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In [NST], Section 3 we suggest that the property of being finitely axioma-
tizable (in a given class of groups) should be inherited by finite extensions and
by definable subgroups of finite index. The underlying idea is this: if H is a
definable normal subgroup of finite index in a group G, then first-order proper-
ties of H can be read as properties of G, and first-order properties of G can be
encoded as properties of H .

A general framework for expressing such situations is the concept of bi-
interpretability, see for examaple [H], §§5.3, 5.4. The following observation is
probably in the folklore, but seems worth recording:

Theorem 1 Let G be a group and H 6= 1 a definable normal subgroup of finite
index. The following are equivalent:

a) for each t in some transversal to G/H the conjugation action of t on H is
definable in H.

b) G is bi-interpretable with H.

Proof. Assume (a). We may suppose that |G : H | = m ≥ 2. Say H = κ(G), fix
a transversal {t 1 = 1, t2, . . . , tm} to G/H , and let σi : H → H be the definable
function h 7−→ tiht

−1
i . Define cij ∈ H and k(i, j) by titj = cijtk(i,j) for each i

and j.
Interpreting H in G. The inclusion map H → G identifies H with κ(G).

The goup operation is inherited from G.
Interpreting G in H . Fix an element ξ ∈ Hr{1}. Suppose first that m ≥ 3.

Define subsets Γi,0,Γi,1 ⊂ Hm as follows:

γ ∈ Γi,0 ⇐⇒ γi 6= 1 ∧
∧

j 6=i

γj = 1

γ ∈ Γi,1 ⇐⇒ γi = 1 ∧
∧

j 6=i

γj = ξ.

Then each Γi,0 and Γi,1 is a definable subset of Hm, as is Γ :=
⋃m

i=1(Γi,0∪Γi,1).
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Suppose g = hti ∈ G. Define γ(g) = (γ1, . . . , γm) by

γi = h, γj = 1 (j 6= i) if h 6= 1

γi = 1, γj = ξ (j 6= i) if h = 1.

Thus γ(g) ∈ Γi,0 ∪ Γi,1. In fact g 7−→ γ(g) identifies (H r {1})ti with Γi,0 and
{1.ti} with Γi,1.

We define a binary operation on Γ so as to make this mapping γ a group
isomorphism.

Thus on Γi,0 × Γj,0:

(1, . . . , h, . . . , 1)·(1, . . . , k, . . . , 1) =






(1, . . . , hkσicij , . . . , 1) ∈ Γk(i,j),0 if hkσicij 6= 1

(ξ, . . . , 1, . . . , ξ) ∈ Γk(i,j),1 if hkσicij = 1
;

on Γi,1 × Γj,0:

(ξ, . . . , 1, . . . ξ)·(1, . . . , k, . . . , 1) =






(1, . . . , kσicij , . . . , 1) ∈ Γk(i,j),0 if kσicij 6= 1

(ξ, . . . , 1, . . . , ξ) ∈ Γk(i,j),1 if kσicij = 1
;

and similarly for the various other cases.
The point is that this is a definable operation on the definable subset Γ of

Hm.
Bi-interpretation. The composed monomorphism H → G→ Γ ⊆ Hm sends

h ∈ H to

(h, 1, . . . , 1) (h 6= 1)

(1, ξ, . . . , ξ) (h = 1).

This is definable.
The composed monomorphism G → Γ ⊆ Hm ⊆ Gm sends g ∈ G to γ(g).

Now
g ∈ (H r {1})ti ⇐⇒ G |= κ(gt−1

i ) ∧ g 6= ti.

As the map γ is definable on each of the sets (H r {1})ti, and on the elements
ti, it follows that γ : G→ Gm is definable.

This completes the proof of (b) when m ≥ 3. If m = 2, the above definition
gives γ(ξ) = (ξ, 1) = γ(t2), so we need to adjust it. One way is to replace γ
with γ∗ : G→ Γ∗ ⊂ Γ× {1, ξ} ⊆ H3, where

γ∗(h) = (h, 1, 1), γ∗(ht2) = (1, h, 1) if 1 6= h ∈ H

γ∗(t2) = (ξ, 1, ξ), γ∗(1) = (1, ξ, ξ).

The group operation is defined in a similar way to the previous case, and again
(b) follows.
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Now assume (b). To each formula φ(g;x) with parameters g from G is
associated a formula ψ(h;y) with parameters h from H and a definable function
β : Hr → Hs, for some s, such that for each a ∈ Hr,

G |= φ(g; a) ⇐⇒ H |= ψ(h;β(a))

(cf. [H], Thm. 5.3.2). Now fix t ∈ G, set φ(t;x, y) := (xt = ty) and let ψ(h;y)
be the corresponding formula. Then for a, b ∈ H we have

b = t−1at⇐⇒ G |= φ(t; a, b) ⇐⇒ H |= ψ(h;β(a, b)).

Thus the map a 7−→ t−1at : H → H is definable, and so (a) holds.

In many situations, the definability condition (a) is either not satisfied, or
not easy to verify. Under weaker hypotheses, Theorem 3.1 of [NST] shows
that if H is finitely axiomatizable, then so is G. The proof of that theorem,
when applied to finitely generated abstract groups, yields the following simple
statement:

Theorem 2 Let C be a class of finitely generated groups, closed under passing
to normal subgroups of finite index. Let G = 〈g1, . . . , gd〉 ∈ C and let H =
〈h1, . . . , hs〉 be a definable normal subgroup of finite index in G. If (H,h) is
finitely axiomatizable in C then so is (G,g).

(The hypothesis means: H satisfies a sentence σH(h) such that for any group

H̃ and tuple h̃ ∈ H̃s, if H̃ satisfies σH(h̃) then there is an isomorphism H → H̃

sending hi to h̃i for each i.)
In view of Theorem 1, the converse also holds provided we add the hypothesis

(a).
With thanks to Andre Nies and Katrin Tent for helpful comments.
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