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1. Hecke algebras

1.1. Classical Hecke algebras.

1.1.1. BGG-Demazure operators. Given 1 ≤ i ≤ n, we put si = (i, i + 1) ∈ Sn. We define an
endomorphism of abelian groups ∂i ∈ EndZ(Z[X1, . . . , Xn]) by

∂i(P ) =
P − si(P )

Xi+1 −Xi

.

The formula defines endomorphisms of various localizations, for example Z[X±1
1 , . . . , X±1

n ].
Given w = si1 · · · sir , we put

∂w = ∂i1 · · · ∂ir .

This is independent of the choice of the reduced decomposition.

1.1.2. Nil Hecke algebras. Let 0H
f
n be the nil Hecke algebra of GLn: this is the Z-algebra

generated by T1, . . . , Tn−1, with relations

TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi if |i− j| > 1 and T 2
i = 0.

Given w = si1 · · · sir a reduced decomposition of an element w ∈ Sn, we put Tw = Ti1 · · ·Tir .
The nil Hecke algebra 0Hn is a graded algebra with deg Ti = −2 and t0 is homogeneous of
degree n(n− 1).
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1.1.3. Nil affine Hecke algebras. Let 0Hn be the nil affine Hecke algebra of GLn: 0Hn =

Z[X1, . . . , Xn]⊗ 0H
f
n, where Z[X1, . . . , Xn] and 0H

f
n are subalgebras and

TiXj = XjTi if j − i 6= 0, 1, TiXi+1 −XiTi = 1 and TiXi −Xi+1Ti = −1.

Given P ∈ Z[X1, . . . , Xn], we have TiP − si(P )Ti = PTi − Tisi(P ) = ∂i(P ).

We have a faithful representation on Z[X1, . . . , Xn] = 0Hn ⊗0Hf
n
Z where

Ti(P ) = ∂i(P ).

Let bn = Tw0X
n−1
1 Xn−2

2 · · ·Xn−1. We have b2
n = bn since ∂w0(X

n−1
1 Xn−2

2 · · ·Xn−1) = 1 and we
have an isomorphism of 0Hn-modules

Z[X1, . . . , Xn]
∼→ 0Hnbn, P 7→ Pbn.

Since {∂w(Xn−1
1 · · ·Xn−1)w∈Sn is a basis of Z[X1, . . . , Xn] over Z[X1, . . . , Xn]Sn , it follows

that the multiplication map gives an isomorphism of (0H
f
n,Z[X1, . . . , Xn]Sn)-bimodules

0H
f
n ⊗ (Z[X1, . . . , Xn]SnXn−1

1 · · ·Xn−1bn)
∼→ 0Hnbn.

Proposition 1.1. The action of 0Hn on Z[X1, . . . , Xn] induces an isomorphism
0Hn

∼→ EndZ[X1,...,Xn]Sn (Z[X1, . . . , Xn]).

Since Z[X1, . . . , Xn] is a free Z[X1, . . . , Xn]Sn-module of rank n!, the algebra 0Hn is isomorphic
to a (n!× n!)-matrix algebra over Z[X1, . . . , Xn]Sn.

The restriction to 0H
f
n of any 0Hn-module is relatively Z-projective.

Proof. Since Z[X1, . . . , Xn] is a finitely generated projective 0Hn-module, the canonical map
0Hn

∼→ EndZ[X1,...,Xn]Sn (Z[X1, . . . , Xn]) splits as a morphism of Z[X1, . . . , Xn]Sn-modules. The

first two assertions of the proposition follow from the fact that 0Hn is a free Z[X1, . . . , Xn]Sn-
module of rank (n!)2.

The (0H
f
n,Z[X1, . . . , Xn]Sn-module Z[X1, . . . , Xn] is a direct summand of 0Hn. So, given

M an Z[X1, . . . , Xn]Sn-module, then Z[X1, . . . , Xn] ⊗Z[X1,...,Xn]Sn M is a direct summand of
0H

f
n ⊗Z (Z[X1, . . . , Xn]⊗Z[X1,...,Xn]Sn M) as an 0H

f
n-module. So, given N an 0Hn-module, then

N is a direct summand of 0H
f
n ⊗Z N as an 0H

f
n-module and the proposition is proven. �

The nil affine Hecke algebra 0Hn is a graded algebra with deg Xi = 2 and deg Ti = −2 and t
is homogeneous of degree 0. The nil affine Hecke algebra has also a bifiltration given by

F≤(i,j)
(
0Hn

)
= Z[X1, . . . , Xn]≤i ⊗

(
0H

f
n

)
≥−j

.

Note that t(F<(n(n−1),n(n−1))) = 0.
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