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Abstract

We explore the existence of global weak solutions to the Hookean dumbbell model, a system of nonlinear
partial differential equations that arises from the kinetic theory of dilute polymers, involving the unsteady
incompressible Navier—Stokes equations in a bounded domain in two or three space dimensions, coupled
to a Fokker—Planck-type parabolic equation. We prove the existence of large-data global weak solutions
in the case of two space dimensions. Indirectly, our proof also rigorously demonstrates that, in two space
dimensions at least, the Oldroyd-B model is the macroscopic closure of the Hookean dumbbell model.
In three space dimensions, we prove the existence of large-data global weak subsolutions to the model,
which are weak solutions with a defect measure, where the defect measure appearing in the Navier—Stokes
momentum equation is the divergence of a symmetric positive semidefinite matrix-valued Radon measure.

Keywords: Kinetic polymer models, Hookean dumbbell model, Navier—Stokes—Fokker—Planck system, di-
lute polymer, Oldroyd-B model

1 Introduction

The aim of this paper is to explore the existence of global weak solutions to the Hookean dumbbell model, — a
system of nonlinear partial differential equations involving the coupling of the time-dependent incompressible
Navier—Stokes equations to a parabolic Fokker—Planck type equation, — which arises from the kinetic theory
of dilute polymeric fluids. In this model the solvent is assumed to be an isothermal, viscous, incompressible,
Newtonian fluid in a bounded open Lipschitz domain Q C R%, d = 2 or 3. We will admit both d = 2 and
d = 3 for the vast majority of the paper, even though our main result concerning the existence of large-data
global weak solutions is, ultimately, restricted to the case of d = 2. In the model the equation for conservation
of linear momentum in the Navier—Stokes system involves, as a source term, an elastic extra-stress tensor T
(i.e., the polymeric part of the Cauchy stress tensor), to be defined below in terms of the solution of a coupled
Fokker—Planck type equation.

Given T € R, we seek a nondimensional velocity field u : (z,t) € Q x [0,T] — u(z,t) € R? (which,
for simplicity, we shall require to satisfy a no-slip boundary condition on 992 x (0,7]) and a nondimensional
pressure p : (g,t) € Q x (0,T] — p(z,t) € R, such that
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In these equations v € R is the reciprocal of the Reynolds number and f is the nondimensional density of
body forces.

The simplest kinetic model for a dilute polymeric fluid is the dumbbell model, where long polymer chains
suspended in the viscous incompressible Newtonian solvent are assumed not to interact with each other, and
each chain is idealized as a pair of massless beads, connected with an elastic spring. The associated elastic
extra-stress tensor 7 is defined by the Kramers expression in terms of ¢, the probability density function of the
(random) conformation vector ¢ of the spring (cf. (1.9) below), and the domain D of admissible conformation

vectors ¢ is either the whole of R? or a bounded open d-dimensional ball centred at the origin 0 € R%. The
evolution of ¥ from a given nonnegative initial datum, vy, is governed by a second-order parabolic partial
differential equation, the Fokker—Planck equation, whose transport coefficients depend on the velocity field u.

In [6] we were concerned with models where D is a bounded open ball in R¢, d = 2,3, resulting in, what
are known as, finitely extensible nonlinear (FENE) models. Here, as in [7], we shall be concerned with the
technically more subtle case when D = R?, i.e., the spring between the beads is allowed to have an arbitrarily
large extension. In fact, in both [6] and [7] we considered the more general case of polymer models involving
linear chains of K + 1 beads coupled with K springs, where K > 1. Much of the analysis below carries
across to K > 1, but as our final result is restricted to K = 1 we shall confine ourselves to this case from
the start for simplicity. Although springs with arbitrarily large extension are physically unrealistic, thanks
to their simplicity models of this kind are, nevertheless, frequently used in practice. The elastic spring-force
F : D =R?— R? of the spring is then defined by

F(q) =U"(3la1*) ¢, (1.2)
where U € W.22°([0, 00); R>g), U(0) = 0 and U is monotonic nondecreasing and unbounded on [0, 00). We
note that, among all such potentials U, only the Hookean potential U(s) = s, with associated spring force
F (g) =4q,q€ D = R?, yields, formally at least, closure to a macroscopic model, the Oldroyd-B model (cf.
[24]), which we shall state below.

In our paper [7], we further assumed that there exist constants ¢; > 0, j = 1,2,3,4, such that the
(normalized) Maxwellian M, is defined on D = R? by

Z
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M(q) == e vzl ), where Z ::/ e V2l )dCN]7 yielding / M(q)dg =1, (1.3)
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and the associated spring potential U satisfies, for 9 > 1,

U(3lal?) = 1 (31913 as |q| — oo, (1.4a)
U'(3l9)?) <e2+es(3lg/»"" VgeD, (1.4b)
and hence
—e1(3191%)?
M(g)=cye il as |q| — oo. (1.4c)

Therefore, in [7] we were unable to cover the case of the Hookean model, which corresponds to the choice
¥ =1 in (1.4a—c). This was due to the failure of a compactness argument, used in passing to a limit on the
extra-stress tensor in the existence proof there, which required that the mapping s — U(s) had superlinear
growth at infinity; see Section 6 below for further details. We note that apart from this step, all the other
results in [7] remain valid with ¢ > 1 in (1.4a—c). Thus in [7] we could deal with a spring potential of the form

VA

. ] for s € [0, Soo], )
() = fo [(q) + (90— 1)} for s > 5o (15)



for any s, > 0 and ¥ > 1, which approximates the Hookean potential U(s) = s. Hence our use of the terminol-
ogy Hookean-type model throughout the paper [7] (instead of Hookean model, which would have corresponded
to taking ¥ = 1 in the above).

In this paper, we overcome the difficulties encountered with the compactness result used on the extra-stress
term in [7] and so we are able to address the Hookean model. This is achieved by relating the Hookean model
to its macroscopic closure, the Oldroyd-B model, and using an existence result, and establishing regularity
results, for the latter. We shall assume henceforth, in place of (1.4a—c), that

U(zlal?) = 3lal*. (1.6)
By recalling (1.3), we observe that the Maxwellian satisfies
M(q) Vg[M(q)] ™ = =[M(q))™" VoM(q) = VoU(3la]*) = U'(5lal*) ¢ = ¢- (1.7)

It follows from (1.3) and (1.6) that, for any r € [0, c0),

[ w(@)lal dg < . (1.8)
D

The governing equations of the Hookean dumbbell model are (1.1a-d), where the extra-stress tensor T,
dependent on the probability density function ¢ : (z,¢,t) € @ x D x [0,T] — ¥(z,q,t) € R>g, is defined by
the Kramers expression:

() =k (g() — p(¥) I), (1.9)

where the dimensionless constant £ > 0 is a constant multiple of the product of the Boltzmann constant kp
and the absolute temperature 7, [ is the unit d x d tensor,

g(¥)(z.1) /w 0.004" ' (4laF) dz=/Dw<w’t>ggT dg (1.10a)
and the density of polymer chains located at z at time ¢ is given by
(z,t) / Y(z,q,t)dg (1.10b)
The probability density function v is a solution, in © x D x (0, 7], of the Fokker—Planck equation
O VeV, (Vou)qu) =cdpp+ v, (v, (L (1.11)
or YT Ve (e TN ~a\m)) '

where, for v = v(z,t) € R, (Vo u)(z,t) € R and {V,uv}i; = 9vi. In (1.11), & > 0 is the dimensionless
centre-of-mass diffusion coefficient and the dimensionless parameter )\JE R+ ¢ is the Deborah number; we refer
the reader to [6, 7, 5, 8] for further details.

Finally, we impose the following decay/boundary and initial conditions on v:

M Lll)\ qu (;Z) — (ng g) q J\w/[} ’ —0 as |cN]| — 00 on Q x (0,7, (1.12a)
€viw : QzO on 002 x D x (0,77, (1.12b)
¥(-0) =1o(,) =0 on Q x D, (1.12¢)

where n is the unit outward normal vector to 0f.

Here 1) is a nonnegative function defined on Q x D, with [}, 9o (z, q)dg =1 for a.e. z € Q2. The boundary
conditions for ¥ on 9Q x D x (0,T] and the decay conditions for 1) on © x (0,7 as |¢| — oo have been chosen
so as to ensure that -

/ Y(x,q,t)dg :/ ¥(x,q,0)dg V(z,t) € Q x (0,T]. (1.13)
D~ o~ ~ D ~ o~ ~



Definition 1.1 The set of equations and hypotheses (1.1a—d), (1.3), (1.6) and (1.9)—(1.12a—c) will be referred
to henceforth as model (P), or as the Hookean dumbbell model (with centre-of-mass diffusion).

Next, for any ¢ € R?, we note the following results:

(a-Vo)aq" =aq" +qad", Aglgq"1=21, (a-Vy)|q|>*=2a-q and A,lq|* =24d. (1.14)

Multiplying (1.11) by q QT, integrating over D, performing integration by parts (assuming that ¢ and V v
decay to zero, sufficiently fast as |¢| — oo) and noting (1.14), and, similarly, integrating (1.11) over D and
noting (1.12a), yields formally that g(v)(z,t) € R%*? and p(¢)(z,t) € R satisfy

ag(w) T 1
S+ (- Va)o () — [(Vou) o(8) + o) (Vo )| = Ap o) = o [p() I = o(v)]
in Q x (0,71, (1.15a)
D) 4 - 9. )p(w) — < A pla8) = 0 inQx (0,7,  (L15b)
subject to the boundary and initial conditions
eVeo(Y) - n=0 ond2x (0T,  o()(-0) =o(o)() on
eVap(¥) - n=0 on 90 x(0,T], p(¥)(+,0) = p(tho)(-) on €. (1.15¢)

As it is assumed that [}, Yo(z,q) dg = 1 for a.e. g € Q, it follows that p(1)) = 1 is the unique solution of
(1.15b,c).

Definition 1.2 The collection of equations (1.1a—d), (1.9) and (1.15a—) will be referred to throughout the
paper as model (Q), or as the Oldroyd-B model (with stress-diffusion,).

A remark is in order concerning the evolution equation (1.15a) for the extra stress tensor g.

Remark 1.1 By suppressing in our notation the dependence of g and p on v and setting € = 0, equation
(1.15a) becomes

80

—|—( vi)a—

ot o—|(Vew)yo+a(V, @T} _

2)\(;)[—0) (1.16)

This is precisely the classical Oldroyd-B evolution equation for the elastic extra-stress, with our factor 1/2X

usually replaced by 1/X, which is easz’ly derived from equation (59) in Oldroyd’s paper [24]. Indeed, by inter-

preting the convective derivative 2 37 in equation (59) in [24] as the upper convected derivative

Vo defined by 3= ‘Z‘Z (- Va)g - [(Veuwg +o(Vow],

Z?Q
Z?Q

and by additively splitting the (total) Cauchy stress tensor into a part T, to be defined below, related to the
distortion (deformation at constant volume), and an isotropic tensor that is a scalar multiple of I, as in

equation (52) in [24], equation (59) in [24] states that

v 1
=2u(D+aD),  where D=D(u) = (Veu+ (Var)")

+A 5

g
54

is the symmetric velocity gradient, |1 = ps + pp, is the sum of the solvent viscosity ps > 0 and the polymeric
viscosity p, > 0; and A > 0, the relaxzation time, and o > 0, the retardation time, are two constants with
the dimension of time. By splitting the tensor T' additively into its solvent part T's and polymeric part T, as
T=Ts+ Ty, where Ts :=2u, D, and setting o := A\ /(pip + is), it follows that

v
Ty + ATy =2u,D.
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As I = —=2D, we then have that T, + ATy, = —p, L. Thus, by defining g := %Lﬂ + p L, where p is the

solution of % + (u-Va)p =0 (i.e. (1.15b) with e =0) subject to a given initial condition p(z,0) = po(x), we
deduce that
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which is precisely (1.16) upon replacing Oldroyd’s X by our 2); in particular, the choice of po(z) = 1 yields
p(g,t) =1 for all (z,t) € Q x (0,7, in agreement with the statement in the sentence preceding Definition 1.2.
In summary then, T :=Ts + T}, with Ts :==2us D and T’ := Z—f’\(g — pl), where g and p are solutions to the
partial differential equations appearing in the previous sentence, with p(x,t) = 1 being an admissible special
case. For an alternative, thermodynamically consistent, derivation of the Oldroyd-B model we refer to [22].

We continue with a brief literature survey. In our paper [7] we proved the existence and equilibration
of large-data global weak solutions to general noncorotational Hookean-type bead-spring chain models with
stress-diffusion in both two and three space dimensions, under the assumption that the spring potentials
appearing in the model exhibit superlinear growth at infinity. We were, however, unable to cover the classical
Hookean dumbbell model, where the spring potential has linear growth at infinity. Our objective here is to
close this gap, in the case of two space dimensions at least. The relevance of the Hookean dumbbell model
is that it has a formal macroscopic closure: the Oldroyd-B model. Lions and Masmoudi [21] proved global
existence of large-data weak solutions to a corotational Oldroyd-B model (i.e. one where the gradient of the
velocity field in the stress evolution equation is replaced by the skew-symmetric part of the velocity gradient)
without stress-diffusion, in both two and three space dimensions. Returning to the general noncorotational
case, Hu and Lin [20] proved the global existence of weak solutions to incompressible viscoelastic flows,
including the Oldroyd-B model, without stress-diffusion, in two spatial dimensions, under the assumption that
the initial deformation gradient is close to the identity matrix in L*(€2) N L>(Q2) and the initial velocity is
small in L?(©) and bounded in L?(2) for some p > 2. In [3], Barrett & Boyaval proved the existence of large-
data global weak solutions to the Oldroyd-B model, in the presence of stress-diffusion, again in two spatial
dimensions. Constantin and Kliegl [11] subsequently showed the global regularity of solutions to the Oldroyd-
B model with stress-diffusion in two space dimensions. Motivated by [3] and maximal regularity results for
the unsteady Stokes and Navier—Stokes systems (cf. [19], [26], [14], for example, and references therein), we
revisit the classical Hookean dumbbell model and prove, in the general noncorotational case, in two space
dimensions, the existence of large-data global weak solutions. Indirectly, our argument also rigorously proves
that, in two space dimensions at least, the Oldroyd-B model with stress-diffusion is the macroscopic closure
of the Hookean dumbbell model with centre-of-mass diffusion. In the case of three dimensions the question
of existence of large-data global weak solutions to both the general noncorotational Hookean dumbbell model
and the noncorotational Oldroyd-B model with stress-diffusion remains open, although we will show here the
existence of large-data global weak subsolutions to the general noncorotational Hookean dumbbell model for
d=3.

The paper is structured as follows. In the next section we introduce our notation and useful results, such
as compactness theorems. Henceforth, we shall frequently write

b = /M, P := o/ M.

In Section 3, we recall from [3] a global-in-time existence result for the Oldroyd-B model when d = 2. We then
establish some regularity results for this solution, (uvos,gos), and a uniqueness result for the stress equation.

In Section 4, we prove the existence of a global-in-time weak solution, 12*, to the Fokker—Planck equation, for
a given velocity field u,, via regularization and time discretization. In addition, we show that g (M 1),) solves
the corresponding Oldroyd-B stress equation with given velocity field u,. In Section 5 we combine the results
of the previous two sections to establish the the existence of a global-in-time weak solution, (uos, @og), to
the Hookean dumbbell model when d = 2. Moreover, we show that (uop,g(M @OB)) solves the Oldroyd-B

model. Finally in Section 6 we explain why we had to resort to the reasoninz upon which our existence proof
is based, and why a more direct argument is only capable of showing, for both d = 2 and d = 3, the existence

of large-data global weak subsolutions (in a sense to be made precise in Section 6).



2 Preliminaries

Let © ¢ R% d = 2 or 3, be a bounded open set with a Lipschitz-continuous boundary 99, and the set of
elongation vectors ¢ € D = R%. Let

H={wel’Q): Vs w=0, (w-n)loo =0} and V:={we HQ):V, w=0}, (2.1)

where the divergence operator V.- is to be understood in the sense of vector-valued distributions on . Let
[H3(Q)]" denote the dual of Hj(£2). We recall the following well-known Gagliardo—Nirenberg inequality. Let
€2,0)ifd=2,and r € [2,6] if d=3 and § =d (% - %) Then, there is a constant C' = C(Q, 1, d), such

that, for all n € H(Q):
19l < € NlEzte, Il - (2.2

Let L}, (Q x D), p € [1,00), denote the Maxwellian-weighted LP space over 2 x D with norm

P
2l x Dy = {/ lel”dgd;v}
QxD

Similarly, we introduce L%,(D), the Maxwellian-weighted L? space over D. On defining

2 2 3
Vw@‘ + ‘Vq@‘ ] dqu} , (2.3)

e
QxD

we then set
X = Hi(@x D) i= {@ € Lho(@x D) : @y, 0y < 0} - (2.4)

Similarly, we introduce H},(D), the Maxwellian-weighted H! space over D. It is shown in Appendix A of [7]
that

C$°(D) is dense in HL,;(D) and hence C*(Q,C5°(D)) is dense in X. (2.5)
In addition, we note that the embeddings

Hi (D) — L3,(D), (2.6a)
Hi, (Qx D)= L*(Q; H (D)) N HY(; L%,(D)) — L3,(Q x D) = L*(Q; L3,(D)) (2.6b)

are compact; see Appendix D and Appendix F of [7], respectively.
Next, we note that (1.10a) and (1.8) yield, for p € L%,(Q x D) and any r € [0, 00), that

2
Lioweopar=[ | [ sqqtan) avs ([ artar) ([ srigragas)
Q= ~ Q D ~ o~ ~ ~ D ~ ~ QxD ~
< CIGI: ). (272)
2
([ ararigiagas) < ([ ariaae) ([ Migragas) < CI6Es, ey (2.7b)
X ~ ~ ~ ~ X ~

In addition, the following simple lemma will be useful (cf. Lemma 5.1 in [5] for the proof).

Lemma 2.1 Suppose that a sequence {$,, }52, converges in L*(0,T; LY, (Qx D)) to p € L*(0,T; L}, (2 x D)),
and is bounded in L>=(0,T;LL;(Q x D)), i.e., there exists Ko > 0 such that lenllze 101, (2xpy) < Ko for
allm > 1. Then, @ € LP(0,T; L}, (2 x D)) for all p € [1,00), and the sequence {pn}n>1 converges to $ in
LP(0,T; LY, (Q x D)) for all p € [1,00).

We shall use the symbol |-| to denote the absolute value when the argument is a real number, the Euclidean
norm when the argument is a vector, and the Frobenius norm when the argument is a square matrix. For a
square matrix B € R4, we recall that the symbol te(B) will signify the trace of B.

We state a simple integration-by-parts formula (cf. Lemma 3.1 in [7] and note that U’ = 1).



Lemma 2.2 Suppose that ¢ € H}; (D) and let B € R be a square matriz such that te(B) = 0; then,

[ M@ B9 Vet di = [ M@p@aq" Bl (2.8)
D ~ = ~ A~ D o~ o~

~ ~ o~ o~

Let F € C(Rxg) be defined by
F(s) :=s(logs—1)+1, 5> 0; F(0) := 1. (2.9)
Clearly, F € C(]0,00)), and is a nonnegative, strictly convex function. We note the following result.
Lemma 2.3 For all $ such that F(p) € LL;(Q x D) we have that

1 N 2 R 5(3191%)
/ M ( |q|2) pdgdx < = [ M F(p)dgdx + \Q|/ Me "~ dq] ) (2.10)
OxD 2. ~ ~ 7 ¢ LJaxp ~ D ~

where ¢ = 1.

Proof See the proof of Lemma 4.1 in [7], where it is proved with 1 \2\2 and c replaced by (3 |g|2)’9 and ¢y,

respectively, and M, recall (1.3), based on U, satisfying (1.4a—c); but the proof given there is valid for ¥ = 1
and hence for M based on (1.6). O

We recall the Aubin—Lions—Simon compactness theorem, see, e.g., Temam [27] and Simon [25]. Let By,
B and B; be Banach spaces, where B;, i = 0,1, are reflexive, with a compact embedding By — B and a
continuous embedding B < By. Then, for a; > 1, i = 0, 1, the embedding

{n € L*(0,T;Bo) : 9 € L*(0,T;By) } — L*(0,T; B) (2.11)

is compact.

We shall also require the following generalization of the Aubin—Lions—Simon compactness theorem due to
Dubinskif [13]; see also [9]. Before stating the result, we recall the concept of a seminormed set (in the sense
of Dubinskii). A subset M of a linear space A over R is said to be a seminormed set if cp € M, for any
¢ € [0,00) and p € A, and there exists a functional (namely the seminorm of M), denoted by [¢] a4, such that:

(i) [¢lm =0 Ve € M; and [p]pm = 0 if, and only if, ¢ = 0;
(ii) [eplm = clplm Vo € M, Ve € [0, 00).

A subset B of a seminormed set M is said to be bounded if there exists a positive constant Ky such that
[p]m < K for all ¢ € B. A seminormed set M contained in a normed linear space A with norm ||-|| 4 is said to
be continuously embedded in A, and we write M — A, if there exists a Ky € Rs¢ such that |¢||4 < Kolp]m
for all ¢ € M. The embedding of a seminormed set M into a normed linear space A is said to be compact if
from any bounded infinite set of elements of M one can extract a subsequence that converges in A.

Theorem 2.1 (Dubinskii [13]) Suppose that Ay and Ay are Banach spaces, Ag — A1, and M is a semi-
normed subset of Ag such that the embedding M — Ay is compact. Then, for a; > 1,1 = 0,1, the embedding

0
{(neLw0,T;M) : a—? € L0, T; Ay) } = L0, T; Ay)
s compact.

3 The Oldroyd-B model

We start with noting the following existence result for problem (Q), Oldroyd-B, with p = 1.



Theorem 3.1 Let d = 2 and 9Q € C%'. In addition, let uo € H, go € L*(Q) with go = g > 0 a.e. in Q
and f € L2(0,T; [Hy(V))). Then there exist

uop € L>=(0,T; L*(Q)) N L*(0,T;V) and oop € L>=(0,T; L*(Q)) N L*(0,T; H*()) (3.1)

with gos = g = 0 a.e. in Q x (0,T] such that

T ow T
_/ /uOB.Admdt—&—/ /[[(UOB'VI)UOB} -w+vViuop: Vew| dedt
o Ja~ ot~ o Jaltb~ ~o ~ ~ o~ ~ o~d~

T
:/0 {<f7 w) 1 sz)k/QgOB:NVz?Nﬂdﬂf] dtJr/QINLo(I)’w(I,O)dw

~ ~ o~ ~

Vw € W0, T; V) with w(-, T) = 0, (3.2a)

where (-, ) g1 () denotes the duality pairing between [H3(Q)] and H(2), and

/ /aOB —dxdt—&—/ /[ (uop - Va )UOB} £ +<Vagon mg] dadt

+/o /9[2/\ (gOB_i)_ ((ngOB)gOB-FZOB (YMNLOB)T” iidfdt

/Sao( )+ €(z,0)dz v§ € W”(O,T;g]l(Q)) with §(~,T) = 0. (3.2b)

Proof Existence of a solution to (Q) with p = 1 is proved in [3] via a finite element approximation for a
polygonal domain  C R? under the stronger assumption go € L>(Q) with go = gg > 0 a.e. in . The
restriction on 2 was purely for ease of exposition for the finite element approximation. Existence of a solution
to a compressible version of (Q) is proved in [4] under the stronger assumptions C*# for u € (0,1), and
fe L@ x(0,T)), with o € L?(Q)). The proof there is easily adapted to the far simpler incompressible
case for 9Q € C%! and S L2(0,T;[H}())), with ug € H. For example, in the existence proof for the
compressible version of (Q) discussed in [4] the assumption Q2 € C?** is only needed because one requires
high regularity for a parabolic Neumann problem; see Lemma 3.2 below, which, however, is not needed in the
existence proof for (Q) in the incompressible case. O

Remark 3.1 Since the test functions in V are divergence-free, the pressure has been eliminated in (3.2a); it
can be recovered in a very weak sense following the same procedure as for the incompressible Navier—Stokes
equations discussed on p. 208 in [27]; i.e., one obtains that fot pos(,t')dt’ € C([0,T]; L*(Q)).

We now deduce additional regularity for this Oldroyd-B model.
Lemma 3.1 Let d =2 and suppose that the hypotheses of Theorem 3.1 hold; then,
uos € L*(0,T; LX), oop € L*(0,T; L*(Q))  (uop - V. )uos € L¥(0,T; L¥(Q))
and (’l;LQB . NVJC)(NTOB, (Y”” EOB) ooB € L%(O,T; %é(Q)) (3.3)

Proof The first two results in (3.3) follow directly from (3.1) and (2.2). The remaining results in (3.3) follow
directly from the first two results in (3.3) and (3.1) using Holder’s inequality. O

In order to improve the regularity results (3.1) and (3.3), we consider the parabolic initial-boundary-value
problem:
on .
i eA;n=yg in  x (0,71, (3.4a)
eVyn-n=0 on 02 x (0,77, (3.4b)



n(-0) =mo()  onQ, (3.4c)

where € € Ry . We require the following definitions to state a regularity result for (3.4a—c). First we introduce
fractional-order Sobolev spaces. For any k € N, 8 € (0,1) and s € (1,00), we define

WHEEE3(Q) == {¢ € WH(Q) « [|¢]lwr+s.s 0y < 00},

09¢ () — DY) :
ICllwesseqy = ICwes + 3 ( / / ‘x_ T dg?dg)

le|=k

where

and 9y = 0%/0gt ... 03¢, We then define Ws_%’s(ﬂ), for 7, s € (1,00), to be the completion of {¢ € C*(Q) :
V(- n=0on dQ} in the norm of W2~7:5(€2). We now recall the following regularity result for (3.4a—c); see
e.g. Lemma 7.37 in [23].

Lemma 3.2 Let @ C R? with 9Q € C*#, for u € (0,1). In addition, let ny € Wi_%’s(ﬂ) and g €
L™(0,T; L*(2)), for r, s € (1,00). Then, there exists a unique function

n € C([0,T); W2~ 55(Q)) N L"(0, T; W2*(Q)) n W (0, T; L5 ()

solving (8.4a~c). Here (3.4b) is satisfied in the sense of the normal trace, which is well defined since A,n €
L™(0,T; L*(2)). Moreover, we have that

R +n|Lr(o7T;W2,s<m>+H
L (07T1W T (Q)) L’"(O,T;LS(Q))

< Cfer,5Q) ||770||W2_%,5(Q) + ||9||LT(0,T;LS(Q))]~
We now apply Lemma 3.2 to the stress equation (3.2b).

Lemma 3.3 Let d =2, 9Q € C%#, for u € (0,1), and go € L/Vé
have that

(Q) with go = g5 > 0 a.e. in Q. Then we

oop € L3(0,T;W23(Q)) = V, - oop € L3(0,T; Whi(Q)) = V, - oop € L3(0,T; L*(Q)).  (3.5)

Proof Applying Lemma 3.2 with r = s = 3 to each component of (3.2b) and noting (3.3) yields the first,
and hence the second, result in (3.5). The final result in (3.5) follows from the second result and Sobolev
embedding as d =2. O

To improve the regularity results (3.1), (3.3) and (3.5) further, we now consider the Stokes initial-boundary-
value problem for v € R+ g:

81}
8t — VA + VT =g, Ve -v=0 in Q x (0,77, (3.6a)
v=20 on 02 x (0,71, (3.6b)
v(+,0) = vo(+) on Q; (3.6¢)

and the Navier—Stokes initial-boundary-value problem, where (3.6a) is replaced by
(%
8t +(v-Vy)v—vA, v+ Ve T=9, Ve v= in Q x (0,77. (3.7)

In order to state a regularity result for (3.6a—c), we require the following definitions. The first is a
generalisation of H, let L3; (©2) be the completion of {w € C§°(2) : V,-w =01in Q} in L*(Q) for s € (1, 00).
So H = L2%,,(Q). Next, we introduce, for a € (0,1) and r, s € (1, 00),

oo
L3 () + (/ Htlia A, eitAS ’LU|
0 ~

1
DT (Q) = {guegzivu lwllpe @) = [l Feo dt) <oo} (3.8)



where A, = —P, A is the Stokes operator with domain D(A,) = L%, (Q) N Wg*(Q) N W25(Q) and P, :
L*(Q)) — L3, () is the Helmholtz projection, see [19] for details and Remark 3.2 below. We now recall the
following regularity result for (3.6a—c), see Theorem 2.8 in [19].

Lemma 3.4 Let Q C R? with 0Q € C**, for p € (0,1). In addition, let vy € Qi_%’r(ﬂ) and g €
L7(0,T; L5, (), forr, s € (1,00). Then, there exist unique functions v and V7 satisfying

v € L0, Ts () nWH(0,T; L(Q)),  Vam € L7(0,T5L°(Q))
and solving (3.6a—c). Moreover, we have that

ov

H2||LT(0,T;W2>S(Q)) + 87; + ”NVQCWHLT(O,T;LS(Q))

L7(0,T;L5(2))

< O ) [luoll 1 + ol iraecon)

(
In addition, we recall the following regularity result for (3.7), (3.6b,c), see Theorem 3.10 on p.213 in [27].

Lemma 3.5 Letd =2, 00 € C?, vo € V and g€ L2(0,T; L%, (). Then, there exists a function
v € L™(0,T;V) N L*(0,T; H*(Q)) N H'(0,T; H)

solving (3.7), (3.6b,c). Moreover, we have that

v

5 < Cw, ) |llvollar ) + llgllz2oriL2@) | -
L2(0,T;L2%(Q2)) -

||T~’||L°<>(0,T;H1(Q)) + ||TN’||L2(0,T;H2(Q)) +

Remark 3.2 We note that Lemmas 3.4 and 3.5 can be applied to g € L"(0,T; L*(2)) (with r, s € (1,00) in

the case of Lemma 3.4, and r = s = 2 in the case of Lemma 3.5), by using the Helmholtz decomposition of g
and adjusting the pressure, since any such g can be uniquely decomposed as

=go+ Va.n, where go€ L"(0,T;L5.(Q) and V.ne L"(0,T;L°(N)).
On applying Lemmas 3.4 and 3.5 to the flow equation (3.2a), we have the following result.

Lemma 3.6 Let the assumptions of Lemma 3.3 hold. In addition let ug € Yﬂp;f%’t(ﬂ) and f € L?(0,T; L*(Q))
NL*(0,T; L*(2)), for v € (1,3] and s € (2,4). Then, we have that

uop € L>(0,75V) N L*(0,T; {{2(9)) NHY0,T; H)
= Vo uop € L*(0, T3 L*()) N L*(0,T; H' ()
= :vx uos € L*(0,T; §4(Q)). N (3.9)
In addition, (3.9) yields, for any v € [1,00) and any 3 € [1,4), that
uoB € L*>(0,T; {)’(Q)) and (yOB . NVI)ELOB € L*0,T; 53(9)) (3.10)
Moreover, we have that
uog € L*(0,T; YV“(Q)) = uop € L*(0,T; IN/VLOO(Q)). (3.11)

Proof Applying Lemma 3.5 to the flow equation (3.2a), on noting (3.1) and Remark 3.2, yields the first result
in (3.9). The second result in (3.9) follows immediately from the first. The third result in (3.9) follows from
the second and (2.2). As d = 2, it follows from the first result in (3.9) and Sobolev embedding that the first
result in (3.10) holds. The second result in (3.10) follows from this and the last result in (3.9).

Applying Lemma 3.4 with r = v and s = s to the flow equation (3.2a), on noting (3.5), (3.10) and Remark
3.2, yields the first result in (3.11). The second result in (3.11) follows from the first and Sobolev embedding
asd=2. 0O
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Theorem 3.2 Let d = 2, 00 € C**, for p € (0,1), up € ¥V N ~Di_%’t(Q) and f € L2(0,T; L*(Q)) N
L¥0,T; L°()), forv e (1,3] and s € (2,4), and go = g§ € WE2(Q). Then,

uop € L>(0,T; V)N L*(0,T; H*(Q)) N L*(0, T; W1 Q)N HY0,T; H) (3.12a)

and  oop € C([0,T]; H(Q)) N L*(0,T; H*(Q)) N H*(0,T; L*(Q)) (3.12b)

solves (3.2a,b).
Moreover, for given uos satisfying (3.12a), the solution gop to (3.2b) is unique.

Proof The result (3.12a) for uop follows immediately from (3.9) and (3.11). It follows from (3.3), (3.9),
(3.10) and (3.1) that (V. uo) gos € L*(0,T; L*(Q)) and (uos - Va)gos € L?(0,T; L¥(2)) for any ; € [1,2).
Applying Lemma 3.2 with » = 2 and s = 3 to each component of (3.2b) and noting the above yields that
go € C([0, T); Wh3(Q)) N L2(0,T; W23 () N H(0,T; L3(£2)). From this and Sobolev embedding, as d = 2,
we obtain that gog € L?(0,T, W?()) for any y € [1,00). Hence, combining this with (3.10) we now have
that (uos - Vz)gos € L*(0,T; L*(Q2)). Applying Lemma 3.2 again with » = s = 2 now to each component of
(3.2b) yields the desired result (3.12b).

If there existed another solution gy € L>(0,T; L*(Q2))NL?(0,T; H'(2)) to (3.2b) for given uop satisfying
(3.12a), then, as in Lemma 7.1 and the above, one could establish that g satisfies the same regularity as
gop in (3.12b). Hence the difference z = go — g satisfies

//Q dedt—i—/ /Q{N y

) 552 ((Tevom)z 42 (Towon)?) | s6dsr=0 v e PO.TAN@) 1y

} &+ V @Z i yzg} dfdt

ZZ

and g(-, 0) = Q. Choosing § = Xo,s] 2, Where X[o,g denotes the characteristic function of the interval [0,¢], in
the above yields for all ¢ € [0, 7] that

1 ) ¢ 1
120 + [ [envxz( Wiy + 35 120y o
t
/ / V uoB) (v uoB) }:zdxdt’SQ/ luos (') [wr.e @) [12(#) |72 (o) dt'- (3.14)
~ o~ 0o -~ ~

Applying a Gronwall inequality yields that z = 0, and hence the required uniqueness result. O

_1
Remark 3.3 As is noted in [19], Solonnikov proved in [26] that, for Q € C%!, Dy F *(2) is the completion of

1
D(As) in W2 %5(Q) whent = 5 # 3 and d = 3. For the characterization of ND; =*(Q) in terms of Besov spaces
of divergence-free vector functions, we refer to the Appendix in [14], where d=3and Qe C?! and Theorem

3.4 in Amann [2], where d > 2 and ) € C2. Specifically, ND;_%’t(Q) = Bz N O(Q) N L5, (), where B5 . O(Q) =

_2 _2 _2
{weBa (Q) : wag =0} for 2—2 > 1 B25(Q) = {we Bax* (R : supp (w) C O} for 2 — 2 = L; and
2

~BJ%(Q) = NBi;%(Q) for0 <2—2 < 1 witht,s € (1,00). We note, for example, that B7 (Q) = W"*(), for

€ (1, 00) and fractional 7 > 0, and B% »(Q2) = H"(Q2), for 7 € N (cf. Triebel [28], Sec. 4.4.1, Remark 2 and Sec.
4.6.1, Theorem (b)). Consequently, for v = s = 2 we have that NDQ%Q(Q) = B 5 0(NNLE, () = {w € B} (Q) :
wlon = 0} 1 L3,(9) = HH®) 1 Ly (©) = V. As B1(9) = B (8) = Bi7°(2) = BEE) B (@)
for all v,s € (1,00) such that 1 <t < 1—+€ and g—i—% >1+e+§ d cc(0,1) (cf. [28], Sec. 4.6.1, Theorem (a) and
(c)). it follows that V = D3 *(R) = Bb 5 o(2)NL3,(Q) C B2, o(Q)ﬁLiv(Q) = B o ()N (L7 (Q )mL?hv(Q)
NBi N O(Q) N L3, () (cf. Theorem I11.2.3 in Galdi [18] for the final equality), and therefore V' C D “NQ) for
all such t,s. Thus, in particular, V' C Q;_%’Y(Q) for d =2, v € (1,2), and I + 1 > 1; hence, for d = 2 also
VDY TN =V forte (1,4 and s € (2,4).
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4 The Fokker—Planck equation

On setting u = u, € L>(0,7;V)NL*(0,T; W">()) in (1.11), we now want to prove the existence of a weak
solution, ¥ = ¢, = M zZ*, to this Fokker—Planck equation. We restate this as the following problem.

(FP): Find ¥, : (z,q:1) — ﬁ*(g,g,t) such that

o~

0 * - > -~ 1
M( ali (g*~ym)w*> + Y, <(ym ) gMz/J*) =M A b+ 5 Yy (MV,0) (4.1)

subject to the following decay/boundary and initial conditions:

’M LIIA Vq&)\* —(Vaui)q QZ*} —0 as |g| — on 2 x (0,71, (4.2a)
eVt n =0 on 8Q x D x (0,7, (4.2b)
$u(-,,0) = Yol ) on Q x D. (4.2¢)

We shall assume that
woeLM(QxD with o > 0 a.e. on  x D,

and [p(M 00))( / M(q 1/10 )dq =1lforae zeQ. (4.3)

In addition, we shall assume in this section that

QCcRY d=2or3, withdQ € C* and wu, € L>=(0,7,V)N LY (0, T, W">(Q)). (4.4)

4.1 A discrete-in-time regularized problem, (FP2?)

Similarly to [6] and [7], in order to prove existence of a weak solution to (FP), we consider a discrete-in-time
approximation, (FP?), of a regularization of (FP) based on the parameter L > 1, where the drag term, i.e.
the term involving V. s, in (4.1) and the corresponding term in (4.2a) are modified using the cut-off function

BE € C(R) defined as

S fors <L,

4.5
L for s > L. (4.5)

BL(s) := min(s, L) = {
The weak formulation of the regularization of (FP) leads to the following problem involving the cut-off function
gr. R ~
(FPL): Find v, , € L>=(0,T; L3,(2 x D)) N L?(0,T; X) such that
T N 6(70\ T R .
7/ M1/)*,Lf dq dxdt—|—/ / M [€V$¢*7L — Uy 1/)*74 V.o dgdxdt
0 JaxD QxD ~ ~ ~ ~

] M - (T 5G] Vg drarar= [ g pagar
QxD ~ QxD ~

V@ € WE(0,T; X) with o(-,-,T) = 0. (4.6)
We now formulate our discrete-in-time approximation of (FPr). We set, forn =1,..., N,
WA () = () = é /t" () dEEVAWE®(Q),  EE (to,t). (4.7)
-1
It follows from (4.4) and (4.7) that
I F oo 0,010y < Nltellzoe 0,781 (0 (4.8a)
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and ubtt s ou,  strongly in L0, T; WH>(Q)) as At — 0. (4.8b)

Next, we shall assign a certain ‘smoothed’ initial datum,
0 =4°(L, At) € Hy (2 x D),

to the given initial datum 1}0 such that

[ w[ie+at (Vo V.54 Vi 9,5)] dade = [ MM pdgda
QxD ~ ~ ~ ~ ~ QxD ~
V5 € Hy (Q x D). (4.9)

For r € [1,00), let

Z:={pe Ly, (AxD):3>0ae. onQx D; / M(q) @(x,q)dg < 1 for ae. z € Q}. (4.10)
s 1 N

In the Appendix of [8] it is proved for FENE-type potentials and o satisfying (4.3), with Yo € L3,(2x D)
replaced by the weaker assumption F(tbg) € L}, (2 x D), recall (2.9), that ¥° € H},(Q x D), satisfying (4.9),
is such that ¢° € 75,

M}'(zzo)dqu—i—zLAt/ M [|vw\/$0|2+\vq\/$012] dqug/ M F(do)dgdz  (4.11a)
QxD ~ Qx D ~ ~ ~ QxD ~
and

90 = BL(°) = ¢y weakly in L}, (2 x D) as L — o0, At—0,. (4.11b)

The proof given in [8] for FENE-type potentials carries across immediately to potentials satisfying (1.6). In
addition, with the stronger assumption (4.3) on g, it is easy to show that

M|1Z0|2dqu+At/ M {|vz$0|2+\vq$0|2} dqug/ M |9o[? dg dz (4.12a)
Qx D ~ Qx D ~ ~ ~ Qx D ~

and
90 = BL(°) = ¢y weakly in L2, (2 x D) as L — o0, At—0,. (4.12b)

Moreover, it follows from (2.7b), (4.12a) and (4.3), for any r € [0, 00) that

. DM lq|” ¢° dgq dz < C 142, (axp) < C||?/10HL2 @xp) < C. (4.13)
“ : 8

Our discrete-in-time approxnnatlon of (FPL) is then defined as follows
(FP t): Let z/)* L= =0 € Z,. Then, for n=1,..., N, given ¢ ' e Z,, find z/) 1 € X N Zy such that

bry — 00t .
M*LTtvLﬁdeder/ M[Evmw*’L *w*L}' msﬁdqu
QxD ~ ~ QxD ~
71 X i o~ ~ o~
+/ M| =900, — [(Voul)q) BY@0,)| Ve dgdz=0 VYgeX.  (414)
QxD 4AN ~ ~ ~ ~ I~

We note that if BL(AQ ;) in (4.14) is replaced by @f ;, then the resulting integral is not well-defined.

Lemma 4.1 Let the assumptions (4.3) and (4.4) hold; then, there exists a solution {QZS’L},JLl to (FP2!).
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Proof It is convenient to rewrite (4.14) as
oWl @) = LB WLL)(@)  VPeX, (4.15)

where, for all @1, ps € )?,
- PO ~ "~ At _ ~
a(p1, p2) = M (o1 o2 + At |:E Vi1 —ul o1 - Vchg + oY Vep1 Vg, P2 | dgdz, (4.16a)
QxD ~ ~ ~ ~
and, for all j € L>(Q x D) and § € X,

@) = [

M {w" 1o+ Atn[(v uy) ] ngo} dg da. (4.16b)
QxD

On noting (4.7) and that @le € Z,, it is easily deduced that a(-, -) is a continuous nonsymmetric coercive

bilinear functional on X x X, and £(1)(+) is a continuous linear functional on X for all j € L*® (Q x D).
In order to prove existence of a solution to (4.14), i.e., (4.15), we consider a regularized system for a given
6 € (0,1): Find ¥7 ; 5 € X such that

a5, 8) = LBEWT L)) (@) VEeX, (4.17)

where 3F(s) := max(B8%(s),d). In order to prove the existence of a solution to (4.17), we consider a fixed-point
argument. Given 1 € L3,(Q x D), let G(1)) € X be such that

a(G(¥),d) = LBEW)(B) VpeX. (4.18)

The Lax-Milgram theorem yields the existence of a unique solution G(¢)) € X to (4.18) for each 1 € L3,(2 x
D). Thus the nonlinear map G : L2,(Q x D) — X C L2,(Q x D) is well-defined. On recalling (2.6b), we
have that G is compact. Next, we show that G is continuous. Let {,(Z(p) }p>0 be such that zz(p) — LE strongly
in L2,(Q x D) as p — occ. It follows immediately that 8% (¢ )y — pE (12) strongly in L3,(Q2 x D) as p — oo.
As HG(’(/J(p)>||X < C(L, (At)~1), mdependent of p, it follows from (2. 6b) that there exists a subsequence

{G(W (Pk))}pk>0 and a function 7j € X such that G(w(pk)) — 7 weakly in X and strongly in L3,(2 x D), as
pr — 00; see the argument on p. 1233 in [6] for details. We deduce from the above, the definition of G and
the density result (2.5) that

a(7, @) = LBy (9)(@) V@ e C=(Q;C5°(D)). (4.19)

Noting again_ (2 5) yields that (4.19) holds for all € X, and hence 7j = G(@) € X. Therefore the whole
sequence G(z/J )) — G(w) strongly in L%,(Q x D), as p — oo, and so G is continuous.

Finally, to show that G has a fixed point, i.e. there exists a solution to (4.17), using Schauder’s fixed point
theorem we need to show that there exists a C, € Ry such that HzZHL?M(QxD) < C, for every 1 € L3,(2x D)

and k € (0,1] satisfying 1 = k£ G(¢)); that is,
a($,8) = s l(B; (), 8)  VpeX. (4.20)

In order to prove this, we introduce the following convex regularization F¥ € C?1(R) of F defined, for any
5 €(0,1) and L > 1, by

25 +s(logd—1)+1 for s <4,
Fl(s) = ( ) =s(logs—1)+1 for s € [0, L], (4.21)
LL +s(logL—1)+1 fors>L.

We note that

53 for s <0,

FE(s) > (4.22a)

it —C(L) for s >0



and  ([F]")(s) = (B (s)) "' 2 L™"  VseR. (4.22b)

Choosing @ = [FL]/(4) in (4.20), noting (4.22b), (4.7) and that ¢ V.[FE)'(¢) = V.GE(¥), where [GE)'(s) =
s/BE(s), yields that

~ ~ 1 —~ ~
/ M (;E(;L(w) +AtL7 e |V + 5 |qu|2D dgdz < M Ff (k977") dg da. (4.23)
QxD ~ ~ oo~

~ QxD

It is easy to show that F¥(s) is nonnegative for all s € R, with F£(1) = 0. In addition, for any « € (0, 1],
f(;L(/QS) < ]-'5L(s) if s<0orl<ks,and also Ff(ks) < FF(0) <1if 0 < rs < 1. Thus we deduce that
Fl(ks) < ]:5 (s) + 1 for all s € R, and € (0,1]. Hence, on applying the above bound and (4.22a) to (4.23)
yields that ||7,/}HL2 @xpy < Cx with O, dependent only on 4, L, At, u} and w" ! Therefore G has a fixed
point. Thus we have proved the existence of a solution to (4.17).

Choosing @ = [f(SL]’(AfVL,(;) in (4.17) yields, similarly to (4.23), that

- B -~ 1 o~
/ M (FE@ )+ AL e[Vt o + = [Vt 52| ) dgde
- } PN ¢z

< M FE@ )dq dz < C, (4.24)
QxD

where C' is independent of § as 1])\ L € Zy. We obtain from (4.24) and (4.22a) that HJ 1sllg < C. Similarly
to the continuity argument for the mapplng G above it follows from (2. 6b) that there exists a subsequence

{1/)* 1.6 yor>0 and a function w”L € X such that 1/)* Lo wnL weakly in X and strongly in L2,(€ x D), as
0 — 04. The fact that 1/1*7 > 0 follows from the first term on the left-hand side in (4.24) and the bound
(4.22a). Hence, we have that 5§Lk(Af,L’§k) — BL(AZ:’L) strongly in L3,(Q2 x D), as §; — 0,. Therefore, we
can pass to the limit 6, — 04 in (4.17) for ¢ € C>(Q;C§°(D)) to obtain (4.15) for § € C*(£;C5°(D)).
The desired result (4.15) for all 3 € X then follows from the density result (2.5). Finally, to conclude that

w”L € X N Z,, we need to show the integral constraint, p(Mz/J () € [0,1] for a.e. z € Q, on recalling
(4. 10) and (1.10b). This follows from a maximum principle, see p. 1234 in [6] for details. O

Next, we note the following result.
Lemma 4.2 Under the assumptions of Lemma 4.1 the solution {¢* L} o to (FPR) is such that
g(M L), g(MBH(} L)) € HY(Q), p(My},) € H'(Q),

formn=0,...,N, and satisfy

1 - -
o /Q {g(wa,L) —p(M A} 1) ﬂ : g dz =0 vg € gl(Q), (4.25a)
/ pM L) —p(M LG
Q At nmar
/Q [5 Vap(MYT ) Ven - p(M P ) (W) Va)n|de=0  ¥neH(Q). (4.25D)
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Proof On noting (2.4), (2.3) and (1.8), we have that g =n € X, for any n € C>(Q), and ¢ €
for any ¢ € 0*°(Q). The first choice of @ in (4.14) immediately yields (4.25b) for any 1 € C*(Q
The second choice of ® in (4.14) yields, on noting (1.10a) and (1.14), that, forn =1,..., N,

¢

ZN\
}< )

4
)

(MO ,) — (M §7Y) . i
/Q = A; :§+5ymg(MW,L) ::YfS_U(MWL)i(’Ef'Vz)g dz

= [ (9 u) gV B + o (M B (D)) (Fou)"] - Cda

1 - Q
= M (vq Y1 Valg qT)) :Cdgdz V¢ e C™(Q). (4.26)
QxD ~ o~ ~ o~ ~

Noting (2.5), we can appr0x1mate 1, for fixed L, At and n, by a sequence {QZZ’F}mzl such that
1222” € C°°(Q;C§° (D)) and z/b\fin — TZ:LL strongly in X as m — oc. (4.27)

Then we have for any ¢ € C>(Q) that

Lo (Vi vata ™) cagar=— [ g |, (aviaah)] scagas
QxD ~ Yo~ ~ QxD ~ N~~~ ~ ~ 7~
+ qu(zzfyL - JZF) Vy(gq") : ¢(dgdx
QxD ~ ~ e~ ~ o~ ™

=T +T>. (4.28)

It follows from (1.14), (1.7) and (1.10a,b) that
T=2 [ [ordny) = p 07 1] s o
=2/Q[g(M$:iL> p(M1,) 1]+ Cda
w2 [ [oOr@ry =9, - s @2 = )1 ¢do
Q

=:T5 + Ty. (4.29)
Next we note that (1.10a,b), (2.3) and (1.8) yield

| To| + || < CNClLoo @) 1970 = U1 1y, @xD)- (4.30)

Hence, it follows from (4.26)—(4.30) that (4.25a) holds for any g € C™(Q).
Finally, similarly to (2.7a), we have, for € L3,(Q x D), that
||0(M<P)||L2 @ + ||U(M5L( N2 + 1M @)Lz < C 1@l L2, @x D) (4.31a)
and, in addition, we have, for V,3 € L%,(Q x D), that
IVeo (M 3)|z2() + V20 (M BX()) 2@ + [ Vap(M @) L2(2) < ClIVadllzz, @xp)- (4.31b)
Hence @fL € X, recall (4.12a) for n = 0, yields that g(M QZS,L)» g(M ﬂL(AfyL)) e H'Y(Q), p(M 'thL) € HY(Q),

for n = 0,..., N. Combining these, the fact that u? € W1>(Q), n = 1,..., N, and that C°°(Q) is dense in
H(Q) yield that (4.25a,b) hold. O

16



4.2 Uniform bounds on the solution of (FP2?)

We note the following result.

Lemma 4.3 Let the assumptions of Lemma 4.1 hold. Then, we have, for any r € R>q, that
Mg 4P, dgde < C,  n=0,...,N. (4.32)
QxD ~ ’ ~

Proof We first prove (4.32) for any r > 2. Similarly to the proof of Lemma 4.2, we can choose, on noting
(1.8), ¢ =|q|", for any r > 2, in (4.14). This yields, on noting (1.14), that, forn =1,..., N,

~

AnL—'l)/)n71
Mlq|" | 2222 | dgda
QxD ~ At ~ T
. -~ 1 ~
= [l [T ) 84 — 5 Valt] g g (133)
« ~ ~ ~ ~ o~

We then approximate @ 1, for fixed L, At and n, by a sequence {1@17’21}7,121 satisfying (4.27). Hence
M |q|" Vol - q dg d
QxD ~ ~ T~ o~
=— YU Ve (M g|"% q) dg da + Mg 2 V(¢ — ") - q dgdx
QxD ~ ~ ~~ QxD  ~ ~ ~ o~
=Ty +Ts. (4.34)

It follows from (1.7) and (1.6) that
Ti= [l = (=2 a2 dgas
QxD ~ ~ ~
:/ M[|q|r—(d—|—r—2)qr_2] zZ)\fL dg dz
QxD ~ ~ ~
+ / M [w —(d+7-2) |q|’"—2} (017 = dp) dgde = Ty + T, (4.35)
QxD ~ ~ ~
Next we note from (2.3) and (1.8) that

| To| + |Tu| < Cllv7 L — 0 lm, @xp)- (4.36)

Hence, on setting, for any 3 € R>,

Al = M\qPqZZL dq dz, n=20,...,N, (4.37)
QxD ~ ~

combining (4.33)—(4.36) and noting (4.27), AQL > 0 and (1.10b) yields, for n = 1,..., N and any § € Ry,
that

Atr

1 - An

n—1 r L/ n d+r—2 n

SA’I“ +At7’ M|q| ﬂ (¢*L)|vmu*|dqu+ Ar72
QxD ~ e o~ ~o 4\

<AL Atr [ M |q|" X 1) [V, u?| dg dx]

QxD ~ ~ v~

d+r—2
,

+ At 5y

[5 A" 4 8% p(M JQL)] . (4.38)
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Choosing § = m in (4.38), and summing for n = 1,...,m, yields, on noting @f’L € 22, (1.8) and (4.5),
that, form=1,... N

m ’[“m n
N AtA
tan 2 A

m—1
<A +C (AtL Vo ul|pia) + Y A|Vy ul|pe(a) AY +tm> : (4.39)

n=1

Therefore, applying a discrete Gronwall inequality to (4.39) yields, on noting (4.13) and (4.8b), the desired
result (4.32) for > 2. The result (4.32) for r € (0,2) follows immediately from (4.32) for r = 2 and r = 0,

the latter holding as ¢}’ € Zo, n=0,...,N. O

We now introduce the following definitions, in line with (4.7):

- t—th_ n tp — 1 ~,_
w*,L('at) = qu/}*,L(') At f,Ll(')a te [tn—htn]a n=1,...,N, (44034)
-~ ~n TAL,— n—
Vo Gt =l 0) DTG =), tE (bt n=1,0 N (4.40b)

We shall adopt @ﬁz(,ﬂ:) as a collective symbol for A*A’tL, A*A)tL’i. We note that

At

R — T = () 5 tE (tamita), n=1. N, (4.41)
where ¢} :=t, and t,; = t,_1.
Using the above notation, (4.14) summed for n =1,..., N can be restated in the following form.

(FPLY): @[JN T(t) € X N Z satisfy

8 TAt
/ M a”@ dxdt+/ / mw“* Afwmﬂ-vw@dqudt
QxD QxD ~ ~ "~
//QD { brpt = [(Vault) ]ﬁL(wA”)]-yq@dngdt:o
X ~ ~

V@ e L'(0,T; X) (4.42)

and the initial condition &fg(, 5 0) = TZO(-, \) € Zo. We emphasize that (4.42) is an equivalent restatement
(FP£") for which existence of a solution has been established under assumptions (4.3) and (4.4) on the data

(cf. Lemma 4.1).
Similarly, we rewrite (4.25a,b), n = 1,..., N, using the notation (4.7) and (4.40a,b) to obtain:

(82 g(MEEL™) (1), g(M BHGRL (B, p(M 92L%)(t) € H'(Q) satisty

Q

T2 /0 /Q [P<M @fff) I —o(M @ﬁé*)} (Cdadt=0 Ve LX(0,T; 1:11(9)), (4.43a)

T TAL
[ [”?” eV M) Vo M) (7, ]dgdfzo

v € L*(0,T; H(Q)) (4.43Db)
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and the initial conditions g(M zZ*AtL(, - 0)) = g(MiZO(-, ), p(M QZ*AE(7 -0)) = p(M 9°(-, ).
On noting (4.40a,b), (1.10b), (4.32) and that @fL € Zy,n=0,...,N, we have, for all € [0, 00), that

@ﬁz(,i) >0 a.e. on 2 x D x [0,T], I | " wAt@ HL}V[(QXD) <C (4.442)

and
[o(M §25))( / M(q) 921 (2,q,t)dg <1 for ae. (z,) € Q2 x [0,T). (4.44D)

Moreover, we have the following result.

Lemma 4.4 Under the assumptions of Lemma 4.1 we have that

esS.5UP (0,7 / MF@o (1) dgde + 5+ / M (3" =90y ) dg du dt

QxD
+ / / M @v,ﬂ/aﬁfiwu |vq\/«$§g<i|2] dgdzdt < C. (4.45)
0 QxD ~ ~ ~ 7

In addition, we have that

ar? *L 7 dgda dt
QxD

< C @2 0,m5w 15 (2x DY) Vp e L2(07T§ Wl’OO(Q x D)). (4.46)

Proof Similarly to (4.21), we introduce the following convex regularization F € C%1(R) of F defined, for
any L > 1, by

=s(l —1)+1 A L
Fi(s):= § Tl Fslogs 1)1 ors €0, L), (4.47)
57— +s(logL —1)+1 fors> L.
We have the following analogues of (4.22a,b) for all s € Rsq:
Fhs) > F(s),  ((FH")Ns) =B ()P = L7 and  ([FF]")(s) > s (4.48)

For any a € R, choosing & = xo.¢,] [F*] (wAtL+ +a),n=1,...,N, in (4.45), noting (4.48), (4.7) and that

(w*AtLJr +a) V. [FE) (w*AtLJr +a)= yng(wfjﬁ + ), where [GL)(s) = s/8(s) for s > 0, yields, similarly to
(4.34), that

M FE@RT (L ) +a)dgdz + / M 2y =2y dgdadt
QxD 2AtL 0 QxD ’ ~
|vaﬂ/’At+|2 1
+— (FIY @20t + a) Vot P | dgdadt
[0 e G A AR D A T
< M FEP + o) dg da
QxD ~
tn A BL(¢At+) A
+/ M[(Vyu2tt) ¢ ——=— Voo dgdedt =T +To. (4.49
QxD (e >~}5L(¢f2++ a) ~' ~ L !

As ufT € L®(0,T; V), it follows from (2.8) that

tn
ng/ Mqq® ¢f2+ V um+dqd:17dt
0 QxD

AL+
[1 L)

tn
_ MI[(V, ft&
/ s ) N

~ ~

qwm T dg dz dt. (4.50)
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As, for all s € Rx,

BE(s) 1 BL(S—l—oz)—ﬂL(s) BL(s +a) — BL(s) _
0<( ,BLs—i—a) \/m \/m < NG <a,

we have, on noting (4.44a), (4.8a,b) and (1.8) that
t
\T2|s/ w2l o) (/ M qf? w“+dqu) t
0
+f/ /|v ug (/ M|q|¢ FOyert +a) [Vedrrt| dq) dz dt

< (/ M(FRY (20" + a) |vq¢“+| dqudt) +C(1+a). (4.51)
8)‘ QxD ~ T

Combining (4.49) and (4.51) yields, on noting (4.48), that, for n =1,..., N and any a € Ry,

M FERT )—l—a)dqu—i— / M oyt =gy )dqudt
QxD QAtL QxD
/ / 2 wAHP + ! quAHlQ dg dxdt
€ —=< —_— q axr
QxD ftL++ 8\ 1/J*AtL++ S
< M FL(0 + a)dgdz + C (1 + a). (4.52)
QxD ~ "~

Passing to the limit @ — 04 in (4.52), noting that .FL(zZO) = FL(ﬁL(le)) = .F(BL(fLZO)) < .7—'(120), as L > 1,
(4.48), (4.11a) and (4.3) yield the desired result (4.45) with @fz(’i) in the first and third terms replaced by
w*AtLJr It follows from (4.12a) and (4.3) that (4.45) holds with z/JAt( %) in the first and third terms replaced
by wﬁtL . It is then a simple matter to derive the desired result (4.45) on recalling (4.40a,b), the convexity of
F and that |~V1\/7\2 < 2(|Va \/wAt 124 |NVM/12J\*A£_ 2), see p. 44 in [5] for details of the latter result.
Finally, to obtain the bound (4.46) from (4.42), we have, on noting (4.45), (4.44a,b) and (4.8a), that

T
/ MV oyt V.§ dgdzdt
0 QxD ~

~A i ~
<22 e porrizt oy IV eV 92E 20,7503, x| VB2 Tz @y

<C ||Nvm90||L2(O,T;L°°(Q><D)) (4.53a)

and

M [(Vyu) ]BL(wA”) Vo dg dzdt
QxD ~ ~ 0~

<1 [ Mgl 3525 dallim sty 192 6o mizsion Vol azoa ey

<C ||/ M¢At T dql|pe 07,20 llla)? 1/)* Il poo 0,71 L @xo) [1IVe@llz2 oL~ @x D))
<C ||qu50||L2(O,T;L°°(Q><D))- (4.53b)
The remaining two terms in (4.42) are bounded similarly. O

Lemma 4.5 Let the assumptions of Lemma 4.1 hold. In addition, if 4 L> At <1 then we have that

T
TA, TA
ess.supsefo,r1 |7 (M D21 (1) 220 + / 192 o (M 32543 dt < C, (4.542)
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T
ess.supy o, 71 [P(M V21 (01720 +/ IV p(M Ve dt < C. (4.54D)

Proof Choosing ¢ = X(o,1,] ~(Mw ), n=1,...,N, in (4.25a) yields, on noting (2.7a), (4.12a), (4.3),
(4.8a,b), (4.44a,b), (4.5) and (1.8) that

1 ~ Lt ~AL—
Sl Do)y +3 [N B2) = o0 T34 oy
tn
n / [ lo(M 325 ) 220 + <19 o<M¢“+>||iz<m} dt
t’n o~
31T Doy + 35 [ [ o102 s M2 dra

/ (902t 0 B2 + o (M B2 (T e)T] s oM 324 daa

< C+ C ALV ul™™ (tn)]|2() |\J(M¢At Itz
th_1
2 / 70 | e e o (M 257 [
th_1
<O+ AL o P ) ey +2 [ IVt oy oM B2y at. (455)
0

Therefore, applying a discrete Gronwall inequality to (4.55) yields, on noting (2.7a), (4.12a), (4.3) and (4.8b)
that the bounds in (4.54a) hold.

Similarly to the above, choosing 1 = x|o.,,] (M ql)At ), n=1,...,N,in (4.25b) yields the bounds (4.54b).
O

Remark 4.1 We note that Lemma 4.5 is valid for d = 3, as well as d = 2, as it exploits the L>(0,T;V) N
L0, T; W1>°(Q)) regularity of u,, recall (4.4). If u, were only in L?(0,7;V), then one has to use the
Gagliardo-Nirenberg inequality, (2.2), in the proof of Lemma 4.5, and this will lead to a restriction to d = 2.
This is the same reason why the existence proof for the Oldroyd-B model, via the convergence of a finite
element approximation, is restricted to d = 2 in [3], see Theorem 7.1 there.

4.3 Passage to the limit L — co (At — 0,)

We are now ready to pass to the limit L — oo, At — 04 in (FP2?), (4.42), and (S2%), (4.43a,b). In view of
the assumption on L and At in Lemma 4.5 we shall choose At < (4 L?)~! as L — cc.

Theorem 4.1 Let the assumptions (4.3) and (4.4) hold on the data, and let At < (4 L?)~! as L — oo. Then,
there exists a subsequence of {’(/J* t Y1>1 (not indicated), and a function ¢* such that

|q|T1/J* € L>(0,T; L;(Q x D)), for any r € [0, 00), (4.56a)
¥, € HY(0,T; M~ '[H*(Q x D)), for any s >d+1, (4.56b)

with
¥, >0 ae onQxDx[0,T] and /M ) oz z,q,t)dg <1 for ae. (z,t) € Q2 x[0,T], (4.57)

and finite relative entropy and Fisher information, with

F(,) € L0, T; LY (Q x D)) and /¥, € L2(0,T; H.;(Q x D)); (4.58)

such that, as L — oo (and thereby At — 04 ),

Mz V[ = ME VoY, weakly in L*(0,T; L*(Q x D)), (4.59)



M2 V[0 = M2V, weakly in L*(0,T; LA( x D)), (4.59b)

At -~
M 12? - M 8;;* weakly in L*(0,T; [H*(Q x D)]'), (4.59¢)
‘CI‘ (i Ty i)> |CI| ¢At( o ] 1. strongly in LP(0,T; L3, (Q x D)), (4.59d)

for any p € [1,00).
In addition, for s > d+ 1, the function 1, satisfies

T
—/ Mw* dqudt—i—/ / EV UJ* u*w* . mgodqd:cdt
0 QxD QxD

/ /QXD [ qi/J*— {(V u) ]%]' <pdqd:cdt

QxD ~o~ v~ ~

Proof We shall apply Dubinskii’s theorem, Theorem 2.1, to the sequence {Jf‘i} r>1- On noting (4.45), we
select Ag = L},(2 x D) and

2 2
M={@6Ao :3>0 with / Mﬂvz\f@\ + VoV ] dqu<oo}, (4.61)
Qx D ~ ~ ~ ™~
and, for ¢ € M, we define
2 2
o= ola+ [ 2t || 93]+ [vavE[ | dgaz
X

Note that M is a seminormed subset of the Banach space Ag. As H} (2 x D) is compactly embedded in
L3,(2x D), recall (2.6b), one can deduce that the embedding M < Ay is compact by applying the argument
on p. 1251 in [6]. On noting (4.46) and as Sobolev embedding yields that H*(2 x D) — W1>(Q x D), for
s > d+ 1, we choose A; := M7H*(Q x D)) := {p : Mg € [H*(Q x D)]'}, where [H*(Q x D)]" is the
dual of H*(Q2 x D), equipped with the norm [|¢||.4, := [[M®|||zs@x )y - For such s, it follows from Sobolev
embedding, for any @ € Ay = L},(Q2 x D), that

Mo, 1@l (2xpylIXI| Lo (@x D) -
1l = sup MO0 o, 1Pl < C3ll4n
XEH?*(Qx D) ”XHH%QXD) XEH?*(Qx D) HXHHS(QXD)

Hence, we have that Ag < A;. Thus, our choices of Ay, M and A; satisfy the conditions of Theorem 2.1.
Applying this theorem with g = 1 and «; = 2, implies that the embedding

dy

{s@ 071 M el + |5

< oo p < LYN0,T; Ay) = L*(0,T; L}, (9 x D))
L2%2(0,T;A4)

is compact. Using this compact embedding, together with the bounds (4.45) and (4.46), in conjunction
with (4.44a) and Sobolev embedding, we deduce (upon extraction of a subsequence) strong convergence of

{’(ZJ\*A’E}L>1 in L(0,T; L}, (Q x D)) to an element ¢, € L(0,T; L}, (Q x D)), as L — oc.
Thanks to the bound on the second term in (4.45), (4.40a,b) and (1.8), we have that

~ ~ TIO T -~
H’(/}*A,E - wﬁtﬁiHLl(mT;L}w(QxD) < # (/ MdQ) / M (bt —y2b7) 2 dg dadt
D ~/) Jo Jaxp ~

< CALL. (4.62)
On recalling that At < 4L~2 together with (4.62) and the strong convergence of {@ﬁE}LM to 12* in

LY0,T; L}, (Q x D)), we deduce, as L — oo, strong convergence of {¢°4%}, o1 in L1(0,T; L}, (Q x D))

22



to the same element ¢, € L'(0,T; L}, (Q x D)). This completes the proof of (4.59d) for $="**) with r =0
and p=1.

From the first bound in (4.46) we have that {wm( jE)}L>1 are bounded in L*°(0,T;Li,(Q x D)). By
Lemma 2.1, the strong convergence of these to 1/1* in L1(0,T; LY, (Q x D)), shown above, then implies strong
convergence in LP(O T; L1, (Q x D)) to the same limit for all values of p € [1,00). That completes the proof
of (4.59d) for P2 with r = 0 and any p € [1,00).

Strong convergence in LP(0,T; LY, (Q x D)) for p > 1, implies convergence almost everywhere on Q x D x

[0,T] of a subsequence. Hence it follows from (4.44a) that ¢, > 0 a.e. on Q x D x [0,T]. Applying Fubini’s
theorem, one can deduce from the above and (4.44b) that

/ M(q w* z,q,t)dg <1 for a.e. (z,t) € Q x [0,T]. (4.63)
Since F is nonnegative, one can deduce from Fatou’s lemma and (4.45) that, for a.e. ¢t € [0, 7],

M(q) F(d.(x,q,t)) dgdz < lim inf, e M(q) F(21 ) (2, q,1) dgdz < C. (4.64)
QxD ~ o~ ~ QxD ~ N~ ~

As the expression on the left-hand side of (4.64) is nonnegative, we deduce the first result in (4.58). Similarly,
one can deduce from (4.44a) that, for any r € [0,00) and a.e. t € [0, 7],

M(q) |q| w*( )dq dx < lim infr_, M(q) \q\ wm +( ,t) dgdx < C. (4.65)
QxD  ~ QxD  ~ ~ ~

Hence (4.56a) holds.
Since |\/c1 —/c2 | < /|1 — o for any ¢1, ca € R>q, we have, for any 7 € [0,00) and p € [2,00), on noting
(4.65) that

e ~At(,+
Hal™ (Dx — D2 5) g mwxm
r A i A i
af” (x/w*ﬂ/w;;‘ ) (\/w* Vorh )

At(:l:||2

2 SAL(E) 13
<22 |||Q| 7(¢*+¢ )Hzoo(o,T;L (Qx D)) ‘W*_ *L L2(0TL (©@x D))

L>°(0,T;L, (2% D)) L% (0,T;L}, (2% D))

t(,£) 2
L HL2(0TL1(Q><D))' (4.66)

S C||¢* -

*

Hence, for any p € [2,00), the desired result (4.59d) for wAt@ ) with any r € (0,00) follows from (4.59d) for
wAt(’i) with 7 = 0; thus, by Holder’s inequality, it is also true for p € [1,2). Therefore, we have completed

the proof of (4.59d) for wAt( ) The proof of (4.59d) for ﬂL(A*At(’i)) follows, on noting (4.5), that, for any
r € [0,00) and p € [1,00),

Il (@ = BE@e N o o,r:01, 05 D))
< lal" (%x = BE@ ) woo1;21, @x ) + | lal” (BE(e) = BE@L N ioom:8, 0Dy

AL+
< |g|" (¢ — 5L(¢*))HLP(0,T;L}W(QxD)) + gl (e — %,tL( ))”LP(O,T;L}W(QXD))' (4.67)

The first term converges to zero using Lebesgue’s dominated convergence and the convergence of 5% (12*) to

¥, a.e.on Q2 x D x (0,T) as L — co. Hence, (4.59d) for BL(:At(’i)) follows from (4.59d) for PRE),
It follows from [\/ci —/c2| < /|1 — 2| for any ¢1, c2 € R>o and (4.59d) with 7 = 0 that
FR VTS /5 . 2
Mz, 7 = M2 Py strongly in LP(0,T; L°(Q2 x D)), (4.68)
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as L — oo. The weak convergence results (4.59a—c) are then easily deduced, see p. 1268 in [6] for details. In
addition, (4.56b) and the second result in (4.58) hold.

We now pass to the limit L — oo (and At — 04) in (FPY), (4.42). We shall take at first § € € := {@ €
CL([0,T]; C>=(Q; Cs°(D))) : #(-,+, T) = 0}. Integration by parts with respect to ¢ on the first term in (4.42)
gives

T
by AN 0p
/ M Lgodqudt / M AL =2 5 d dz dt
QxD 0 QxD

— | M@)d(r.9)@(x,q.00dgdr VPEE  (4.69)
QxD  ~ RPN ~

Using (4.59d) and (4.12b), we immediately have that, as L — oo (and At — 04), the first term on the

right-hand side of (4.69) converges to the first term on the left-hand side of (4.60) and the second term on

the right-hand side of (4.69) converges to — [, , Yo(z, q) #(z,¢,0) dg dz, resulting in the first term on the

right-hand side of (4.60). On rewriting wam ) \/z/)At V. \/wftL+, and similarly quftL+, it is a simple
matter to pass to the limit L — oo (and At — 04) in the remaining terms of (4.42) using (4.56a), (4.59a,b,d),
(4.68) and (4.8a,b) to obtain (4.60) for all § € €.

Finally, we note that for any s > 0, C*(Q; C§°(D)) is dense in L%(Q; H*(D))NH*(Q; L%(D)) = H*(2x D),
and so € is a dense linear subspace of the linear space of functions W11(0,T; H*(2 x D)) vanishing at ¢t = T..
It follows from this, (4.56a,b), (4.58) and (4.4) that (4.60) holds for all € WL1(0,T; H*(Q x D)), for any
s >d+ 1, vanishing at t =7. O

Lemma 4.6 Let the assumptions of Theorem 4.1 hold. Then we have, on possibly extracting a further subse-
quence of {wﬁtL}LN, that, as L — oo (and thereby At — 04 ),

o(M B (001 )), o(MAOSy™) = a(M ) strongly in LP(0,T; L'()), (4.70a)
<:7(M ety - <:7(M O,)  weak* in L>(0,T; g;(a)), (4.70D)
<:7(M PALTY ;—(M O,)  weakly in L*(0,T; 1511(9)); (4.70¢)

and
p(M 20y = p(M ) strongly in LP(0,T; L*()), (4.71a)
p(MY2ET) = p(M ) weak* in L=(0,T; L*(2)), (4.71b)
p(M2yT) = p(M ) weakly in L*(0,T; H(Q)), (4.71c)

for any p € [1,00). In addition, it follows that
o(M ) € L=(0,T; L*(Q)) N L*(0, T; H'(2))
and p(M 1) € L>®(0,T; L*(Q)) N L*(0, T; H'(Q)) (4.72)

satisfy

//NMQ/J* Ndxdt

/ /{ U, - V,)o Mw*)}iijLeNng(M@*) ;;szi] d dt
+/ / {m Z(W*)"’(W*E)—(@wwa(M@)+a<MzZ*><ywy*>T)]:idfdt

— [1o01T0)(@): ¢lz,0ds V¢ € WHI(0, 15 B () with €(T) =0, (4.730)
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[ o Parars [ [ ([ o8] nt e VapM ) V] dra
= [ pOrTol@nt.0)ds v e WH0.7 () with 1(.T) = 0. (4.73b)
Proof The desired result (4.70a) follows immediately from (1.10a) and (4.59d) as
||U(M<P)||LP o701 () < | |¢J| Pllzro.1inr, 2xpy) VP s.t. |€l|2 @ € LP(0,T; L, (2 x D)). (4.74)
The desired result (4.71a) follows immediately from (4.59d) as
p(M D)L 0,751 (2)) < 1@llLe0,1:1, (2x D)) V$ € LP(0,T; Ly, (22 x D)). (4.75)

The desired results (4.70b,c) and (4.71b,c) follow immediately from (4.54a,b), (4.70a) and (4.71a). Hence,
(4.72) holds.
We now pass to the limit L — oo (and At — 04) in (S2¢), (4.43a,b). We shall take at first § €

CH([0,T);C*>*(Q)) with £(-,-,T) = Q and 5 € C'([0,T];C>(Q)) with n(-,-,T) = 0. Integration by parts
with respect to ¢ on the first term in (4.43a) gives, for all £ € C'([0,T]; C>*(Q)) with £(-,-,T) = 0,

//80M¢*L PEdedt = //NMw ~dxdtf/[~<M¢0>M>s<x,0>dx. (4.76)

Using (4.70b), (2.7a) and (4.12b), we immediately have that, as L — oo (and At — 0. ), the first term on the
right-hand side of (4.69) converges to the first term on the left-hand side of (4.73a) and the second term on
the right-hand side of (4.76) converges to

- / g(M0)](2) : £(2,0) dg
QxD ~

resulting in the first term on the right-hand side of (4.73a). It is a simple matter to pass to the limit L — oo
(and At — 04) in the remaining terms of (4.43a) using (4.70a—c), (4.71b) and (4.8a,b) to obtain (4.73a) for
all £ € C'([0,T]; C*>(2)) such that £(-,T) = Q. Similarly to the above, we can pass to the limit L — oo (and

At — 0) in (4.43b) using (4.71a—c) and (4.8a,b) to obtain (4.73b) for all n € C*([0,T];C>(Q)) such that
Finally, we note that C*([0,T]; C>°(Q)) is a dense linear subspace of the linear space W11(0,T; H'(Q)).
It follows from this, (4.72) and (4.4) that (4.73a) holds for all £ € W'(0,T; H'(Q)) vanishing at ¢t = T and

(4.73b) holds for all n € WH1(0,T; HY(Q)) vanishing at t =T7. O

Remark 4.2 As we assume that [p (M@Z)O = [, M ¢0 z,q)dg = 1for ae. g € €, recall (4.3), i

follows that p(M,) = 1 is the unique solutlon to the hnear problem (4.73b). Similarly, p(M @[’*,L) =1,
n=0,..., N is the unique solution of (4.25b).

5 The Hookean dumbbell model
Putting together the results in the previous two sections we have the following result.
Theorem 5.1 Let d =2 and 00 € C%H, for p € (0,1). Let

u€eV and  f€ L“‘(O,T;y(Q)) NL* (0,75 L°(%)), (5.1)

forve (1,3] and s € (2,4). Let by satisfy (4.8) with go := g(M 120) € W2(Q). It follows that there exist
uop and gop = ggB satisfying (3.12a,b) and solving the Oldroyd-B system (3.2a,b).
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In addition, there exists 1203 satisfying

|q|TQZoB € L>(0,T; L}W(Q x D)), for any r € [0, 00), (5.2a)
with

Yop >0 a.e. onQxDx[0,T] and / M/(q wOB(:L‘ ¢;t)dg =1 for a.e. (z,t) €2 x[0,T],  (5.2b)

Fldor) € L¥(0,T; Ly, (2 x D)) and \/vop € L*(0,T; Hi (2 x D)); (5.2¢)

and solving, for s >d+1,

T
— / M¢OB - dq dx dt +/ / €V$wo]3 — uoB ’lpOBj| - Vo dgdxdt
QxD QxD ~ ~

/ /Q D [4)\~qu3 [(Yw'INlOB) :|¢OB:|' qwdqudt

Mwo(g q) @(z,q,0)dgda VG € WL(0,T; H*(Q x D)) with 3(-,-,T) = 0. (5.3)

QxD

Moreover, we have that gop = g(M TZOB). Hence, (yOB,QZOB) solve the Hookean dumbbell model, (3.2a)
and (5.3); and (uoB,goB = g(M YoB)) solve the Oldroyd-B model, (3.2a,b).

Proof Theorem 3.2 immediately yields the existence of uop and gop = ggB satisfying (3.12a,b) and solving
the Oldroyd-B system (3.2a,b). By applying Theorem 4.1 with u, = uop yields the existence of 1ZOB sat-
isfying (5.2a—c) and solving (5.3). Finally, by applying Lemma 4.6 with u, = uop yields that g(M 1203) €
L>(0,T; L2(Q)) N L2(0,T; H'(2)) satisfies )

23

/ /NM@/JOB ”dxdt

N / / [(uOB-mo(Mqum} €+ e Voo (M Gop) = Vot | dudt
o Jall~ ~ ~ ~ ~T A~

+ /T/ {21)\ (g(MTZOB) - £) - ((Ym QOB)g(MJOB) + g(M1$OB) (Yz gOB)T)] : id{?dt

— [0 d0)(@):¢z,0)dz  ¥¢ € WO T H () with €(,T) =0, (5.4

where we have noted from Remark 4.2 that p(M 12013) = 1. Comparing (5.4) and (3.2b), and recalling the
uniqueness result of Theorem 3.2 yields that gop = g(M o).

Hence, (uos, 1203) solve the Hookean dumbbell model, (3.2a) and (5.3); and (uoB, go = g(M @OB)) solve
the Oldroyd-B model, (3.2a,b). O

6 Concluding remarks: subsolutions and stress-defect measure

We close the paper with a discussion aimed at explaining why an alternative, apparently more direct, approach
to proving the existence of large-data global weak solutions to problem (P), along the lines of our paper [7],
fails in the case of the Hookean model, and why we had to resort in this paper to a different line of reasoning
than in [7]. We shall describe this direct approach for both d = 2 and d = 3 space dimensions, and will also
indicate the improvements that can be achieved in the case of d = 2. As will be explained below, however,
these improvements are still insufficient to complete the proof of existence of global weak solutions to the
model with that approach, even in the case of d = 2. On the other hand, for both d = 2 and d = 3, this direct
approach still establishes the existence of global weak subsolutions, in a sense to be made precise below.
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A direct existence proof for problem (P) would follow the approach in [7] based on a discrete-in-time
regularization of (P), similar to (FP2?), (4.42):

(PA%): Find (u2" (1), 92" (1) € V x (X N Zy) s.t

8'U/At T
/ / wdxdt—i—/ / H(u%t’_- D §t+] WVt v w} dz dt
~or 0 Q ~

:/ [(fAt’Jr,w)Hé(Q)k/ o(MPEtty Vmwdx} dt  Yw e L'0,T;V), (6.1a)
0 ~ ~ Q~ ~or ~

~

/ M L gpdqdmdt—i—/ / EV PRt Aft’q - V,$ dgdz dt
QxD QxD ~ ~

N RS e (Y ﬁ%ﬁf”)} V.7 dgdedt =0
QxD =~ ~ ~ ~
V@ e LY0,T; X); (6.1b)
subject to the initial conditions u2%(-,0) = u® € H and ¥2%(-,-,0) = BL(¢°(-,-)) € Z,. Following the line of

reasoning in [7] one can establish, for Q C R%, d = 2 or 3, with 9Q € C%!, the existence of a solution to (P£?)
satisfying the uniform bounds

T T
At(+ 1 At4+ At At +
esssupiepo 02 P Ol sy + 57 [ 102 = 0" e de+ v / 02 3 gy

+ ess.supyepo, 1) 2k / M}'(qut’i( t)) dq dr + =— / At’+ — @ft’_)Q dg dzdt
QxD At L Q><D ~

T
+8k:5/ M|V /7T dg dzdt + k/ M |V \/ 5T dgdzdt <C. (6.2)
0 QxD ~ A 0 QxD ~

In addition, one can establish that @ft’i >0ae. in QxDx[0,T], p(&ft’i) =1a.e. in Q x [0,T], and

3u%t ) d
-wdzdt S C ||wHL2(O,T;VH) Yw e L (O,T, VIL)7 for w > 5 + 1, (63&)
81/} -~ 2 1,00
. ot @dq dxdt < C@ll 207w (x D) Vg € L7(0, T; W>>(Q x D)), (6.3b)
X

where V, is the completion of {w € C§°(Q) : V,-w =0 in Q} in H} () NWH2(Q). It follows from the fourth
bound in (6.2), (2.10), (1.3) and (1.6) that

€ss.SUPy¢ 0,7 /Q DM (1+1q/%) ALAt’i(t) dgdz < C. (6.4)
« ~ ~

Motivated by the form of the denominator of the prefactor of the multiple integral in the fifth term on
the left-hand side of (6.2) we let At = o(L~!) as L — oo, so as to drive the multiple integral appearing in

that term to 0 in the limit. Then, one can establish the existence of a subsequence of {(ust,¥2%)} 1~ (not
indicated), and a pair of functions (u, 1)) such that

~

we L®(0,T; L*(Q) N L*(0, T; V)N HY(0,T; V'), > g +1, (6.5)
and
e L0, T; LY, (2 x D) NHY0,T; M~ H(Q x D)), s>d+1, (6.6)
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with ¢ > 0 a.e. on 2 x D x [0, 7], In M(g)@(g,g,t)dg =1 for a.e. (z,t) € Q x [0,T],

F(¥) € L>®(0,T; L},(Q2 x D)) and /¢ € L2(0,T; H.,(Q x D)), (6.7)

whereby (1 + |gN]|2) )e L>(0,T; L}, (2 x D)); such that, as L — oo (and thereby At — 0,),

WV Sy weak™ in ) o
g I in L(0, 73 L2(9), (6.82)
uDH g weakly in L?(0,T; V), (6.8b)
8u%t ou
ét N 37; weakly in L*(0, T} Y;‘)’ (6.8¢)
uét(vi) S strongly in LQ(O, T; L5 (£2)), (6:84)

where t € [1,00) if d =2 and v € [1,6) if d = 3; and

M3 V[0t - M2 vx\/i weakly in L?(0,T; L*(Q x D)), (6.9a)
1 TAt,+ 1 > : 2 2
M2 N\ " — M2 Vq\/; weakly in L*(0,T; L*(Q x D)), (6.9b)
. .
M agf - M %f weakly in L?(0,T;[H*(Q x D)]), (6.9¢)
" BT, lal" Pt = el strongly in L”(0,T; Ly (2 x D)), (6.9d)

for all p € [1,00) and any 7 € [0, 2).

The result (6.9d) for » = 0 follows using Dubinskil’s theorem, Theorem 2.1, and Lemma 2.1, as in the
proof of Theorem 4.1. The result (6.9d) for r € (0,2) is proved similarly to (4.66). We have for any « € [1, 2]
and any p € [2,00) that

a(n TA ,+
I al™ (¥ = pp"™) lzr (0,701, (2x D))

T » = — » P
< ( / Hal2 (54 VT2 1B, ey 110200 (5 -/ ft’i>QzMw)dt>

< ClgP @ - o) |

-

1

2
1

L0108, (xD))’ (6.10)

where we have noted (6.4) and that (1 + |g|2) ¥ belongs to L>(0,T; L}, (2 x D)). Therefore, it follows from
(6.10) that, for any « € [1,2] and any p € [1,00),

Nl

Hgl* (@ = 07 raiy, @xoy < |CTP g (& = 02°%) oy @xoy| - (611)
We deduce from (6.11) that, for any p € [1,00) and for any m € N,

ALt T
wi L HEP(O,T;L}W(QxD))' (6~12)

e 2. =
| \(J\z =T (¢ — T/JLt ) ”LP(O,T;L}W(QXD)) <C(T,p)=

Hence, the desired result (4.59d) follows immediately from (6.12).
Unfortunately, although (1.10a) and (6.4) imply that

lg(M 25 )| L o212y < €
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where C' is independent of L and At, and therefore there exists a symmetric positive semidefinite z €

L>(0,T;[C(2)]') such that

g(My2ht) = 2 weak* in L=(0,T;[C(Q)]"), (6.13)

-~ -~

it does not follow that z = g(M ). The reason why we cannot identify z with g(M ) is because (6.9d)
only holds for r € [0,2) (but not for r = 2), and the boundedness of the sequence {|g|2$§t’+}L21 in

L>(0,T; L, (2 x D)), which is the strongest uniform bound that we have on |q|27$ft’+, does not suffice
to deduce that

/quleft’+dq—>/ quTdeq weak® in L>(0,T;[C(Q)]).
D =7 ~ D ~7 ~

If this were true, it would of course automatically follow by the uniqueness of the weak™ limit that z = g(M zZ),
thus completing the proof of the existence of global weak solutions to the Hookean model in both d = 2 and
d = 3 dimensions.

Nevertheless, motivated by notion of weak solution with a defect measure in the work of Feireisl (cf. in
particular Sec. 4.3.2 in [15], the discussion on p.21 in [16], and [17], as well as pp. 7, 8 in the work of DiPerna
& Lions [12] and Definition 1.3 in the paper of Alexandre & Villani [1]), we will show that this direct approach
implies the existence of a subsolution to the Navier—Stokes—Fokker—Planck system, which is a weak solution
with a defect measure, in a sense to be made precise below, for both d = 2 and d = 3. We begin by noting
that, since 1/1ft"+ >0in Q x D x [0,T], we have that

T T
/ /(/ quwat""dq):{dxdtZ/ /</ XRquTzlifH'dq):fdxdt,
o Ja\Jp ~~ ~) R o Ja\Jp ~ ~)

where ¢ — xgr(q) is the characteristic function of the ball of radius R in D centred at the origin, and
§ € LY(0,T; g(ﬁ)) is a symmetric positive semidefinite d x d matrix-valued test function. By fixing R > 0
and passing to the limit L — oo (with At = o(L™1) as L — o) using (6.9d) with » = 0, it then follows that

/OT<gvg>c<mdt2 /OT/Q (/DXRM%T%@ 1&g dzdt,

where (-, )¢ q) denotes the duality pairing between [C(Q)]" and C().
In order to pass to the limit B — oo in the last inequality, we note that the sequence of real-valued
nonnegative functions {XRMQQTQ/J : £Yr>0, where |g\21/) € L*(0,T; LL,;(Q x D)), is nondecreasing and

converges to M q ¢T 12; 2§ ae. on 1 x D x (0,T) as R — oo. Hence, by Lebesgue’s monotone convergence
theorem, we can pass to the limit R — oo in the last inequality, resulting in

T T
/0 <§£>C(ﬁ)dt2/0 /Q( DMch]Td)dg> :idmdt
T R T R
— [ [otd)seandr= [ (a009).0)
0 ~ ~ 0o = ~

for all symmetric positive semidefinite d x d matrix-valued test functions § € LY(0,T;C()). In other words,

>g(Mvy)  in L(0,T;[CQ)),  with  g(M) € L=(0,T; L, (Q x D)),

J&

where the last inclusion is a direct consequence of the fact that (1 + |(~1|2) ¥ € L>(0,T; Ly, (Q x D)).
)

One can now pass to the limit L — oo (and thereby A¢ — 0, ) in all other terms of (6.1a,b) using (6.8a—d)
and (6.9a—d) similarly to (4.42) as in the proof of Theorem 4.1.
Thus we have shown the existence of (u, z,%), such that u and 1 satisfy (6.5)-(6.7), with ¢ > 0 a.e. on

o~

Qx D x[0,T], [, M(q)¥(z,q,t)dg = 1 for a.e. (z,t) € Q x [0,T], and

e L®(0,T;[CQ))),  z=2z">g(My) >0,

QN
QR
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. . d
satisfying, for u > 5 +1,

// dxdt+/o/ﬂ[(

A
:/ [(f, W) () — k(z,Vﬂu)C(Q)] dt+/Quo(:c)~w(x,0)d:c
0 Y ~o ~o ~
Yw € WH(0,T;V,) with w(-, T) = 0; (6.14a)

vi)u} .

1B

+vViu:V, w] dxdt

and, for s > d + 1,

T
7/ ML dqudt+// 5sz/)—u1/)] 23 dgdrdt
0 QxD QxD

//M { Vot - [< )jzﬁ]-yq@dgdfdt

M o(z,q) Pz, q,0)dgdz V@ € WHL(0,T; H*(Q x D)) with 3(-,-,T) = 0. (6.14b)

QxD

The triple (u, z, 7;) can be therefore viewed as a large-data global weak subsolution to the Navier—Stokes—
Fokker—Planck system, which becomes a large-data global weak solution if the stress-defect measure

Z _'U(Alibv

which, as was proved above, is a symmetric positive semidefinite Radon measure, is in fact equal to Q in
L>(0,T;[C(Q)]").

Although with this direct approach one cannot prove the analogue of (4.32), as one only has a uniform
bound on u7"*) in L(0,T; L2(Q)) N L2(0, T; H(R)) and not in L'(0,T; W>°()), one can still establish
for 8 L2 At < 1, in the case d = 2 at least, the analogue of (4.54a,b); that is,

T
ess.suPye(o,7 |0 (M VB30 +/ 1Va O’(M1/)At Nz dt < C, (6.15a)

T
ess.sup;cio 7| oM L") (O[3 2 0y + / Ve (M 455|720y dt < C. (6.15b)

As was noted in Remark 4.1, in the analogue of (4.55) one bounds

tn—1
[T e 193 et < € [ 19

AL+ A,
L e 10"l o) dt,

where we have used (2.2) as d = 2. In addition, we have that

o(MPp"™) = 2z weak* in L(0,T; L*(Q)). (6.16)

The key difference between (4.59a-d) and (6.9a-d) is (6.9d).

As (6.9d) is not valid for 7 = 2, unlike (4.59d), we still cannot identify the limit z in (6.16) with g(M w)
using (4.74). This is the only step that fails in this direct existence proof for (P), and therefore the existence
of a nonzero stress-defect cannot be ruled out even in the case of d = 2 by using this direct approach.

The failure of identifying the limit z in (6.16) with g(M 1/)) is why for the existence proof in [7], which
covered both d = 2 and d = 3, we requlred that the mapping s — U(s) had superlinear growth at infinity,
recall (1.4a—c). If U satisfies (1.4a—c), then the analogue of Lemma 2.10, Lemma 4.1 in [7], and the fourth
bound in (6.2) yield that

esssupicor) | M1+l (0 dgdo < C. (6.17)
X ~ ~
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the analogue of (6.4). Setting w(q) = M(q) (1 + |g|)219 and defining L2 (2 x D) like L%,(Q x D), but with M
replaced by w, one can show that H},(Q x D) N L2(Q x D) < L2(Q x D) is compact if 9 > 1, see Appendix
F in [7]. One can then establish the strong convergence result (6.9d) for any r € [0,29], and hence one can
then identify 2z in (6.16) with g(M ), and thus prove the existence of large-data global weak solutions to (P)
with U satisfying (1.4a—c). Finally, we note that if ¥ = 1, e.g. U(s) = s, one can demonstrate that the above
embedding is not compact by considering a counterexample; e.g. see Remark 3.17 in [10].
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