

Conversely, let M =
⊕

iM(γi)
ai . Since Hom(M(γi),M(γj)) = 0 for i > j, there is a unique

filtration as above. �

Note that the total order on positive roots induces a total order on simple roots: α1, . . . , αn.

Lemma 4.10. Let d1, . . . , dn ∈ Z≥0. Then,

[M(αn)
dn ] ∗ · · · ∗ [M(α1)

d1 ] =
⊕

[M(φ)]

where φ runs over maps ∆+ → Z≥0 such that d(φ) =
∑

i diαi.

Proof. It is clear that only those φ with d(φ) =
∑

i diαi occur in the decomposition.
Consider now M = M(φ). The simple module M(αi) occurs in a composition series of M

with multiplicity di. By Lemma 4.8, we have Ext1(M(αi),M(αj)) = 0 if i ≤ j. It follows that
M admits a unique filtrationM = M0 ⊃M1 ⊃ · · · ⊃Mn = 0 withMi−1/Mi 'M(αn−i+1)

dn−i+1 .
�

End of proof of Theorem 4.6. Let us show the surjectivity of the morphism Ψ of the Theorem.
We show by induction on d(φ) that [M(φ)] is in the image.
Using Lemma 4.9, we know by induction that if the support of φ has at least two elements,

then the result holds.
Assume there is a unique r such that φ(γr) 6= 0. Write φ(γr)d(γr) =

∑n
i=1 diαi. It is a

general property of root systems that if Zγi = Zγj then i = j. So, Lemma 4.10 shows that
[M(α1)

d1 ] ∗ · · · ∗ [M(αn)
dn ]− [M(γr)

φ(γr)] is a sum of [M(φ)]’s, where the support of φ contains
at least two elements. As shown above, these [M(φ)]’s are in im Ψ, so M(φ) is as well.

We deduce now that Ψ is an isomorphism. There is a grading on U+
t (g) by the group

R =
⊕

i Zαi: it is given by assigning the degree αi to Ei. We also have a grading on HA by
assigning the degree d(φ) to M(φ). Note that Ψ respects the grading.

Fix d ∈ R. The homogeneous component of U+
t (g) of degree d has the same dimension as

that for U+(g). Thanks to the Poincaré-Birkhoff-Witt Theorem, this dimension is the number
of φ’s with d(φ) = d. It is clear that this coincides with the dimension of the homogenous
component of degree d of HA. It follows that Ψ is an isomorphism. �

Note that the proof above shows actually the existence of a basis of U+
v (g) where v is generic

(“PBW basis”):
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Theorem 4.11. There exists a basis {eφ}φ of U+
v (g) that specializes to the basis

(tdim End(Mφ)−dimMφ [Mφ])φ

for every q and v 7→ t =
√
q.

There exists polynomials P φ
φ1,φ2

∈ Q[v] such that for every q, we have P
M(φ)
M(φ1),M(φ2) = P φ

φ1,φ2
(t).

Exercice 4.5. Write down a proof of Theorem 4.11

The basis (eφ)φ of U+
v (g) depends on the choice of an orientation of the Dynkin diagram.

Consider the ring involution a 7→ ā of U+
v (g) given by

v 7→ v−1, Ei 7→ Ei.

There is a basis independent of the orientation. It is called canonical basis (Lusztig) or global
crystal basis (Kashiwara).

Define a total order on Z
∆+

≥0 by setting φ < ψ if there is r with φ(i) = ψ(i) for i < r and
φ(r) > ψ(r).

The following Theorem has two proofs: a combinatorial one and a geometrical one, based on
realizing the canonical basis via perverse sheaves on moduli spaces of representations.

Theorem 4.12. There is a unique basis (Cφ)φ of U+
v (g) such that

C̄φ = Cφ and Cφ ∈ eφ +
∑
ψ<φ

v−1Z[v−1]eψ.

The basis (Cφ) is independent of the orientation of the Dynkin diagram.

5. Construction of representations

5.1. Constructible functions and Euler characteristic.

5.1.1. Euler-Poincaré characteristic. We fix an algebraically closed field k. Let X be a variety
(=separated scheme of finite type) over k. A locally closed subset of X is the intersection of
an open subset and a closed subset. A constructible subset of X is a finite disjoint union of
locally closed subsets. An important property is that the image of a constructible subset by a
morphism of varieties is constructible (Chevalley’s Theorem).

Example 5.1. Let X = A2 = Spec k[x, y]. The line “x = 0”, L1 = Spec k[y] is a closed
subset of X and removing the origin, we get Z1 = Spec k[y, y−1], a locally closed subset of
X. Similarly, let L2 = Spec k[x] and Z2 = Spec k[x, x−1]. Let Z = Z1 ∪ Z2. Then, X − Z =
(X − (L1 ∪L2))

∐
{0} is a constructible subset of X, but it is not locally closed. It is not even

an algebraic variety.

Define the Euler-Poincaré characteristic

χ(X) =
∑
i

(−1)i dimH i
c(X,C).

(this is the case k = C. In general, one uses `-adic cohomology).
Note that if Y is a locally closed subset of X, then χ(X) = χ(Y )+χ(X−Y ). Consequently,

one can extend by linearity the definition of Euler characteristic to constructible subsets of
varieties.

Also, the Euler-Poincaré characteristic is multiplicative: χ(X ×X ′) = χ(X)× χ(X ′).
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Assume the variety X is defined over a finite subfield Fq of k. The Lefschetz trace formula
for etale cohomology shows that

χ(X) = − lim
z→∞

∞∑
n=1

|X(Fqn)|zn.

Note that if there is a polynomial P (t) such that |X(Fqn)| = P (qn) for all n ≥ 1, then
χ(X) = P (1).

5.1.2. Constructible functions. A function f : X → Z is constructible if it takes finitely many
values and for every z ∈ Z, then f−1(z) is a constructible subset of X. So, constructible
functions are of the form f =

∑
αmα1Xα whereX =

∐
αXα is a partition ofX into constructible

subsets and mα ∈ Z.
We define ∫

X

f =
∑
α

mαχ(Xα).

Let φ : X → Y be a morphism of algebraic varieties. Given g ∈ CF(Y ), we define φ∗g ∈
CF(X) by (φ∗g)(x) = g(φ(x)).

Let f be a constructible function on X. We define∫
φ

f ∈ F(Y ) : y 7→
∫
φ−1(y)

f.

We admit the following useful Theorem. It would be easy to check directly the property in
our applications (and then get rid of the characteristic 0 assumption).

Theorem 5.2. Assume k has characteristic 0. Given ψ : Y → Y ′, we have∫
ψ

∫
φ

f =

∫
ψ◦φ

f.

Remark 5.3. If k has characteristic p > 0, the composition of the Artin-Schreier covering (the
quotient by the free action of the additive group Fp) A1 → A1, x 7→ xp−x, with the projection
to the point shows the previous Theorem is not true for fields of positive characteristic.

Assume k has characteristic 0 and consider a Cartesian square

Z
g2 //

f2
��

X

f1
��

X ′
g1
// Y

So, Z = X ′ ×Y X. Then, we have

g∗1

∫
f1

=

∫
f2

g∗2 : CF(X) → CF(X ′).

5.2. Hall algebras via constructible functions.
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5.2.1. Quivers with relations. Let Q be a quiver and k a commutative ring. A set R of relations
for Q over k is a finite set of elements of k(Q)≥2. We denote by I = (R) the two-sided ideal of
k(Q) generated by R and we put A = k(Q)/I.

Exercice 5.1. Assume k is an algebraically closed field. Let A be a basic finite dimensional
k-algebra (i.e., all simple A-modules have dimension 1). Show that there is a quiver Q with
relations R such that A ' k(Q)/(R).

Given a dimension vector d ∈ Q
Z≥0

0 , we denote by Repd(Q,R) the closed subvariety of
Repd(Q) =

∏
aAd(q(a))×d(p(a)) of representations of A.

5.2.2. Preprojective algebras. Let Q be a graph with no loop. Let Q̄ be the double quiver of Q:
we have Q̄0 = Q0, Q̄1 = Q1

∐
{ā}a∈Q1 . Here, ā is an arrow with p(ā) = q(a) and q(ā) = p(a).

We denote by I the ideal of relations generated by
∑

a∈Q1
[ā, a]. The preprojective algebra of

Q is the algebra P (Q) = kQ/I. Note that given i ∈ Q0, we have the relation∑
a∈Q1,p(a)=i

aā =
∑

a∈Q1,q(a)=i

āa.

Up to isomorphism, the algebra P (Q) depends only on the graph underlying Q.

Theorem 5.4. Assume Q is connected. The algebra P (Q) is finite dimensional if and only if
Q is a Dynkin quiver.

Remark 5.5. Assume Q connected. It is known that P (Q) has finite representation type if
and only if Q is a Dynkin quiver of type An with n ≤ 4.

Assume Q is a Dynkin quiver. Note that P (Q) does not have finite global dimension, unless
Q has type A1, in which case P (Q) = k. It can be shown that P (Q) is actually selfinjective
(ie, P (Q)∗ is projective as a left A-module).

Remark 5.6. Note that k(Q) is a subalgebra of P (Q). Assume Q is a Dynkin quiver. Then,
as a k(Q)-module, P (Q) is isomorphic to the direct sum of all indecomposable k(Q)-modules
(taken up to isomorphism). In general, P (Q) decomposes as the sum of the indecomposable
preprojective modules.

Let d ∈ ZQ0

≥0. We put Λd = Repd(Q, I). The variety Repd(Q̄) identifies with T ∗ Repd(Q) and
Λd is the closed subvariety µ−1(0), where

µ : T ∗ Repd(Q) →
⊕
s

gl(d(s)), {(φa)a, (φā)a} 7→
∑
a

[φā, φa]

is the moment map for the action of Gd on Repd(Q).

Remark 5.7. This is an instance of non-commutative geometry (Kontsevich-Soibelman): the
preprojective algebra is defined via its representation space. Here, it appears as some sort of
symplectic reduction.

5.2.3. Lusztig’s algebra of constructible functions. From now on, we assume k = C.
We denote by M̃α the subspace of CF(Λα) of functions that are constant on Gα-orbits.
We define the convolution f ∗ g of f ∈ M̃α by g ∈ M̃β as

(f ∗ g)(x) =

∫
Ux

f(x′)g(x′′)
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where Ux is the variety of subspaces V of kα+β such that V is stable under x and the dimension
vector of V is β. Furthermore, x′ ∈ Λα is an element such that V (x′) ' V (x)/V and x′′ ∈ Λβ

with V (x′′) ' V .
A more formal way to proceed is to introduce a variety Z of quadruples (x, V, ζ, ξ), where

x ∈ Λα+β, V is as above, ζ : kα+β/V
∼→ kα and ξ : V

∼→ kβ. We denote by π1 : Z → Λα and
π2 : Z → Λβ the projections. Let U be the variety of pairs (x, V ) where x ∈ Λα+β and V is
as above. Let π : Z → U and π3 : U → Λα+β be the projections. We consider the function
π∗1f · π∗2g on Z. There is a unique constructible function h on U with π∗h = π∗1f · π∗2g and we
put f ∗ g =

∫
π3
h.

Z
π1

��~~
~~

~~
~~

π2   @
@@

@@
@@
π // U

π3

""E
EE

EE
EE

EE

λα Λβ Λα+β

This defines an associative product on M̃ =
⊕

α M̃α.

Given i ∈ S, we denote by 1i ∈ Mi the constructible function that takes value 1 on the
one-element variety Λi. Let M be the subalgebra of M̃ generated by the functions 1i.

5.2.4. Rank 2. Let us start with the one vertex quiver Q. Given d ≥ 0, the variety Λd =
Repd(Q) is a point. Then, 1Λd

∗ 1Λd′
= χ(Gr(d + d′, d′))1Λd+d′

. where Gr(d + d′, d′) is the

Grasssmanian variety of d′-dimensional subspaces of kd+d
′
. Hence, 1Λd

∗ 1Λd′
=

(
d+d′

d′

)
1Λd+d′

.

Let us now consider the quiver 1 // 2 of type A2 (cf Example 3.8). Let us describe some
of the varieties Λα and their decomposition into Gα-orbits.

• The varieties Λα1 and Λα2 are a point.
• The variety Λα1+α2 identifies with the union of the two coordinates hyperplanes aā = 0

in A2. There are three orbits of k× × k×: L corresponding to a 6= 0 and ā = 0, L̄
corresponding to a = 0 and ā 6= 0 and L0 corresponding to a = ā = 0.

k
a //

k
ā
oo

• The variety Λ2α1+α2 identifies with the closed subvariety of A4 with equation aiāj =
0 for all i, j ∈ {1, 2}. There are three orbits of GL2(k) × k×: M corresponding to
(a1, a2) 6= (0, 0) and ā1 = ā2 = 0, M̄ corresponding to a1 = a2 = 0 and (ā1, ā2) 6= 0 and
M0 corresponding to a1 = a2 = ā1 = ā2 = 0.

k2
(a1,a2)

//
k0@ā1

ā2

1A
oo

We have 12∗11 = 1L̄+1L0 , 11∗12 = 1L+1L0 , 1L∗11 = 1M , 1L̄∗11 = 1M̄ , 1L0 ∗11 = 1M̄ +2 ·1M0 ,
11 ∗ 1L = 1M and 11 ∗ 1L0 = 1M + 2 · 1M0 . It follows that

12
112 − 2(111211) + 121

2
1 = 0.

So, 11 and 12 satisfy the “sl3-relations”.
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5.2.5. Hall algebra via constructible functions.

Theorem 5.8. The correspondence Ei 7→ 1i extends uniquely to an isomorphism of algebras
U(n+)

∼→M.

Proof. In order to prove the Theorem, we will relate M to an algebra of constructible functions
on representations of Q. This algebra will be related to the q = 1 specialization of the Hall
algebra, which we know is isomorphic to U(n+).

Let us first show that Ei 7→ 1i extends to a morphism of algebras U(n+)
∼→M. This reduces

to rank 2 and follows from the calculations in §5.2.4.

Let Nα be the space of Gα-invariant constructible functions on Repα(Q). We define a con-
volution as in §5.2.3 on N =

⊕
Nα. Given M a representation of Q, we denote by δM ∈ N

the function that takes value 1 on representations isomorphic to M and 0 otherwise. Given M
and N two representations of Q, we have

δM ∗ δN =
∑
L

χ(FL
M,N)δL,

where L runs over isomorphism classes of representations of Q and FL
M,N is the variety of

submodules N ′ of L with N ′ ' N and L/N ′ ' M . A proof similar to that of Theorem 4.6
shows that we have an isomorphism

U(n+)
∼→ N , Ei 7→ 1i.

The morphism of varieties Repα(Q) → Λα induces a morphism of M̃α → Nα and this
provides a morphism of algebras M→ M̃ → N . The Theorem follows. �

Remark 5.9. It is possible to avoid having to translate the counting arguments into Euler
characteristic ones to prove Theorem 5.8 following the proof of Theorem 4.6.

By Theorem 4.11, there is a polynomial P depending on the dimension vectors of M , N and
L (but independent of k) such that if k is a finite field with q elements, then, FL

M,N has P (q)

points over k, hence χ(FL
M,N) = P (1) for k algebraically closed of characteristic p. On the other

hand, the variety FL
M,N is obtained from a variety defined over Z (independent of k), hence if k

is an algebraically closed field of characteristic 0, then χ(FL
M,N) = P (1) as well. It follows now

from Theorem 4.6 that we have an isomorphism U(n+)
∼→ N , Ei 7→ 1i.

Exercice 5.2. Check the associativity of convolution.

Exercice 5.3. Check that the morphism M̃ → N in the proof of Theorem 5.8 is compatible
with convolution.
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