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Abstract

We introduce two shearlet-based Ginzburg-Landau energies, based on the continuous and the discrete
shearlet transform. The energies result from replacing the elastic energy term of a classical Ginzburg—
Landau energy by the weighted L?-norm of a shearlet transform. The asymptotic behaviour of sequences
of these energies is analysed within the framework of I'- convergence and the limit energy is identified. We
show that the limit energy of a characteristic function is an anisotropic surface integral and we demonstrate
that its anisotropy can be controlled by weighting the underlying shearlet transforms according to their
directional parameter.
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1 Introduction

The Ginzburg-Landau energy [9], introduced initially to model phase-transitions in superconductors, has
recently found many applications in image processing [Il B, Bl [12]. In [7] a wavelet-based Ginzburg—Landau
energy was introduced, which, in contrast with the original Ginzburg-Landau energy, is derivative-free and
the solution of the associated minimisation problem does not require the solution of a partial differential
equation. The wavelet-based Ginzburg-Landau energy is constructed by substituting the elastic energy
part of a standard Ginzburg-Landau energy by a wavelet-based Besov seminorm. This seminorm is formed
by a weighted L2-norm of the semi-continuous wavelet transform. It was demonstrated in [7] that this
generalised energy admits the following very attractive theoretical property: a sequence of wavelet-based
Ginzburg-Landau energies I'-converges to a limit that, for piecewise constant functions, can be described by
an anisotropic surface integral over the interfaces. Thereby, the functional introduces a directional anisotropy.
This is particularly convenient since modelling such anisotropies in the classical Ginzburg-Landau energy
necessitates the solution of quasilinear PDEs for the numerical minimisation. The wavelet-based formulation,
on the other hand, can be minimised by solving a linear system.

Unfortunately, the wavelet-based functional can only produce very simple anisotropies. It was conjectured
in [8] that a similar approach using directional systems, such as curvelets [4] or shearlets [15] [I3], would
produce energies such that the anisotropy of the limiting energy could be more precisely controlled. Indeed,
this approach was numerically analysed in [5], but no theoretical analysis of the I-convergence was included.
One issue preventing direct translation of the theoretical arguments used for the convergence results of
wavelet-based Ginzburg—Landau energies is that neither compactly supported shearlets, nor any known
shearlet system on a bounded domain, not resulting from truncation, forms a tight frame. The proof of
the convergence results for wavelet-based energies in [8] is mostly based on a projection procedure of an
underlying function to a space spanned by wavelets up to a maximal scale. Such a projection operator
must necessarily involve the dual frame. If the frame is not tight, then the dual frame is usually not known
analytically. This severly complicates the analysis.



In this work, we present the first proof of the I'-convergence of a sequence of shearlet-based Ginzburg—
Landau energies in Theorem and Theorem The analysed energies are constructed similarly to
the wavelet case, by replacing the elasticity term of a Ginzburg-Landau energy by a weighted L?-norm
of a shearlet transform. We present results on two types of shearlet transforms, the continuous shearlet
transform and the discrete shearlet transform. We precisely identify the I'-limit of the sequences of energies
and demonstrate that the limit energy applied to characteristic functions of sets with finite perimeter is a
surface integral over the boundaries which can be controlled by weighting the individual shearlet elements
according to their orientation parameter. Our arguments are based on spatial and directional localisation
which demonstrates that for certain functions a reweighted cone-adapted shearlet transform is asymptotically
equivalent to a so-called homogeneous shearlet transform. Contrary to the cone-adapted shearlet transform,
the homogeneous shearlet transform is an isometry. This shows that after spatial and directional localisation
the shearlet transform is locally and asymptotically a tight frame.

1.1 Comparison to the wavelet-based Ginzburg—Landau energy

The arguments in [§] describe the I'-convergence of a sequence of wavelet-based functionals to an anisotropic
perimeter functional by studying the quotient of a wavelet-based Besov seminorm and the H' seminorm. It
is shown that for a particular choice of sequences the quotient converges and the limit can be identified. To
obtain convergence of the quotient for all sequences a lifting argument is used. This then establishes the
asymptotic equivalence of the wavelet-based Ginzburg—Landau energy and the standard Ginzburg-Landau
energy up to a multiplicative constant which is given by the limit of the quotient described above. Finally,
the fact that the standard Ginzburg-Landau energy converges to the perimeter functional is used to establish
the I'-limit of the wavelet-based functional.

Our approach is considerably different. We employ a different technique to construct a recovery sequence
in Subsection [2.7] which is not based on projections, but on spatial and directional filtering. The liminf
condition in the I'-convergence then results from our construction of the shearlet-based energy, without any
lifting step.

In fact, we cannot apply the lifting technique of [§], since the argument there is incorrect. To elaborate
on this, we provide a counterexample to the main theorem of [8] and identify a miscalculation in the lifting
argument in Appendix [E]

1.2 Notation

For D C R? and 1 < p < oo, we denote by LP(D) the standard Lebesgue spaces with parameter p. We
denote by H*(D) the Sobolev space of once weakly differentiable functions with || f||%,, == || f[|52 + | f]5: =
[lfl132+ IV f]|32. We denote by BV the space of all functions of bounded variation on (0,1)? and by SBV the
space of all special functions of bounded variation on (0,1)2. The Fourier transform of a function f € L'(R?)
is defined by

F(HE) = f(f) = - f(&L‘)e_2m‘<’”’§> dz for all £ € R

It is well known that F : L'(R?) N L?(R?) — L*°(R?) can be extended to an isomorphism on L?(R?), which
yields a Fourier transform on L?(R?). We again denote this extended Fourier transform by F(f) or f. For
f € LP(R?), g € L'(R?), we write f x g for the convolution of f and g. For ¢1,¢2 € L2(R) we define the
tensor product by (¢; ® ¢2) () == ¢1(x1) p2(x2), where z = (z1,72) € R%2. We use the symbol H; for the
one-dimensional Hausdorff measure. For a set D C R?, we denote by xp the characteristic function of D.

For a vector z € R™, we denote by z; the entry at its i-th coordinate. We denote by | - | the Euclidean
norm on R™, n € N, and |2« = sup,_; _, |[z;] for z € R"; S' denotes the unit sphere in R%. If f, g are
non-negative functions defined over X and there is a ¢ > 0 such that f(z) < cg(z) for all z € X, then we
write f <g. If f <gand g < f, then we write f ~ g.



2 Shearlet-based Ginzburg—Landau energy

2.1 Continuous shearlet systems

A shearlet system over R? is a set of functions, generated from shifting, scaling, and shearing of one or more
generator functions. For the scaling and shearing operations, we require the following definitions: for a € R,
s € R, we define the anisotropic scaling matriz A, and the shear matriz Ss by

a”t 0 1 s
A, = ( 0 ai‘) and S := (O 1).

We define two shearlet transforms, beginning with the homogeneous shearlet transform, [I4], [6].
Definition 2.1. Let ¢ € L*(R?); then we define
SH : L*(R?) — L=®(R" x R x R?),
fe((a,s,t) = SH(f)(a,5,t) = (f,Yas0),

where (-,-) denotes the inner product of L*(R?) and for x € R?:

Q/Ja,s,t(m) = 047%1,[1 (A,;lSs(o: — t)) .

We call SH the homogeneous shearlet transform. Moreover, we call SH(f) the homogeneous shearlet
transform of f.

It is clear from the Cauchy—Schwarz inequality that SH is well-defined. More importantly, under suitable
assumptions on 1, SH is also well-defined as a map to L?>(RT x R x R?,a=®dadsdt) and is, in fact, an
isometry; we recall the relevant results below.

Definition 2.2 ([6]). A function ¢ € L?(R) is called an admissible shearlet if
()2
/ WO 4e — ¢, < .
Rz [&1]

In the special case when Cy = 1 then we arrive at the previously announced norm equivalence, and the
following result holds.

Theorem 2.3 ([6, [10]). Let v € L?(R?) be an admissible shearlet; then, for all f € L*(R?),

£ 1172 g2y = CJl/R ISH(f)(a,s,t)[*a™3 dads dt.

+xRxR2

To prevent unequal treatment of directions or shearlet elements v, ,; with very long supports if s becomes
large, a cone-adapted shearlet system was introduced in [I5]. We define

0 1
o=(1 )

A, = QA,, and Ja,&t = a_%z/z(QgngfsQ —t)) for (a,s,t) € RT x R x R?2. Cone-adapted systems are
associated with a transform which, similarly to the homogeneous shearlet transform, admits a certain
norm-equivalence with the L?(R?) norm.

Theorem 2.4 ([10]). Let ¢ € L*(R?) be an admissible shearlet such that

mln{|£1 |2a 1}

2
1+ 1412+ &%)’ for all £ € R*.

[ (€)] <




Then, there exist T* > 0, A* > 0 such that for all T > T*, A > A* and any function K € L*(R?) with
K (&) € [A, B] for all £ € [-1,1)%, we have that, for all f € L*(R?),

A r
2 N 2 2 -3
sy~ [0 C=oiPars [ [ [P dedsa
A r
n 2 -3
+/R2 /—A/O |{(fsYa.st)]a”” dadsdt.

We have seen that the homogeneous and the cone-adapted shearlet transforms satisfy a certain norm
equivalence with the L?-norm. Additionally, it is also possible to characterise Sobolev norms by these
transforms in the following way. Note that we have, for f € H*(R?), by Parseval’s identity, that

#17 o | (Hg A+ led] )
H(R?) 61‘1 L2(R2) 8332 L2(R2) ! L2(R?) 2 L2(R?)
Let ¢ € L?(R?) be such that
(&) 2
dé = (2 2.1
[ e = (omy 2.)

and set [i(€) = ¥(€) /&1, then C, = (2m)?. By Parseval’s identity, we observe that

/ a2(f, a 1) Pa™" dads dt = / Bosi ¢ 4
R+ xR xR2 R+ xR xR2 aéy

. RUEIN , .

= / <,ua787t7€1f>‘ a dadsdt = (27‘[‘) HEI}CH ,

R+ xRxR2 I

Additionally, it is not hard to see, and we will show it in Appendix [A] that for any admissible shearlet
1 € L*(R?) there exist ['* > 0, A* > 0 such that for all I > I'*, A > A* and any function K € L?(R?) with
K(¢)/I€] € [A, B] on [—1,1]?, there are 0 < ¢, ca such that we have, for all f € H(R?),

A T
alff < [ 1KC=tFat+ [ [ [ a i fa dadsar (22)

NG

L K= )P ae < B (23)

2
a 3dadsdt

a 3 dadsdt < co| f|%.

Note that

The last step towards constructing a shearlet-based Besov seminorm is to introduce directional weights.
Let ' > T* >0, and A > A* > 0, and let 1 € L?(R?) be such that (2.2) holds. A directional weight
w:{—1,1} x R = R is a Lipschitz continuous map such that, for » € {—1,1},

) C[-AA d i i ,8) > 0.
supp w(t,-) C | ] an Le?llln,l} se[EnAIP,A*]w(L s)

We define for a € R, s € R, t € R%:

s,t —1 — w( 1’ S)Ja,s,b

a,s,t,

K, =K(—1t), Vasta = w(l8)Yase  and Yy



If (2.2) holds for A > 0 such that min, ¢ 13 minge—a ajw(z, 8) > 0, then we have that there exist ¢, co > 0
such that

it < [kor s X[ [ [ a0 P dadsar < ol

1=—1,1
Finally, we introduce, for f € L?(R?), the shearlet-based Besov seminorm | - || on R? by
1= X [ [ e dedsar e 0,0
1=—1,1

2.2 Shearlet transform on a bounded domain and norm equivalence

To define a shearlet-based Besov seminorm on a bounded domain, we first need to adapt the shearlet system
from R? accordingly. A simple procedure to generate a shearlet system on [0, 1]? is to make the elements of
the system periodic using the following approach:

afirb = Z wa s,t, L ) and Kfﬂ‘ = Z Kt( - k) (24)

kez? kez?

In a different setting of discrete shearlet systems, there have been alternative constructions of shearlets on
bounded domains, see [I1, [I7]. The associated constructions are a bit more involved than the approach via
periodisation above. This is because in the discrete setting the approximation properties of the associated
systems are analysed, which is not a concern in our approaches. Moreover, the approaches are based on
discrete, boundary adapted wavelet systems which do not generalise to continuous parameter sets.

Based on the periodic construction of , we proceed to define the shearlet-based Besov seminorm on

[0,1]* by

flsy = / )2/ / affb>|2a_3 dadsdt € [0,00], for f € L*((0,1)?).
0.1

=—1,1

Sometimes it will be necessary to also study a shearlet-based Besov-functional with nonperiodic elements
which, for r > 0, is defined as follows:

|f|?3,[7 = / ,7]2 / / a,s,t L>}2 a~’dadsdt € [0700}7 for f € LQ(R2)'

=—1,1

We shall be interested in the question as to whether |f|p, is equivalent to the Sobolev seminorm | f|z1((,1)2)-

Since (f, 9525, ) = (fP", 0%, 4..), where fP¢" is a periodised version of f, we deduce from that |- |5,
is not equivalent to | - |g1((0,1)) if the situation fP" ¢ H'(R?) is possible. In [7], a similar construction is
presented for a wavelet-based Besov seminorm. It is claimed that the Besov seminorm on [0, 1]? defined by a
sufficiently regular, periodic wavelet is equivalent to the H'((0,1)?) seminorm. As has just been demonstrated
this assertion is invalid if fP¢" ¢ H'(IR?) is possible, i.e., if f has non-matching boundary conditions. However,
the result does hold true for compactly supported wavelets over H}((0,1)2) or if another form of matching
boundary condition at 0 and 1 is prescribed. A proof of such a result is not given in [7], but following the
arguments of the proposition below and replacing shearlets by wavelets when appropriate one can deduce the
asserted equivalence of seminorms in the regime of [7] as well.

Proposition 2.5. Let 0 < A, B and ¢ € L*(R?) be such that supp ¢ C [0,1]* and such that, for K € L*(R?)
with |K (€)|/|¢| € [A, B] for all € € [-1,1]? and for all f € H*(R?),

A T
/ KD e+ S / / ) / 02,02 o ) Pa dads dt ~ |f 2 o). (2.5)

=—1,1



Then, there exists a B' > 0 such that

1128 oy

‘f|§{1((071)2) ~ ‘f|%;7p, fOT all f S H& ((0, 1)2) with ||f|‘%2((071)2) < 28’

and
\flBp S 3oy, for all f € Hy ((0,1)%). (2.7)

Proof. By (2.3) and (2.5)), there exist c¢1,cz > 0 such that, for all f € H'(R?),

o (W~ 21 ) < 5 [ [ [ a0t P dadsar < cal . @29
1=—1,1 -

For a function f € Hg((0,1)?) and Ny, No € N with Ny < Ny, we define fin, n,)(2) == f(z — |z]) for all
x € [N1, N3)? and 0 otherwise, where the floor function |.] is applied component-wise. It can easily be verified
that fin, n,) € Hi (N1, N2)?) and | fin, na)l3 = (IN2|> = [N1|?)|f|3:. Moreover, it is not hard to see that
for N1 < M7 < M5 < N3 we have that

| fiveva] = Jivt o) [ogn < (N2 = Nu)(My — Ny) + (N3 — Np)(No — M) | |21 (2.9)

Without the assumption on the boundary condition for f, the conclusion fin, n,) € H}((Ny, N2)?) would not
hold and the proof would fail.

It is not hard to see that there exists an R := R(I'; A) € N such that supp ¢4, C Bg(t) for all
(a,s,t,0) € (0,T] x [-A, A] x R? x {—1,1}. For f € H}((0,1)?), we have

= Y //A/
' 0 J-A (0,1)2

=—1,1

r rA
> L
0o J-A (0,1)2

=—1,1

2,
a 3dadsdt

(F¥aiin) 12 @)

2
a3dadsdt = 1. (2.10)

<f[—R,1+R] ’ 7/}2),s,t,L>L2(R2)

By the shift invariance of the shearlet system, we observe that

1 T A
I= — / / a_Q/ ‘f—RN R Vst
1 T A )
= NQLZM/O /_Aa' ~/]R2 ‘<f[*R1N+R]ﬂwg,s,t,L>L2(R2)

1 r A )
[ — a_
NZ L_Zl,l/o /—A /ﬂv\[o,N]Q

We proceed by using that (fr.n—pr,%ast.) = 0, for all ¢t € [0, N]? since supp ¥q.s+, N [R, N — R]? = 2.
Moreover, by the seminorm equivalence of ([2.8)), ca| - [} > |- [ ge and |- |% o > e1(| - [Fn — B/er]l - 72 (ge))-

2
a”? dtdsda

2
a”? dtdsda

2
a3 dtdsda = II.

<f[7R,N+R} ) w;u,s,t,L>L2(R2)



We compute that

1 roa y 2 .
I = NQ_X;I/O /_Aa /R RN R V) gy | @* dtdsda
1 l roa ) :
- LZM/O /_Aa /Rz ‘<f[—R,N+R] — f[R,N*R]7wa7s,t,L>L2(R2) a”° dtdsda
> % <|f[R,N+R]|?{1(]R2) - ilf[R,N+R]%2(R2)) - %lf[fR,NJrR] — fir.n—rlin g2
= iy + 2R (|f[o1]|%11 2 _§||f012||22 2 ) _072|f7RN R — fiIRN—R) 3 (m2
N2 : (D% ¢ [0,1]2 1 L2 (R?) N2/ [-R.N+R] (R, 11 H(R2)
> O 2R sy — S 2ZRE s
IN2 ) ((0,1)) IN2 [0,1]1H1(R2)

where the last line holds if || fio,1] H%Q(Rz) < cl|f[0’1]\%1((0)1)2)/(23) and by (2.9). Since N was arbitrary, this
completes the proof of the lower bound of the Besov seminorm by the Sobolev seminorm. The upper bound
follows trivially from the norm equivalence on R?, equation ([2.10]), and | fro.2) |z (m2y < 21 f1H1((0,1)2)- O

2.3 The shearlet-based Ginzburg—Landau energy

We start by recalling the definition and some properties of the classical anisotropic Ginzburg-Landau energy.
Let Q be a norm on R? and W(u) = u?(1 — u)?; then, for u € BV,

<€f(0,1)2[Q(VIu)]2 dz + L f(071)2 W(u)(z) dz, ifu € H'((0,1)?),

GLE (u) = { o if ue BV \ H*((0,1)?).

The Ginzburg-Landau energies as defined above I'-converge to an anisotropic perimeter functional for € — 0,
see [2, Theorem 4.13]. Let us recall the definition of T'-convergence before making the previous statement
more precise.

For a space X, we say that a sequence of functionals F, : X — [—o00, 0] I'-converges to a functional
F: X — [—00,00] for e — 0, if for all u € X and all sequences (uc)e>o C X such that u. — u we have that

. S .
hIEIi}(I)lf F.(u:) > F(u) (2.11)

and there exists a recovery sequence (tg)eso C X with @, — w such that

limsup F.(u.) < F(u).

e—0
For a norm © on R2, we define, the perimeter functional

Pou) = cfs(u) Qii,) dHy, ifue S.’BV ((0,1)%) and u € {0,1} a.e.,
0, otherwise,
1 . S .
where ¢ = [ \/W(s)ds, S(u) denotes the jump-set of u and 7, is the measure theoretic outer normal of
S(u) at x. As already previously announced, we have that GLi2 I'-converges to Pq.
Next, we aim at constructing a corresponding shearlet-based Ginzburg—Landau energy. We begin by
placing some assumptions on the underlying shearlet systems and the weight w.

Assumption 2.6. We require the generator function ¢ € L*(R?) to satisfy (2.1) and supp ¢ C [0,1]2.
Additionally, let A* > 0 and I'* > 0 be such that the shearlet transform with A > A* and T" > T'* satisfies

23).



For any norm € in R?, we say that w is an associated directional weight to §) if

n2

- 2 - 2
max{|ﬁ1|, |ﬁ2|} <ﬁ1w <1, 7_7:2) + T_igw <1, ?_7:1) ) = Q(ﬁ)Za for all 77 € Sl.
n

where we define w(+£1, 00) := 0. We define the following space of tame functions.

Definition 2.7. Let Q be a norm on R? and let | - |, be a shearlet-based Besov seminorm from a weighted
shearlet system with weight associated to 2. We define, for U(x) == x/logs(2 + x), the set

Bo = {u € HY(Q): |u|237p > /

Q(Vu(z))? dz — U(|uip)} .
(0,12

This is the set of functions that we will use to define the shearlet-based Ginzburg—Landau energy.
Admittedly, the definition of Bg is very specific to the shearlet system. Nonetheless, we will observe that
Bq contains all functions that admit a smooth phase-transition along a polygonal curve as well as smooth
pertubations of such functions. For a more detailed analysis of this set, we refer to Subsection [2.§

Definition 2.8. Let Q be a norm on R? and let | - |, be a shearlet-based Besov seminorm from a weighted
shearlet system with weight associated to Q. We define, for u € BV,

elulyy, + 2= Jon) W) (@) dz,  if u € B,

0, if u e BV \ Bqg. (2.12)

SGLY (u) = {
It turns out that the sequence of energies SGLY described above I'-converges to a perimeter functional
with norm €2, where € is such that w is the associated directional weight.

Theorem 2.9. Let Q be a norm on R? and |- |p, a shearlet-based Besov seminorm with a shearlet system
satisfying Assumption [2.¢ and

’T —4 /I min{|£‘71}4
(O S (1 +[€]) and  [P1(E)] S NG

Moreover, let the directional weight of | - |gp be associated to Q. Then, for allw € SBV, u(z) € {0,1} for
almost every x € (0,1)2, and (uc)e=o C H*((0,1)?) such that u. — u in L', we have

for all € € R.

lim inf SGLY (ue) > Pa(u).
e—0

Additionally, for every set of finite perimeter D C (0,1)% we have that there exists a sequence (U.)->o C
H}((0,1)?) such that t. — xp in L* and

lim SGLY (u:) = Pa(xp)-

e—0
Proof. We shall develop the proof in the remainder of the paper. The liminf condition will be verified in
Proposition and the existence of a recovery sequence will be demonstrated in Proposition [2.15 O

2.4 The liminf condition

The definitions of By and SGLY are quite convenient as they immediately allow us to obtain the liminf
inequality, equation (2.11)), for the shearlet-based Ginzburg-Landau energy.

Proposition 2.10. Let (u:)eso C HY((0,1)%), u € SBV, u(z) € {0,1} for almost every x € [0,1]?, and let
ue — w in LY((0,1)?) as e — 0; then,

lim>ionf SGLY (ug) > Po(u). (2.13)



Proof. If w € H'((0,1)?), then the jump-set S(u) satisfies S(u) = @. Hence Pq(u) = 0 and therefore
holds. If u & H'((0,1)?), then, since u. — u in L'((0,1)?), we have that |uc|g1 — 0o as e — 0. If
lim inf.~o SGLY (u.) = oo, then holds. We assume that lim inf SGLY (u.) < oc. For any subsequence
(uer)erso such that sup,/s o SGL (uer) < 0o we have by the definition of SGL;, that

1

€/|u5/|23p +— W(uz)(x)dz > GLar (uer) — €U (Juer [31). (2.14)
i 45/ (0’1)2
Let (uer)er>0 be any subsequence of (u.)e>o such that &'U(Jus|%,) — 0 for &’ — 0. Then, by (2.14)),
o 1 o
hg1>151f €' |uer| B, + ™ o W(uer)(z) de > 11£r,1>161f GL(ue) > Po(u).

If (uer)er>0 is a subsequence of (ug)s>o such that &’U(|uc|3:) /4 0 as €’ — oo, then we have by the definition
of U that U(z) = o(x) for z — oo and hence liminf./~q&’|u./ |4 — 00. Let (uer)ers0 be a subsequence of
(ter)er>o such that limg._,0 SGLY, (uerr) = liminfor 50 SGLY (ue).

Iflimsup,.~ |[uer|| 2 < 00, then we conclude by the seminorm equivalence of (2.6)), that lime» o €”uer %
oo and hence lim._,o SGLY, (u.) = o0.

If, on the other hand limsup,.< ||uc/ ||z = oo, then we define R. == {z € (0,1)? : |ucr(z)| < 2} and
obtain that

oo = limsup [Juer || 22 < limsup |lucrxr,, [IL2 + [[uer X(0,1)2\r_0 [l 22- (2.15)
e >0 e’”">0
Since (uer)erso converges in L1((0,1)?), we have that

limsup ||uerxr_, [|7: < 2lmsup [|u. |7, < oc.
e>0 e’>0

As a consequence of (2.15)), we conclude

limsup [luer X (0,1)2\ R, |2 = 00
E//>O

and hence
/ W(uen)(z) da > / e (2)2(1 — e (2))? da
(0,1)2 (0,1)2\R_s
> / luen (z)|* dz — oo for £” — oo,
(0,1)2\R_/s
at least up to a subsequence. This implies that lim.»_,oSGLY, (u.#) = oo. Hence, we conclude that
liminf./~o SGLY (uer) = oo contradicting the assumption liminf.s o SGLY (u:) < 0. O

We see that the definition of Bg together with the convergence of the classical Ginzburg—Landau energy,
directly yields the liminf condition of the I'-convergence for (SGL¥).~¢. The existence of a recovery sequence
on the other hand, necessitates a more refined analysis of the behavior of SGLZ and in particular | - |g,.
We will start by analysing | - |, for characteristic functions of sets with linear boundaries, then extend the
estimate to characteristic sets of polygons and finally use a density argument to conclude the behavior for
characteristic functions of sets of finite perimeter.

2.5 Estimating the shearlet-based Ginzburg—Landau energy for Heaviside func-
tions

Let H == yr-xr be the vertical Heaviside function and H = Xrxr- be the horizontal Heaviside function.
We define for 7 € St the Heaviside function with normal @i by

_ H(Sn,/m,x), if 7;—2 <1
H"(z) = (5 n ) i for z € R2.
H(Sﬁl/ﬁ2$), if % < 1,



One readily verifies that H™ is well-defined and has a linear jump with normal 7i. Note, that if 7 /7; > 0,
then H (S5, /5,%) = Xay4iis/fiiza<o = ﬁ(§51/52x). If 75 /7y < 0, then we instead have that H(Sg,/5,7) =
Xay 4iis ffi1za<0 = 1 — H (§ﬁ1 /i, ) almost everywhere. In the sequel, we always analyse inner products of
H7(z) with functions v that have vanishing moments and by the previous considerations we will always have
(H (S, /m,), %) = <ﬁ(§ﬁl/ﬁ2'), 1) whenever i1, 7 # 0. Additionally, we will be interested in functions that
admit a smooth transition along a linear jump. A function Z: [—1/2,1/2] — [—1/2,1/2] is called a transition

profile if
11 1 1 1 1
= 1 -z [ [ I — d El=)=-.

Prototypes of functions with smooth transitions along linear jumps can now be defined as follows: for € > 0,
w >0, and 2 € R? let

1, if z1 <
1 = .
Hezw(w)={ 3 -2(3), if =% : <o <
0, if &= < 1,
_ 11, if o < —%,
Hezw(z) = 3 -E(£), if —% <uy <%,
0 lff <$2

In the sequel, we also need to analyse functions with smooth transitions along linear jumps that are not
parallel to the horizontal or vertical axes. To model this, we rotate the functions H, = ,, and H, = ,, described
above, but to make the analysis in the sequel simpler, we present a construction based on shearing instead of
rotation. We define, for x € R?,
i P, m,—1 T 5 e o
H: ,(2) = He = w)ji, | (Sy i), if 0 #0,  and  HIZ | (2) = He =0, (Sﬁl/ﬁzx) if 7 # 0.

£,

[I] —

Clearly, H_ ' n1 w and H = iy =, are functions that are constant along directions perpendicular to 77 and behave

like =(- /(ws)) or Z(— /(ws)) along 7, depending on the sign of 7. This implies that for all functions ¢ with

a vanishing moment we have
(HiZuwv) = (L= HIZ0) = (HIZ,00)

as long as 7iq, 72 # 0, where E=EorZ=1- E(—-) depening on 7i. The exact form of = will never appear
in the sequel. The only relation needed is that

nfl
s = 2L
Finally, we define, for z € R?,
H'L (x), if |B2] <1,
Hiz (@)= 2" i (2.16)
' H;L”E’w(x), if |7 <1

It is not hard to see, considering the lengh of the jump curve and the rotation invariance of the H' seminorm,
that

~ o2
a 2 — 1 @ E (170) ‘2
‘Hg,E,w H((—7r,r)2) - <1 + mln{ ’fil 5 'f_iz }) ’HE,E,U) HY(—rr)?) + 0(6) (217)
Additionally, we observe that, for n # 0 and £ > 0 sufficiently small
2
(1,0) (1,0)
‘HE,E,w/\M H(—rr)2) || ’ SE0| g1 ((pry2) (2.18)
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Understanding the asymptotic behaviour of the shearlet-based Besov seminorm of H! =, requires a bit

more technical work. We will observe below that the shearlet-based Besov seminorm of H” -  is asymptotlcally

g,= = ,w
equivalent to the H'! seminorm. We study the nonperiodic Besov functional here because we will later only
apply the following proposition to analyse functions supported away from the boundary of our domain.

Proposition 2.11. Let v € L*(R?) satisfy Assumption and

DI S A+ 1ED™  and  [PH(E)] S min{l¢], 1} /(L+[E)!,  for all§ € R (2.19)
Let w be a directional weight and let r € (0,1/2). We then have that for all e > 0 with r/((A + 2)w) > ¢
7)* |HE,

&8 7w’H1(( rr)?) (2.20)

ot (2) ) <o) <0 (o)

where the implied constant in the first asymptotic term depends quadratically on 1+ ||Z'|| o /w, and the implied
constants in the second and third asymptotic term depend quadratically on 1+ [|Z/| cc-

| E,_,w|B,[—T,T']2 = Q

Proof. The proof proceeds in several steps.
Step 1: (Splitting into cones)
First, we split the shearlet-based Besov-functional into two parts, each associated with one of the cones of

the shearlet system:
- r ;A B )
e ;:/ / / a P [(HI 2 0% 1) @™ dtdsda,
0 —A J[—rr]?

B r oA ,
= ::/0 /A/[ ]za_2 Hlz s -1) @™ dtdsda.

We have that |Hf’57w|2B’[7T’T]2 = Ii’w’ﬁ + Ie_fﬁ If 77, # 0, then, by the considerations after the definition of

H:_ w in (2.16), we have that

_ rora 2
e :/0 /_A /[_ P @ [ 2, (S )05 )| 07 dtdsda,

where 2 =Z or 2 =1— Z(—-). We assume that Z = 2. The other case follows similarly. On the other
hand, if 7y = 0, then H[ is constant along the xi-direction. As all 94 s+ 1 have a vanishing moment in the

1-direction, this then implies that IS = 0. Similarly we get that if 7iy # 0 then

= wm / / ,/[_TT]2 _2 57~aw/|n2\( i1 /2 )’wast—1>‘2a_3 dtdsda,

where 2 =Zor E =1 — Z(—). We assume that Z = =, the other case follows similarly. If 5 = 0, then
9" =0.
Step 2: (Partial integration)
We define 5
o 1 ~
he z w i) = aileE:an/lﬁl‘ and  h_ Ew/|fa] T @Heﬁ,w/lﬁz\v

and we denote from now on 6 := —fis /7i; to shorten the notation. Setting p := p; ®¢1, with 7 (§) = ﬁfp}(g%
we have that
min{|¢], 1}

A+t for all £ € R.

610 < (@ +lgh™ and () <

11



Next, we compute

<hi,E,w/\ﬁ1|(S—0')a ué’,s,t,1> ‘2 a~? dtdsda

- T ,rA
S
0 —A J[—rr]?
T rA 9

1 w -3
= \/0 /A/ 2 <h675,w/\ﬁ'1|’:Ll‘a,gs+0,t,1>‘ a dtdsda

r A+0
B /O /A+0 /[r,r]z

where wy(t, ) = w(t, s — 6). Similarly, we obtain that

B I rA+%
[ _ / /
—1 -
0 7A+% [=r,r]2

Step 3: (Removing non-aligned parts)

We have that hiEw/\ﬁﬂ(x) = e Yiiy|/wg(|fi1|z1/(we)) for g(z) = E/(z) if x € [-1/2,1/2] and g(x) = 0
otherwise. Moreover, ||g|[1®) < |2/[lsc and thus |[|§]|oc < ||Z'||oc. The Fourier transform of h! w)|iin| 18

0 we
) =g o,
f(@m ) g(|”1|()1>®552 0

where d¢,—0 denotes the d-distribution in &. Parseval’s identity shows that

J (“’55) it (a€)n (ase) df‘

iy

2
1 -3
<hs,E,w/\m|»N3,9s,t.,1>‘ a”” dtdsda,

w1

2
<h;,E,w/|ﬁ2\7ﬂa,es,t,—l>‘ a™® dtdsda.

3

1 _ 2
‘<h5,5,w/|ﬁ1\aﬂa,s,t7l>‘ =a*

<at [ [t (vase)| g 12

Since |a(§)\ < (1+ €))% and |1 (€)] < min{|€[,1}2/(1 + |€|?), we conclude for s # 0 that

PN ¢ [ minflag], 1y
a /R ’ul(af)qﬁl(\/asf)‘ e =a /R (1 + [a&])?2(1 + [Vasg])* 4
<alis! [s~!vag]? d¢ < afs3. (2.21)

= (L+ED?

that asymptotically decay very fast for e — 0. Let v > 0; then

KEwvs . /F/ /
1 T
0 (—o00,—vs] J[=r,r]?

r
o)
0 Jve,00) J[=rr]?
Invoking ([2.21)), we get that

T
Ki,w,n,us < 2/ / / a%s*(s dtdsda 5 1/;5.
0 J(—o0,—v]J[—rr]?

Clearly, the same estimate can be performed for

2 T
0 (—o00,—vs] J[=r,r]?
T
0 J[vs,00) J[=rr]?

12

Next, we remove terms from 15" and 199"
9 1 1

we define

2
<h;,5,w/|ﬁ1\7ﬂ’a’5,t,1>’ a_?’ dtdsda

2
<h3:,5,w/|ﬁ1 > Ma,s,t,1 > ’ a~? dtdsda.

2
<h;15 w/|ﬁ2‘7ﬂa’5,t’,1>’ a? dtdsda

2
<h;éw/|ﬁ2 | Has,t,—1 > ) a3 dtdsda.




1

We set from now on v, := £ and observe that K7™ K5“™" = o(¢~1/2). Hence, we conclude that

min{A+0,v,}
o / / /
ax{—A+0,—vs} J[—r,r]?

Next, we observe that replacing the directional weight by a scalar only produces an asymptotically negligible
error. In fact, by the Bessel property, see Appendix [D] we can estimate using the Lipschitz continuity of w
and 71011 = o(e71logy (1)~ 1) that

min{A+0,v,}
/ /ax{ A+0,— n/[—r r]?
mm{A+0 ve} 2
/ / / w(1, —0)? ‘<h; = w/lﬁll’ua7s7t71>‘ a~3 dtdsda
ax{—A+0,—vs} J[—r,r]? =

2 1 0\ !
< vse tr=r-0 ( log, () ) ,
L2((—r,r)?) e €

where the implied constant depends quadratically on ||Z'||,/w. Consequentially, we have that

min{A+6,vs}
Ii)w’n - 1 B / / /
max{—A+0,—v,} J[—r,r|?
(1 (1>1> B
+7r-0| —logy | — +0(5 2).
£ 3

T min{A+60,vg
Iifﬁ :w(_L_e)Q/ / {Aa+ } /
0 max{—A+0,—vs} J[—rr]?

2
<h;,5,w/|ﬁ1\7/‘2)f)s,t,1>’ a 3 dtdsda+o (57%) .

2
<hi,5,w/|7‘i1 [’ M;Jf)s,t71> ‘ G_S dtdsda

1
he 2w /1)

< sup  Jw(l, —9)2 —w(l,s— 9)2| . ‘
SE[—vs,vs]

2
<h;,5,w/\ﬁl|aﬂa,s,t,l>‘ a=3 dtdsda (2.22)

Similarly,

2
1 _
<he, E,w/|As]’ :Uast—1>‘ a~? dtdsda

+ Log, (1)) (=
r-o| — 10 - o
g 82 3 c

Step 4: (Rewrite as non-cone-adapted shearlet transform)

vl
N————

We want to show that Ii’w’ﬁ is asymptotically a rescaled version of the Sobolev seminorm of H 5(1502(;

Towards this goal, we plan to invoke and use the resulting equivalence of the homogeneous shearlet
transform and the L2-norm. The main obstacle here is to deal with the fact that the integral in is
taken only over a finite domain. Moreover, simply extending h' e 2 w/|iy| 1O R2 does not yield an L? function.
To overcome these issues, we use a blow-up technique, that was already applied in Proposition

We define
T prmin{A+0,v:}
b= ] J
0 max{—A+60,—vs} J[—r,r|?

Since H. is constant in the zs-direction we conclude that, for all N € N,

/ /mln{A+0 s} /
N ax{—A+0,—vs} J[—r,r] X N[—r,r]

We replace hi,E,w/ln by a suitable L? (R2) function by using a mollifier v € C*°(R) with supp v € [-1/2,1/2],
~(z) > 0 for x € (—1/2,1/2), and f 1/27 x)dx = 1. Next, we set for (z1,72) € R?

2
<h;,E,w/\ﬁl|a ,u'a,s,t,1>‘ (173 dtdsda.

2
<h;,5,w/|ﬁ1 B Ma,s,t,1> ‘ a 3 dadsdt.

9 we

T 7
In(z1,20) = | 1|9 (|1|$1> : (V*X[—Nr—F,Nr-&-F]) (x2).
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It is not hard to see that

1 T min{A-‘,—O,ys} ,
B. = N/ / / [(fNs tas,e1)] a~? dtdsda.
0 max{—A+0,—v,} J[—r,r]x N[—r,7]

Next, we need to extend the domain of integration to R%. We start by extending to [—r,7] x R. We have that

1 ' pmin{A+0,v:} )
B, — N/ / (s tasen)a™® dtdsda
0

max{—A+0,—vs} JR?

' pmin{A+60,v.}
/ / (I fa,se1)]? a2 dt dsda. (2.23)
N Jo Jmax{=A+6,—v.} JR2\((=rir) x N(=r,r))
We have that

R\ ((=r,7) x N(=r,7)) = ((=r,7) x (R\N(=7,7))) U ((R\ [-7,7]) x R). (2.24)
As B. =01if || > A+ 1 we assume that |§] < A+ 1 and hence
A1) >22 = — 1
B = T

and thus 771 > 1/(A+2). Choose R > 0 such that supp g st.1 C Bai/25(t) for all (a, s,t) € [0,T] x [1,1] x R2.
Hence we have that (fx, fta.s.¢.1) = 0if |ta| > we/n1+Rmax{a'/? a}. Thus, weset I', . = (r—we(A+2))%/R?

and compute
' rmin{A+0,v:}
/ / / ‘<fNa/14a,s,t,1>|2 a3 dtdsda
0 Jmax{—A+0,—v.} J(R\[-rr])xR
min{A+6,v,}
/ / / |<fNa:U'a,s,t,1>|2 a,:), dtdsda
ax{—A+0,—vy} J (R\[-r,7]) xR

min{A+0,v,}
/ / |<anU'a,s,t,1>‘2CL73 dtdsdal.

ax{—A+0,—v.} JR

1
N

1
N

1
N

We have by Plancherel’s and Parseval’s identities that

min{A+60,v,} ‘
/ / |<f]\7aﬂa,s,t,l>|2ai‘3 dtdsda

1
N ax{—A+0,—v s}

min{A+6,vs}

—~ 2 .
<fN,ﬁa,s,t,1>‘ a”3 dtdsda
max{—A+6,—v,} JR2

1 min{A+0,v:} . i
N/ / / / FN(©)fia,s,0,1 (§)e™2mHED
ax{—A+0,—v,} JR? |JR?
min{A+60,v,} P 2
| O Vioson (O™ dé dsda
Iy Jmax{—A+0,—v,} JR?
1

e 9 T min{A+0,vs} R ) 5
5 N(é‘)’ /I" / |//La,7s,0’](£)| a/_ dea dg.

max{—A+6,—v:}

2
a”? dtdsda

A simple computation shows that, for all £ € R?,

Fu(€) = Nsine(N + D)&:)3(E)d <f§|5> . (2.25)
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Moreover, we show in Appendix [C| that, for all £ € R?,

/ / e eor©Paasda g L (2.26)
ax{-At0,-v} TR+ [6)?
We conclude that
1] pmin{a+omy ) s 1
N /m /max{—A-i—e,—I/é} R? > tane)l 0™ didsda) = O <F72~,a> ’

where the implied constant depends quadratically on ||Z'||.. We proceed by estimating the integral over the

second set given in (2.24):

min{A+6,vs}
=1L

/ |<fN7Ma,s,t,1>|2a73 dtdsda
max{—A+60,—vs} J| 1 (R\N[=7,])

Since supp ¥4, C Brr(t) we conclude that

min{A+0,v:}

2 _
/ |(fNXRx [ Nr+ RO, Nr— R Hays,t1)| o~ dtdsda
[=rr] X (R\N[=r,r])

N max{—A+0,—vs}
min{A+0,v:} 9
= ‘<fNXR><[fNr+RF,Nr7RF]Cu,ua,s,t,1>‘ a™3 dtdsda
max{—A+6,—v,} JR?
S *HfNXRx[ Nr+RD,Nr—RI]e HLz, (2.27)

where the last step is due to the Bessel inequality of the shearlet transform, see Appendix [D} It is not hard to
see, that || fnXrx[—Nr+RD,Nr—RI]e 2. = O(1/¢) with the implicit constant independent from N.
By Equations (2.23)), (2.24) and (2.26)), (2.27)), we conclude that

min{A+0,vs} s 1 1
—0O(1/e).
Be N/ /ax{-A—l—G,—us} R2 s o) o™ dbdsda +O <F2 ) " NO( /o)

We have by the Plancherel and Parseval identities that

min{A+0,vs} ,
N / / |<fN7/’La7s,t7l>| a_3 dtdsda
ax{—A+0,—v,} JR?

min{A+0,v,} . )
N/ / / <fN7ﬁa,s,t,1>’ a73 dtdsda
max{—A+60,—v;} JR2

min{A+0,vs} e 4 2
N/ / / . IN(Efias01(6)e 2™ dg| =3 dtdsda
R

ax{—A+0,—v,} JR?

min{A+0,vs} - 2 )
[ [ | 1usoa(@)Pa® dgasda
ax{—A+0,—v,} JR?

P o ' rmin{A+40,v.}
fN(f)‘ / / fla,s.01(€)2a 3ds dad€.
0

max{—A+0,—v,}

NRQ

Two simple but lengthy computations, that we postpone to Appendix [C] show that

/ / fla.s.01(6)Pa3dsda < (1 + |&]) 72 for all € € R?, (2.28)
r R
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and if |vs€1|/2 > |€2|, then
&7 / / e [S1
and a,s, dsda $ ——————. (2.29
a0 T+ e &2

b 2 -3
m - <
| [ ean@Faasda s B
If [04&11/2 < [&a]. then since [3(E2)] < (1 + |ea])*
Rl < L+ leal? (1+ 551')

The form of the Fourier transform in (2.25) and the estimates (2.29)), (2.28]) and (2.30]), imply that
1 .
Saadsar= 1 [ [ vt Pa dads a0,
N Jr+ Jr Jr2

, we can estimate
(2.30)

min{A+0,v,}

N/ /ax{AJrQ,VS}

and thus
B —1/ / [{fn, 1 )|? _3dddt—|—10 ! +0
e = — s a.s a ads — -
N R+ R2 N $b1 N g (7' — we

Step 5: (Use of Parseval property of homogeneous systems)

|<fNaNa,s,t,1>‘2 a

arom) Tol ).

By (2.1) we obtain that for every € > 0
1 5 1 -
— ,—B.+0 (@] i1 ) for N
AL + ((7’ ws(A+2))4> + (5 ) oV oo

Moreover, we also observe that

1 9 1 2
NHfN”LQ — ‘ hS,E,’w/"ﬁﬂ L2((—rr)?) for N — oo.
Hence, we conclude that
2 1 N
B = )hl,: _ O O L
: sEw/Il][ L2 (22 ((r —we(A + 2))4) * (8 11)
= |us) 2 +(9< ' >+0(5_111).
sE W/l g ((—rmy2) (r —we(A +2))4
We have that
o\ —1/2
<1+’mln{ 2 nl} ) = max{|7i], [i2[}.
iy’ fiz

Using (2.17) and (2.18)) we conclude that
o\ —1/2 , )
= N2 n1 7 -
BE_ "I’L1| <1+’mln{ﬁ17ﬁ2} ) ’HE,E,U} Hl((_r7T)2)+O<(7Awe(A+2))4> +O( 1)
. . 7 1 _a
= 7y max{|f1], |72|} |H5757W|H1((7r,r)2) + O <(T S ))4> + O (5 11) .

(A+2
2 2 . 2
) + fiaw (—1, ) ) ’Hga,w‘m((—m-ﬁ)

) +0 (G=mmaray) + ()

This demonstrates that

597 L 1997 — max {|7y], |7i2]} (ﬁlw (1

1 1
+ro ( log, (
€ €

§1‘§1

\/ Sl‘gl

completing the proof.
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The factor of |i1]? or |fiz|? in counteracts a certain stretching effect of the shearing operation.
Indeed, as we have seen in the proof above, the shearlet-based seminorm is, apart from the weight, invariant to
shearing. On the other hand, the H'! seminorm clearly is not, since shearing stretches one direction stronger
than the other.

2.6 Construction of a recovery sequence for polygons

We proceed by analysing the asymptotic behavior of the shearlet-based Ginzburg-Landau energy for functions
that admit a smooth phase-transition over a polygonal curve. We start by giving a precise definition of
polygons, then we introduce functions that admit a smooth phase-transition over a polygonal curve. After
that we describe the asymptotic behavior of the shearlet-based Besov seminorm of these functions. At the
end of the section we shall describe how this yields a sequence of functions with a smooth phase-transition
over a polygonal curve such that the associated shearlet-based Ginzburg—Landau energy evaluated on these
functions converges to an anisotropic perimeter functional.

Definition 2.12. For N € N, a closed set P C (0,1)? such that OP is a piecewise affine, non-self-intersecting
curve with N pieces is called N-gon. The N -points where the boundary curve is not affine are called vertices.
We denote them by z¥ ... 2% and we will always assume that they are ordered so that the line between x¥
and xf 4 is in OP for alli=1,... N, where v}y, = x{ . The identification xX | = x{ will also be used in
the sequel without additional comments.

The length of the boundary curve of P is then

L(P) = Z |zf — xﬁ_1|.
i=1,...,N
If there is no need to explicitly specify the number N, then we shall simply call such a set a polygon.

To make precise what we mean by functions with transitions along polygonal curves, we first need to
introduce a more general notion of transition profiles. A continuously differentiable function W : S — R™ is
called directional transition width. A continuously differentiable function = : S! x [-1/2,1/2] — [-1/2,1/2],
such that, for each n € St, Z(n, ) is a transition profile, is called directional transition profile.

For a polygon P C (0,1)% with vertices 1, ...,z there exists a normal map

OP >z — fi, € S,

which is well-defined everywhere except at x1, ..., xn. We replace this normal map by an auxiliary map which
is well-defined everywhere and coincides with 77, at every point, except in a neighbourhood of xy, ..., zN.
For € > 0 and a directional transition width W, we pick a function 75" such that

OP >z i €St

is smooth with derivative bounded by 7 /¢, fi, = 5"V whenever |z—z;| > e max{1, |W||} foralli=1,..., N.
We then consider the projection operator

7r:(0,1)2—>8P:x»—>argminW(x_y ) |z —yl,
yeoP |JZ - y|
which is well-defined almost everywhere. The reason we focus on polygons with directional transition profiles
is that precisely these functions form recovery sequences for the classical anisotropic Ginzburg-Landau energy
as analysed in [2] Proposition 4.10].

For a polygon P, a directional transition profile £, and a directional transition width W we now define

—_ — 7VV T — — 7VV g 7W
i-= ni(wy %/W ni(w) if |o — m(z)| < 3eW nfr(x) ,x € P,
L aes(En = () it sl < e (50) g P
EW = e
: 1 if | —7w(z)| > eW ﬁw’@m/) ,x € P,
0 if [o — m(x)| > eW (A0 ) 2 & P
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We are now able to analyse the asymptotic behavior of |P. = w|g, for € — 0 and fixed =, W. Moreover, we
will see, that the estimates even hold independently of = and W if ||Z||oc and ||W||e grow slowly compared
to e~ 1.

Proposition 2.13. Let 1) € L?(R?) satisfy the assumptions of Proposition|2.11. Let Q be a norm on R? and
let w be the associated directional weight. Assume that P is a polygon, Z a directional transition profile, and
W a directional weight. We then have that

1 1\ "
Pz wlB, = / QVP.zw)? dz+ o | = log, () .
(0,1)2 3 9

The implicit constant is independent of = and W, if

1 1
S R = e (231

Before we can prove the result above, we first need to show an auxiliary result, producing a covering of
OP.

Figure 1: Covering of the boundary of a polygon as in Proposition [2.14

Proposition 2.14. Let N € N and let P be an N-gon with vertices z¥ ... ,xﬁ. Then, there exists an ro > 0
and co € (0,1/2] such that for all v € (0,r¢) there are L1,...,Ly € N with £(P)/r > Ziv=1 L; > 4(P)/(4r),
and (2k,i)k=1,....L; i=1,...N C OP, and cor/4 < s1,...,s5 < cor/2 such that

opclU_, <Uk=1,...,L

gi C Uk:l,...,LiC(zk’i’si) U C(z4,7) U Clxiyq,r), foralli=1,...,N,

C(zk,i,5i) U C(:vi,r)) , and (2.32)

i

where C(z,5) = z+(—s, s]% is the semi-open cube of radius s with center z and g; is the line segment between x;
and z;y1. Moreover, X pac (zy.,,si+cor/a) (- — 2k,i) 18 a rotated Heaviside function on [—sy — cor/4, s + cor/4]?
with the same normal direction as OP at zi; for allk=1,... L.

Proof of Proposition[2.13 Assume that P is an N-gon, Z is a directional transition profile, and set ¢z ==
maxzegt |Z(7)| < oo. Let W be a directional weight such that W(S!) C [a,b], 0 < a < b < oo.

Let r = 4e'/16 /¢y and & > 0 so small that r < min{ro, dist(P,R?\ (0,1)?)}. Let Ly,..., Ly € N, and
(2k,i)k=1,.. Lii=1,..~ C OP, and cor/4 < s1,...,sny < cor/2 as in Proposition We define

G = 1[0,1]*\ (Ui_l,‘..,N (UH,,..,L Clzn86) U Cm’”)) '

i
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We then have that

Pl =303 Z/ *2/ / (Pomr 750 Y20 dtds da

i=1k=1:t=-1,1 C(zk,i,8:)

A
Y [ o Pz 228 o didsda

i=1:=-1,1

+ Z / 72/ / }(P&_W,l/);’ﬁif)fa*?’ dtdsda

1=—1,1
L;
-2 w,per\[2 -3
YN [t newezif e ddsn
i=1 k=1:=-1,1 Zk iS4

Since €'/16 < ¢gr/4, we conclude that all shearlets ¢ 7y, with ¢ € C(zp,;,s;) such that P.zw #

Hsﬁ,iE(ﬁi),W(ﬁi)(' — 2k;) on supp Yo'PY, have scale a such that /a > €'/16 — |[W||.e. We shall see that

we can neglect the associated part of the sum above because of the following argument: we have that

/ 72/ / }<P57~W7wa’fic>|2ai3 dtdsda
i=1 k=1:=—-1,1 (2k,i:84)
S 2
- Z / 72/ /C( ) s,;(nl) winC— Zhi)s ¢:fii>’ a
L= 2k,i+Si
N L;
+ —2/ / P =w, ag)erL
ZZ Z [1/16 W | so)? Clonirsi) ‘< e,2,W w t >’

i=1 k=11=—1,1
i w,per -3
— ‘<HE,E(ﬁ¢),W(ﬁi)<' — Zk7i)7wa7£t7b>’ a~*° dtdsda.

Assumption implies that the underlying shearlet system satisfies a Bessel inequality, see Appendix

—3 dtdsda

Hence
L;

r
>y o N s
=-1,1 (et/16— HWHOOE)Q C(zk,i,84)

- <Hﬁi5(m),w(ﬁi)(‘ ’Z’“»i)’wiﬁw‘ a”? dtdsda

N L; | 2

< 1 n - — .

SO D> e ‘PS~W Hl % iy wian (= 2hi) £2((0,1)2)
i=1 k=1 ’
N L;

sy yetoo(ret)zo().
i=1 k=1

where the implicit constants are independent of ||W||oe if [|W]|aee < €/16/2. This is always satisfied if (2.31)
holds. Thus, we get by the properties of the covering and Proposition that

|Ps,_,W|Bp > ZZ Z / —2/ / a,_(m) W(ﬁi)7w;8¢ab>‘ 3 dtdsda + O ( %)

i=1 k=11=—1,1 C(zk,i ,sz)
L;

2 ZZQ H Sy v |

H((=rr)?)
i—1 k=1
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B2 (o (2)) () o (o))

=1 k=

As SN Sk r=0(1) and YN STFL = O(e71/16) we have that

—1
- 1 1
|PE"”W|BP > Z Z Q HE,._.(nl)W(nl ‘Hl((f"')r)2) + 0 <€ 10g2 (5) >

i—1 k=1

1 0!
:/ (2(VPE7E,V¢/)(x)2 dz +o | = log, () )
(0,1)2\UIL, C(xs,r) € €

By construction, the support of VP, =z w is located in an €||WW|s neighbourhood of dP. Moreover,
=W =||2,e*. Since r = O(e is yields tha
VP.zwl% S IEI1% 2. Si O(e!/19) this yields that

1
/UN . QVP.zw)(x)’ de <O (NM> (2.33)

as soon as ||W||eo||Z[|2re ™! < e73/32, which is the case for sufficiently large & and fixed Z, W and always if

(2.31)) is satisfied. Hence,

1 1\ ¢
Pawlhy > [ VP do o Tlog, () .
' (0,1)2 € €

To establish the lower bound, we define

G = (0,12, <U1N (Ukleic(zk,i,si(1 +1)) U cm,m)) .

Then we have that

N
|Pezwlh, < Z Z/ 72/ / 6\_‘W7w2)5§,:>|2a’73d5dtda

=1l:=-1,1 C(0,s; +’r5/2)
+Z Z / _2/ / Eu’Wawa)5§TL>’2a_3d3 dtda
i=1.:=-1,1 1“7)
+ Z / _2/ / E,_‘,W7¢af§’rb>|2a_3 ds dtda.
=—1,1

By construction, all shearlets with m € G” intersecting OP + B w... (0) must satisfy \/a > s;7/2 —[|[W| e >
el/8/2 — ||W||ooe, assuming € to be so small that €/8/2 — |[W| e > €'/8/4. This is always satisfied
independent of W if holds. Thus, we have a? < 8¢~ 1/2. Invoking again the Bessel inequality of the
periodised shearlet system, see Appendix [D] this implies that

Z/ *2/ / |<P_W’waspirb>|2a3dtdsda:0<\1ﬁ>:o<ilog2<i>1),

t=—1,1
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Moreover, using Proposition and (2.33)) we obtain

|P :W|2B

N L 2 . by

ZZ Z / 72/ / 5 = Wa¢a ’5§TL>| aig ds didato < log2 <> )

e C(0,s; +T3/2) 3 3

e ) 5 1 1\ !
,2 H™ ) 73d dt da + . (>

ZZ ) 1/ / / 081(1+ 1/2))‘< €,2(7:), W (7;) wag“>‘ “ 3 ¢ O<E o c

i=1 k=1t=

4 1 1\ !
1+ — ) / QUVP.zw)(x)? dz+ o | - log, () .
CO (071)2\U'€v=1 C(x’ivr) € €

Invoking (2.33)) one last time, we observe that

1 !
|P,E,W|QBP:/ QVP.zw)(x)? dz +o | —log, <) )
> (0’1)2 1) g

We observed in the course of the proof that (2.31) implies that the implicit constants are independent of =
and W if (2.31)) is satisfied. O

I/\ \/\

m\»—-

Il
S

Proposition shows that for functions of the form P. 5w the shearlet-based seminorm |P: = w gy
converges to the anisotropic Sobolev seminorm f(o 12 Q(VP.zw)(x) dz. Hence,

1 1\ !
|SGLY(P.zw) — GLY(P-zw)| =0 (6 log, (6) > ,

with constants independent of =, W if (2.31) holds. It was demonstrated in [2, Proposition 4.10] that there
exists a sequence of functions u. of the form P. =_w., with min W, < |E.||s < max W, such that

£,%e,

. Q
;1_% GL (ue) = Pa(xp)-

= : . - _1 :
Moreover, ||E.||« — oo at any sufficiently slow rate. In particular, we can choose ||E.|s < ¢~ 12. This
demonstrates existence of a recovery sequence.

2.7 Recovery sequences for characteristic functions of sets with finite perimeter

The standard method for the construction of recovery sequences in I'-convergence arguments is to establish
lower semicontinuity of the limit functional and then reduce the problem to finding a recovery sequence for
functions from a dense, but more accessible space, only. We will follow precisely this argument. Indeed the
anisotropic perimeter functional is lower semi-continuous [I6, Theorem 20.1] and the set of polygons is dense
in the set of sets of finite perimeter. This yields the following proposition.

Proposition 2.15. Let 1) € L*(R?) satisfy the assumptions of Proposition|2.11. Let Q be a norm on R? and
let w be the associated directional weight. Assume that D C (0,1)? is a set of finite perimeter. We then have
that there exists a sequence (ug)eso C H((0,1)?) with u. — Xp:

lim sup SGLZ (u:) < Pa(xp).
e>0
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2.8 The set Bg

The set Bg describes the feasible functions for the shearlet-based Ginzburg-Landau energy. It is somewhat
unsatisfying that the shearlet-based Ginzburg-Landau energy still depends—at least indirectly—on the
anisotropic Sobolev seminorm. Nonetheless, most of the relevant functions appearing in a phase-field
problem are contained in Bg. Indeed, it was demonstrated in Proposition that all functions of the form
P. = w for any phase-transition function = and any directional width W are elements of Bg, as long as ¢
is sufficiently small. Additionally, the definition of Bg demonstrates that for sufficiently small € > 0 also
smooth pertubations of functions of the form P. = w are contained in Bg. Indeed, if f. € H'((0,1)?) with

[felin =0 (71 /loga(2 +671)),
then, for sufficiently small €, we have that P. z w + f. € Bg. This is because,
Ife + Pezwlsp — [Pezwlspl < |felBp < [feln,

by the reverse triangle inequality and by Proposition particularly (2.7).
We observe with equation (A.2) below (after adding weights), that we have an alternative representation
of |f|p as [|S(f)| > where, for f € L?(R?),

R . A T 9 3
S(f)=F"! (6Hf(§)~ (lK(§)|2+ |£1|2-/_A/0 w(l, )| |f(aé1, vVa(é + s&))| a™? dads

+ &) - /Rz/ / —1,s) |2 (\/a(flJrsfz),aﬁg)‘Qagdads)

If o(supp ue, R?\ (0, 1)?) is sufficiently large then there exists a I'g such that (u.,tas+,) =0 for all t & (0,1)?
and a < Iy. In this case, we have that |uc|gp = ||Sp(ue)| L2 + o(||uel|£2), where

1

2

A To 3
S,(f) = F! (5 o) (w : / / (L, 9)]? [fi(atr, va(Es + s6))| a2 dads
—AJO

+ &) - /Rz/ /FO —1,s) |2’M &1+ s&2), aég)ra_gdads>

For a sequence u. — Xp, where D C (0,1)2, it appears to be reasonable to study the action of the pseudo-
differential operator S, on u. to understand the behavior of the |u.|p, norm. Due to these considerations, a
promising direction to remove the restriction to be a member of the set B could be to study the microlocal
behavior of the sequences u. — xp, where D C (0,1)? and such that sup, SGL.(u.) < cc.

1
2

3 The discrete shearlet-based Ginzburg—Landau energy

The construction of the shearlet-based Ginzburg—Landau energy of Definition is based on the continuous
shearlet transform. In practice, it is more appropriate to work with a discrete energy, where the integrals
over the parameters in the shearlet-based Besov seminorm are replaced by sums. Indeed, we will show that
the shearlet-based Ginzburg-Landau energy can be uniformly approximated by a discrete variant such that
both energies have the same I'-limit.

We start by defining a discrete shearlet-based Besov seminorm. Let I' > 1, A > 0; then, for ¢ > 0 we
define J, == cNg —logy(I") and for all j € J, we set K. = {k € —A+cZ: |kl < 2%A}. Moreover, we define

the following rounding operators: for x € R

[2]c == max {z* € Ny — log,(I), z* < max{—log,(T'),z}} (3.1)
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and, for x € [—Q%A,Q%A],
[2]),c = max {2" € K;,2" <x}. (3.2)

Next, we define the discrete shearlet-based Besov seminorm: let 1 € L?(R?), let w be a directional weight,
¢ >0, and define A; 9-; = As—; and A_; o-; = As—;; then,

2 . 27 ,per
Mhoe=c' 3 3 3 X AT )
==1,1j5€J, kechmEcA o G2,
mE[Ol]

’ €[0,00], for f e L*R?).

Let T : (0,1] — (0,1] be a map such that T'(x) — 0 for z — 0. We then define the associated discrete
Ginzburg—Landau energy by

elul? + 2+ W(u)(x) dz, if u € Bg

D L — DBT (e) 4e J(0,1)2 ’ ’ .
SGLEr(u) { 0, if u e BV \ Bq. (3:3)
We shall now study under what conditions on the map 7" and a sequence (uc)eso C H*((0,1)?) we have
that [DSGLY 7 (ue) — SGLY (ue)| — 0 for € — 0. This will turn out to be the case if ||u8HH1 =o(T(e)™1)
for e — 0. Moreover, we will see that if T(g) = o(y/2) then for any sequence (uc)e=o C H((0,1)?) either

IDSGLE 1 (ue) — SGL;’(us)| — 0 or DSGLY r(ue) — oo and SGLZ (ue) — oo.

Theorem 3.1. Let 1) € L*(R?) satisfy the assumptions of Proposition and be such that

min{|¢; |, 1}

2
(R BRI

[9(€)] <

for M > 3,N > 4. Let T : (0,1] — (0,1], and (uc)eso C HE((0,1)?) be such that |uc|gr = o(T(e)71);
then, |DSGLE r(us) — SGLY (us)| = 0 for e — 0. If sup.< ||uc|| L2 < 0o and liminf.~q v/e||uc| g1 = oo then
liminf.<q DSGLE’T(UE) = 0.

In particular, if T(e) = o(\/€) for € = 0, then DSGLY 7 and SGLY have the same I'-limit.

Proof. In view of (3.3), it is sufficient to show that, if (u:)e>0 C HE((0,1)?) such that |u.|g = o(T(e)71),
then

’|uE|2B7p - ‘U’E‘QDB,T(E) —0 for e — 0,

and if liminf.<q a€|u5|%,1 = 0o then liminf.<¢ 5|u5|2DB7T(E) = 0.

We observe that there exists an R := R(I", A) € N such that supp 94 s+, C Br(t) for all (a,s,t,¢) €
(0,T] x [-A,A] x R? x {—1,1}.

By similar arguments to those following equation (2.10), we observe that, for all f € H}((0,1)?),

|flB, = N2 > / / _2/ R,NR]7’¢/15,S¢,L>L2(R2) a™3 dtdsda
=1,1 [0,N]?
Z / / _2/ ‘ [-R,N+R]» wastb>L2(R2 a’_3 dtdsda
L**l 1

R,N+R]7wg,s,t,L>L2(R2) a’_3 dtdsda. (34)

v [
L**l 1 R2\[0,N]?
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We further compute that

[ a7
N2 L;,l/o [A /]R?\[O,N]"’
= — a
N2 LZZM/O [A /]R"’\[O,N]Q
< ﬁ LZZLl/O [A a \/RQ ’<f[—R,N+R] - f[R,N—R]?q/)a7s,t7L>L2(]R2)

1
S FO(U[—R,N—&-R]_]C[RN rli) S *O(|f|§{1)v

a3 dtdsda

<f[—R,N+R] ) w(‘f,s,t,/,>L2(]R2)

a3 dtdsda

2
(fi=r,N+R] — JIR,N—R)» w;j,s7t,L>L2(R2)

a3 dtdsda

where the last inequality follows by equation (2.5) and equation (2.9). Denoting c. := T'(¢), we compute
similarly to the continuous case

2 't 25
mDB,cE = C¢ E E E E 2
L:71’1je‘]‘35 keKCst mGCaAL 27j22,
me[0,N]?

2

,per
<f’ wQ 7,2=3/2km,.

>L2(]R2)

2
_ 2j
o Z Z Z Z 27 <f[_RvN+R]’w;*j,ij/Zk,m»L>L2(R2)
t==11jeJc, k€K., jmeEccA, ,— ;72
2
52
)ED DD DD DI o (€ EPSITIT P SN I L)
v==11j€Jc. k€Kec. j mecc A, , ;17
mg[0,N]?
By assumption, we have that supp ¥5_; ,_;/2, ., C Bpgr(m). Thus we have that
2
o
)20 DD DIEED SENE] (VTIPS S
inl’lje‘]ca kEKCE:j mECEALgijz,
mg[0,N]?
ct - 2
S5 1D 1D DD SEEED DR (/SR PRSP S
t==L1j€Je, k€Keoj meceA, , 577,
m¢[0,N]?
ct 2
2; .
< ]VEQ Z Z Z Z 24 <f[_R7N+R] - f[RvN_R]’¢§d*j,2*j/2k,m,L>L2(R2) =
L:_1>1j€JCE keKcE,j mGCEAL 2— JZZ’
We define ¢, :=1if t =1 and 4, := 2 if 1 = —1 and 4/ := 1) and obtain by partial integration that
2
9 w
Z Z Z Z O (fierv+r) = firn—r)) 1 V2-0,2-9/2k,8, /5, Ay_jma
L_fl ,1jede, k€K, j meEc. A 2= ;22 b L2(R?)

1 1
WO (lf[fR,NJrR] - f[R,N—RH%Jl) = NO (\fﬁql) ,

where the second to last step follows from a long but simple computation which, with minor changes, is
performed in [13, Section 5.1.1] and the last inequality follows with (2.9). Let now (uc)eso C HE((0,1)%). We

then define 1
N(’U,E) = [max {|U5|?]’_I1, 6}—‘ .
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It is not hard to see that |(ue)—r,n(u.)+r] /N (Ue) |51 (R2) ~ [te|H1((0,1)2) and by (3.4) and (3.5) we have that,

for e — 0,
2
|u6|Bp Z / / 72/ < ue)l RN+R ,1/Ja7q,m> a=® dtdsda| — 0
1=—1,1 R2 Ue) L2(R2)
and
(u2) :
i Ue )[-R,N+R]
elbae. = ¢t 30 3 2, ¥ <Ez[v<u>]’%—-az—mk,m,L> -0
—11j€Je. k€K, ,j mEcZ? € L2(R?)
Thus, the result follows if for all (h.)es>o C H'(R?) with |h.|gr € O(T(e)1):
A T
/ / / a_2\<h8,w2’stL>L2(R2)|2a_3 dadsdt
r2J-AJo T
A 2
—A S S S S (et ), | |20 fre—0, (30)
t==1,1j€Je. k€Kc, j mEce A, ;72 (R?)
and for all (h.)e>o C H'(R?) with sup,. [luc||2 < 0o and liminf.-q|he|%: = oo
ligiglb e Z Z Z Z 2% <h57w;_j,2—j/2k,m7L>L2(R2) = oo (3.7)

t=—1,1j€Jc, k€K, j meEc. A, 5 ;72

We will now verify the statements ) and (3.7] . Let h € H'(R?); then, by partial integration, we compute

that
E / / / _2| astL>L2(]R2)| 3dad8dt
R2

=—1,1
2
< h ’y(lStL> a_3dad8dt.
i=—1,1/R? L2(R2)
By the co-area formula, we can rewrite (??) as
r 9 2
< h7’7awstL> a_gdadet
1=—1,1/R*J=AJ0O du;, T L2 (re)
23/2 A P 9
B / / / <a.h’ 751,2j/2k,m,b> 9%/2 dm dk dj
1=—1,17 —logy (1) / —29/2A JR? T3, L2(R?)

20/2A 9
B / / / < ( ) 7 (755 2-9/2k,m L)> 23/2 dm dk d;
—11 s (1) JmailEa R i ’ T Lame)
29/2A ‘ 5 5 i
_ / / / (2912, )2 ( h) ©] |G (40557, 0,))[ d dk dj
1=—1,17 —loga () J—23/2A JR2 Ox;,
29/2A ,
_ (ax ) / / (2728, 0% | F (3 (Ags STy 2 8)) 2 dk dj de
1=—1,1 L log, (T) 2i/2 A
= S(h).
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We shall now perform a similar computation for the discrete shearlet-based Besov seminorm. We have by
Plancherel’s identity that, for ¢ > 0,

DD DD DR

JECLkEK, ; mec. A, 0—j 22

2

w,per
<h’ w?*j,2*j/2k,m,L>L2(R2)

2
9 w
=y Z <f < N h) F (72-j72_.7/2,€7m,b)> (3.8)
jECLkEK,, j mec.A ,] 72 L Lz(RQ)
Following once again the computation from [I3} Section 5.1.1] shows that (3.8)) equals:
Wi(h,c) + Wy(h,c)
=) Z w2792k, 0)? | F 9, ZH(AQﬁSTer)}ngJFWL 9 e
axi —2i/2k 2 6$1 ) )
jECLkEK,, . :
where for a function R : (0,1] — (0,1]:
9 o |
Wy | =—h <R h 3.9
i ()| <70 gt L (39)
and for sufficiently small ¢ > 0
. 2
Witho) > [l - hoxe [, 0

where C! == {x: |21], |wa| > 1,|21| > |22|}, and C™1 := {@: |z1|,|z2| > 1, |71] < |22|}. Hence, we conclude
that

R 2
L L >
Wi )+ Wath ) 2 [l [, o

— R(C)|h|§{1(R2)
We have that

N 2
liethicrve |, . 2 Il ge) = 10132 gae)-

L2(R?)

If we now insert u. for h we deduce that

e(Wi(ue, ce) + Wi(ue,ce)) 2 e(l — R(Ce))|U5|ZH1(R2) — 6||u5||2L2(R2). (3.10)
Applying [13, Proposition 3.3] to [13, Equation (38)] yields that R(c.) < ¢. and thus (3.10) implies (3.7). To
obtain (3.6, we now estimate with (3.9):

S(h) = >~ (Wilh,e) + Wi(h,c))

=—1,1

< |S(h) — Wi (h,e) + Wi (k)| + O (R(e)|hIF1) - (3.11)

We rewrite W} as a triple integral by using the rounding operators (3.1)) and .

[2Ule/2A); 4c ] 2
wito= [ [ Lo (0 )
log, (T) le/2A R2
9 2
i (5% h)

b (Az—mcng[.7‘1c/2[k]m§> ‘2 d¢dkdj.
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We proceed by estimating |S(h) — Wi (h,c) — Wi (h,c)]:

[S(h) =Wy (h,c) - W_l(h ol
<

224 bl 2 2
J ) P~ QT
) [ o b e (o, )
—w w/%,L) |a(A27jST2_ﬁ2k£)| dkdj d¢
[2V1e/2 A e +e 2 2
2712k 0,0) [ (Agmi S | ardja
+ (5961, ) oy (1) S22 ( (K], aL> 7( 2-lile ,Q[J]c/’z[k]j’cg) Jdg

2 Ule/2[k]; ) "7 (A2 S_g[jlc/z[k]j,ﬁ)r

27/2A
< ‘h|H1 (R2) Sup2 / /
£eR log, (") 29/2A

— w2792k, 0)2 |7 (Ag=s STy, 0,6 ‘dkdj

[2Ule/2A); o4c ) 2 2
/1 (F/z w (2702 k) e,0) 7 (- STgt 20,6 | dkdj)
082

/2 A
= |h| 3 gey essgsu]é)2 (U1(&,0) + Ua(&,0)), (3.12)
€

where

0] (AT, )|

QJ/ZA
/logz(r)/QJ/zA
—w (27j/2k,L> |fy\ (AQ—jST21/2k£)|2

2[]](‘/ A]] cte 9 2
o—lile/2[k] . ‘A g ’ ;
/logz(l" /2 ( [k]g,c’b) V(Az [JJCS_Q[.7]C/2[;€]J.YC§) dkdj.

/2 A

dkdj and

We estimate Uy (&, ¢) and Uz (€, ¢) individually and start with Uy (€, c). We have that, for all £ € R?,

min{|§1|M,l} | (3.13)
L+ 1a?)% (1 +[&?)%

RISIPS

Hence

|U g ‘ / / c/2 A](,"FC mln{|2 j§1|2M 1} dkd
NSNS : -
’ o (1) J217240 (L+ 2I& )1+ [27977(& — 27012 [R]; £1]7) "

Since [k];. = [2U)/2A]; . on the domain of integration we have that, if & # 0, then

|U2(€ C)| < C/OO min{|2_j€1|2M7 1} d]
F  tegy(ry (L 127962 B (L 4 27972 (6 — 27U 2201 /2 A £ [2))

c/°° min{|277¢,|?M 1} a4

< -

T Jotegm 12776 H)F
o mnin{|2-i+log (€1 2M | > min{|277>¥ 1

- min{| _ |*M, 1} dj= ¢ Mdy’ <ec. (3.14)
o (|2l (ED )T oo (L [279[R)E
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We continue by estimating Uy (€, ¢). We compute with the binomial formula that, for all £ € R?

Ui(§,¢)

/log2 F)/21/2A

W@ 02 7 (A5-1875,,8) ] dbdj

2 ldle /2[k ) ’7 (A2 mcS_zm /2[k];, 5)‘2

2i/2 A

o (270002 k0, 0) F (Agetie S, €) + (2792007 (A2-s87512,8) | Ak .
Using the decay estimate (3.13]), we obtain that if : = 1, then, for all £ € R

’W (2—[3'].:/2[/{]]_’6’ ) (A2 S dle/2[k];, 5)"‘ w(2_j/2kw)§ (A2—15T21/2k5)‘
min{IQ‘]fl\vl}M
(142796 )% (14 [279/2(& + 279/2k61)[2) &

<

~

21/2 A )
[ L 03 (1o, €) - 7 07, )
log, (T")

(3.15)

(3.16)

If t = —1, then the roles of & and & are reversed. Additionally, by the Lipschitz continuity of w, ¥ and the
Lipschitz continuity of = — 2% and x — 2%/2 for z in a neighbourhood of 0, we conclude that, for all £ € R?,

’W (27m”/2[k]j,c, ) (A2 5 jle/2(k];, 5) - W(ijk,bﬁ (A2_jST2j/2k€)‘

S As-i8T 00,8 — Az—[ﬂcsg[ﬂc/qk]j X9

< (2 i gl )fl ( 9=i/2 _ ol /2)52_(2 ik — 9~ lle[k ]“)gl‘

< (c2*j£17 (2—j/2 _ Qfmu/2> € — (2*3’1@ _ Qfmumgfj/zk) € - (2 Ule/29=3/2p; — 9=lile [k, ) ,51))
< (Cgfjé‘h (Qfm _ zfmcu) (52 _ 273'/2;@) _ (zfmc/zfj/zk . Tmc[k]n) 51)’

IN

c ’2—3'51’ (2—3‘/2> (52 _ 2_j/2k§1) ‘ +e ‘2—[1'1061‘
() (1 ) )

Combining (3.15), (3.16) and (3.17) yields that

1
2

A

21/2 A . —j M
UL (€, ) <c/ / min{[276,], 1} dkdj S c.
log, (T")

pan (L4 296 ) 511+ [2-7/2(6 + 2-9/2k€,) ) E )

Additionally, applying (3.18)), (3.14) to (3.12)) and (3.11)) shows that

Shy—= > (Wi(h,c)+ Wi(h,0))| = O ((c+ R(c)) |h[F) = O (c|hlFn)

=—1,1

which after replacing h by u. and ¢ by c¢. implies (3.6)). This completes the proof.

28

(3.17)

(3.18)



A Equivalence of the shearlet-based Besov seminorm and the H!
seminorm

We first compute that

F(as)(€) = a1t (afy,va(&s + s61))  for all € € R?. (A1)
Now let f € L?(R?), I', A > 0; then by Parseval’s identity and we have that

LRGP ar+ / 2 / [ e s P daasa
Ll
= /2 1f(©) <|f((f)|2 + /_A /OF ‘@(aflﬂ/&(fz + Sfl))’Qa_% dads

2
a ? dads) d¢ = 1(f).

a3 dadsdt

Va(& + s&),aés)

]RQ
Let fi(€) = P(€) /&1 and J(€) == 5(5)/52; then,
A T 5
/ |f ( P + &l /—A/o ’ﬁ(afl, Va(és + 851))’2 a2 dads (A.2)

+ |52|2./R2 /_AA/OF‘ﬁ(\/a(gl—i—sgg),afg)ra_gdads) de.

It was shown in [I0, Theorem 4.3] and [I0, Lemma 4.2] that there exist A*, I'* such that for all ' > I'*, A > A*
there exist A, B € (0,00) such that

A r
A S/ / [(Va(& + s&2), a&)|” a= 2 dads,  for all € such that [¢1] > || and [¢1] > 1;
—AJO
r,o. 9 .
A S/ / ‘ﬁ(\/ﬁ(& + 852),a§2)‘ a~2dads, for all € such that |&] > |&] and |&)| > 1;
/ / | (&1 + s&2) a§2| a 2dads<B for all £ € R?;

/ / ‘ﬁ(\/&(& + 552),a52)‘2a*% dads < B, for all £ € R2.
—AJO

We have that, if [€1] > [, then [£[2/2 < [&]? < [¢]? and if [§o] > |&1], then [€]?/2 < [&* < [¢[°. Additionally,
by assumption, we have that there exist 0 < A < B such that |K(¢)|/[¢] € [A, B] for all £ € [—1,1]?. Hence,

for ' > '™, A > A* we have that
10 = [ IFOPIS©F s,

min {Z, ‘;1} €2 < |S()]? < max {B,E} E[2 for all € € R2

where S : R? — R is such that

Since | flg1 ~ [po [€2]£(€)[? €, this shows that |f|z: ~ I(f) for all f € H'(R?).

29



B Proof of Proposition [2.14

Proof. Let a be the smallest interior or exterior angle of P and define ¢y := min{sin(a), 1}/2. We denote
for i =1,...,N by g;, the line segment with start point z; and end point z;+1. Let r = min{d(g;, g;) :
,7€{l,....,N}, i >3, i—j>1, (i,j) # (N,1)} be the smallest distance between each line segment
and the closest non-neighbouring line segment. Since JP is non-self-intersecting, we have that r; > 0. Let
ro = min,—; N |%; — T;11|, where zx41 = x;. Again, we have that ro > 0 since otherwise two vertices
would coincide. We set ¢ := min{ry,r2}/8.

Let r < rg and let ¢ € {1,..., N}; then, by the Pythagorean Theorem, there is a coordinate ¢t € {1,2}
such that

Ri = [(3)e — (@ig)e] > |2i — 2| /V2 = i — 2o | /4 +12/4 > |23 — wiga | /4 + 21 (B.1)

Define L; == [(k; — 2r)/(rco)]| and s; == (k; — 2r)/(2L;). We have that L; > |z; — x;41]/(4r) by equation
(B.1). Moreover, we have that

K — 21 < Ki — 21 cor
S; = < cor = —
2T (ki — 2r)/(cor)] = ° 2(k; —2r) 2
and
S K; — 27 K; — 27 S cor
S; = = CoT = —,
(24 2(k; — 2r))/(cor) " 24 2(k; —2r) ~ 4

where the last estimate follows since 0 < k; — 2r < 1 and hence (2 + 2(x; — 2r)) < 4. It is not hard to see
that g; can be parametrised by

A

gl(w) =T; + ()\%tU))’ w e [07 F':i]ﬂ

for a |A\| = 1. We define, for k =1,..., L;, wy == r + 2s;k — s; and

. )\ﬁflwk
2k, = Tyt ot .
/\i Wi

Since |A| =1 it follows that |(2ki)t — (2k,i+1)e| = 2s; fori=1,...,L; — 1 and |(2k,i)r — (Zk,i+1)r| < 2s; for
i=1,...,L;—1, wheret/' =2ift = land ¢’ = 1if t = 2. Moreover, |(x;);—(z1,:)¢e] = r and |(z;)e — (z1,1)p| <7
and |(z;41)¢ — (z0,1)¢| = and |(xi41)r — (21,,:)¢| < 7. This shows that

g; C Uk:l,...,LiC(zk’i)Si) U Ue:i,iHC’(u,r). (B.2)

Next, we compute for any ¢ < N and k; < L; the distance between 2y, ; and any line segment g;, j # . If
|7 —4] > 1 and (¢,7) # (1, N), (N, 1), then we know by assumption that 9(zg, i, g;) > 71 > 8r. We also obtain
that d(z;, g;) > 8r and d(x;41,9;) > 8r. Hence, for any k; < L; we have

C(zk,i,5:) NCl2r, 5,585) =@ and  Czp,4,5:) NC(xy,7) = 3. (B.3)

Ifj=i+1orj=1,i= N, then let z* € g; be such that d(2x,, 2*) = 0(2k,, gi+1). This choice is possible
since g; is compact. If z* = x; then we have by construction d(zy;, 2*) > s; + 7. If the smallest angle between
g; and g; is larger than or equal to 7/2 then it is clear that z* = x;, so we can proceed by assuming that
the smallest angle 8 between g; and g; satisfies & < 8 < 7/2. By construction, the triangle with vertices
24, 2%, x; has a right angle at z*. By the law of sines, we conclude d(zy ;, 2*)/sin(8) = |zx,; — x;|. Using
that |zx; — ;| > r + s, we conclude that d(zy;, 2*) > 2(r + s;) sin(a) = 2(r + s;)co.
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We conclude, for all i < N, k1 < L; and ky < L;41, that
C(2ky,ir8i) N C2ky,i5 Sit1) C By, (2014) N Byssg,,, (2hi41) = 2, (B.4)

since 2v/2s; < 1¢o/V2 < |2ky; — 2ky.i|. From (B2), (B-3), and (B:4) we conclude that for any 4,j < N,
ki < L;, k; < L; we have that
C(2k,i>51) N Clzry 5, 85) = @, 1f (i,k;) # (4, k), and (B.5)
C(zi,r)NC(xy,r) =@, if j # 1,
C(2k,,i,8) N Clzj,r) = 2.

We set L = Zi\;l L; and get that L > Zfil |zi — xi41]/4 = €(P)/4. Next, we conclude from (B.2) and (B.5)
that holds. Finally, it is not hard to see that, C(zx, s; + cor/4) Ng; = @ for all j # i and therefore
XPAC (2.1,8:+cor/4) ( — 2k,i) 18 a rotated Heaviside function on [—s; —cor/4, s; + cor/4)? with the same normal
direction as OP at zy ;. O

C Some integral estimates

We start by showing equation (2.28)). We have that

o r i min{la&; 3,1} -
/r /Rmms,o,l( dsda = 1+|a§1) TENICETDIE a"°dsda
mm{|a£1|3 1} S
<1+r51 ) T+ & )P(1 + [va(str + &) @ e

mln{|a§1\3 1} 2

) .
— a”2dsda.
SR NA+GD?) Jre Jr [ (L4 |a&a])3 (1 + [Va(sé + &)
By [10, Equation 5|, we have that
2
min(jo6 1)
dsda < oo, C.1

o Je | T @ P+ V(s 1 @t | ¢ P -y

which yields (2.28)).
Next, we demonstrate (2.29)). If v5|&1|/2 > |&2| then
r —Vs
/ / Fas0a (O ds da
mingla&;°, 1} : a"3dsda
(1+ |a&u (L + [Va(sér + &)))*

min{|a& |*, 1} S Sdeda
(L F [Valsen 2L+ Ja€ ) A (1 1 [Va(sér 1 &)])2
mm{\aw B[] min{la, *, 1} *
S/o (L ValsE)) / A F [ )T(1 + |va(ser + &) @ ode
el min{|a& |?, 1} —
S AT et AT £ aee T | ¢ e
|&1)?

~ (4 [(ss))Y

where we again invoked [I0, Equation 5] to estimate the integral over s and a. This completes the estimate

of @),
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D The Bessel inequality

Let f € L?(R?); we then compute, by Plancherel’s theorem, that

T A r A
/ / |<f7 17[)(17S,t,L>|2a_3 dtdsda = / / /
0 —A JR2 0 _A JR2

Using Parseval’s identity and Fubini’s theorem, we obtain that

PN . 2
<f'(/)a,s,0,ue_2m<"m>>‘ a3 dtdsda.

/OF /_AA /]RZ <f @a,3707L,e_2”"<"m>>‘2a_3 dtdsda = /OF /_AA f{p\a,s,o,b QLQ a 3dsda
= [0 [ [ o atasaade
Equation and . .y
@) <ari aa [ig] < mE

imply that fOF ffA |12)\a7s.,07L|2a73d8 da is uniformly bounded by a constant C' > 0, which yields that

r A
A /—A /]R2 |<f7 ’@[]a,s,tw”ga_?’ dtdsda S C”fH%?(]R?)

If f € L2((0,1)2), then

T A 9 N A
/ / / [(forer, M a=® dtdsda g/ / [P pasr )| a2 dtds da,
0 J—AJ(0,1)2 0 J-AJR2

where fPe"(x) = f(z — |z]) for all x € [-2,2]?, where || is applied componentwise, and fP"(z) = 0 on
R?\ [-2,2]2. Hence,

T A
er 2 _ er (|2
/ / / (et WP dtdsda < 17 ey S 11220000
0 J-aJ(0,1)2

Performing the same argument for the second cone yields that

I A

Z \/0 /A /(0 12 ‘<f’ ﬂ’a,sym)\?a% dtdsda 5 ||f||%2((0,1)2), for all f c LZ((O’ 1)2)

=—1,1 - )

E Counterexample to the convergence result of Bertozzi and Do-
brosotskaya

In [7, Theorem 1.1] it is claimed, that for any sequence u,, € H'((0,1)?) converging to xp in L((0,1)?),
where D is a set of finite perimeter, the quotient

|un|B,p
[un|r((0,1)2)

converges to R(xp), and R(xp) is a nonconstant function of 9D. This theorem cannot hold as the following
counterexample demonstrates.

For a contradiction, we assume that [7l Theorem 1.1] holds. Pick D C (0,1/2)? with finite perimeter and a
sequence (up)nen C H'((0,1)?), such that u, — xp in L'((0,1)?), and |un|m1((0,1)2) ~ [tn|Bp — 00 for n —
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00, and supp u,, C (0,1/2)2. Let g, be a sequence in H'((0,1)?) with ||gn|/£2(0,1)2) — 0, supp g, C (1/2,1)?
and |gn|g1((0,1)2) ~ |un|fq1((0 1)2)- Since the H'((0,1)?) seminorm of g, is asymptotically much larger than

the H'((0,1)?) seminorm of u,, one can easily observe that

|, + gn|Byp . |9 Bp -0,
[un + gnlmr(0,1)2)  |9nlE1((0,1)2)
for n — oo. Hence, by [7, Theorem 1.1],
[un|Bp , [un + gnlBp . and |9n|Bp 7
lunlmr(0,0)2)"  tn + gnlar(0,1)2) |gnl a1 ((0,1)%)

all converge to the same limit R(xp) for n — oo. The limit of |g,|Bp/|gn|m1((0,1)2), however, is independent
of 0D, completing the asserted contradiction.

The main mistake in [7] causing the incorrect conclusion of [7}, Theorem 1.1] can be found in [7, Lemma
2.6],

where in the second to last line an upper bound of 27 is mistaken for a lower bound. The best achievable

lower bound from the results in [7] appears to be 27/2,
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