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the Erdos Heitman Rothschild theorem
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Definition A graph G is H free if HF Gnotnecessarilyinducedsubgraph

FnlH GE kn HotG
9

completegraphwith vxsetLl nb

Turin's problem Determine
ex InHt max e G G FnlHt

Thistalk Whatdoes a typical H freegraph look like



Theorem EkR 1976 Draw GeFuKs uniformly at
random Then

him PIG is bipartite 1
This is a countingstatement HGcFulks tko 2bla LEGEkn XKok231

Moreover for every fixed r 23

Lex1MKr fnfk LexInKr
01h21

trivial

Theorem1ErdosFrankl Rod 1986 For everyH

Fn H 2 exIntl to
1h21



Theorem1ErdosFrankl Rod 1986 For everyH

Fn H 2 exthth
to1h21

Proofmethods

EKR KEV'ari So's Turin Erdos t induction on n r

EFR regularity lemma

BMS ST hypergraphcontainers t supersaturatedTurin'stheorem

KMPS Shannon'sentropy t supersaturatedTurin'stheorem



Entropy X random var taking values in a finiteset X

HIX E PIX x logPH x
chosenforconveniencetoday

Informally HIX E surprise X

Conditional entropy X Y randomvars takingvalues in
finitesets X Y respectively

Xcyonditionedon Yy

HIXIYI EEHIXerys

Egyptt.gl lPH xlY yllogalPlX xlY y



Properties of entropy
O E HIX e logs INT

iffX isuniformon X
y iffXandYareindependent

HIXIN HIXYI HIME HIX
Corollary HIXi XnLYKE HIXi lYI

HIXIYi2 E HIXIYI
Pinsker's inequality

dtvllx.it XxHeFdfHIM HMM
totalvariationdistance.jo

ndigf.f
Fandomvectorwithindependentcoordinates



Anentropy proofof logzlfnlksltexlnikd.ion7

Choose XeFulks a a r so that HIX 10galInHGH

Thinkof X as the vector X e ee kn

keyLemma There exists F e kn with elf e nd Est

letting pe EliXel Xf fee we have
9Hemeasurable r

ftp.IELpij.pik.pjk n

When F 0 then peek foreach e Ckn
when F kn then pijpikpjk 0 for all iijik



Define G ee kn pe Z h
E Xf measurable randomgraph

keyLemmaNk G n
SE E E i.j.iepijPikpjk

Fckn
tf F measurableevent

Let B Zijik pijpikpji.sn
4Eb and notethat

Bc Nk G Ens E e G E ex Mks 01h2d
q

Erd s Simonovits supersaturation a simpleaveragingargument

keyLemma Markov's ineq P B en E



FFor every F'E F let Xe Xel p pelf't ELIE

HIX HINDE HIHeleneIhde
HIMf F PCB Max HIKE'tknit F EB

P B Max HIKE'tknit F Bb
e ee PIB e knit

PCB Max Eeecnn.tt XE F Bb
E nd e n

E I Max ZeeaHIKE F Bb
mainterm

E2h2E



logalfnlk.lt Max ZeekHIXE F Bb 2h2 E

X Xel EFFinally GF eekn.EEEtpelFkn4EHXE 2 H Ber pe ptHtBertillonLois
CEkn eekn

e e GE t elknlGFY.ny.qxn.ttBerlpl

e GFY Oln2Elogn
and Nadalen

p
supersaturation

max elGF F Bb I exln.kz 01h29



KeyLemma There exists Fekn with elf e nd Est

letting pe E Xel Xf fee we have
gHemeasurable

ftp.IELpij.pik.pjk n

Proof

Define Fmaij maxli.jbsms.t.BA Ima
sn's

MuttFn E Fn e E F kn 4 m's

elfin e n In m

Fm il Fm's ij Max ijb m



Let
him HIX IHelen

O HNelogsIN
f HIXIYi2 E HINT

By since Fm E Fm

I z hn2hm Z Z h Z O

Inparticular theremust be me n Fi nb s t

hm hm e 11in
We set Fi Fm



HIX ltfH HlXallXHemKYrnhmr

hm µ Fl Fm FmlFm 7 tomb 2my

s

HIX.at XfH HlXnlXHe.Xim.XamkYrn
F'n Xf F

EEHlxiit HIxiilxiii.xiiilt.hr
dnltx.H.xx.KR.HNHlXlYTH Pynsker Jepsen

EEd.nl iixiii.xiiiI.xiixolxiiixiiiHeEI2FxoIer2n



EEdrkxiiixiii.xiiil.xiixlxiiix.it er2n 4

Bysymmetry everypermutationof Is mb fixes F
wemayreplace 42in with any lijikkEli.my

ELpijpikpj.IE EIdtvlXiiixiii.XiiiI.XifxxiiixXjiiH
y TPI ingconsidertheevent T.tl ijXikXjk lb

Pitt 0 Patt pij pik.pk IFL n 4

If MaxEijikb m then pijpikpjk O.Zij.ie aa


