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ABSTRACT. This paper is devoted to a new finite element consistency analysis of Cauchy—Born approxima-
tions to atomistic models of crystalline materials in two and three space dimensions. Through this approach
new “atomistic Cauchy—Born” models are introduced and analyzed. These intermediate models can be seen
as first level atomistic/quasicontinuum approximations in the sense that they involve only short-range inter-
actions. The analysis and the models developed herein are expected to be useful in the design of coupled
atomistic/continuum methods in more than one dimension. Taking full advantage of the symmetries of the
atomistic lattice we show that the consistency error of the models considered both in energies and in dual WP
type norms is O(e?), where e denotes the interatomic distance in the lattice.

1. INTRODUCTION

Modern multiscale methods for the simulation of materials introduce several coupling mechanisms of
the atomistic and the continuum descriptions aiming at the design of methods of “atomistic” accuracy with
“continuum” cost. To understand these mechanisms and the behavior of the coupled models is a challenge
both from the modeling point of view and from the computational perspective. It is known, for example,
that ad-hoc coupling of models may lead to undesirable computational artifacts [16, 28]. The development
of the mathematical foundations of coupled multiscale models therefore seems necessary. Although the
mathematical theory of multiscale models is still quite limited at present, it is hoped that, ultimately, the
availability of a comprehensive mathematical theory of multiscale models will enhance the development of
efficient, accurate and robust numerical algorithms for multiscale models. Indeed, the area of multiscale
simulations in materials science is a very active field; see, for example, the review articles [29, 10]. In
particular, a problem that has received considerable attention from the engineering as well as from the
mathematical point of view is the atomistic-to-continuum passage (cf. [25, 9, 26, 2, 24, 32, 21]), and the
corresponding coupled methods for crystalline materials (cf. [39, 7, 23, 10, 8, 4, 3, 5, 6, 15, 14, 36, 17, 16,
27,30, 18, 19, 20, 35, 28, 37, 38, 43, 44, 1, 22, 34, 35, 42, 41]).

Much of the literature on atomistic/continuum coupling in crystals is concerned with the “quasicontin-
uum” method [39] and its variants. In these methods, in regions of interest in the material (strong defor-
mations, defects) the atomistic model is kept, while in regions of smooth deformations the atomistic model
is replaced with a continuum model discretized by finite elements. Despite the increasing number of pa-
pers concerned with the numerical analysis of these methods, satisfactory analytical results are available in
one space dimension only; in two and three space dimensions the precise formulation of efficient coupling
methods is still in its infancy.
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This paper is devoted to a novel finite element consistency analysis of Cauchy—Born approximations
to atomistic models of crystalline materials in two and three space dimensions. Through this approach
new “atomistic Cauchy—Born” models are introduced and analyzed. These intermediate models can be
seen as first level atomistic/quasicontinuum approximations in the sense that they involve only short-range
interactions. The analysis and the models developed herein are expected to be useful in the design of coupled
atomistic/continuum methods in several space dimensions. Specifically, we concentrate on the comparison
of an atomistic model and its continuum Cauchy—Born approximation, as in [9, 24]; however, in contrast
with the “finite-difference”-style analysis in [9, 24], here we develop a theoretical framework in the spirit of
finite-element methods. Taking full advantage of the symmetries we show that the consistency error of the
models considered in dual W1 type norms is O(£?), € being the interatomic distance. As a consequence we
provide an alternative finite element proof of the second order consistency result of the continuum Cauchy—
Born model derived by E & Ming [24] using finite difference techniques. In addition we derive consistency
results for the energies, by showing that all models considered have energies that are O(£2) close to each
other. The first consistency results of the energies for the continuum Cauchy-Born model approximating
the atomistic model were derived in Blanc, LeBris & Lions [9]. Our approach is based on the introduction
and analysis of intermediate “atomistic Cauchy—Born” models. Since, most of the recent results concerning
the construction and analysis of various quasicontinuum methods in one space dimension were based on
the properties and the proper comparison of a similar intermediate atomistic Cauchy—Born model involving
only short-range interactions we expect that our approach can provide the appropriate analytical framework
for the construction and analysis of various atomisitic/continuum methods in multiple space dimensions.

1.1. Notation. Lattice, discrete domain, continuum domain. We consider a simple d-dimensional lattice,
which is generated by d linearly independent vectors of R?, d = 2, 3. For simplicity of the exposition we
assume that the lattice Lengre is generated by the unit coordinate vectors e, . .., eq of R%. The extension
of the consistency analysis developed in this paper to include any d linearly independent vectors of R¢ is
straightforward, since the general case can be obtained by applying an affine map. We note however that,
unlike consistency, stability can be sensitive to the specific lattice structure (e.g. rectangular or triangular);
see, [24], for example. We will consider discrete periodic functions on L£eyire defined over a ‘periodic
domain’ £. More precisely, let

L= {gz(ela-~-7£d):n161+~--+nded:
(m,...,nd)ede[—Nl—l,Nl] X"'X[_Nd—l,Nd]}.

The actual configuration of the atoms is thus a subset of R?, which we call discrete domain and denote by
Qdiscr; the corresponding continuum domain is denoted by (2; i.e.,

Qdiscr::{xg :(l‘gl,...,xgd)zef, EEQ,},

Q = {‘T S ["E*le]-?le] X X [mde*].)de]}O'

Here O° denotes the interior of the set O°. Note that a possible confusion in the notation may arise when
l; =1,1=1,...,d, since by z; we denote the coordinates of the continuum variable z; see below. It will
be clear however from the analysis which is the continuum variable.

Functions and spaces. We consider atomistic deformations

ye =y(xp), €€ L ofthe form
yo = Fxy + vy, with vy = v(xy) periodic with respect to £.
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Here F is a constant d x d matrix with det F > 0. The corresponding spaces for y and v are denoted by X
and 7 and are defined as follows:

X = {y29—>Rd, yo=Fry4+v, wve¥, (et}
Y ={u: £ =R w=u(ry) periodic with zero average with respect to £}.

For functions y,v : £ — R? we define the inner product
(yv)e =" we - vp
leg

For a positive real number s and 1 < p < oo we denote by W*P((, Rd) the usual Sobolev space of
functions y : © — R?: we shall use the same symbol for discrete functions defined on the lattice and for
continuum functions. It will be clear from the context which of the two is intended in a specific instance.
Further by W;’p (22, R%) we denote the corresponding Sobolev space of periodic functions with basic period
Q. By (-,-) we denote the standard L?(2) inner product. The space corresponding to X in which the
minimizers of the continuum problem are sought is

X:={y:Q=RY y)=Fzr+v(z), veVl where
17
Vi={u: Q=R ueWhP(QR) NI, (Q,RY, /Qudx =0}.
Henceforth, for the sake of notational simplicity, we shall suppress the symbol R? in our notation for Sobolev
spaces, and will simply write W*?(Q2) and W;,”(Q).
Difference quotients and derivatives. We will use the notation

Enyg = w, (L l+ne XL,

for the difference quotient (discrete derivative) in the direction of the vector 7). For functions defined on the
continuum domain, the following notation is used

_06(G - Ca)

afz(z)(c) : ac— ) ¢= (Cl?"'agd)a
Veo(Q) = {200

(1.1)
Opv(x) := 6{;}3(656),

(2
Vu(z) = {M} .
8217a (26
To avoid confusion we distinguish between derivatives with respect to arguments, denoted by J,, which
usually appear in composite functions, and derivatives with respect to the spatial variable x;, denoted by the
symbol J;.
Atomistic and Cauchy—Born potential. We consider the atomistic potential

(1.2) oy) :=e*> " > ¢y (Dyye),

teL nER
where R is a given finite set of interaction vectors. We allow the potential to vary with the type of bond,
i.e., ¢, may vary with 7. On the other hand we assume standard conditions on the potential away from zero
(cf. [9]): ¢, are functions defined on R%\ {0}, which are smooth for any ¢, [¢| > p. In fact we assume that
there exist C,,, = C(p,k) > 0, such that yD’g@](g)\ < C,k, for || > p, and a multi-index & of length
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|| < 3. Notice that we have not imposed any symmetry hypotheses on the potentials ¢,,. In order to explore
the consistency of the Cauchy—Born approximation, we will consider sufficiently smooth diffeomorphisms
y on {2. The assumption that y is 1 — 1 is natural since it excludes interpenetration. In addition, it leads
to the lower bound |D,ye| > a(y,n) > 0, [9], which is required in the course of bounding derivatives
of ¢, (Dyye). 1t will be assumed throughout the paper that whenever the potential is applied to a smooth
function ¥, y is a diffeomorphism on the domain §2.

For a given field of external forces f : £ — RY where f; = f(x), the atomistic problem reads as
follows:

find a local minimizer y* in X of :

(-3 () — (f,9)..

If such a minimizer exists, then

(D2 (y"),v), = (f,v),, forallv € ¥,
where
(D2 (y),v). =D 3 Z Oc, by (Dyye) [Dyve],
(1.4) Leg neR i=1
—Edz Z Vg(bn nyz ﬁn?}g.
lef neER

Throughout the rest of the paper we shall use the summation convention for repeated indices.

The corresponding Cauchy—Born stored energy function is

W(F) = Wos(F) =Y éy(Fn).

neRr

Then, the continuum Cauchy—Born model is stated as follows:

find a local minimizer yCB in X of :
(I)CB(y) - <f’ y>a

where the external forces f are appropriately related to the discrete external forces and

(1.5)

() = [ Wen(Vy(a) de,
Q

If such a minimizer exists, then
(1.6) (DOYB (yOB) v) = (f,v), forallv € V,

where

(DDB(y) /Sm Vy(x ax(a)d :/QSZ-Q(Vy(x))(?avi(m) de, veVW

Here the stress tensor .S is defined, as usual, by
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A simple calculation yields the following relation between the stress tensor and the atomistic potential:

G
5= 00 _ 05 6y (Fa)
neR
0 0
(17) = g 2 @1 (Fisns) = 3 966y (Fisms) 5p—Fis s

neRr neRr

= Z 9¢;én (F 1) Na-

neR

1.2. Main results. The question whether, and under what conditions, the continuum Cauchy—-Born model
(1.5) approximates (1.3) is very delicate. The analytical assessment of the quality of an approximating
scheme in Numerical Analysis is based on the notions of consistency, stability and convergence. Consistency
essentially refers to the extent to which an exact smooth solution fails to satisfy the numerical scheme. Given
that the stability of the approximating scheme is satisfactory, usually the consistency error determines the
order and therefore the quality of the approximation. It is to be noted that the consistency error depends in
an essential manner on the norm we use to measure it. The choice of the norm is, in turn, dictated by the
chosen method of stability/convergence analysis.

In this paper we focus on the consistency analysis of Cauchy—Born approximations. We then briefly
discuss the consequences of our results in the convergence analysis. To be more precise, let us assume that
y is a smooth solution of the Cauchy—Born problem (1.6). Then, our goal is to quantify the size of

(D (y),v). — (f,v)., forallv € 7 such that [|v|ly1e) = 1.

Here by [|v[[yy1.0() We denote the WP norm of the bilinear interpolant of v € #. In addition, ¥ is identified
with its bilinear interpolant. Elements of " will be identified with elements of the finite element space V ¢,
see Section 2 for the precise definitions. Modulo a data approximation error in f, it suffices to estimate

Cy(y) i=sup { |(DD°(y),v). = (DEP(y),v)| : weV with Jollwroga) =1 .

where in the last relation y is any smooth function. We we shall refer to Cy (y) as the variational consistency
error. Similarly, one can define the energy consistency error

Ce(y) = |@%(y) — 7P (y)|.

Our aim is to show that both consistency errors are of second order in the lattice spacing ¢; cf. Sections 4
and 5. Our assumptions on the potentials and on y are standard; see the discussion following equation (1.2).
Related results for energy consistency and variational consistency in the case of a single potential ¢, = ¢
were derived by Blanc, LeBris & Lions [9] and by E & Ming [24], respectively. In [9] boundary effects
were taken into account.

We note that our second order consistency results do not require symmetry of the potentials. Thus, The-
orem 4.2, where we show that Cg(y) = O(£?) can be seen as an extension of Theorem 1 in [9] where under
similar assumptions on the potential it was proved that Cg(y) — 0 as € — 0. The estimate Cg(y) = O(e?)
for symmetric potentials was proved in Theorem 3 of [9] allowing infinite-range interactions. Regarding
variational consistency, it was shown in [24] by asymptotic methods, still under the assumption of symmet-
ric potentials, that [(D®%(y), v). — (D®YB(y),v)| < C(y,v)e?, with C(y,v) depending on higher order
derivatives of y and v.

Our main contribution in this paper is the analytical approach proposed, which is based on finite element
analysis, and the new construction of an intermediate “atomistic Cauchy—Born” model. The analysis of
[9] and [24] is based on finite difference techniques and on the direct comparison of the atomistic and
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continuum Cauchy—Born models. The proposed “atomistic Cauchy—Born” model, see Section 2.3, is not the
standard model that one gets by replacing in the atomistic potential long-range interactions by short-range
ones. As was mentioned before, the available results concerning the construction and analysis of various
quasicontinuum methods in one space dimension were heavily based on the use of intermediate atomistic
Cauchy—Born models. The definition of these intermediate models is obvious in one dimension but, as our
analysis shows, this is not so in multiple space dimensions. The finite element approach taken in this paper is
a natural choice for coupled methods, since, by construction, atomistic/continuum coupling methods assume
finite element discretization of the continuum region. We therefore expect that our approach can provide the
appropriate analytical framework for the construction and analysis of various atomisitic/continuum methods
in multiple space dimensions, which is at present lacking.

The paper is organized as follows. Section 2 is devoted to the introduction of the finite element no-
tation and the construction of the atomistic Cauchy-Born model starting from the continuum model and
performing appropriate approximation steps. In Section 3 we show that the atomistic model approximates
the atomistic Cauchy—Born model with the desired accuracy. The use of the mesh symmetries is important
in the analysis. Section 4 provides our main results in the two-dimensional case regarding the order of accu-
racy of the energy and variational consistencies related to the comparison of the atomistic and Cauchy—Born
continuum models. Section 5 is devoted to the extension of our results to three space dimensions. Finally,
in Section 6 we briefly discuss the applicability of our results in the convergence analysis, under suitable
stability hypotheses.

2. CONSTRUCTION OF AN ATOMISTIC CAUCHY-BORN MODEL

In the sequel we provide a link between the continuum model and the atomistic model by introducing
an intermediate model, which we call atomistic Cauchy—Born model (A-CB). To derive this model, we start
from the continuum model and perform appropriate approximation steps, which finally yield the A-CB. The
final model has consistency error of the order O(£?) compared to the continuum Cauchy—Born model. In
the next section we show that the A-CB has O(g?) consistency error compared to the original atomistic
model.

Bilinear finite elements on the lattice. Let V. be the space of continuous piecewise bilinear periodic
functions on the lattice £. More precisely, let

T = {K - Q : K = (xfl 7x€1+1) X (xeg ,1'[2+1), Ty = (a;él 7':(:@2) S Qdiscr}v

Ve={v:Q—=R* veC®), vlx € Qi(K) and vy = v(zy) periodic with respect to £},
where Q1 (K) denotes the set of all bilinear functions on K i.e., v|x(x) = g + a121 + oz + azrixs.

It is then well known that the elements of the linear space V. can be expressed in terms of the nodal basis
functions, Vy = Uy(x), l € £, as

v(z) = sz Uy(z) = ZW Uy, (1) Uy, (x2), ve=v(zy),
leg leg

where we have used the fact that ¥y(z) can be written as the tensor product of the standard one-dimensional
piecewise linear hat functions z; — Wy, (21) and zo — Wy, (z2) with respect to the x; and x4 variable,
respectively. Here Wy, (27 ) = 0, ;, and Wy, (z7) = 6,7, -

2.1. Preliminaries. We shall make frequent use of the following version of the Bramble—Hilbert lemma
[13, Theorem 4.1.3]. Its proof is completely straightforward and is therefore omitted.
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Lemma 2.1. Let O be a bounded open set in R? and suppose that 1 < p < oo and s > 0. Suppose further
that C is a linear functional on a linear subspace H of W*P(QO) with the following property:

4Cy >0 Vv eH : \C(w)\ < C()HU)HWS,;D(O)-

Then, for any w € H and any set S C Ker(¢) we have that |((w)| < Cp infyes [[w — @llwsr o).
If, in addition, there exists a positive constant C1, independent of diam(Q), and a real numbert > s such
that

inf lw = ¢llwsro) < Ci(diam(0)) *[wlwero)  Yw € WHP(0),
©

where [ -] is a seminorm on W4P(Q), then
[¢(w)] < CoCy(diam(O0)) *[wlwrroy  Yw € HNWHP(O).

We note that when O = K, S = Q;(K) (with Q;(K) as defined above when d = 2 and a completely
analogous definition when d = 3; cf. Section 5), s = 0,1, 1 < p < oo and with Q 4w € Q1 (K) signifying
the averaged Taylor polynomial of a smooth function w introduced in [11, Section 4.6], we have that

d
lw = Qawllwen(ry < C12°7 > 102w]| 1o (),

a=1

where C] is a positive constant independent of €. Due to the fact that we work on Q (K) the right-hand
side of this estimate involves only part of the standard WP (K') seminorm, see [11, Section 4.6] for a
proof and a related discussion. Thus, for a linear functional ¢ that vanishes on S = Q; (K') and such that
[{(w)] < Collwl| (k) forallw € H = C(K), we have from Lemma 2.1 with s = 0, = 2and 1 < p < co
that

d
2.1) C(w)| < CoCre® > ||2wl oy Yw € C(K) NWP(K).

a=1
Next, we observe that in Q; (K) the following inverse inequality holds: for 1 < p < oo and 1 < ¢ < oo,
there exists a constant -y, ;, ; such that
(2.2) lellwsair) < Yopa 7P llollwsniry,  © € QuEK), s=0,1.

For more general inverse inequalities involving variable degree derivatives we refer to [11, Section 4.5]. We
note that (2.2) follows by a simple homogeneity argument on Q1. We will use the following consequence of
(2.2):ifw € V., and ag > 0, then, for 1 /p+ 1/qg = 1,

1/q
> 1Kol 0awl () < tpo { 3 IKIak ) Iwllwioy,  we Ve, g#oc,

(23) KeT KeT
Z Ko |0aw]| Lo () < 71,100 II?ggéaK w1, weVe, g=o0.
KeT

Indeed, these inequalities follow by Holder’ s inequality and by noting that, thanks to (2.2),

/ /
(¥ \K]Haaproo(K)}l "< {3 1K1 (™7 )prHé’Vl,p(K)}l ’
KeT KeT

= M,p,0 HwHWl»P(Qy

(2.4)
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2.2. Consistency analysis of the Cauchy—Born model: d = 2. Suppose that v € V. and let y be a
sufficiently smooth function. Our aim is to approximate

(DDB(y) / Sia(V . 0v'() dz = /QSia(Vy(x))Bavi(m) dz, ve V..

It suffices to consider a (generic) term of the above sum. To simplify the notation we drop the vector indices
and let g(Vy) be the part that corresponds to the stress tensor. In the sequel we will consider

/ 9(Vy(z)) O1v(x) dz, veV..
Q
Recall that, since v € V., we have that

2) =Y V() oy (11) Upy(w2), €= (01,02) € £, vp = v(wp).

leg
Thus
dv(x Z U(ey,62) = ( mél—laﬁél}(xl) - 1[95151 ﬂielﬂ](ml)) Wy, (w2)
leg
_ Z <v(51+1 05) —v(zl,eg)> Lo e, 0] (@1) Wy (22).
EGL
Therefore, by defining

Gla) i= Glan,az) = [ T oyl z) dal,

T_Ny—1

we have that

/QQ(V?J(UC))(%U Z / (Vy(x ’U(zl+1,42) —0(41,32)> gy, gy ) (21) Uiy (22) dz
tee
1 95£2+1 Tog+1
== > / / 9(Vy(z)) dz [ V(e 41,62) — (51762)] ‘Ilfg(@)}dxz
teg Y Er-1
1 Teg+1
= Z / [G(xzﬁl,:m) - G(:cel,:vz)} Uy, (22) dao [v(gl+1,ez) — 1)(517@2):|

teg Y Ep-1

1 90£2+1
= - > / G(ze 41, 72) — G(.%‘gl,$2):| (%(1‘2) - %) das [v(41+1,52) = U(zl,zz)}
562 Teg—1
Tly+1 1
+ = Z / G (Tey41,72) — G(me)} 5 dzo [U(£1+1,e2) - U(fl,fz):|
ée,‘.‘. Teg—1
=: A1 + As.

In the next lemma we show that A; is second order accurate with respect to €. We refer to [40] for a similar
result.

Lemma 2.2. Let y be a smooth function; then

‘ /%+1 [G(fcelﬂ, T2) — G(xel,xz)} (‘1152(952) - %> dm‘ < C K|
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Proof. 1t suffices to consider the functional
Tog+1 .
(G) = / (Gt 1,22) = Glae, 22)] (Vi) ~ §) dn, G e C(RURKL),
Tog—1
where K., is the element that shares the edge [z, ¢+ ¢, ] With K, and to observe that

C(p) =0 for all p € Ps.

Indeed, if
Too+1
o =x" then [ o, 41)" — .’Bgl)m:| / <\I/52 (x2) — %) dzo =0, and if
Tog—1
96£2+1 1
@ =" then / (mg)m] <\I'42 (x2) — 5) dzo = 0.
Tog—1

Finally, for ¢ = z1(z2 — x¢,),
Tog+1 1
Clp) = [Wﬁ-l - %] / (22 — 24,) (‘I’zz (z2) — 5) dzz =0.
Tog—1

Next we observe that by Lemma 2.1 we have, for any ¢ € P, that

Tog+1
IC(G)| < C  max / ’G’(s,xg) - cp(s,xg)’ dzo

xpy <S<Tyy 41 Tp, 1
< Ce|lG=ollpwnur,,) VG ECKUKL),

The proof is completed by using standard approximation properties of P» (see, [11]) to bound inf ¢p, |G —
by C(y) €3 and noting that | K| = | K., | = £2. O

‘PHLOO(KuKel)
The term Ajs requires further simplification. To this end, we note that

A2 = 252/

teg Y ¥p-1

Tpo+1 Toq+1
5. {/ V(@) do daz [oe 1) ~ e |
:% Z / Lo+1 {/Meﬁ-l g(Vy(z))dxy } dxo [U@H_Lb) — v(h,ﬁg)]
1
Tyl xX
Z / [ +1 / £1+1 Vy )dl‘l }dCEQ [ (51-1-1 ty4+1) — U(él,fl-i-l)}

E’ES

Z / vy {Delvz + D€1U€+62}

KeT

$22+1
G(xp41,22) — G(Wp@)} dzs [v(el+1,z2) — U(zl,eg)}

where ¢/ = ({1, ¢},). We shall also require the following result.

Lemma 2.3. Let my be the barycenter of K; then, there exists a constant C' = C(y) such that

S [ a(Vata) do = K1a(Pumr)) | 5 {Deve+ Divrres }| < Co) 2 oloce

KeT
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Proof. We denote by ( the functional

1
2.5) w) = [ (@)~ wmi)} da.
K| Jk
and observe that

C(p)=0 forall ¢ € Q;(K).
Obviously [¢(w)| < 2||w|| e (k) for every w € C(K) and thus by Lemma 2.1 and (2.1) we have that

(2.6) C(w)] < Ce Z 102w]| Lo (1)

a=1

Therefore, using the fact that v € V. we deduce with w(-) = g(Vy(-)) that

S [ a(Vata) da= iK1 (Tymi))] 5 {Devve+ D }|

KeT

<y |K\[ZH 29(Vy(@) x| 1901l

KeT
The proof is thus complete in view of (2.3). J
We summarize what we have shown so far in the following proposition.

Proposition 2.1. Suppose that y is a smooth function, and let my be the barycenter of K; then, for any
v € V, the quantity

(A%CB ) o =&t Z Z {Sin (Vy(mk))} B {belw +Eelw+€2Hi

KeT neR

L Z Z {Sia(Vy(mr))} {% {ﬁ@w —l—ﬁengel}h

KeT neR

—e S Y (Veo, (Vy(mK>n)m}%{alvﬁalwm}

KeT neR

+8d Z Z {v§¢77 (vy(mK)U) 7]2} % {Eegvé +Eezv€+el}a
KeT neR

2.7)

is a second order approximation to (D®B (), v) in the sense that there exists a constant M = M (y, p),
1 < p < o0, independent of v, such that

(DBC (), 0) — (A"P,0) | < M 22 [ulyyinqey.

2.3. The atomistic Cauchy—-Born model. We define the average difference quotient (discrete derivative)
as follows:

Sl

1 _
e Ve \= 5 {D61U€ + De17)€+62}7

p— 1 JR— JR—
De2vg = 5 {D62vg =+ De2’l}g+61 }

Thus we can define the discrete gradient matrix as

{ﬁw} = feavz
(1074
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We introduce the atomistic potential

o B (y)i=e?> " > 6y (Vyen)

tef neER
= sdz Wes(Vye).

el

Notice that due to the definitions of D,_v;, & = 1,2, as averages of discrete gradients, ®»* is not the
standard atomistic potential that one gets by replacing in the atomistic model long-range interactions by
short-range ones. In fact, in that case the corresponding atomistic potential would be

o*B(y) =" D" ¢y (Vigen)

lef neR

= 5dz Wen(Vye), where {%yg}m =D, ys.
tes

Now, for a given field of external forces f : £ — R¢ the atomistic Cauchy—Born problem reads:

find a local minimizer y“’CB in X of :

o “By) - (f,y)..

If such a minimizer exists, then

<D<I)a’CB(ya’CB),U>E =(f,v)., forallv € 7.

Aa,CB (I)a,C’B

The next lemma provides the link between introduced earlier in Proposition 2.1 and D

Lemma 2.4. Lety € V; then for, any v € V ,

(2.8) (A“CE vy = (DD (y),v)

e

Proof. Obviously,

(D CB(y), ). =S S (S (V) [

lef neER

LS Y (ST} [

lef neER

{Efﬂ Uy + Eelvf-i-ez }:|

N | —

i

(2.9)

N

{5627)g =+ EEQU@_Q }:| .

7

Hence, it suffices to observe that for y € V. and for K being the element with vertices Xy, Zyye,, Tote;+eo
Tote,, see Fig. 1, we have that

Vy(mg) = Vyg, forye Ve,

and thus S;, (Vy(mk)) = Sia (Vy). =
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To4n
Tetnzen
Tpteq /
Ty Tlteq Tl+nyer

FIGURE 1. Typical interaction vector 7 and the corresponding lattice points.

3. COMPARISON OF ATOMISTIC CAUCHY-BORN AND ATOMISTIC MODELS: d = 2

To compare the atomistic and atomistic Cauchy—Born models we start from (1.4) and note that:

(DY (y = edz Z Veon (Dnye) - Doy
lef neR
p _ _
=€ Z Z Viedn ( nyé ) {% Dyeyve + %Dmelv@rmez}
leL meER
+ef Z Z V<¢" ”yf ) {%Em@vé + %b”D@szJrﬁlel} :
tef neR

Due to the assumed periodicity of the lattice, we have that

(D‘I)a(y),v>5 = dz Z VC¢77 773/@ : 17'Ué

lef neRr
(3.1) = 5N (A, (Dyye) + 3 Vedy (Duepes) } - Diperve
e nmeER
+e13 " N {EVedy Doye) + £ Vedy Dyye-nier) } - Dipesve.
lef neR

Notice that when 7y, 13 are positive,

Dyyeyve = Deyvg + - -+ + D61W+(771*1)617

S

noea V0 = Eegvé —+ -+ EEQUZ+(772_1)62,
while when, e.g., n1 = —o1 < 0,
(32) 577161’0( = _361 Vf—giey — " — ﬁelvf—el'

Therefore, we deduce that

(DR (y),v), =e?> " Y Bpp1 - Deve+e® Y Y By - Deyuy,

el neER lef neR
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where

1
(33) 5777&2 ::{ 772 { VC¢77 ﬁyf k€2)+ VCQSW( nYl—kes— 77161)} for T2 >0

{ VC@? nyé-i-kez) + VC¢?7( nYl+kes— me1)} for e = —02 <0,

and 571,@71 is defined analogously.

In the sequel, we focus on the term 5777@,2 when 75 > 0. The other terms are treated in a similar manner.
As a first step we will compare ®,, ; » with

n2—1
Cpoai= Y Vedy (Vy(mpgon), n2 >0,
k=0
where
Mk 0 is the midpoint of the side with endpoints Ty ¢, , To—k eot+n2 €25
(3.4) ma ¢ is the midpoint of the side with endpoints z;, 2y ¢,, and
mi e is the midpoint of the side with endpoints z;, Ty ¢, -

We have the following result.
Lemma 3.1. Let y be a smooth function; then, assuming that no > 0, we have that
@00 — Ppo2| < Cly) e
Proof. We begin by noting that (in the case of k = 0):
%VC% (Dnye) + VC% (DnYe-nier)
= %VC¢77 <{§Dﬂ161y4 + §Dmely€+n262} + {%bm@yf + %Eﬂzeﬂ@rmel }>
+3Vedy ({%Enlﬁ Yemer+3DnierYe-mertmes } + {3 Dmestie—mer + 5Dmaesle—mertmer }>

We shall use the following elementary bound: there exists a constant ¢; = ¢1(1)”) such that, for any smooth
function 1) and real numbers a, b,

(3.5)

5o+ 500 -0 (“57) | < ala—oP

We notice that
{3 Diesve + $Dmertievmes } + {3 Dmeste + $Dracatismen )
- {%Emeﬂ/f*mel + %bmely@*nleﬁnzez} - {%bnzemw*mel + %ﬁm@yﬁmeﬁmel}‘ <Ce.
In view of (3.5) it suffices to consider
Veon ({3Dmertie + $Dmestiesmes } + {1 Dmeste + 1 Dmsetiimies
+ {3Der e mer + SDmerttmertmes} + {3 Dmacatiemer + Deati merimen })

_ 1 17
- de)TI {Z 2me1Yl—mier + ZD277161 yf—n161+77262}

/N

17 17 17
+ {iDﬂ2€2y€ + ZDnzezyZ+n1el + ZD77262y€—771€1}>‘
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$g+n

xefm el Ty Toteq

FIGURE 2. Symmetry as a result of combining Enyg and Enyf—mel-

Now,
‘{iEQmel Ye-mer + 1DonierYomertmes } — mﬁly(mo,ng,e)‘
< ‘%77181?;(96@) + 5Oy (Tesnes) — maly(mo,m,e)’
+ Hmeq Yt—mer — %Ulaw(m)‘ + Hﬁquy#meﬁnz@ o %n181y($e+n262)
< Ce2.
Similarly,
’{%Emmyﬁ'ibmwyﬁmel + IDpesYo—mer } — 1202y(mo p.0)| < C 2

Proceeding as above for any k, k < 1y — 1, we complete the proof.

Next we establish the following result, which is valid for all positive or negative ;.

Lemma 3.2. Let y be a smooth function, and let my ¢ denote the midpoint of the side with endpoints
g, Loy e, (cf- (3.4) above); then,

12V ¢y (Vy(ma)n) — @y 0| < Cly) 2.

Proof. Assume first that 72 > 0. It is a simple matter to observe that ®,, ¢ > is a sum of 72 terms involving
function evaluations at points that are symmetrically placed with respect to mg ¢ (if 72 is odd, one of these
points is mg ). Thus,

1
B0~ Vet (Tulma )| < C) e
In the case where 172 = —o2 < 0 one can show that
g2

’ - Z Vo (vy(m—k,mi)n) - 677,&2} < C(y) .
k=1
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As before, the points m_y, ,, , are symmetrically placed with respect to mo ,. Hence

| 012 > Vedy (Vy(m_ime)n) = Vedy (Vy(man)| < C(y)
k=1

and the proof is complete. U
We have therefore completed the proof of the following result.

Proposition 3.1. Let y be a smooth function, and let my ¢, mo ¢ be as in (3.4); then, for any v € V, the
quantity

(Av), =3 N {Vedy (Vy(mag)n)m} - De,ve

lef neRr

+e1> Y Ve (Vy(maon) me} - Deyve

(e¢ neER

(3.6)

is a second order approximation to (D®®(y),v)_ in the sense that there exists a constant M = M (y,p),
independent of v, such that

(D&%(y),v). — (A, v),

< Mée’ [vlwr(q)s 1 <p<oo.

£

4. ENERGY AND VARIATIONAL CONSISTENCY: d = 2

In this section we present our basic results in two space dimensions. Similar results for the comparison
of atomistic and atomistic Cauchy—Born models, or atomistic Cauchy—Born and continuum Cauchy-Born
models are proved in a similar fashion, however we omit their (entirely similar) statements.

Theorem 4.1. (VARIATIONAL CONSISTENCY) Let y be a smooth function; then, for any v € V., the con-
tinuum Cauchy—-Born variation (D®B(y),v) is a second order approximation to the atomistic variation
(D®(y),v), in the sense that there exists a constant My = My (y,p), 1 < p < oo, independent of v, such
that

(DOP (y) — (DD (y), v}, 0)| < My 22 folywroq)-

Proof. 1f xy is the bottom-left vertex of K, we denote by K, the element that shares the edge [xy, x¢4 ¢, |
with K. Similarly, we denote by K., the element that shares the edge [z, ¢+ ¢,] With K. Then, one can
rewrite (2.7) as

(AYCE o) = > N " 3 {Vedy (Vy(me)n) m + Vedy (Vy(me, Jn)m} - Deyvg
KeT neR

+e1 3 N 3{Vedn (Vy(me)n) m2 + Vedy (Vy(mi,, )n) n2} - Deyvy.
KeT neRr

One should compare directly the above expression with (3.6). Since, obviously,

4.2) ‘ 5{Vchn (Vylm)n)m + Veoy (Vy(me, Jn)m} — {Vedy (Vy(mae)n) 171}‘ < C(y)e?,

the proof is complete in view of Propositions 2.1 and 3.1. U

4.1)

Theorem 4.2. (ENERGY CONSISTENCY) Let y be a smooth function, then, the continuum Cauchy—Born
energy ®CB (y) is a second order approximation to the atomistic energy ®%(y) in the sense that there exists
a constant Mg = MEg(y), such that

DB (y) — d(y)| < Mpe?
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Proof. The proof is similar to, though considerably simpler than, the proof of the variational consistency.
We start from the continuum Cauchy—-Born energy

$OB(y) = /Q Wen(Vy(o) dr= 32 / Won(V y(z)) de

= Z |K|Wep(Vy(mk)) Z / Wep(Vy(z)) — Wep(Vy(mg))| de =: I + I,

KeT KeT
where as before my is the barycenter of K. Using similar arguments as in the proof of Lemma 2.3 we get
‘12‘ <C(y)e®

As before we will compare I; with the atomistic energy ®%(y). Since mg is the barycenter of K the key
point here is to rearrange the terms in ®%(y) in order to create symmetries around the cell K. In fact, using
the assumed periodicity of the lattice, we have that

O (y) = 5dz Z an nyé

lef neER

—€dz Z [ 17?/6 +¢n( nYe— (771—1)61)

te€ neR
+ &y (Dyye—(ny—1)es) + & (D nyﬁ—(nl—l)el—(nz—l)eg)} -
Next we use similar splittings as in Lemma 3.1:
Enye = {%Enlq Yo + %Emely@rm@} + {%Enmyz + %Enzezyf—l—mq}a
5nyz_(m—i)e1 = {%Emelyz_(m_i)el + %Enlelyf—(n1—1)€1+772€2}
+ {3 Do (m—1)er + 3 Dmaea¥e—(m—1)er+mer }
Eyye—(nz—i)@ = {%ﬁmelyﬁ—(m—l)ez + %Em€1y€—(nz—1)62+nzez}
+ {%bnzezyf—(nz—l)ez + %bnzezyf—(nz—l)ez—s—mel }7
Dyi—(m-1er—(ma—1es = { 3Dmer¥e—(m-1er—(ma—1)es + %Emelyf—(m—l)el—(772—1)62+77262}
+

17 17
{§D772€2W—(m—l)el—(nz—l)ez + 5Dn2e2y€—(m—1)61—(n2—1)62+n161}'
Observe now that, for example,

yé'i‘?hei — Ye—(m—1es Yotre, — Yo
4
2¢ 2¢

81y(m1,e) + $01y(my ) + O(%) = mdry(my ) + O(%),

%Dﬁieiyf"i_ DmeiW (m—1)ex
2

where m; ¢ is the midpoint of the edge [z, x4, ]|. Notice that the above relations do not depend on the
signs of 71, 72. Using similar groupings and the fact that

M3 [01y(mae) + 01y(Ma eey) + O1Y (M gmpes) + O1Y(M - (p—1)en) | = M1 D1y(mK) + O(?),
one can deduce, by adopting the arguments of Lemma 3.1 to our case, that

D (y *sdz Z by (Vy(mp)n) + O(e%).

lef neR
The proof is thus complete. O
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5. ANALYSIS OF CAUCHY-BORN APPROXIMATIONS: d = 3

The analysis presented in the previous sections can be extended to three space dimensions. The arguments
are similar, but there are certain steps that differ, so we shall focus our attention on these, and we shall
only present the key points here. In particular, we shall omit arguments that are similar to those in two
dimensions, unless this is necessary. Linking the continuum model to the atomistic model is based on a
three-dimensional atomistic Cauchy—Born model (A-CB). As before, to derive this model we start from the
continuum model and perform appropriate approximation steps. The final model has consistency error of
the order O(£2) compared to the continuum Cauchy—Born model and the original atomistic model.

Trilinear finite elements on the lattice. Let V . be the linear space of all periodic functions on the lattice
£ that are continuous and piecewise trilinear on (2. More precisely, let

T={KCQ: K=(zg,2041) X (T, Tt41) X (Tt5, Tp311),  Te = (T, Tpy, T3) € Qiser )
Vei={v: Q=R veC(Q), vlg € Qi(K) and v, = v(z¢) periodic with respect to £},

where Q1 (K) denotes the set of all trilinear functions on K. As before the elements of V' can be expressed
in terms of the nodal basis functions ¥, = W, (x) as

v(@) = vy, (1) Vg, (w2) Ugy(z3), v = v(24),
leg

where we have used the fact that U,(x) can be written as the tensor product of the standard one-dimensional
piecewise linear hat functions Wy, (x;). Here Wy, (x; ) =6, ; .

5.1. Consistency analysis of the Cauchy—-Born model: d = 3. Let, as before, v € V. and let y be a
sufficiently smooth function. Our aim is to approximate

(DBCE(y),v) = / Sia(Vy(x)) Ouv'(z)dz,  veE V..
Q

As before, we consider a generic term of the above sum of the form:

/Q (Vi) Oro(x)de,  ve V..

Recall that, since v € V,

1
orv(z) = U(t1,82,8) 2 (1[251,1@@1}(331) - 1[%,%“]@1)) Wy, (22) Wy (23)
legl

1
=) - (U(zl+1,42,153) - U(el,zz,eg)) Loy g, ] (@1) Yoy (22) Wy (23).
tec

Let us now consider

1

G(z) == G(z1, 22, 73) :/ g(Vy(, 22, 23)) dz.

TN -1
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Then,

/ 9(Vy(z)) O1v(z) dz
Q

z Z / (Vy(z (muz,eg) - 0(41,22,63)) Loy ey 0] (@1) Wop (w2) Wy (23) A
leg
Toy41 9653+1 Tey+1
- Z / / / 9(Vy(x)) dz1 [v(elﬂ la,03) — V(e1,0s, 23)} Wy, (w2) Uey (:33)} dzo dzs
feg Y Tig—1 Tog—1

Teog+1 33/3+1
Z/ / G($51+1,$2,$3) G(ifel,iﬂz,l‘:z)}%g(m)‘Peg(ws)dxzdfvz
Tgy_1

Leg Tez—1

X [U(fﬁ-l lo,l3) — U(f1752,€3)}

x52+1 x[3+1 1
Z Z / / G(.%'glJrl,.%'Q,.’IJg) G(l’gl,l'g,x;;)} (\I/gQ(xg) Uy, (z3) — Z) dzodas
Too—1 Teg—1

el

X [U(f1+1,£2,53) - v(£17£27£3):|

Teo+1 $£3+1
1
/ / x£1+17x27x3) G(xf17x27x3)j| deQ de |:/U(‘€1+1,f27£3) - /U(fl,fg,@:;)
leg V-1

=: A + As.
As in two space dimensions (cf. Lemma 2.2) one can show that A; is second order accurate with respect to
. The term As, on the other hand, requires further simplification. To this end, notice that

x£2+1 $53+1

E 1
/ G(x51+17x27x3> G<x€1,$27$3):| 1 de |:v(fl+1,f2763) - U(fl,fg,fg):|
Too—1 153 1

leg
Teg+1 xe3+1 Teq+1
= Z / / / 9(Vy(z)) dzq }dwz {v(&-i-l,fz,fs) - U(zl,ez,es)}
E geg Tlog—1 Y Tez—1

Tep+1  [Ter34+1 le+1
- Z / / {/ (Vy(x)) dxq }d$2 [v(£1+1,€27£3) — 1)(@1742753)}

‘e o

1 1 Teg+1 JCe3+1 Toy+1

+2 Z 1 / / / 9(Vy()) dz }d“f'? [v(&-i-l,ﬁzfs-i-l) - ”(el,@,isﬂﬂ

1 1 Z‘Z/ +1 CC[3+1 J?g1+1

+ - Z 1 / 9(Vy(x)) dry }dwz |:v(€1+1,€/2+1,Z3)) - U(Zl,2’2+1,€3))]
I‘[/

1 1 Teh+1 xe3+1 W1+1

g Z 4 / / 9(Vy(z)) dzy }dx? {”(£1+1,£’2+1,473+1) - v(£1,€’2+1,t73+1)]
gy Tgy

) d.’E n {561 (i + 561 Voteq + Eelvf-i-eg + ﬁelvﬂ—l—eg—l—eg }7
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where ¢ = (01, Lo, Zg), 0= (41,4,,03), and /= (41, 6’2,173). We define the average discrete derivatives as
follows:

ol

1 _ _ _
(51) elvé = Z {D€1U€ + D61v5+62 + Delvf-i-eg + Delvf-i-(ig-i-eg}'

As in Lemma 2.3, one can show, with mg signifying the barycenter of K, that there exists a constant
C' = C(y) such that

> /K 9(Vy(@)) do = K| g(Vy(mi)) | Deyer | < ) & [olwinioy.
KeT

As in two space dimensions, one can define, for any v € V ., the quantity

(A“CE ) 0 = ST N Ve, (Vy(mu)n)m} - Deyve

KeT neR
5-2) +e Z Z {V¢dy (Vy(me)n)n2} - Deyve
KeT neR
+e1 Y Y {Vedy (Vy(mr)n)ns} - Degue
KeT neR

We thus deduce that (A%“P v)_is a second order approximation to (D®C 5 (y), v) in the sense that

<D¢0B(y>v 1)) - <Aa’CB7 U>€

< Mé&? [v|wie(q)-

5.2. The atomistic Cauchy—Born model: d = 3. Using the above definition of the average discrete deriva-
tives we define the discrete gradient matrix as

{vw} = feavé,

(28

and the atomistic potential

By =" > ¢y (Vuen) =) Wen(Vie).

¢e€ neER teg

Now, for a given field of external forces f : € — R? the atomistic Cauchy—Born problem reads as
follows:

find a local minimizer ya’CB in X of :
,CB ,CB
QOB (ynCB) (£, 1) .

If such a minimizer exists, then

(D@“’CB(ya’CB),@E = (f,v) forallv € ¥.

£

As in two space dimensions, one can link A%“5 to D®®CP a5 follows: let 4y € V.; then, for any v € V,

(5.3) (A“CE vy, = (DB (y),v),.
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5.3. Comparison of atomistic Cauchy-Born and atomistic models: d = 3. To compare the atomistic
and atomistic Cauchy—Born models we start from (1.4):

<D(I)a —Edz Z VC¢77 nyg) : Enw.

lef neERrR

Then, one can split ﬁnw and ﬁnw as follows:

Dyve = Dyyeyve + DigeyVotnyer + DigesVetnyer+men
and
Dnvé = Dme1U£ + Dnge:;vf+n161 + Dn2€2vf+?7161+77363'

Using similar splittings but starting with D, ., v and D, v,, we end up with six alternative expressions for
D v,. Thus, by replacing D, v, with its average and grouping terms of the same type of discrete derivative
we deduce that

(D2%(y), v),

_d - 17 17 15 1
= Z Z Ve (Dyye) - {§D77161W + 5§ DnierVetmaes + 6 Dner Vetnzes + §D77161W+77262+77383}

lef neER
d 17 17 17 17
+e Z Z VC(bTI 773/@) ’ {§D77262W + EDU262W+77161 + GDT]2€2W+773€3 + §D772€2v€+77161+77363}
lef neRr
d \V4 ) . {lﬁ 1D 1D 1D }
+e€ C¢77 T]yf 3Ln3e30¢ + 6L/ nsesVi+nieq =+ 6L/ nzesVi+naes + 3Ln3e3Vl+nie1+nzes -
(e nmeR

Hence, since the lattice is periodic, we deduce that

5.4)
(DP*(y),v).
_5dz Z { Vedy (Dyye) + VC¢?7( nYt—mses) T § VC¢W( nYe— n363)+ 5Vedn (DyYe—nges— 77363)}
e neRr
'ﬁmelvf
+5d2 Z { Vedy (Dyye) + Vc¢n( nYt— mel)"' §Vedy (Dyye— nses)+ 3Vedn (DyYe—pye— 77363)}
tef neR
'ﬁnzezvé
+Edz Z { VC¢17 nyé + VC¢17( nYe— n1e1)+ v(¢n( nYe— 7]262)+ VC¢77( nYt—mier— 17262)}
tef neR
'5713631)5'

As before we split, for 11,172,173 > 0,
bmelw = Deyvg+ -+ + E61W+(7)1*1)617
Engegvf = Eezvé + et E€205+(n271)627
Engegvf = 5637)6 et E€3Uf+(77371)63

In case where 1, < 0 we use splittings of the form (3.2). In the sequel we will assume that 71,172,173 > 0.
The general case can be treated by adopting the arguments presented in two space dimensions (cf. (3.3) and
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Lemma 3.2). Therefore, by using the notation

n1—1
1 = Z {3V¢dy (Dyye—rer) + §V¢bn (Dnyi—ker—mmes)

+ VC¢17( T]yf kel T]3€3)+ VC¢77( nyf k€1 —n2e2— 7]363)}7
n2—1

(55) Z { V<¢n "Iyé k‘€2)+ VC¢17( nYl—kes— 7]1@1)

+ VC¢77( nYt—kes— T]363)+ VC¢7)( nYt—kex—mer— n363)}7
n3—1

By 3= Z {3V ety (Dnyi—ies) + £V by (Dnye—ies—ne,)

+ vg’¢n( nYl—kes— n262)+ VC@;( nYt—kes—nie1— n262)}7
we finally deduce that

(D®(y),v). =Y > D1 Deyvy

e neER
d FS D d Ky D
+e" "N Bppo - Deyve+eY Y Bz - Deyur.
€L nER (€L nER

Next, we shall focus on the comparison of 57774,1 with the term

m—1
D1 = Z Vedy (Vy(mgm on),
k=0
where
M 0 is the midpoint of the side with endpoints Ty ¢;, To—k e; 41 e1, and
my e is the midpoint of the side with endpoints z;, Z¢y ¢, -

Let £ = 0. We group together the %—terms in @77@71. We use the splittings

= (= _ _
Dyvy = §{Dn2627)€ + DigesVtnges + Dijes Vetnaen+nses

+ D771€1 Vg + DU363'U€+?7161 =+ D77282v€+n161+7]363 }7

and

_1)J7 D) )
Dyve—nyes—nges = Q{Dmeﬂ}@fnzezfnses + DygesVe—nges + Diyeq e

+ Diey Ve—npea—mses + DigesVt—npea—mses+mer T DrgesVi—npes+mes }
These choices were made in order to create the required symmetries. In fact, by taking into account that
Dyvp and Dyvp_p,e,—nyeq are grouped together in (5.5) and observing that
2Enle1W + bn1e1vé+nzez+nses + bmqwfnzezfnseg = dmory(mom, 0) + 0(52)7
Emezw + Dnzezvﬂ+n1e1+n363 + Dnzezw ez —nzes T Dngezw mes+mer = 411202y(moy, 0) + 0(52)7

2
D n3es Vltnpes T D nse3Vetnier T D nse3Vl—nges T D nze3Vl—maex—m3zesz+mer = 47]3(93y(m0 m,f) + 0(5 )7
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yields a second order approximation to %V@bn (Vy(mon, ¢)n), upon employing similar arguments as in
Lemma 3.1. The remaining % factor is due to the %—terms in 5,]7471. In fact, we use the splittings

(= _ _
Dﬁw—kel—ﬂzez = §{D772€2W—k61—77262 + DngegW—kq + Dnlelvf—k€1+n3€3

+ Diyey Vo—key—naes + DngesVe—npe, + D772€2,U£*772€2+T]363}

and

_ 1
DTIW—kel—%es = 5{

D77262Uf—k e1—mzes T D7I363vf—k e1—nzezf+nzez T Dmel Ve—kei+nzez

+ DyiesVe—key—nses + DngesVe—nses + DnoeaVi—nges+nses }

As before,

Dmel Vi—ker+nzes + Dmel Vl—k e1—noes T+ Dmelw—k e1+mes T Dmelvf—k e1—nses
2
= 4771311/(7”0,771,@) + O(E )7

D772€2 Vi—key—moes T E77262 Ve—naes+nzes + bn2€2 Vi—ker—nzes T E77262 Vl—nse3+nses

= 4200y (Mo, 0) + O(%),
bngeswfk er T bnseswﬂnez + bngeawfk e1—nzestizer T 5n3630g,,7363

= 4n33y(mo z,.0) + O(?).
We thus deduce that

= 2
@01 — @] < COly) ™.
Finally, as in the case of two space dimensions, we have that

[mVedy (Vy(myn) — 01| < Cly) &,

with my , signifying the midpoint of the side with endpoints 4, z,1.,. By employing entirely similar
arguments as in the case of two space dimensions, we then deduce that Theorem 4.1 holds in three space
dimensions as well. Analogously, Theorem 4.2 is also valid in three dimensions.

6. REMARKS ON CONVERGENCE

We briefly discuss here how the consistency results presented in this paper, combined with appropriate
local stability properties of the Cauchy—Born solution, can imply local convergence. In one space dimension
these results are based on a simple application of the inverse function theorem, see [36], [31], [33], see also
[24]. The stability in multiple space dimensions is very subtle (see, for example, [24]) and is beyond the
scope of this paper. A key assumption in the inverse function theorem in the form presented in [12, Theorem
2.1]is that G(w) = D®“(w) is differentiable with bounded inverse at a given point w € X. Next, for the
sake of simplicity of the presentation, we shall assume that in an appropriate discrete space X, D®%(y“?)
evaluated on a sufficiently smooth solution yCB of (1.6), whose existence is assumed, is differentiable with
bounded inverse. Then, upon verifying two further assumptions on D®® and y“Z one can apply the inverse
function theorem to infer the local existence of a solution of the atomistic problem y* in a ball with center
yCB . Hence, in addition, one obtains an estimate of the form

ly* = y“Pllx. <7D (") = flv..
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Here ~ depends on the norm of the inverse of the derivative of D®?(y“?) and

(D2 (y“") — f,v).]
o] x.

|D@" (5“7 — flly. = sup { veXo withullx, £0 .

Thus, to estimate the error we observe that

(D (y“P),v), — (f,v). = [(DD(y“P),v). — (DO P (), 0)] + [(f,v) — (f,0).]
=1 + Is.

Let us also suppose that X_ is a subspace of V. equipped with W1 (£2) norm. Then, the consistency result
of Theorem 4.1 implies that

11| < C“P) e Julwiage) < CyTF) % o]l x..

In addition,

b= () = (). = [ (fo=Qulro)do
:Z/K(fv—QI(fv))dx,

KeT

where (1 denotes the standard nodal interpolation operator on V.. Let us denote by ( the functional
1 _

6.1) cw) = e [ {w-Qitw)bds,  weC®),

K[ Jk
and observe that ((¢) = 0 for all ¢ € Q;(K). Lemma 2.1 and inequality (2.1) then yield that

d
(6.2) C(w)] < O 02w]] oo )
a=1

Further, since v € V., we have that [|02 (fv)|| 1o (k) < 3If 2.0 (1 |0 ][ 1,00 (i) » and we deduce, using
similar arguments as in the proof of Lemma 2.3, that

L] < C|lfllw2ee (o) € [vlwing) < Ce|vllx..
We thus arrive at the error bound
ly* =y Pllx. < C“P, e,

where ||y — y©B||x. is a discrete W1P(Q) norm corresponding to ||y® — Q; yCBHWl,p(Q).
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