Algebraic groups

Fix an algebraically closed field K; by a variety
I will mean a Zariski-closed subset of K (") for
some n (an ‘affine algebraic set’).

Topological terms will refer to the Zariski topol-
ogy.

A morphismis a map f: X — Y between vari-
eties defined by polynomials in the coordinates.

If X is irreducible and X f is dense in Y one
says that f is dominant. 1In this case, Y is
also irreducible and X f contains a dense open
subset of Y.

A linear algebraic group is a Zariski-closed sub-
group of SL,(K), for some n



If w is a word and g¢gq1,...,9r € SLn(K), the
entries of the matrix w(g) are given by poly-
nomials in the entries of the matrices g;; so
fuw : G*) — G is a morphism.

Theorem 1 (Merzlyakov) Let G be a linear al-

gebraic group over an algebraically closed field.
T hen

e w has finite width in G,

o w(Q@) is a Zariski-closed subgroup of G,

e if G is connected then so is w(G).



Proof. Assume G connected (hence an irre-
ducible variety).

For j € N set

where
fG): ¢RI — @

J
(81,---,825) — [ wlgai—1)w(ga) ™.
i=1

Now f(j) is dominant as a morphism from
G(2k7) into P;, so P; is irreducible. Since

PLCP,C...CPjCP ;C... (1)

and dim?j < dim G for each j, there exists m
such that

dim P; = dim Py, Vj > m.
But an irreducible variety can’t contain a proper

subvariety of the same dimension, so (1) be-
comes stationary at P,, = T, sav.



Since f(m) : G(2km) _, T is dominant as a map
into T', we have P, O U for some dense open
subset U of T'. Now

@)
UCPnCw(@ = |JPCT=TU.
j=1

It follows that T"'= w(G) is a closed subgroup
of G.

Let y € T'. Then yU is non-empty and open in
T, so yUNU #= & and hence

yeU-ULC Py, Cw(G).
T hus
T C Py, Cw(G) CT.

Hence

w(G) = w(G) = Pop, C G



Theorem 2 (Borel) Let G be a connected semisim-
ple algebraic group over an algebraically closed
field, and w a non-trivial word. Then

fw : G*) — & is dominant.

Hence G, contains a dense open subset of

G.

Corollary 1 Letu, w be non-trivial words. Then
G — G—|—u . G—|—w-
Every word has positive width 2 in G.

Proof. LetU C G, and W C G+w_1 be dense
open subsets of G. Let g € G. Then gW is
dense so gW NU #= &. Thus

geU - WL C Gy, Gy,



W.l.0.g. K is as large as we like.
Until further notice: fix n > 2,

G = SLy(K)

Xg = Characteristic polynomial of g.
Define x : G — K"~ 1 py

gx — (CL]_, SRR an—l)
where

Xg(T) = T"—a1 T 14 (=) L, 1 TH(—1)™

Define

Greg = {g € G | disc(xg) # 0} = x (W)

where W is the dense open subset of K" 1 cor-
responding to polynomials with non-zero dis-
criminant.

Jordan normal form shows that for each v € W,
the fibre y~1(v) is exactly one conjugacy class
in G.



Lemma 1 Put G = diag(SL,,_1(K),1) < G.
Then G1x is a vector space of codimension 1
in kKn—1,

(Easy)

Lemma 2 G has a dense subgroup H such
that x;,(1) #0 for 1 #h € H.

(Proof to come)

Lemma 3 If H is any dense subgroup of G
then Hy,, # {1}.

Proof. We may assume that K contains
two algebraically independent elements  and
y. Then

G =SLn,(K) > SLo(K) > F where

=((3 ) (2 2]

a non-abelian free group. So G4, 2 F, o=
{1}. Result follows since H is dense in G.
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Proof of Theorem 2 for G = SL,(K): by
induction on n.

Recall: G; =SL,,_1(K) < G.

Let X = G4, be the closure of G, in G. We
have to show that X = G.

If n =2 then G; = {1} C X.

If n > 2, inductive hypothesis gives

Gl — Gl,—l—w Q G—l—w = X.

Set Y = Xx C K™ 1 let H be the subgroup
given in Lemma 2, and take h € Hy,, ~\ {1}.

Then h € X but hxy € G1x. Hence

K" 1D2Y 2 Gix.



As Y is an irreducible variety and
dim(G1x) = n — 2 it follows that Y = K1,

Thus x|x : X — K™ 1 is dominant, and so Xy
contains a dense open subset U of Kn—1

Claim: x " Y(UnW) C X.

Suppose ge G and gx ce UNW. Then g € Greg
and gy = xx for some z € X.

Therefore g is conjugate to x, hence g € X.
Finally:

both U and W open and dense in K" 1

= v~ (U N W) is non-empty and open in G
= x 1 (UNW) dense in G

= X =4dG.



rk(G): dimension of maximal torus in G.
Isogeny: epimorphism with finite kernel.

Theorem 3 Let G be a connected simple
algebraic group over K. If G is not isogenous
to SL,(K) for any n then G has a closed con-
nected semisimple subgroup H such that
dim(H) < dim(G) and rk(H) = rk(G).

Proof (sketch) The root system & of G is not
of type An. Say {aq,...,qq} is a basis and

[
d = Z diozz-
1=1

iIs the dominant root. Then, for a suitable
ordering,

—d, D, ...,

IS the basis of a closed subsystem W of &.
H is the subgroup of G corresponding to W
(Borel's argument).
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Larsen’s argument:

SLE™ < Spo,,

SLan) = Sping”) < Sping, < Sping,+1,

SL%Q”_Q) X SLg = Spinﬁ”_l) X Sping < Sping,1-
< Spin4n—|—3a

Eg > ASY

E7 > A1 X A%Q)
Eg > Af)

Fy > AP

Go > A»
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Proof of Theorem 2

W.l.0.g9. G connected and simple, not
isogenous to SLy(K).

Let H be a semisimple subgroup as given in
Theorem 3.

Arguing by induction on dim(G) we may
suppose that H,,, is dense in H.

Now let T' be a maximal torus in H. Then T
IS also a maximal torus of G, and

TCH="Hy,C Gy

Fact: the union of all conjugates of T is a
dense subset of G (it contains the regular
semisimple elements).

So
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Proof of Lemma 2. We may assume that K
contains either L = Q, for some prime p (when
char(K) =20) or L =F,((t)) (when char(K) =
0).

There exists a central division algebra A over
L of index n.

K is algebraically closed:

AR K= Mp(K).

Identify A with an L-subalgebra of M, (K), and
put

Then

1#=he H= h—1 invertible
= xn(1) # 0.

H is dense in SL,(K): indeed H = H(L) where
H is an L-form of SLy, i.e. H(K) = SL,(K).
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T his concludes our discussion of algebraic groups
over an algebraically closed field K. We have
seen that if G is simple then every word has
width 2 in G(K). What about other fields?
The question of verbal width in groups such
as SL,(F) when F'is an algebraic number field
seems not to have been explored, and should
be interesting. The following is deduced by
Borel and Larsen from Theorem 2:

Corollary 2 If G is a simple algebraic group
defined over R and w is a non-trivial word then
G(R)4,, contains a non-empty set that is open
in the real topology of G(R).

I expect that this also holds with @Q, (and the
p-adic topology) in place of R.

Finite fields: next lecture!
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