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Abstract

We introduce a new approach to the numerical approximation of the time-fractional Navier—Stokes—
Fokker—Planck (TFNSFEFP) system, which involves the coupling of the incompressible Navier—Stokes equations
to a time-fractional Fokker—Planck equation. The model arises in the context of dilute polymeric fluids, and it
enhances the standard integer-derivative version of the model by including memory effects. The key challenge
associated with the numerical solution of the TFNSFP system is that, in addition to it being nonlocal in time,
it is, even in its simplest form, posed on a spatial domain that is the Cartesian product of two d-dimensional
domains, for d € {2,3}, the d-dimensional flow domain and the d-dimensional configuration space domain.
We combine a kernel compression technique based on rational approximation of the integral kernel of the
time-fractional derivative with a space-splitting method. By doing so, we transform the time-fractional
partial differential equation into a fixed number of integer-order in time partial differential equations. The
Fokker—Planck equation posed on the 2d-dimensional domain is decoupled into two d-dimensional problems,
and a standard combination of the Hermite spectral method on the configuration space domain and a finite
element method on the flow domain is then applied. Finally, we combine our numerical scheme for the time-
fractional Fokker—Planck equation (TFFPE) with a standard Navier—Stokes solver. We propose an efficient
implementation strategy based on the algebraic structure of the discretized time-fractional Fokker—Planck
equation, which significantly reduces the computational cost.
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1. Introduction

The flow of a polymeric fluid inherently differs from that of a Newtonian fluid, e.g., turbulent flow can
occur even at low Reynolds numbers [1]. Adding polymer molecules to an otherwise Newtonian fluid results

in a viscoelastic fluid, which exhibits both viscous and elastic behavior [2]. Here, we shall be concerned with a
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particular class of models of dilute polymeric fluids, which involves the coupling of the incompressible Navier—
Stokes equations to a time-fractional Fokker—Planck equation (FPE), and we shall introduce a numerical
scheme for its approximate solution.

Originally, Fokker and Planck derived the FPE to model the Brownian motion of particles [3, 4]. In
general, the FPE describes the evolution of a probability density function ¢ under the influence of drift and
diffusion, and thus, finds applications in numerous fields such as solid-state physics [5], quantum optics [6],
molecular biology [7], and it is also used to model the viscoelastic properties of polymeric fluids.

In the context of polymeric fluids the FPE has been widely studied analytically and from the computa-
tional point of view. For a recent overview, we refer to [8], and to [9] for a review of the related Oldroyd-B
model. Commonly, one considers long polymer molecules within a viscous incompressible Newtonian sol-
vent, neglecting self-interaction of the polymer molecules as well as interactions between different polymer
molecules, such as entanglement. In the simplest case, a single polymer molecule is modeled as a pair of
massless beads that are connected with an elastic spring. In this, so-called, dumbbell model each polymer
molecule is represented by its end-to-end vector, the so-called configuration vector, which corresponds to
the orientation vector of the elastic spring connecting the pair of massless beads. Different models arise
depending on the degree to which the polymer molecules can be extended. Finitely extensible nonlinear
elastic (FENE) models involve a spring-force defined on a bounded open ball in R%, d € {2, 3}, as configura-
tion space, see, e.g., [10, 11], while the Hookean model allows for polymer molecules of arbitrary length, as
discussed in [12, 13] and involves a linear spring force defined on the whole of R?. In the latter case, suitable
decay conditions need to be imposed to avoid the nonphysical scenario of infinitely long polymer molecules.
This modeling assumption is widely used in practice because of its simplicity [13]. We shall confine ourselves
here to such a Hookean model.

We consider the following formulation of the FPE. Let © C R? be a bounded and open domain, D = R?,
and T € Ry. We denote the configuration vector of the polymer molecule with R € D, and x € (0 is the
spatial variable. The probability density function ¥ (¢, x, R) satisfies the following FPE in (0,7] x Q x D:

Oy =F(¥) :==—u- Vo + eAgth — Vg - (T(u) - RY) + Vi - (ERY) + xARrt, (1)

where u : [0, 7] x @ — R? denotes the velocity field of the fluid, € > 0 the center-of-mass diffusion coefficient,
¢ > 0 is the spring constant, £R represents the Hookean spring force, see, e.g., [14], and xy > 0 is the
diffusion coefficient for the configuration space. The drag term 7(u) is commonly either the spatial gradient
of the velocity 7(u) := Vxu (resulting in the so-called general noncorotational model) or its corotational part
7(u) == $(Vxu — (Vxu)T) (resulting in the so-called corotational model).

Both choices for 7(u) have been widely studied in the literature. Concerning the general noncorotational
model, we refer to [15] for an introductory review, to [16] for the compressible isentropic case, to [13] for the
incompressible case, and to [17] for the global existence of weak solutions. For studies of the corotational

model, we refer to [18] for the existence of weak solutions of the FENE-dumbbell model, to [19, 20] for the



well-posedness of the model in 2D, to [21] for the analysis of the time-decay of solutions, to [22] for the
numerical approximation, and to [23] for a recent analysis of the existence of solutions.

For the FPE, defined on the Cartesian product of the spatial domain {2 and the configuration space
domain D, the underlying idea of most numerical schemes is to treat the problem on each domain separately.
This so-called space-splitting approach (also known as the alternating-direction method) was introduced in
[24] and the first rigorous numerical analysis was performed in [25]. Commonly, one uses a combination of
a spectral method over the configuration space and a finite element method over the physical space. For
FENE-type models, a Galerkin spectral method based on spherical harmonics can be used (see, e.g., [25, 26]),
while a Hermite spectral method can be used for Hookean models, see [27, 12]). Since v is, by definition, a
probability density function and is therefore nonnegative, specialized structure-preserving numerical methods
have also been used, see, e.g., [28, 29].

Time-fractional differential equations have grown in popularity because they can accurately describe
various physical phenomena. Their advantage lies in their nonlocality in time since they consider all previous
states of the solution as so-called memory effects. From a purely mathematical point of view, the FPE could
be generalized by replacing the time derivative on the left-hand side with a time-fractional derivative of
Caputo-type. It was shown in [30] however that the derivation of the time-fractional Fokker—Planck equation
(TFFPE) from the Langevin equation places the time-fractional derivative of Riemann-Liouville-type inside
the spatial differential operator appearing, instead, on the right-hand side of the FPE, leaving the integer-
order time-derivative on the left-hand side of the FPE unchanged. These differing formulations of the FPE
are only equivalent in the special case of a time-independent operator F', i.e., when the velocity field u
involved in F' is time-independent, see [31].

The time-fractional Fokker-Planck equation under consideration here therefore reads as follows:

Oy = F(9, ), (2)

where a € (0,1], and the time-fractional derivative 9}~ “% is of Riemann-Liouville type. Tt is defined as
02 f(t) := ;I = f(t), where Z¢ is the Riemann-Liouville fractional integral operator of order a € (0,1] on
L1(0,T), see, e.g., [32]. Tt is given by

Zef(t) ::/O Kyt —s)f(s)ds, 0<t<T, (3)

where the integral kernel reads as K, (t) := t*~1/T'(a) and T'(-) is the gamma function. For an introduction
to the theory of time-fractional derivatives, we refer to [32]. We postpone the discussion of the choice of the
initial condition and of the boundary conditions to Section 2.1.

The majority of numerical methods for time-fractional derivatives are either quadrature schemes for the
convolutional integral or approximation schemes for the integral kernel. The former include the L1 scheme
(see, e.g. [33, 34]) and fractional linear multi-step methods [35], most-notably Adams—Moulton/Bashforth

type schemes (see, e.g. [36]). Standard quadrature schemes suffer from nonlocality, i.e., the required storage



grows linearly and the computational complexity quadratically with the number of time steps. Approxi-
mation schemes for the integral kernel include kernel compression techniques that approximate the integral
kernel with a sum of exponentials (see, e.g., [37], and more specifically for t~% [38]), as well as techniques
that use multipole polynomial interpolations of the kernel spectrum [39]. A detailed overview of numerical
methods for time-fractional differential equations can be found in [40].

Various numerical methods have been successfully applied to different versions of the TFFPE, including
ones based on the Laplace transform [41], the predictor-corrector approach from [36] in [42], the variational
iteration method [43], the Adomian decomposition method [43], finite differences [44, 45], the L1-method
[46], the multistep reduced differential transformation method [47], as well as the fractional power series
method [48]. All of the publications mentioned above consider the TFFPE confined to the configuration
space. Because of the associated computational cost, see, e.g., [44], it is unclear how any of these techniques
can be applied to a TFFPE defined over the Cartesian product of two d-dimensional domains, d > 2, as is
the case in the model under consideration here.

While the TFFPE describes the behavior of the polymer molecules, the movement of the fluid into which
the polymer molecules are immersed is modeled by the incompressible Navier—Stokes equations (NSE). The
Navier—Stokes system is coupled to the Fokker—Planck equation through the presence of the velocity field,
u, in the TFFPE, while the probability density function, v, enters into the NSE through an additional
polymeric/elastic stress tensor T, which is given by the so-called Kramers expression T := C —~1d, see, e.g.,
[17], where 7 is in general a function defined on [0, 7] x € that can depend on the polymer number density,

fD ¥(t,x,R) dR, but is, for the sake of simplicity, considered to be constant in this work, and
C = / ot~ 4p(t,x, R)RRTdR. (4)
D
Thus, we seek a velocity field u: Q x [0,7] — R? and a pressure p : Q x (0, 7] — R that satisfy

du+u-Vu=-Vp+2vV-D(u)+ V- T, (5)

V.-u=0, (6)

where v > 0 is the viscosity coefficient and D(u) := £(Vxu+ (Vxu)?) is the symmetric velocity gradient. In
[30], the global-in-time existence of large-data weak solutions to a corotational, FENE-type TEFNSFP system
is shown for o € (%, 1). For the general noncorotational model, the proof of the existence of weak solutions
remains an open problem in the time-fractional case.

The paper is structured as follows. In Section 2, we discuss the mathematical model under consideration
in more detail, elaborate on the choice of initial and boundary conditions, and on the difference between the
corotational and noncorotational models. In Section 3, we introduce the essential algorithmic components,
namely, the Hermite spectral method and the kernel compression based on rational approximation. In Section
4, we present the numerical method used to discretize the TFFPE. A kernel compression technique based on

rational approximation transforms the time-fractional differential equation into m integer-order differential



equations. The space-splitting approach decomposes the system into its physical and configuration space
parts. The Hermite spectral method and the finite element method are used to discretize the unbounded
configuration space D = R? and the physical domain 2, respectively. We then present the complete numerical
method as the key contribution of this work. Section 5 is concerned with the numerical computation of the
Kramers tensor. We show that for d = 2 (resp. d = 3), four (resp. seven) Hermite spectral modes suffice
to calculate the velocity field and the pressure. In Section 6, we verify our numerical scheme by comparing
our results for the TFFPE against an analytical solution. Further, we show the difference between the
corotational and the noncorotational formulations and we investigate the influence of the order « of the time-
fractional derivative on the evolution of the solution. For the TENSFP system, we validate our theoretical
findings with numerical results and show the impact of memory effects on the flow of dilute polymeric fluids.

We close by providing a conclusion in Section 7.

2. Discussion of the Mathematical Model

In this section, we discuss the mathematical model considered in this work. First, we examine the TFFPE
for a given velocity field u, before elaborating on the full TFNSFP system. We also examine the influence
of 7(u) and compare the corotational case to the general noncorotational case where the full gradient of the

velocity field instead of just its skew-symmetric part, is used in the TFFPE.

2.1. Time-fractional Fokker—Planck equation

Let the velocity field u be given. The TFFPE is closed by a natural boundary condition on the boundary
0N of the spatial domain :

(eVx0i ™ + 0/ *u) -ngg =0, on (0,T) x 9Q x D, (7)

and a sufficiently strong decay condition as |[R| — oo. Recall that in the Hookean model under consideration
the configuration domain D = R?, d € {2,3}, and R is the distance between the two endpoints of a polymer
molecule. Thus, the decay condition can be interpreted as the probability of the presence of infinitely long
polymer molecules being zero. While we do not specify the decay conditions here, later, through the choice
of basis functions, our numerical approximation of the solution will be forced to decay exponentially fast as
IR| — 0.

The initial condition (0, %, R) = ¢°(x, R) specifies the initial distribution of polymer molecules within
Q x D. Accordingly, we consider ¥° > 0 and assume that Ip PO(x,R)dR = 1 for all x € Q, i.e., our
initial condition results in a constant polymer number density in Q. Assuming no inflow or outflow of
polymer molecules, the amount of polymer molecules should remain constant in §2. This is, in fact the
case if u-ngy = 0 at the boundary of Q2. The initial, boundary, and decay conditions of ¢ ensure that
1= [,¥(t,x,R)dR, for all t € [0,T], see e.g. Lemma 3.2. in [15]. For the convenience of the reader, we

outline the argument here. We integrate equation (2) and the boundary condition (7) over the configuration



space D and obtain a parabolic equation in ((¢,x) = fD ¥ (t,x, R)dR subject to a homogeneous Neumann
boundary condition on 92 and initial condition ((0,x) = 1. Provided that u is sufficiently smooth, this
problem has a unique solution: the constant function ((¢,x) = 1, and the result follows.

Furthermore, we assume that the initial datum satisfies ¢°(x, R) = 1°(x, —R)) which then in turn yields
P(t,x,R) = ¢ (t,x, —R). This symmetry property of the solution results directly from the model assumptions
and can be exploited in our numerical algorithm.

In the literature, there are two prevalent versions of the Fokker—Planck equation: the general noncoro-
tational model, where 7(u) = Vxu, and the corotational model, where 7(u) = (Vxu — (Vxu)T), see the
references provided in the introduction. The corotational model restricts the influence of the solvent fluid on

the polymer molecules to rotations and neglects any lengthening or shortening. We state this more rigorously

in the form of the following lemma.

Lemma 1. Let 7(u) = 2(Vyxu — (Vxu)T), and suppose that the initial datum ¢°(x,R) is rotationally
symmetric with respect to the conformation vector R. Then, the TFFPFE has a solution that is rotationally

symmetric with respect to R.

Proof. We restrict ourselves to the case of d = 2; the proof for d = 3 follows along the same lines. It is
sufficient to show that for a sufficiently smooth ¢(¢,x, R) which is rotationally symmetric in R also F(¢)
with F(-) defined by (1) is rotationally symmetric.

Let ¢(t,x,R) = ¢(t,x, R), with R := R? + R2. Then, the first two terms in the definition of F obviously
preserve rotational symmetry, i.e., —u-Vyxo(t,x,R) = —u- ng?)(t,x, R) and eAxo(t,x,R) = eAng;(t,x, R),
are also rotationally symmetric with respect to R.

Since we are considering the corotational case, we can rewrite 7(u) = 3(Vxu — (Vxu)?) as

1 0 1
T(u) = 5(6yu1 — Ogus) . (8)
-1 0

Now, the third term in the definition of F' equals zero, since
1 N R R
VR . (T(U)R¢) = 5(8yu1 — 81112)(8121 ¢R2 — 832¢)R1) = (8yu1 — 81112)83¢)(R1R2 — Rle) =0. (9)

It can be easily seen that also the fourth and fifth terms are rotationally symmetric. For the convenience of

the reader, we provide the details. For the fourth term, we note that R - R = R and find that
R - (ERY) = 2£(d + OroR) (10)
which is a function in R. Finally, the fifth term can be rewritten as
¥Aro = x (V- (2R0kd) ) = XUOROR] + 40RORS + 40r0) = Ax (RO} + Ond). (1)

Thus all terms in the definition of F' preserve the rotational symmetry. Now, the result follows for a

rotationally symmetric initial datum and the fact that dyp = F(9} ™). O



2.2. Time-fractional Navier—Stokes—Fokker—Planck system

For the TENSFP system, we consider a combination of Dirichlet and zero normal stress boundary con-
ditions. Accordingly, we split the boundary of Q as 9Q =T'p UT'y, 'p NI’y = (. The boundary conditions

for the Navier—Stokes system read as follows:

u=up, on (0,T)xI'pxD, (12)

2vVu-n—pIld-n=0, on (0,7) x 'y xD. (13)

As was described in Section 2.1, for the solution, 1, of the TFFPE we consider a homogeneous Neumann
boundary condition on the boundary 92 of the spatial domain €2, see (7), in conjunction with sufficiently
strong decay conditions as |R| — oo.

As initial conditions, we set u(0) = u’ and ¥(0) = 9°, where the choice of ¢° is discussed in Section 2.1.
Generally, the choice of the initial condition for the TFFPE is a nontrivial question. For memory effects, the
history of the material has to be considered from —oo to ¢. In the formulation of viscoelastic behavior using
time-fractional derivatives this fact is compensated by the singularity of the integral kernel, thus allowing
for nontrivial history despite the convolution integral ranging from 0 to ¢t. The two ideas coincide, assuming
that the viscoelastic material has been at rest from ¢ = —oo until ¢ = 0. The same question regarding the
choice of the initial condition occurs in the theory of fractional viscoelasticity of solids, see, e.g., [49].

Again, we take a closer look at the corotational formulation of the TFFPE. As the additional stress tensor
in the NSE is the spatial divergence of T, we consider the case of an initial condition which is independent

of x.

Lemma 2. Let 7(u) = 1(Vxu — (Vxw)T), and consider a natural boundary condition for the TFFPE on
0. Suppose further that the initial datum Y° is rotationally symmetric with respect to the conformation
vector R and independent of the spatial variable x. Then, the TFFPE has a solution v that is rotationally

symmetric with respect to the conformation vector R and is independent of the spatial variable x.

Proof. Again, we provide the proof for the two-dimensional case; in the three-dimensional case the proof
proceeds along the same lines. It is sufficient to show that for a sufficiently smooth ¢(¢,x,R), which is
rotationally symmetric in R and independent of x, also F(¢) is such, where F() is defined in (1).

Let ¢(t,x,R) = ¢(t, R), with R := R? + R%. Thanks to Lemma 1, F(¢) is rotationally symmetric and it

remains to show that F(¢) is independent of x. The first two terms in the definition of F(¢) vanish:
—u- Vyid(t,x,R) = —u- Vio(t, R) =0, eAxo(t,x,R) = eAxd(t, R) = 0. (14)

As previously shown in the proof of Lemma 1, thanks to the rotational symmetry of ¢, Vg - (7(u)R¢) =0

as well. Finally, it is easy to see that the fourth and fifth terms are independent of x:

Vg - (ERe(t,x,R)) = Vr - (ERO(4, R)),  XAr(t,x,R) = XArG(t, R). (15)



Thus all terms in the definition of F preserve the independence from x, and the result follows for a rotationally

symmetric initial condition which is independent of x from the fact that 9y = F (9}~ *%)). O

The TFFPE is coupled to the Navier—Stokes system through the divergence of the Kramers stress tensor,
T, with respect to the spatial variable x. In the setting of Lemma 2, the tensor T is independent of x,
and thus, the additional stress term vanishes and the TEFNSFP system decouples. This demonstrates that
the coupling in the corotational model is weaker than in the case of the general noncorotational model. In
particular, in the corotational model the velocity field and the pressure can be calculated independently of
1. First, we solve the NSE, and then, if we are also interested in the distribution of the polymer molecules

1, the TFFPE is solved for the calculated velocity field, which is independent of .

3. Algorithmic Components

Having stated the mathematical model under consideration, we now introduce the necessary fundamentals
for the numerical scheme for the TFFPE, namely, weighted Hermite polynomials and a kernel compression

method for the fractional integral based on rational approximation.

3.1. Hermite polynomials

We use a spectral method based on weighted Hermite polynomials to discretize the FPE over the config-
uration space D = RY. We refer the interested reader to Chapter 7.2 in [50] for a more detailed introduction.

The weighted Hermite polynomials are defined as follows:

—a?r?

H,(r) = \/WHm(ar), we(r)=e*", a>0, rekR, (16)

where w,(r) is the weight function, and H,, is the Hermite polynomial of degree m. For r € R, it is

defined by H,,(r) = (—l)mer2 o (e_rz). Over a bounded interval the approximation properties of unscaled
Hermite polynomials corresponding to a = 1 are poor [51]. This can be improved upon by the introduction
of the parameter a; for example, the standard Gaussian weight corresponds to a = %, [27]; see also [52] for
numerical results for different values of a. In this work we take a = %

In order to derive a numerical scheme for equation (2), we will use the following well-known properties

of the weighted Hermite polynomials.
Theorem 3 (Properties of weighted Hermite polynomials).
1. Weighted Hermite polynomials are orthogonal with respect to the weight w, function, i.e.,

VT

/R o (7Y H () (r)dr = Y5, (17)

2. For m > 1, weighted Hermite polynomials satisfy

/ H,,(r)dr = 0. (18)
R



3. For weighted Hermite polynomials, one has

lim H,,(r) = 0. (19)

r—00

4. Weighted Hermite polynomials satisfy the following identities:

m + 1~ Im
Hm+1 HnL 1 (20)

Oy, (r)

or =—a 2(m + 1)H77L+1( ) (21)
TaH(,;jn(T) = (m +1)(m + 2)Hppyo(r) — (m+ 1) Hp(r), (22)
O?H,, () B -

W = 2a° (m + 1)(m + 2)Hm+2(r). (23)

For proofs of these assertions we refer the reader to [27, 50]. We use a spectral method based on such

weighted Hermite polynomials, i.e., we seek an approximation ¥y of 1 of the form

wN(t’X7 R) = . Z ¢217 ,ld t X H (24)

’Ld =0 =1
We introduce the notation @¢)] = (¢o....0,-..,dn,.. ~) for the (N + 1)?-dimensional vector containing all
®iy,....iy Of the approximation of 1. Note that such an approximation with weighted Hermite polynomials

inherently decays exponentially as |R| — oco. Further, thanks to equation (18), we obtain

/D wN(t,x,R)dR: Z Giyia (1, / HH” R)dR = 6o, _o(t,x) (2v7)", (25)

,Zd =0

and thus the polymer number density [}, (t,x, R)dR. is approximated by ¢, ... o(t, x) (Qﬁ)d.

3.2. Rational approximation

We use a kernel compression method based on rational approximation [53] to discretize the time-fractional
derivative. The integral kernel is approximated by a sum of exponentials and a singular term. First, we
show how such an approximation can be used to transform the nonlocal-in-time TFFPE into a system
of ordinary differential equations, which is ameanable to approximate the solution by standard numerical
methods for ODEs. We then address the question of computing the approximation of the integral kernel.
The approximation K, of the fractional integral kernel K, reads as follows:

m

Ko (t) = Z wre M 4 wed(t), (26)
k=1

where 0(t) denotes the Dirac-distribution concentrated at ¢ = 0. Note that by Bernstein’s theorem for

completely monotone functions [54] applied to the special case of exponential sums, the approximate kernel

K, is completely monotone if the weights wy, and the poles Ay are nonnegative for all k = 1, ..., m. Replacing

K, with K, in the TFFPE, we obtain

oy =F (at}?a * w) =r <5t <Z/O we T (s)ds + wm¢(t)>> : (27)
k=1



Note that the integrals in the sum correspond to the solution formula for ordinary differential equations. We

define the modes ¥, and ¥, as follows:

Y(t) = wk/o e ME=S)(s)ds, k=1,...,m, (28)
oo (t) = wosth(t). (29)

Now, for k € {1,...,m}, the mode 1), is the solution of the ODE initial-value problem

Oui + A — wrpyp = 0, (30)
Yr(0) = 0. (31)

To preserve (K, *1)(0) = 0, we also set 105, (0) = 0 resulting in a discontinuity at ¢ = 0 for o,. After

exploiting the kernel compression technique, the approximate version of the TFFPE reads as follows:

oy =F (at (Z Ui + %)) : (32)
k=1

The nonlocal in time TFFPE has thus been transformed into a system of ordinary differential equations,
whereby the history effects of the convolution are stored in the modes. The new system can be solved using
standard numerical methods. In the case of &« = 1 the weights are set to w; =1 and wg = 0 for k # 1, and
the poles are set to Ay = 0 for all k.

It remains to obtain an approximation of the integral kernel K,. To this end, we follow the ideas
of Khristenko and Wohlmuth [53]. We consider the Laplace transform L£{K,} of the integral kernel and
approximate it by a rational function. The rational approximation is obtained by appying the AA A-algorithm
[55] to the inverse Laplace transform of £L{K,}; we refer the interested reader to [53] for the details. We
calculate the partial fraction decomposition of the rational approximation and apply the inverse Laplace
transform. This results in a sum of exponentials and a singular term as shown in equation (26).

While there is no mathematical proof, we observe numerically that for 0 < o < 1 the weights wy and
poles \i, k = 1,...,m, are all positive. The required number of modes m depends on the value of «, the
tolerance used for the AAA-algorithm, and the interval considered for the rational approximation. Since
m is fixed, the required memory and the computational complexity remain constant, while, generally, the

number of modes and the required storage grow logarithmically with the number of time steps [53].

4. Solving the Time-fractional Fokker—Planck Equation

After laying the necessary foundations, this section focuses on the numerical method for solving the
TFFPE. We discretize the time-fractional derivative in time, apply a space-splitting approach, and solve
the problems over the configuration space D = R? and the physical domain  separately using a Hermite

spectral method over D and an H'(2) conforming finite element method over €.

10



4.1. Kernel compression and space-splitting - time

We discretize equation (2) in time, using a first-order implicit time discretization. Note that, together
with the space-splitting, which is inherently a first-order Strang splitting, this is the limiting factor for the
order of the complete method. This could be improved upon by utilizing a higher-order time integration
scheme in combination with a symmetric operator splitting scheme. We divide the interval [0,T] into Ny

subintervals of equal length At = T'/Np and obtain

Y ="+ (Ko x) (") — F(Kq * 9)(t"). (33)
For the first time step n = 0, we exploit that F(K, *)(0) = 0 thanks to the definition of the convolution,
assuming that the solution has suitable regularity at ¢ = 0. By inserting the approximation K, into equation
(2) and using the definitions (28) and (29) of the modes results in

To handle the term 1/)”“ k =1,...m, we discretize the mode equation in time. Again, we apply the implicit

FEuler method and find
n+1 wk At)\k’l/JnJrl + Atwk¢n+1 = i (,l/};rct + Atwkwn+1)’ (35)

where 7y, is defined as (14 AtA,)~". We substitute ¢/7 ! in equation (34) and obtain

Y= BF (") = "+ F (Z(% ~1)yf - woow") , (36)

k=1

"+l with the linear update in

where = Y10 Atypwy + weo. After solving for "1 we can calculate Wy
equation (35).

Now, we apply a first-order Strang splitting [56], see also [57], to equation (36) to separate the problem
into its configuration space part and its physical space part. This space-splitting approach has previously
been applied to the NSFP system in [25, 58]. We introduce two operators Fr and Fy such that F' = Fr + Fx.

FRr consists of all terms of F' which contain derivatives with respect to the configuration space variable R

and all terms with spatial derivatives are collected in Fy. The two operators read as follows
Fr(¢) == =Vg - (r(u) - RY) + Vg - (ERY) + XARY, (37)
Fe(®) = —u- V00 + €Ay, (38)

For the space-splitting approach, we split equation (36) into two equations, which are solved separately.
First, we fix a point x € { in the physical domain and solve the problem with respect to the configuration

space:

Ytz — BFR (¢n+%> ="+ Fr (Z e — 1)y — wmi/J") ; (39)

k=1
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to obtain an intermediate solution w""’% at that point x. By interpreting x as a ‘meshpoint’ in €, these
computations can be performed in parallel for all meshpoints in  as they are mutually independent. We

then fix a point R € D in the configuration space and solve the problem in the physical domain

Yt — BE (p"F1) = "t 4 Fy (Z(% — gt - woow"+%) : (40)

k=1
By interpreting R now as a ‘meshpoint’ in the configuration space domain, and noting that, again, these
computations can be performed in parallel as they are mutually independent, we obtain the full numerical

approximation 1" *! to 1 at timestep (n + 1).

4.2. Hermite spectral method - configuration space

We approximate the solution of equation (39) using the Hermite spectral method outlined in [12]. Further
details regarding spectral methods can be found in [50, 59] and the references therein. We use equation (24)
to approximate v and 1, with sums of weighted Hermite polynomials ¢ and ¢y ;. The corresponding ¢

are denoted with ¢[¢)] and @[], respectively. Thus, we consider the following equation

m

n+i n+3 n n n

N R (V3) = vk + Fr (Zm — 1R - woowN) : (41)
k=1

We multiply equation (41) with the test function sz:1 H.,(R;))wa(R;) and integrate over the configuration

space. As an illustration, we consider an arbitrary approximation 7y of a function 7. Using the orthogonality

of the weighted Hermite polynomials stated in Theorem 3.1, we obtain

d N
/DUNHﬁzl(Rl)wa(Rz)dR: > ¢[77]¢1,...,z'd(tvx)/DHﬁil(Rz)Hﬁzl(Rl)wa(Rl)dR (42)
=1 [Z NN 1q=0 =1 =1

(43)

We proceed analogously for Fr(nn). Since ¢[n];,,...;, depends only on ¢ and x, we can pull it out of the
integral over D. Thus, we apply the operators with respect to R directly to the product of weighted Hermite
polynomials. We apply Theorem 3.4 to rewrite the derivatives of the weighted Hermite polynomials in terms
of weighted Hermite polynomials of a different degree. Again, exploiting the orthogonality, we obtain

N

[ P T (Rwa(R)aR = Y ot [ P (Hﬁn(Rl)>Hﬁzl(Rl)wa(Rl)dR

=1 i1,.00ig=0

where A is defined by
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d d

A(D)zyza = Pzyza Z (r(a)u — &)z + Z¢(zlf2) (2a*x + (W) — &) V(2 — 1)z (45)
=1 =1
+ Z ¢(zl+1,zm71)7<u>ml (Zl + 1)Zm + Z @b(z;,fl,szl)'r(u)ml ZlZm-
1<l#m<d 1<i#m<d

In equation (45), we have used the notation (z; — 2) to indicate that the index z; is replaced with z; — 2,
while all other indices remain unchanged. Similarly, (z,, + 1, z; — 1) indicates that the indices z,, and z; are
replaced with z,, + 1 and z; — 1, respectively. If one of the new indices is less than zero or larger than N, we

set the value of the corresponding ¢, . ., to zero. Combining equations (42) and (44) results in

O3] — BA(o[w™H]) = ou"] + A (Z(wk ~ Dol - wooaﬁ[w’l]) . (46)

k=1

By using the Hermite spectral method, the problem with respect to the configuration space is transformed
into a system of (N + 1)? linear ordinary differential equations that has to be solved for every point x € Q.
Note that since A(¢y,... o) = 0, the operator A preserves ¢ o.

Analogously, we proceed with the update rules of the modes. We multiply the equality (46) by the test
function Hle H.,(R))w,(R;) and integrate over the configuration space. Consequently, for k € {1,...,m}

and z1,...,24 € {0,..., N}, we obtain

O] = (9107) + Atwyo[umH)) (47)

4.3. Finite element method - physical space
Before applying the finite element method to the physical space problem we reformulate the problem in
terms of the Hermite spectral method. Again, we approximate 1 and v, with ¢ and v i, respectively, as
shown in equation (24). Thus, the physical space problem reads as follows:
1 m 1 1
+1 +1 +3
K/_H - BFX ( KI—H) = 1/12 2 + Fx (Z(’yk - 1)1/)]?[,/62 - woow]T\L[ 2) . (48)
k=1
Next, we multiply the equation by the test function sz:1 ﬁzl (r)wa(ry), 21, .., 24 € {0, ..., N}, and integrate
over the configuration space D. Since the operator Fyx only contains terms involving derivatives with respect
to the physical domain, we obtain
n+1 n+1 n+3 - n+3 ntl
Gl = BF ([ H]) = SR+ B [ D (e — Dol ] — woed 972 ) (49)
k=1
which is a standard advection-diffusion equation for each entry of ¢. As shown above, we derive the mode

update

O = (ol 41+ Aol ). (50)
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Finally, we discretize the problem in the physical space using a standard H'({2)-conforming Galerkin
finite element method and adapt the operator Fyx according to the boundary conditions. For later use, we
introduce the notation here. Let Q be a polygonal domain (d = 2) or a polyhedral Lipschitz domain (d = 3),
consider a family of triangulations {7} }rhen of  with vertex-set {2, }nes, where h denotes the maximal
overall diameter of elements in the triangulation, and we denote the associated family of finite element spaces
by {Xnthen-

4.4. Algorithm for solving the TFFPE

Finally, we combine the previously described numerical methods and state the full algorithm for the
TFFPE. The algorithm is formulated in terms the spectral modes, i.e., ¢[-]. Following the finite element
discretization of the problem over the spatial domain €, ¢[-] is an (N + 1)?-dimensional vector with entries
in Ajp,.

Let the initial condition ¢°, in the form ¢[/°], the values of the velocity field u™ at all time steps
n € {0,...,Nr}, and the weights wy and the poles Ay of the rational approximation be given. For the
computation of the intermediate step n + % and the full time step n + 1, we consider the operator F
depending on u™*!. For k € {1,...,m}, we set ¢[¢)9] = 0.

For every time step t"*! = (n + 1)At, n € {0,..., N7 — 1}, we carry out the following calculations:

Step 1: For x € )}, we solve the algebraic equation

oY E] — BA(SlY™HE]) = ¢[w"] + A (Zm — Dolvp] - wm¢[¢"l> : (51)
k=1
Step 2: For every entry of ¢, we solve the partial differential equation
¢[¢n+1] — BF, (¢[wn+1]) _ ¢[¢"+%} 1+ By (Z('Wc . 1)¢[ ;H‘%] _ woo¢[¢n+§]> . (52)
k=1

Step 3: We update the modes for the full time step. For k € {1,...,m}

ST = Sl ] + Atwe[y™ ). (53)

We can carry out Step 1 efficiently by exploiting the structure of the operator A in (45). For ease of
readability, we restrict ourselves to the case d = 2. In matrix/vector notation, we obtain a problem of the
form

& —Bd =b, (54)

where @, B, and b, represent d)[zﬁ”*%], BA, and the right-hand side of equation (46) written using ma-
trix/vector notation. Thanks to the structure of A, every entry of ® is dependent on at most 6 entries,
namely, ¢;; depends on ¢; j, ¢i—1,j-1, Pit1,j-1, Pi—1,j41, Pi—2,j, and ¢; ;2. The dependency structure of

¢;,; is visualized in Figure 1. Also, if i+ j is an even (odd) number, then ¢; ; only depends on ¢ whose indices
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Figure 1: Dependency structure of ¢ in two [three] dimensions. The blue and green colors highlight the ¢; ; [¢; j &], where i + j

[i + j + k] is an even or odd number. A red star marks ¢33 [¢2,2,2]. All relevant ¢ for its computation are highlighted in red.

add up to an even (odd) number. Therefore, we can rewrite equation (54) in the form of block matrices:

(I)e'uen bl Beven 0 (I)e'uen
= + . (55)
Doqa bs 0 Boad Dqd
We point out that in a physical relevant setting the initial datum has to satisfy ¢°(x,R) = 9°(x, —R)
and thus the odd block part of the system does not have to be solved as all its component are equal to zero
for all time steps.

Further, we observe that if the indices of ¢; ; sum up to k, then it only depends on ¢ whose indices sum

up to k or to k — 2. Therefore, Beyen, and B,gq can be rewritten as block lower tridiagonal matrices:

oy
(=)
o
=)
=)
=)

By 0 0 0

: : B3y Bss 0 0
Beven = ) Bodd = ’ (56)
0 DBs3z Bss 0

S
o
o W
=N
[CEEN)
F oo
=
o O

0 0 0 0
where By, ; describes the dependencies of all ¢ whose indices add up to k on all ¢ whose indices add up to .
Due to this algebraic structure, equation (54) can be solved extremely efficiently using forward substitution
on block matrices. Also, recall that both B.ye, and B,gq are sparse, with at most 6 entries in each row.
Finally, we consider the cost of the algorithm. For one time step, solving the inherently 2d-dimensional
Fokker—Planck system requires solving N;¢ systems of linear ordinary differential equations of size (N +1)¢

and solving (N + 1)? partial differential equations. Exploiting the structure of the first step of the algorithm
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results in solving O(NN,¢) systems of linear ordinary differential equations of size O(N®~1).

Note that the m the parameter from the approximation of the integral kernel does not occur above. Its
relevance is restricted to the update of the modes and the accumulation of the right-hand side. Therefore,
we choose m sufficiently large. Nevertheless, the required storage grows linearly in m, as for every mode a
vector of the same size as the solution is stored.

Further note that the algorithm described above is well-suited for parallelization. Both the first and sec-
ond step can be easily distributed to multiple processors. For every x € )}, the problem in the configuration
space can be solved on a separate processor. Also, the advection-diffusion equations are solved for every

spectral mode separately, and thus, can be distributed to (N + 1)¢ processing units.

5. Solving the Time-fractional Navier—Stokes—Fokker—Planck Equation

This section concerns solving the NSE and the coupling between the TFFPE and the NSE. The Navier—
Stokes solver is based on the projection method originally presented by Chorin [60, 61]. We refer the
interested reader to the review article by Guermond et al. [62] for an overview of different variants of the
technique. In this work, we follow the variant outlined in [63], which was first described in [64]. Explicit
descriptions of the spatial discretization can be found in Chapter 3 of [63], and the projection method for
the time integration is outlined in Chapter 4.2 of [63].

"+l we first introduce time-extrapolated versions of the linear and nonlinear

In summary, to compute u
terms in the NSE. Considering the divergence of the resulting equation, we obtain a Poisson-type problem
that can be solved for the pressure p"*!. Reintroducing the pressure in the NSE, we solve a Helmholtz-
type problem for u”*!. A matrix-free version of this solver is available as part of the MFEM library,
including exhaustive benchmark settings. We use an implicit-explicit coupling between the two solvers, i.e.,
we calculate the velocity field u™*! for the coupling tensor T™, which depends on the solution 7 and modes
1y, of previous time steps. Afterwards, we solve the TFFPE for /" *! depending on the velocity u™**.

The solution of the TFFPE enters into the NSE, in general, in the form of the Kramers stress tensor T,
which depends on the time-fractional derivative of ¥. For C(@tl_o‘i/)), we use the same time discretization as

for F(0; ~*1)), see equation (34):

C(O;~")(t") = Ait (C(Ka *)(t") = C(Kq x9)(t" 1)) (57)

To determine the velocity u', we set C = 0. For n = 1, the second term on the right-hand side is zero as
(K *1)(0) = 0, assuming suitable regularity of the solution ¢ at ¢ = 0. For ease of readability, we continue
with the non-discretized notation of the time-fractional derivative.

Inserting equation (24) into the definition of C, we obtain for its numerical approximation

N d
CN:/Rd 0f *¢n(t,x, R)RRTdAR = > 9/ "¢[tli,. i, (t, %) /R RR" [] A, (rm)dR,  (58)

i1,eriq=0 =1
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Figure 2: Sketch of the dependencies of ¢o,0, ¢0,2, 1,1, and ¢20. All ¢; ; relevant for their computation are highlighted with

blue stars.

where the integrals can be evaluated analytically. Since [ rflm(r)dr =0form #1and [, r2ﬁm(r)dr =0

for m ¢ {0,2}, we can rewrite equation (58) as

d
Cv= > 0 "W i [ RRT][H;(n)dR. (59)
0<SL <2 R =1
For d = 2, we obtain
_ €0,0 0 0 0 0 C1,1 C2.0 0
Cn =0/ ¢[00 + ¢[Y]o,2 + B[] + o[Y]2,0 ,
0 0,0 0 Co,2 C1,1 0 0 0
(60)

where ¢ 0, co,2,¢1,1,C2,0 € R are the values of the analytically evaluated integrals.

In our numerical scheme for the TFFPE, we know from the definition of the operator A in equation
(45), that in 2D (3D) each ¢; ; is dependent on at most 6 (13) other ¢; ;. The dependencies of ¢, @02,
¢1.1, and ¢ ¢ are visualized in Figure 2. Since all ¢; ; with negative indices are considered as 0, it becomes
apparent that ¢ 0, ¢0,2, ¢1,1, and ¢2 o depend only on themselves. Therefore, N = 2 is sufficient to compute
the considered coupling term. Thus, instead of solving the 4-dimensional (6-dimensional) FP system, it is
sufficient to solve a coupled 2-dimensional (3-dimensional) system with 4 (7) components. Our approach can

easily be generalized to other coupling terms besides Kramers’ expression.

6. Numerical Results

In this section, we provide further details about implementing the numerical method and present nu-
merical results for the TFFPE and the TENSFP system. We validate our solver for the TFFPE with an
analytical solution, show the influence of the order « of the time-fractional derivative, compare the general
noncorotational and corotational formulations of the drag term, and explore the influence of the polynomial

degree in the Hermite spectral method.
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6.1. Implementation

The numerical method presented above can be easily implemented within any modern finite element
framework. We use MFEM [65], a state-of-the-art, open-source C++ library for finite element methods.
The entire code, including the setting of our numerical experiments, is available on GitHub?.

Following [53], we use the AAA-algorithm [55] to calculate the weights and the poles in the rational
approximation technique employed. To achieve a fixed number of modes m, we consider a fixed interval
[At,T] and vary the tolerance of the AAA-algorithm to obtain a given number of modes. Since, for our
approach, the weights and poles do not change throughout the simulation, we precompute the rational
approximation before the simulation. While no theoretical result ensures that the resulting weights and

poles are positive, this is the case for all scenarios studied computationally in this paper.

6.2. Simulation of the time-fractional Fokker-Planck equation

We present numerical results for the TFFPE. We verify our method against an analytical solution, study
the convergence behavior of the method, and investigate the difference between the corotational and the

general noncortational drag terms.

6.2.1. Comparison with an analytical solution
For the construction of an analytical solution we set the velocity field u = 0, assume that the parameters
X, & and € are constant, and thus, the operator F is independent of t. We consider an initial datum of the

form ¢ = > ; v;, where v; are eigenfunctions of the operator F with eigenvalues 6;. Then, the solution of

n

Op = F(0;¢), (0,x,R) = wui(x,R), (61)

i=1
is given by (¢, %, R) = 31" | vi(x, R)E,(0;t™), where E, denotes the single-valued Mittag—Leffler function,
see, e.g., [32]. For the simulations we set £ = xy = 1,e = 0.01, and chose the initial datum
Yo(x,R) = ce‘¥ (1 4+ Ry Ry + cos(2mxy) cos(4dmaa) 4 cos(2mxy ) cos(dmas) R Ra) (62)
where R = (R1, R) with R;, Ry € R, ¢ is a normalizing factor, and the four summands are eigenfunctions
of F with eigenvalues #; = 0, 0y = —2, 03 = —0.27%, §, = —2 — 0.272. Note that this initial datum is
not physically meaningful as it isn’t nonnegative. However, it satisfies ¥o(x, R) = ¥o(x, —R) and thus the
system for the odd components in (55) does not have to be solved as they are equal to zero.
For the simulation, we consider @ = 0.2,0.5,0.8 and set At = 0.001, N = 20, Az = 0.1. The solution
over the configuration space and vy over the spatial domain at ¢t = 0.01 are displayed in Figure 3. We compare
our numerical results with the analytical solution in Figure 4. In Figure 4a, we observe that the difference

between the numerical results and the analytical solution is the largest in the beginning and decreases over

Thttps://github.com/JonasBeddrich/TFNSFPE
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Figure 3: The solution ¢ and ¢ over the configuration space and the spatial domain at t = 0.01, respectively. The black cross
in (a) marks the position (0.5,0.75) in the spatial domain, which is considered for (b) and Figure 4. The dashed and dotted
lines in (b) show the positions of the cutouts displayed in the figures 4a and 4b.

5
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Figure 4: The evolution of the solution v is displayed over time for different values of ae. We consider the solution at the point
x = (0.5,0.75) and along the lines visualized in Figure 3b: Ry = 1 (dashed) and R2 = 0 (dotted). Figure (a) displays the
evolution over time for a = 0.5 along the line Ry = 1 at various time steps. Figure (b) compares the evolution over time for
a = 0.2 and a = 0.8 along the line R> = 0. The grey dotted line displays the initial condition and the black dotted line the
steady state.
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Figure 5: Convergence behavior of the numerical method. The solutions for different resolutions are compared with a finer

reference solution. While one parameter varies, the other two are fixed to At = 0.01, N = 10, and Ax = 0.125.

the course of the simulation. This behavior is expected because of the singularity of the integral kernel at
t = 0 and the fact that the rational approximation is calculated for the interval [At, T7.

We compare the evolution over time of the solutions for @« = 0.2 and a = 0.8 in Figure 4b for ¢t =
0.05,0.52,5. The displayed solutions are axisymmetric with respect to R; = 0, and we show the case o = 0.2
on the left and a = 0.8 on the right. For a = 0.2, the solution deviates faster from the initial datum than
for « = 0.8. At t = 0.52, the solutions are nearly identical for the two values of a. For larger ¢, the solution
for a = 0.8 approaches the steady state faster and thus overtakes the solution for o = 0.2 throughout the
simulation. This behavior is typical of the Mittag—Leffler function. The smaller «, the faster the solution

deviates from the initial datum and the slower the decay to the steady state.

6.2.2. Convergence behavior of the numerical method

In this section, we investigate the convergence behavior of our numerical method. A detailed comparison
with an analytical solution for all three parameters At, N, and Az simultaneously is not feasible because
of the high dimensionality of the problem. Therefore, we fix two parameters and compare the solutions for
different resolutions for the third parameter. If fixed, we consider At = 0.01, N = 10, and Ax = 0.125. All
simulations are considered on the unit square Q = (0,1)2, T = 1, and m = 20.

For the time integration, we take the velocity field u = (0,0) and the initial datum is chosen to be

IR|2

Yo(x,R) =ce™ 2 (1 + R1Rs), where again R = (Ry, Ry) with Ry, Ry € R. We consider the time step sizes

At € {0.1%27%|0 < i < 8}, while the reference solution ta; is calculated for At = 0.1+ 279 and we define

T
ear= [ | = il ooy (63)

Note that due to the setting considered, ea; is constant with respect to the spatial variable x. The error
decay over the size of the time steps is displayed in Figure 5a. We observe a linear decay, which is expected

for the numerical method because we are using the implicit Euler method in conjunction with first-order
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Figure 6: Comparison of 1 for the general noncorotational and corotational formulations. The velocity field is set to u =

%(wl, —z2). The solution v is displayed at ¢ = 0.5 and x = (0.5, 0.5).

Strang splitting.
To test the Hermite spectral method, we chose the velocity field u = (0,0) and the initial datum is set to
IR

Yo(x,R) = ce” 2. We compare the numerical results for N = 10, 20, 30,40 and, for the reference solution

Yn, N =50. We consider

T —_
ew = [ low =l (64)

The error decay is displayed in Figure 5b. Since the accuracy of the approximation with Hermite polynomials
is highly dependent on the shape of the approximated function and the choice of the parameter a, this
convergence behavior cannot be assumed for arbitrary initial data and velocity fields [51].

For the discretization of the spatial domain, the velocity field u = (1, —2) and the initial datum is
set to Yo(x,R) = ce_#. For the reference solution ¥ax, we set Ax = 2-8 and compare the solutions for

Ax e {271,...,277}. We consider

T
EAx = /0 ||¢O,Ax - ¢O,Ax||L2(Q) dt. (65)

The error decay in Figure 5¢ shows the expected quadratic behavior.

6.2.3. Influence of the velocity field

In the following, we investigate the influence of the drag term 7(u) for the velocity field u = %(ml +
Za,—x1 — T2). We consider o = 0.5, m = 20, At = 0.001, N = 10, Ax = 0.0625, and consider the initial
datum ¢p(x,R) = ce‘y, where again ¢ is a normalizing factor. Thus, the initial datum is rotationally

symmetric with respect to R. The full gradient and its skew-symmetric part appearing in the general
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noncorotational and corotational drag term, respectively, are given by

(Van— (Vo)) = 2 _01 (1) . (66)

N | =

-1 -1

Figure 6a shows 1 over the configuration space for the general noncortational model. We observe stretch-
ing of ¢ along the main axes and a rotation. A positive value on the diagonal of 7(u) corresponds to extension
along the respective axis, while a negative value corresponds to compression. The off-diagonal entries of 7(u)
determine the extent of rotation. For the corotational case, the diagonal entries of 7(u) vanish, and thus,

the rotational symmetry of the initial condition is preserved, see Figure 6b.

6.3. Simulation of the time-fractional Navier-Stokes-Fokker-Planck equation

For the TENSFP system we consider as our test problem flow through a channel with a half-disc cut out
from its lower half. Based on this scenario, we study the influence of a on the velocity profile, the convergence
behavior of our method, the influence of the polynomial degree N in the Hermite spectral method, and the
difference between the general noncorotational case and the corotational formulation.

The rectangular spatial domain with a circular cut-out with center (1.5,0) and radius 0.5 measures 3 by
1. Tt is displayed in Figure 9. Along the left vertical edge of the domain, we consider a time-dependent,
quadratic inflow profile u = ((1 — z2)x2(1 — cos(27t)),0). Over the first half of the simulation, the velocity
profile increases to double its initial value and decreases again to zero over the second half. For the top
and the bottom, including the circular arc, we set u = (0,0) and consider a zero-stress boundary condition
along the right vertical edge of the domain. Note that in this scenario, the polymer number density is not
constant in space. Thus, from a physical point of view, v in the definition of T should be dependent on
the spatial variable. The domain is discretized into 5951 triangles. Unless stated otherwise, the parameters
in the simulation are set to { = x =e=1, v =059, T =1, N = 2, m = 20, and At = 0.00015625. To
visualize the influence of the coupling tensor, it is scaled by a factor of 5. We choose the initial velocity
ug = 0 and set g = ce’g. Thus, g is the steady state solution of the TFFPE for the initial velocity
field ug. Since g is rotationally symmetric and independent of the spatial variable x, the x-divergence of

the coupling Kramers tensor appearing on the right-hand side of the NSE vanishes at ¢ = 0.

6.3.1. Influence of a

We compare the velocity field for different values of « in Figure 9. The image shows |u||2 at the times
t = 0.01,0.95, and 0.98. The numerical results indicate that the @ = 0.3 case adapts the fastest to the
change in the inflow profile, while the other two cases are similar at ¢ = 0.01. During the simulation, the
inflow increases and the differences between the velocities are negligible. At the end of the simulation, the

velocity fields are larger for smaller values of «, indicating more significant memory effects.
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(c) t = 0.98

Figure 7: The velocity field is shown for a € {0.3,0.5,0.7} at the times ¢ € {0.01,0.95,0.98}. The background displays the
velocity field for a = 0.3, and the contour lines visualize the difference between the velocity field for the three different alpha

values. In each subfigure, the contour lines represent the same values independent of the value of a.
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Figure 8: Error decay with respect to simultaneously refinement of At and Ax

6.3.2. Convergence behavior

The error decay for simultaneous refinement of the discretization in space and time is visualized in Figure
8. As discussed in Section 5, the polynomial degree in the Hermite spectral method does not influence the
accuracy of u and p. The time step size of the ith refinement step is given by At = 0.01 x 4~%. For the

spatial discretization, we consider Ax = Axg * 2%, The error is defined as

T
€(At,Ax) :/O [u =1z, dt, (67)

where U is the reference solution calculated using 4 refinement steps.

6.3.3. Influence of N

As discussed in Section 5, the degree of the Hermite spectral method only influences the accuracy of
1, and N = 2 is sufficient to determine the velocity field and the pressure. In Figure 9a, we compare the
coupling tensor for N = 2 and N =9 in the form of G = || [, (¥2 — ¥9)RRTdR||12(q); here, for the sake of
avoiding notational confusion, we note that the norm || -|[z2(q) has been applied componentwise to the tensor
appearing under the norm sign, which is why G, thus defined, is a tensor (with nonnegative components).
The tensor G is obtained by numerically integrating over the configuration space D without exploiting the
structure described in equation (60). The numerical results show that the components of G vanish, thus

validating the theoretical result that N = 2 is sufficient to determine the velocity and pressure.

6.3.4. Influence of the drag term 7(u)
In the setting of Lemma 2, i.e., by considering a homogeneous natural (Neumann) boundary condition on

01, the datum taken to be rotationally symmetric with respect to R and independent of the spatial variable
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Figure 9: (a) Comparison of the coupling tensors for N =2 and N = 9. (b) Comparison of the velocity fields of the NSE and
the TFNSFP system in the setting of Lemma 2.

x, and consider the corotational formulation 7(u) = 1 (Vxu— (Vxu)T). The TFNSFP system decouples.
Thus, the velocity field and the pressure can be calculated independently of . In Figure 9b, we compare
the velocity field u of the TEFNSFP system in the setting of Lemma 2 to the velocity field of the NSE uyg
without coupling. The differences between the results for the pure NSE and the TFNSFP system are in
the range of 10712, validating our theoretical finding that the Navier-Stokes system is completely decoupled
from the corotational Fokker—Planck equation when the initial datum for the latter is rotationally symmetric

with respect to R and independent of x, so the velocity and the pressure are not influenced by .

7. Conclusion

In this work, we presented a numerical scheme for the time-fractional Fokker—Planck equation coupled to
the incompressible Navier—Stokes equations. The system of partial differential equations under consideration
arises in models of dilute polymeric fluids. The time-fractional derivative appearing in the Fokker—Planck
equation was discretized using a rational approximation, which decomposes the time-fractional differential
equation into a fixed number, m, of integer-order differential equations. While for the sake of simplicity we
took m to have a fixed value in this work, the accuracy of the approximation of the integral kernel depends
on m, «, and the length of the time interval under consideration.

We transformed the 2d-dimensional Fokker—Planck equation, with d € {2, 3}, into its configuration space
part posed on D = R? and its physical domain part posed on the flow domain Q C R?, and discretized the

problems with a Hermite spectral method and an H!(Q)-conforming finite element method, respectively. For
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the problem posed on the configuration space domain D, at each vertex of the triangulated spatial domain,
€, we solved a system of (N + 1)¢ ordinary differential equations, where N denotes the (highest) polynomial
degree in the Hermite spectral basis used. For the problem posed on the physical/spatial domain, 2, we
solved a d-dimensional advection-diffusion equation for each spectral mode of the Hermite spectral method.
The solutions of the subproblems can be calculated separately and in parallel.

We showed that the algebraic structure of the discretized configuration space part problem of the Fokker—
Planck equation decouples into block lower tridiagonal matrices, and therefore the resulting system of al-
gebraic equations can be solved using a forward substitution on the block matrices. Further, we presented
a new numerical approach to compute the velocity field and the pressure from the time-fractional Navier—
Stokes—Fokker—Planck system without fully resolving the Fokker—Planck equation. For d = 2 (d = 3), we only
have to solve a coupled two-dimensional (three-dimensional) system of 4 (7) time-fractional partial differ-
ential equations instead of the inherently four-dimensional (six-dimensional) time-fractional Fokker—Planck
equation. In the setting of a constant polymer number density the system size is even further reduced to 3
(6). Our approach significantly reduces the computational cost and is also an attractive candidate for future
three-dimensional simulations.

The corotational version of the Fokker—Planck equation has been widely studied in the literature. We
have shown that the corotational time-fractional Fokker—Planck equation preserves rotational symmetry if
the initial datum is rotationally symmetric. Additionally, we showed that, if the initial datum is identically
constant as a function of x € €, then the time-fractional Navier—Stokes—Fokker—Planck system decouples.
For the sake of simplicity our proofs were presented in the case of two space dimensions, but these results
can be generalized to three space dimensions and were confirmed by means of numerical simulations.

We performed numerical experiments for the time-fractional Fokker—Planck equation that show differing
evolution over time for different values of . The smaller the value of «, the faster the solution deviates
from the initial datum, but the slower it finally progresses towards steady state. This corresponds to the
time-decay of the Mittag—Lefler function. Further simulations for the time-fractional Navier—Stokes—Fokker—
Planck system demonstrate the influence of the coupling. The order of the time-fractional derivative does
not only influence the solution of the Fokker—Planck equation, but also the velocity field and the pressure.
This illustrates the presence of memory effects induced by the time-fractional derivative appearing in the
Fokker—Planck equation in this class of models of dilute polymeric fluids.

To the best of our knowledge the existence and uniqueness of a solution to the time-fractional Navier—
Stokes—Fokker—Planck system for o € (0,1) in the general noncorotational case, and for a € (0, 3) for the
corotational formulation, are open theoretical questions. Besides the analysis and numerical analysis of the
system, other logical future steps include the transition from the Hookean spring model considered here to
the FENE model, the inclusion of more general coupling terms, the development of structure-preserving

numerical methods, as well as three-dimensional simulations.
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