
Mathematical Models and Methods in Applied Sciences
© World Scientific Publishing Company

Weak sequential stability of solutions to a nonisothermal kinetic model
for incompressible dilute polymeric fluids

Miroslav Buĺıček
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Sokolovská 83, 186 75 Prague 8, Czech Republic
mbul8060@karlin.mff.cuni.cz

Josef Málek
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The paper is concerned with the mathematical analysis of a class of thermodynamically
consistent kinetic models for nonisothermal flows of dilute polymeric fluids, based on
the identification of energy storage mechanisms and entropy production mechanisms in
the fluid under consideration. The model involves a system of nonlinear partial differ-
ential equations coupling the unsteady incompressible temperature-dependent Navier–
Stokes equations to a temperature-dependent generalization of the classical Fokker–
Planck equation and an evolution equation for the absolute temperature. Sequences of
smooth solutions to the initial-boundary-value problem, satisfying the available bounds
that are uniform with respect to the given data of the model, are shown to converge
to a global-in-time large-data weak solution that satisfies an energy inequality, where
the absolute temperature satisfies a renormalized variational inequality, implying weak
sequential stability of the mathematical model.
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1. Introduction

Since the pioneering contributions of Werner Kuhn33, Hans Kramers32 and other
scientists working at the interface of polymer chemistry and statistical physics dur-
ing the first half of the twentieth century, kinetic models have been widely and
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successfully used to describe the motion of polymeric fluids; see, in particular, the
second volume of the two-volume monograph by Bird et al.12 and the book by
Öttinger43 for further details. During the past two decades significant progress
has been made with the mathematical analysis of kinetic models of dilute poly-
mers that involve the coupling of the incompressible or compressible Navier–Stokes
equations to the Fokker–Planck equation, and proofs of the existence of large-data
global weak solutions to these models are now available in various physical settings;
(see, for example, Refs. 4, 5, 6, 9, 16, 18, 19, 27 as well as Refs. 30, 31, 37, 38,
39, 40, 41 and the references cited therein for the case of coupled incompressible
Navier–Stokes–Fokker–Planck systems, and Refs. 7, 8, 22, 46 for the mathemati-
cal analysis of coupled compressible Navier–Stokes–Fokker–Planck systems). While
for fully macroscopic models of nonisothermal flows of viscoelastic fluids there is
now a growing body of mathematical theory focused on the existence of global-
in-time large-data weak solutions (cf., for example, Refs. 1, 10, 11, 14, 15, 17; see
also Refs. 28, 36), the mathematical analysis of nonisothermal kinetic models of
dilute polymers is in a much less satisfactory state. Indeed, all of the publications
concerned with the mathematical analysis of coupled Navier–Stokes–Fokker–Planck
systems cited above are restricted to isothermal flows: the temperature field is tac-
itly assumed to be homogeneous in space, and the evolution equation describing
the temporal and spatial variations of the temperature field is excluded from the
model.

The aim of this paper is to develop the mathematical analysis of a class of ther-
modynamically consistent kinetic models for nonisothermal flows of dilute polymeric
fluids, formulated for compressible polymeric fluids by Dostaĺık et al.21. While the
model derived in Ref. 21 is essentially the same as the one discussed by Grmela
and Öttinger26,44,a its derivation is substantially different: instead of the so-called
GENERIC formalism of Grmela and Öttinger, it is based on the identification of
energy storage and entropy production mechanisms in the fluid under considera-
tion, which then yields explicit formulae for the Cauchy stress tensor and for all the
fluxes involved. We shall confine our attention here to the physical situation where
the solvent is an incompressible heat-conducting Newtonian fluid of constant spe-
cific density, resulting in the coupling of the unsteady incompressible temperature-
dependent Navier–Stokes equations to a temperature-dependent generalization of
the classical Fokker–Planck equation and an evolution equation for the absolute
temperature. For clarity and completeness of the exposition, we shall revisit the
derivation of the model presented in Ref. 21, but in the case of an incompressible
polymeric fluid, which is of interest to us here. Following the derivation of the model,
we shall collect the equations into a system of nonlinear partial differential equa-
tions, supplement them with boundary and initial conditions, and state the precise
conditions on the data, in preparation for the subsequent mathematical analysis of
the model. The main result of the paper is the proof of weak sequential stability

aSee, in particular, Sec. III of Ref. 44, entitled Nonisothermal kinetic theory of polymeric fluids.
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of solutions to the mathematical model in the sense that sequences of smooth so-
lutions to the initial-boundary-value problem, satisfying the available bounds that
are uniform with respect to the given data, converge to a global-in-time weak solu-
tion that satisfies an energy inequality, where the absolute temperature satisfies a
renormalized variational inequality. While the result is not an explicit proof of the
existence of weak solutions, it is a key step towards the development of a rigorous
existence theory for the model. The next section focuses on the derivation of the
model. The structure of the rest of the paper is outlined at the end of Section 2.

2. Derivation of the model

The aim of this subsection is to revisit the derivation of the model presented in
Ref. 21; however, instead of the compressible heat-conducting dilute polymeric fluid
flow model considered there, we shall focus on the case of an incompressible heat-
conducting dilute polymeric fluid. Since the precise values of the various physical
constants included in the model stated in Ref. 21 do not influence the mathematical
analysis pursued later on in this paper, we shall set all of them (viz. the specific
density ρs > 0, the Boltzmann constant kB > 0, the constant reference temper-
ature θref > 0, the specific heat at constant volume cV > 0, and the reference
polymer molecule length qref > 0) equal to 1, with the exception of the (constant)
hydrodynamic drag coefficient ζ, which we set equal to 1/2.

Suppose that T > 0. Let Ω be a bounded open simply-connected Lipschitz
domain in Rd, where d ∈ {2, 3}, and for b > 0 let D := B(0,

√
b) ⊂ Rd be a ball of

radius
√
b centred at the origin. For our state variables, we choose the velocity v,

the internal energy e, and the nonnegative probability density function φ. We have
the following governing equations:

divx v = 0 in (0, T ) × Ω,
v̇ = divx T + f in (0, T ) × Ω,
ė = T : D(v) − divx je in (0, T ) × Ω,
φ̇ = −divxjφ,x − divq

(
(∇xv)qφ+ jφ,q

)
in (0, T ) × Ω ×D,

(2.1)

where v̇, ė and φ̇ signify the material derivativesb of v, e and φ, respectively, f is
the given density of body forces, T is the Cauchy stress tensor, je, jφ,x and jφ,q

are flux-vectors, to be determined in the course of the derivation of the model, and
D(v) := 1

2 (∇xv + (∇xv)T) is the symmetric velocity gradient. The partial differ-
ential equation (2.1)4 is the temperature-dependent generalization of the Fokker–
Planck equation for the evolution of the probability density function φ = φ(t,x, q),
modelling, at time t ∈ [0, T ) and spatial location x ∈ Ω, the random configuration

bThe material-derivative u̇ of a real-valued function u = u(t, x) is defined by u̇ = ∂tu + v · ∇xu,
and the material derivative u̇ of an Rd-valued vector function u = u(t, x) is defined by u̇ =
∂tu + (v · ∇x)u. In particular, when divx v = 0 as is the case here, u̇ = ∂tu + divx(uv) and
v̇ = ∂tv + divx(v ⊗ v), where v ⊗ v ∈ Rd×d with (v ⊗ v)i,j := vivj .
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(i.e., orientation vector) q of polymer molecules idealized as elastic dumbbells sus-
pended in the solvent (which are assumed not to interact with each other and which
move without self-interaction).c The form of the partial differential equation (2.1) is
motivated by the structure of the Fokker–Planck equation in the isothermal setting
(see, for example, Sec. 1.1.4 of the doctoral thesis of Lozinski35 and the introductory
section of Ref. 3 for the derivation of the Fokker–Planck equation associated with
the dumbbell model from Brownian dynamics).

The spring-force associated with the dumbbell is assumed to be of the form

F (q) := ∇q [ Ue(q) + θ Uη(q)], (2.2)

where θ > 0 is the absolute temperature. The function U defined by

U(q) := Ue(q) + θ Uη(q)

is the total spring potential of the dumbbell that represents the polymer molecule
suspended in the solvent, which is additively decomposed into its elastic part Ue

and its entropic part θ Uη.
In what follows, we shall adopt the notational convention that the same sym-

bol, | · |, denotes the absolute value of a real number, the Euclidean norm of a
d-component vector, or the Frobenius norm of a d× d matrix; it will be clear from
the context which of these three interpretations is intended in a particular case.
The functions Ue and Uη are defined by

Ue(q) := Ue

(
1
2 |q|2

)
for q ∈ D and Uη(q) := Uη

(
1
2 |q|2

)
for q ∈ D, (2.3)

where D is the closure of D, and Ue ∈ C2([0, b/2);R≥0) ∩ L1((0, b/2)) and Uη ∈
C1([0, b/2];R≥0) are monotonically increasing functions. We shall make further,
physically relevant assumptions on Ue and Uη later on, but for now the ones above
will suffice. We note in passing that because

F ⊗ q =
[
U ′

e

(
1
2 |q|2

)
+ θ U ′

η

(
1
2 |q|2

)]
(q ⊗ q),

we find that F ⊗ q is a nonnegative scalar multiple of the symmetric positive
semidefinite rank-one matrix q ⊗ q. Therefore, F ⊗ q = (F ⊗ q)T = q ⊗ F is
a symmetric positive semidefinite rank-one matrix.

Our objective is to determine the Cauchy stress tensor T and the fluxes je,
jφ,x and jφ,q in the model (2.1) from the specified constitutive equation for the
Helmholtz free energy, ψ = ψ(θ, φ), defined by

ψ(θ, φ) := −θ(log θ − 1) +
∫

D

Ue(q)φdq + θ

∫
D

[ Uη(q)φ+ φ logφ] dq. (2.4)

cThe extension of the mathematical analysis of the dumbbell model considered here to a bead-
spring-chain model, involving K + 1 massless beads instead of just a pair of massless beads, which
are linearly coupled with K elastic springs, does not involve any conceptual or technical difficulties.
For the sake of clarity of the exposition we shall therefore confine our attention to the dumbbell
model, corresponding to the case of K = 1.
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In order to fulfill this objective, we shall derive an evolution equation for the specific
entropy η of the form

η̇ + divx jη = ξ, (2.5)

where jη is the entropy-flux, and require that ξ ≥ 0, in agreement with the second
law of thermodynamics. In the process of doing so, we shall also specify both jη

and ξ.
We begin by noting that while both sides of the equality (2.4) are functions of

t and x, the Helmholtz free energy ψ can also be understood as a functional that
maps the pair of functions θ = θ(t,x) and φ = φ(t,x, q) to ψ(θ, φ), parametrized
by t and x.

The thermodynamic quantities ψ, θ, e, and η are related by means of the rela-
tionships

ψ := e− ηθ and ∂ψ

∂θ
= −η, (2.6)

where η = η(t,x) is the specific entropy and ∂ψ/∂θ denotes the partial Gateaux
derivative of ψ, understood as a functional, with respect to θ. It then follows from
(2.6)2 that

η := −∂ψ

∂θ
= log θ −

∫
D

[ Uη(q)φ+ φ logφ] dq. (2.7)

Therefore, by (2.6)1, (2.4) and (2.7), the internal energy e can be expressed as

e = ψ + ηθ = ψ − ∂ψ

∂θ
θ = θ +

∫
D

Ue(q)φdq, (2.8)

and the total energy is

E := 1
2 |v|2 + e = 1

2 |v|2 + θ +
∫

D

Ue(q)φdq. (2.9)

Taking the scalar product of (2.1)2 with v, adding the resulting equality to (2.1)3
and noting (2.9), it follows that the evolution of the total energy E is governed by
the partial differential equation

Ė + divx(je − Tv) = f · v. (2.10)

If, as will be the case here, the equation (2.10) is supplemented with the boundary
condition

(Ev + je − Tv) · nx = 0 on (0, T ) × Ω, (2.11)

where nx is the unit outward normal vector to the boundary ∂Ω of Ω, then (2.1)1,
(2.10) and (2.11) imply that

d
dt

∫
Ω
E(t,x) dx =

∫
Ω

f(t,x) · v(t,x) dx, (2.12)

expressing the balance of the total energy.
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Next, we derive an evolution equation for the specific entropy η. Taking the
material derivative of both sides of the equality (2.6)1, using the chain rule on the
left-hand side and the product rule on the right-hand side, we have

∂ψ

∂θ
θ̇ + ∂ψ

∂φ
φ̇ = ė− θη̇ − ηθ̇, (2.13)

where (∂ψ/∂θ)θ̇ is the partial Gateaux derivative of ψ with respect to θ acting on θ̇,
while (∂ψ/∂φ)φ̇ is the partial Gateaux derivative of ψ with respect to φ acting on
φ̇. However, since (∂ψ/∂θ)θ̇ = −ηθ̇ thanks to (2.6)2, the equality (2.13) is simplified
to

θη̇ = ė− ∂ψ

∂φ
φ̇.

Next, because

∂ψ

∂φ
φ̇ =

∫
D

Ue(q)φ̇dq + θ

∫
D

[Uη(q) + logφ+ 1]φ̇dq,

by inserting this into the above equality and using the equations for ė and φ̇, we
find that

θη̇ = T : D(v) − divx je +
∫

D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
divxjφ,x dq

+
∫

D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
divq

(
(∇xv)qφ+ jφ,q

)
dq

= T : D(v) − divx

[
je −

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

]
−
∫

D

∇x

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
· jφ,x dq

−
∫

D

∇q

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
·
(
(∇xv)qφ+ jφ,q

)
dq

+
∫

∂D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

] (
(∇xv)qφ+ jφ,q

)
· nq dS(q),

after partial integration on D, where nq := q/|q| with q ∈ D is the unit outward
normal vector to the boundary ∂D of D. We proceed by imposing the boundary
condition

(
(∇xv)qφ+ jφ,q

)
· nq = 0 on (0, T ) × Ω × ∂D, (2.14)

which then annihilates the boundary integral over ∂D. Hence, using (2.2) and the
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symmetry of the matrix-valued function F ⊗ q,

θη̇ = T : D(v) − divx

[
je −

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

]
−
∫

D

{[
Uη(q) + (logφ+ 1)

]
∇xθ + θ

∇xφ

φ

}
· jφ,x dq

−
∫

D

∇q

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
·
(
(∇xv)qφ+ jφ,q

)
dq

= T : D(v) − divx

[
je −

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

]
−
∫

D

{[
Uη(q) + (logφ+ 1)

]
∇xθ + θ

∇xφ

φ

}
· jφ,x dq

−
∫

D

(F ⊗ q)φdq : D(v) − θ

∫
D

∇qφ · (∇xv)q dq

−
∫

D

[
F + θ

∇qφ

φ

]
· jφ,q dq.

We focus our attention on the second integral in the penultimate line. Because
divq((∇xv)q) = 0, partial integration over D implies that∫

D

∇qφ · (∇xv)q dq =
∫

∂D

φ
(
(∇xv)q · nq

)
dS(q).

For reasons that will become apparent after we have stated our precise assumptions
on the spring potential Ue, the probability density function φ must vanish on (0, T )×
Ω × ∂D. Since we have already imposed a boundary condition for φ on this set
(cf. (2.14) above), we cannot of course explicitly impose φ = 0 on (0, T ) × Ω × ∂D

as an additional boundary condition. Interestingly, the reason why φ should vanish
on (0, T ) × Ω × ∂D is quite different and more indirect. Suffice to say at this point
that it is a consequence of the fact that Ue will be assumed to be a finitely extensible
nonlinear elastic (FENE) type spring potential, which blows up on ∂D. Then, the
requirement that a term of the form

∫
[0,T ]×Ω×D

|∇q Ue(q)|2φ(t,x, q) dq dx dt that
appears in the energy inequality associated with the model should remain finite
becomes the mechanism that forces φ to vanish on (0, T ) × Ω × ∂D. The precise
details of this will be given in Section 3. In any case, as φ vanishes on this set, the
boundary integral stated above is equal to 0. Consequently,

θη̇ =
[
T −

∫
D

(F ⊗ q)φdq

]
: D(v)

− divx

[
je −

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

]
−
∫

D

{[
Uη(q) + (logφ+ 1)

]
∇xθ + θ

∇xφ

φ

}
· jφ,x dq

−
∫

D

[
F + θ

∇qφ

φ

]
· jφ,q dq.
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Next, we divide this equality by θ with the aim of transforming it into an equation
of the desired form (2.5), while defining T, je, jφ,x and jφ,q so that the term ξ

appearing on the right-hand side of (2.5) is nonnegative, as required. Thus, we have

η̇ = 1
θ

[
T −

∫
D

(F ⊗ q)φdq

]
: D(v)

− 1
θ

divx

[
je −

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

]
−
∫

D

{[
Uη(q) + (logφ+ 1)

] ∇xθ

θ
+ ∇xφ

φ

}
· jφ,x dq

−
∫

D

[1
θ

F + ∇qφ

φ

]
· jφ,q dq

= 1
θ

[
T −

∫
D

(F ⊗ q)φdq

]
: D(v)

− divx

[
je

θ
− 1
θ

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

]
− ∇xθ

θ2 ·
[
je −

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

]
−
∫

D

{[
Uη(q) + (logφ+ 1)

] ∇xθ

θ
+ ∇xφ

φ

}
· jφ,x dq

−
∫

D

[1
θ

F + ∇qφ

φ

]
· jφ,q dq.

Hence, by transferring the second term appearing on the right-hand side to the
left-hand side,

η̇ + divx

[
je

θ
− 1
θ

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

]
= 1
θ

[
T −

∫
D

(F ⊗ q)φdq

]
: D(v)

− ∇xθ

θ2 ·
[
je −

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

]
−
∫

D

{[
Uη(q) + (logφ+ 1)

] ∇xθ

θ
+ ∇xφ

φ

}
· jφ,x dq

−
∫

D

[1
θ

F + ∇qφ

φ

]
· jφ,q dq

= 1
θ

[
T −

∫
D

(F ⊗ q)φdq

]
: D(v) − ∇xθ

θ2 ·
[
je −

∫
D

Ue(q)jφ,x dq

]
−
∫

D

∇xφ

φ
· jφ,x dq −

∫
D

[1
θ

F + ∇qφ

φ

]
· jφ,q dq.

(2.15)

The left-hand side of the equality (2.15) is now in the desired form. Therefore, it
remains to choose T, je, jφ,x and jφ,q so that each of the expressions in the last
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two lines of (2.15) is nonnegative. Starting from the last term in the last line and
proceeding backwards, we first define

jφ,q := −4Fφ− 4θ∇qφ. (2.16)

Next, we define

jφ,x := −θ∇xφ, (2.17)

and then we set

je −
∫

D

Ue(q)jφ,x = −κ(θ)∇xθ, (2.18)

where κ(θ) > 0 is the temperature-dependent coefficient of heat conductivity; there-
fore,

je = −κ(θ)∇xθ − θ∇x

∫
D

Ue(q)φdq.

Concerning the first term on the right-hand side of (2.15), because I : D(v) =
div v = 0, the addition of a scalar multiple of the identity matrix I ∈ Rd×d to the
expression in the square brackets has no influence on the value of the right-hand
side of the equality. Bearing this in mind, we recall that the deviatoric (traceless)
part Sδ of a matrix S ∈ Rd×d is defined by Sδ := S − 1

d tr(S)I, and we set[
T −

∫
D

(F ⊗ q)φdq

]
δ

= 2ν(θ)D(v),

where ν(θ) > 0 is the temperature-dependent shear viscosity coefficient. Conse-
quently,

2ν(θ)D(v) = T −
∫

D

(F ⊗ q)φdq − 1
d

tr
(
T −

∫
D

(F ⊗ q)φdq

)
I;

that is,

T = 1
d

tr
(
T −

∫
D

(F ⊗ q)φdq

)
I + 2ν(θ)D(v) +

∫
D

(F ⊗ q)φdq.

Motivated by this form, we define the Cauchy stress tensor T by

T := −pI + 2ν(θ)D(v) − 2kBθnPI +
∫

D

(F ⊗ q)φdq,

where the sum of the first two terms is the usual Navier–Stokes–Fourier viscous
stress tensor, and the sum of the last two terms is Kramers’ polymeric stress tensor;
p = p(t,x) is the pressure (i.e., the constitutively undetermined part of the spherical
stress), kB > 0 is the Boltzmann constant, and nP = nP(t,x) is the polymer number
density, defined by

nP(t,x) :=
∫

D

φ(t,x, q) dq. (2.19)
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Scaling the Boltzmann constant to 1, we therefore (re)define

T := −pI + 2ν(θ)D(v) − 2θnPI +
∫

D

(F ⊗ q)φdq. (2.20)

Finally, in view of the second term on the left-hand side of (2.15), we define the
entropy flux jη as

jη := je

θ
− 1
θ

∫
D

[
Ue(q) + θUη(q) + θ(logφ+ 1)

]
jφ,x dq

= −κ(θ)∇xφ

θ
+ θ∇x

∫
D

[Uηφ+ φ logφ] dq.

(2.21)

Thereby we arrive at the desired form of the evolution equation for the specific
entropy:

∂tη + divx(vη) + divx

(
θ∇x

∫
D

Uηφdq + θ∇x

∫
D

φ logφdq

)
− divx

(
κ(θ)∇xθ

θ

)
= 2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2 + θ

∫
D

|∇xφ|2

φ
dq

+
∫

D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq := ξ ≥ 0,

(2.22)

which, by recalling the definition of η (cf. (2.7)), integrating over Ω, and using the
boundary conditions v · nx|∂Ω = 0, (2.31)1 and (2.32) then implies that

d
dt

∫
Ω

[
− log θ +

∫
D

[
Uη(q)φ+ φ logφ

]
dq

]
dx

+
∫

Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

]
dx

+
∫

Ω

[
θ

∫
D

|∇xφ|2

φ
dq +

∫
D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx = 0.

(2.23)

In order to obtain the required evolution equation for the absolute temperature
θ, we note that by taking the material derivative of (2.8) followed by insertion of
equations (2.1)3,4 into the resulting equality we obtain

θ̇ = ė−
∫

D

Ue(q)φ̇dq

= T : D(v) − divx je +
∫

D

Ue(q)
[
divxjφ,x + divq

(
(∇xv)qφ+ jφ,q

)]
dq.

It remains to substitute the defining expressions for T, je, jφ,x and jφ,q stated in
(2.20), (2.18), (2.17) and (2.16) above into the right-hand side of this equality to
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infer that the evolution equation for the temperature is the following:
θ̇ − divx(κ(θ)∇xθ) = 2ν(θ)|D(v)|2

+ 4
∫

D

(
θ∇qφ · ∇q Ue + θ(∇q Uη · ∇q Ue)φ+ |∇q Ue|2φ

)
dq

+ D(v) :
∫

D

θ(∇q Uη ⊗ q)φdq.

(2.24)

Having completed the derivation of the model, we close this section by collecting
the governing equations into a system of nonlinear partial differential equations and
supplementing them with boundary and initial conditions.

Statement of the initial-boundary-value problem. The initial-boundary-value
problem that we will be concerned with in the rest of the paper is the following:

divxv = 0 in (0, T ) × Ω, (2.25)

∂tv + divx(v ⊗ v) = f

+ divx

(
−pI + 2ν(θ)D(v) − 2θnPI +

∫
D

(F ⊗ q)φdq

) in (0, T ) × Ω, (2.26)

∂tθ + v · ∇xθ − divx(κ(θ)∇xθ) = 2ν(θ)|D(v)|2

+ 4
∫

D

(θ∇qφ · ∇q Ue + θ(∇q Uη · ∇q Ue)φ) dq

+ 4
∫

D

(
|∇q Ue|2φ

)
dq + D(v) :

∫
D

θ(∇q Uη ⊗ q)φdq


in (0, T ) × Ω, (2.27)

∂tφ+ divx (vφ− θ∇xφ)
+ divq ((∇xv)qφ− 4Fφ− 4θ∇qφ) = 0

}
in (0, T ) × Ω ×D,

(2.28)
with

nP :=
∫

D

φdq and F := ∇q Ue + θ∇q Uη. (2.29)

This system of partial differential equations will be considered subject to the follow-
ing boundary and initial conditions, where the hypotheses imposed on the initial
data are motivated by the requirement that the equations (2.7), (2.9), (2.12), (2.15),
involving v, θ and φ, be meaningful:

• For the velocity field v:

v = 0 on (0, T ) × ∂Ω and v(0,x) = v0(x) for x ∈ Ω, (2.30)

with v0 ∈ L2(Ω;Rd), divxv0 = 0 on Ω in the sense of distributions, and
v · nx|∂Ω = 0 in W−1/2,2(∂Ω);

• For the absolute temperature θ:
κ(θ)∇xθ · nx = 0 on (0, T ) × ∂Ω,

θ(0,x) = θ0(x) for x ∈ Ω;
(2.31)
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where θ0 ∈ L1(Ω) and there exists a positive constant θmin such that
θ0(x) ≥ θmin, x ∈ Ω;

• For the probability density function φ:

θ∇xφ · nx = 0 on (0, T ) × ∂Ω ×D, (2.32)

where nx is the unit outward normal vector to ∂Ω,

((∇xv)qφ− 4Fφ− 4θ∇qφ) · nq = 0 on (0, T ) × Ω × ∂D, (2.33)

where nq is the unit outward normal vector to ∂D, and we impose the
initial condition

φ(0,x, q) = φ0(x, q) for (x, q) ∈ Ω ×D, (2.34)

where

φ0 ∈ L1 logL1(Ω ×D;R≥0) ∩ L∞(Ω;L1(D;R≥0))

and

Ueφ0 ∈ L1(Ω ×D;R≥0).

Assumptions on the material functions. We shall assume that

Ue ∈ C2([0, b/2);R≥0) ∩ L1((0, b/2)) and Uη ∈ C1([0, b/2];R≥0),
Ue is monotonically increasing

lim
s→(b/2)−

Ue(s) = +∞, lim
s→(b/2)−

U ′
e(s) = +∞,

0 ≤ U ′′
e (s) ≤ ce[U ′

e(s)]2 for all s ∈ [0, b/2),
where ce > 0 is a positive constant, independent of s ∈ [0, b/2).


(2.35)

We note in passing that in the case of the classical FENE (finitely extensible
nonlinear elastic) potential proposed by Warner47, defined by

Ue(q) := Hb

2 log
(

1 − |q|2

b

)−1

, |q| <
√
b,

corresponding to

Ue(s) := Hb

2 log(1 − 2s/b)−1

for s ∈ [0, b/2), where H > 0 is the spring-constant, hypothesis (2.35) is satisfied.
The same is true of variants of the FENE potential based on alternative approxi-
mations of the inverse L−1 of the Langevin function x 7→ L(x) := coth(x) − (1/x)
(cf. Ref. 2 and Ref. 29). Another example of a function that satisfies (2.35) is the
FENE-like potential

Ue(q) := Hb

2

[(
1 − |q|2

b

)−r

− 1
]
, |q| <

√
b,
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with r ∈ (0, 1), corresponding to

Ue(s) := Hb

2 [(1 − 2s/b)−r − 1]

for s ∈ [0, b/2).
At the very end of the next section (cf. Step 15 there) we shall demand that

Ue satisfies a stronger assumption than (2.35); specifically, it will be required there
that

Ue ∈ C2([0, b/2);R≥0) ∩ L1((0, b/2)) and Uη ∈ C1([0, b/2];R≥0),
Ue is monotonically increasing,

lim
s→(b/2)−

Ue(s) = +∞, lim
s→(b/2)−

U ′
e(s) = +∞,

0 ≤ U ′′
e (s) ≤ ce(s)[U ′

e(s)]2 for all s ∈ [0, b/2),
where ce ∈ C([0, b/2);R>0), with lims→b/2− ce(s) = 0.


(2.36)

Clearly, if (2.36) holds, then so does (2.35). In the case of the classical FENE
potential ce = 2/Hb in (2.35), while (2.36) does not hold. On the other hand, the
FENE-like potential stated above satisfies (2.36) with ce(s) := (2/Hb)(1 − 2s/b)r

and, a fortiori, (2.35) for all r ∈ (0, 1). As will become clear in the next section (cf.
Step 15 there), the imposition of the stronger requirement (2.36) becomes necessary
because the evolution equation for the absolute temperature θ in the model generally
does not provide a uniform upper bound on θ over (0, T ) × Ω for an initial datum
in L1(Ω;R>0). However, until Step 15 of the next section, we shall only require the
weaker assumption (2.35) to hold.

The classical FENE potential and its variants are physically motivated: their
purpose is to emulate the finite extensibility of polymer molecules; they do so by
ensuring that the magnitude of the spring force q ∈ D 7→ F (q) tends to +∞ as q

approaches the boundary ∂D of the bounded configuration space domain D. In the
context of the model considered here, this singular behaviour of F is encoded in our
assumptions on the elastic spring potential Ue (cf. (2.35) and (2.36)). Unsurprisingly,
the singular behaviour of Ue, and thereby also of Ue(q) := Ue( 1

2 |q|2), complicates
the analysis of the model and has a significant impact on the behaviour of the
probability density function φ as q approaches ∂D. This becomes perhaps most
evident by observing that in order to ensure that the integral∫

D

|∇q Ue|2φdq

appearing in the temperature equation is finite under our assumptions on Ue, the
function φ and its normal derivative have to vanish as q approaches ∂D. We shall
make this assertion rigorous in Lemma 3.1 below.d

dTo give a simple illustration of this point, consider the FENE potential Ue(s) := (Hb/2) log(1 −
(2s/b))−1 and suppose that ϕ ∈ C1([0, b/2];R≥0)). Let g(s) := (ϕ(s) − ϕ(b/2))/(s − b/2) for
s ∈ [0, b/2) with g(b/2) := ϕ′(b/2), and note that g ∈ C([0, b/2]) ∩ C1([0, b/2)). Suppose further
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Our assumptions on Uη imply that there exists a positive constant C such that

|U ′
η(s)| ≤ C for all s ∈ [0, b

2 ]. (2.38)

For example, the classical Hookean spring-potential Uη(q) := 1
2 |q|2 with |q| ≤

√
b,

corresponding to Uη(s) = s for s ∈ [0, b/2] satisfies the hypotheses imposed on Uη.
The coefficient of heat conductivity κ = κ(θ) depends on the absolute tempera-

ture θ. We shall assume in what follows that κ ∈ C([0,∞);R>0) and

C(1 + θβ) ≤ κ(θ) ≤ Ĉ(1 + θβ) for all θ ∈ [0,∞), where β > 5
6 , (2.39)

and C and Ĉ are positive constants, independent of θ. The motivation for the
assumed lower bound on the exponent β appearing in (2.39) will be made clear in
the next section in the derivation of the a priori bound on solutions to this coupled
system of nonlinear partial differential equations.

Concerning the temperature-dependent shear viscosity coefficient ν(θ) that ap-
pears in the balance of linear momentum equation (2.26) we shall assume that

ν ∈ BC([0,∞);R>0) and ν(θ) ≥ C for all θ ∈ [0,∞),

where BC([0,∞);R>0) denotes the set of all bounded continuous functions de-
fined on [0,∞) with values in R>0, and C is a positive constant independent of
θ. The density of body forces f appearing in (2.26) will be assumed to belong to
L2(0, T ;L2(Ω;Rd)). Up to the end of Step 14 in Section 3 the spring-potentials Ue

and Uη (cf. (2.3)) are assumed to satisfy (2.35); thereafter (2.36) is assumed. As we
have yet to prove that the assumed positivity of θ0 implies that θ(t,x) > 0 for all
(t,x) ∈ [0, T ] × Ω, we shall assume that the material functions κ and ν are even
functions of θ; i.e., that κ(θ) = κ(|θ|) and ν(θ) = ν(|θ|) for all θ ∈ R.

The rest of the paper is structured as follows.
In the next section, we shall derive various formal a priori bounds. By the word

formal we mean that we shall assume for the moment that the problem has a smooth
solution. The first group of these estimates follows the guideline provided by the
thermodynamic approach presented above. After checking that φ is nonnegative
and θ is strictly positive, starting from the governing equations (2.25)–(2.28) and
knowing what the correct forms of the internal energy e (see (2.8)) and the entropy
η (see (2.7)) should be, we rederive the evolution equations for e, E and η, giving
us two fundamental estimates, see (3.28) and (3.32) below. The second group of

that g(s) ≤ 0 for all s ∈ [0, b/2]. Then, to ensure that

∞ >

∫ b/2

0
|U ′

e(s)|2ϕ(s) ds = H2
∫ b/2

0

ϕ(s)(
1 − 2s

b

)2 ds

= H2b2

4

[
ϕ

(
b

2

)
lim

σ→(b/2)−

∫ σ

0

ds(
s − b

2

)2 + lim
σ→(b/2)−

∫ σ

0

g(s)
s − b

2
ds

]
,

(2.37)

it is necessary that ϕ(b/2) = 0 and g(b/2) = 0, i.e., both ϕ and ϕ′ must vanish at s = b/2.
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estimates consists of improvements that stem from the assumption (2.39) on the
heat conductivity coefficient, and better properties of φ in the interior of (0, T ) ×
Ω ×D, or up to the boundary provided that θ is bounded from above.

We shall then, in Section 4, state our definition of weak solution. Interestingly,
the concept of solution that we consider here is different from any of the concepts
used for the incompressible/compressible Navier–Stokes–Fourier system. There, one
has at least three natural options23,13,24: (i) to use the equation for E, (ii) to use
the equation for e, and (iii) to use the equation for η. While these formulations,
when supplemented by conservation of the global total energy, are equivalent at
the level of classical (regular enough) solutions, they are,—even if we replace the
equality signs in the equations for e and η with inequalities,—different at the level of
variational (weak) solutions. It transpires that, for the problem considered here, we
cannot use any of these three formulations. This is due to the impossibility of ensur-
ing integrability of the terms θ∇x

∫
D

Ue(q)φdq and
∫

D

[
Uη(q)φ + θ∇xφ logφ

]
dq

appearing in the flux terms of the equations for e (and hence also for E) and for
η, respectively. As a result of these difficulties and in view of the available esti-
mates, we are thus forced to work with the equation for the temperature (2.27) in
a renormalized sense, and have to replace the ‘=’ sign by the ‘≥’ sign therein.

Finally, also in Section 4, we provide a rigorous analysis of the model, leading to
the key contribution of the paper stated in Theorem 4.1: the weak compactness of
sequences of solutions to the model (2.26)–(2.39), which are shown to converge to
a global-in-time large-data weak solution that satisfies the energy inequality (3.32)
below.

3. Formal a priori estimates

We begin by performing some formal preparatory calculations which are required
for the derivation of the desired a priori estimates. We shall assume throughout
this section that v, φ and θ are continuous functions of their arguments, defined
on [0, T ] × Ω, [0, T ] × Ω × D and [0, T ] × Ω, respectively, and that v, φ and θ

are sufficiently many times continuously differentiable so as to satisfy the partial
differential equations that feature in the model, as well as the associated boundary
and initial conditions, in the usual pointwise sense. We shall assume that the initial
datum φ0 for the Fokker–Planck equation is nonnegative on Ω × D and that the
initial datum θ0 for the temperature equation is strictly positive on Ω; we shall
then prove that the corresponding solution φ to the Fokker–Planck equation is
nonnegative on [0, T ] × Ω ×D, and that the solution θ to the temperature equation
is strictly positive on [0, T ] × Ω.

More precisely, in this section we assume that v ∈ C1,2([0, T ] × Ω;Rd), with
v|[0,T ]×∂Ω = 0, divxv = 0 on [0, T ] × Ω, θ ∈ C1,2([0, T ] × Ω) and φ ∈ C1,2,2([0, T ] ×
Ω × D). Motivated by the form of the fourth term on the right-hand side of the
evolution equation (2.22) for the specific entropy η and the final term of the first
integral over D appearing on the right-hand side of the evolution equation (2.27)
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for the absolute temperature, we shall further suppose that∫
D

|∇qφ(t,x, q)|2

φ(t,x, q) dq < ∞ and
∫

D

[Ue(q)|2φ(t,x, q) < ∞

for all (t,x) ∈ [0, T ] × Ω.
In connection with the imposition of the boundary condition (2.33) an important

remark is in order: because the spring force F = ∇q Ue +θ∇q Uη appearing in (2.33)
involves the gradient of Ue, and the first and second partial derivatives of Ue, as well
as Ue itself, blow up on ∂D because of (2.35), for the boundary condition (2.33)
to be meaningful, it is necessary that φ|(0,T )×Ω×∂D = 0. Since we have already
imposed a boundary condition on (0, T ) × Ω × ∂D in the form of (2.33), we cannot
of course impose a second boundary condition on (0, T ) × Ω × ∂D; the reason why
φ should vanish on (0, T ) × Ω × ∂D therefore requires clarification. In this respect,
we note that because of (2.35) we havee∫

D

|∇q Ue|2 dq = +∞,

and therefore the integral ∫
D

|∇q Ue|2φdq (3.1)

appearing on the right-hand side of the temperature equation (2.27) will only be
finite if the (nonnegative) function φ vanishes on ∂D; i.e.,

φ = 0 on (0, T ) × Ω × ∂D. (3.2)

This homogeneous Dirichlet boundary condition on φ is therefore imposed implicitly
(rather than explicitly as a genuine boundary condition) through the requirement
that the integral (3.1) involving the singular potential Ue be finite. In fact, a stronger
assertion than (3.2) holds, which we shall formulate in the next lemma, and which
will be used to justify the absence of various boundary integrals over ∂D that
would otherwise arise during the course of partial integration with respect to q. As
solutions to the system of partial differential equations under consideration, which
we are formally manipulating at this stage, will be replaced by solutions that are

eFrom (2.35) we have U ′
e(s) ≤ U ′

e(0) + ce

∫ s

0 [U ′
e(σ)]2 dσ for all s ∈ (0, b/2) and then, again by

(2.35), it follows that
∫ b/2

0 [U ′
e(σ)]2 dσ = +∞. Consequently,∫

D

|∇q Ue|2 dq =
∫

D

|U ′
e(|q|2/2)|2|q|2 dq ≥

∫
b/2≤|q|2<b

|U ′
e(|q|2/2)|2|q|2 dq

≥
b

2

∫
b/2≤|q|2<b

|U ′
e(|q|2/2)|2 dq ≥ C(b)

∫ b/2

b/4
[U ′

e(σ)]2 dσ

= C(b)
∫ b/2

0
[U ′

e(σ)]2 dσ − C(b)
∫ b/4

0
[U ′

e(σ)]2 dσ ≥ C(b)
∫ b/2

0
[U ′

e(σ)]2 dσ − C1(b) = +∞.
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required to satisfy a certain energy (in)equality to be derived later in this section,
the presence of the singular potential Ue in that energy (in)equality will imply that
both φ and φ(∇q Ue · nq) vanish on (0, T ) × Ω × ∂D.

Lemma 3.1. Let Q := (0, T ) × Ω and suppose that g ∈ L1(Q;R>0) and φ ∈
L1(Q;W 1,1(D;R≥0)). Suppose further that U ∈ C2([0, b

2 );R≥0), U ′ is nonnegative,
U(s) → +∞ and U ′(s) → +∞ as s → (b/2)−, and that there exists a positive
constant c such that

|U ′′(s)| ≤ c[U ′(s)]2 ∀ s ∈ [0, b/2). (3.3)

Suppose, finally, that the following bound holds:∫
Q×D

g(t,x)
(

|∇qφ(t,x, q)|2

φ(t,x, q) + φ(t,x, q)(1 + [U ′(|q|2/2)]2)
)

dq dx dt ≤ C. (3.4)

Then,

gφ ∈ L1(Q;W 1,1
0 (D)) and (3.5)

gφU ′ ∈ L1(Q;W 1,1
0 (D)). (3.6)

In particular, φ(t,x, ·) and φ(t,x, ·)U ′(| · |2/2) have zero trace in L1(∂D) for
a.e. (t,x) ∈ Q.

Proof We begin by showing that gφ and gφU ′ both belong to L1(Q;W 1,1(D)).
Thanks to the assumed nonnegativity of g, φ and U ′, we have from (3.4) that
gφ ∈ L1(Q×D) = L1(Q;L1(D)), and

0 ≤
∫

Q×D

g(t,x)φ(t,x, q)U ′(|q|2/2) dq dx dt

≤ 1
2

∫
Q×D

g(t,x)φ(t,x, q)
(
1 + [U ′(|q|2/2)]2

)
dq dx dt ≤ C,

whereby gφU ′ ∈ L1(Q×D) = L1(Q;L1(D)). Further, we also have that∫
Q×D

|∇q(g(t,x)φ(t,x, q))| + |∇q(g(t,x)φ(t,x, q)U ′(|q|2/2))| dq dx dt

≤ C

∫
Q

g(t,x)
∫

D

|∇qφ(t,x, q)|
(
1 + U ′(|q|2/2)

)
+ φ(t,x, q)|U ′′(|q|2/2)| dq dx dt

≤ C

∫
Q

g(t,x)
∫

D

(
|∇qφ(t,x, q)|2

φ(t,x, q) + φ(t,x, q)
(
1 + [U ′(|q|2/2)]2

))
dq dx dt < ∞,

where the constant C depends on the diameter
√
b of D and the constant c from

the assumed bound (3.3) in the statement of the lemma. Here in the transition from
the second line to the third line we made use of the elementary calculation

|∇qφ(t,x, q)|(1 + U ′(|q|2/2) = |∇qφ(t,x, q)|√
φ(t,x, q)

√
φ(t,x, q) (1 + U ′(|q|2/2))

≤ 1
2

|∇qφ(t,x, q)|2

φ(t,x, q) + φ(t,x, q)
(
1 + [U ′(|q|2/2)]2

)
.
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Thus, gφ and gφU ′ both belong to L1(Q;W 1,1(D;R≥0)). Hence, by the trace
theorem, we infer that the traces of gφ and gφU ′ on ∂D are well-defined and belong
to L1(Q;L1(∂D;R≥0)).

To complete the proofs of (3.5) and (3.6) it remains to show that the traces of
gφ and gφU ′ are equal to 0 a.e. on Q× ∂D. We shall first show this for gφU ′, and
then proceed analogously in the simpler situation of gφ.

Let us therefore show that the trace of gφU ′ is equal to 0 a.e. on Q × ∂D. To
this end, for (t,x) ∈ Q we introduce

u(t,x, r) :=
∫

∂Br

φ(t,x, q)U ′(r2/2) dS(q), 0 < r <
√
b,

where Br := B(0, r). Thanks to the fact that gφU ′ ∈ L1(Q;W 1,1(D;R≥0)), it
follows from the trace theorem that

0 ≤
∫

Q

g(t,x)
∫

∂Br

φ(t,x, q)U ′(r2/2) dS(q) dx dt =
∫

Q

g(t,x)u(t,x, r) dx dt < ∞

for all r ∈ (0,
√
b). Hence, the integrand of the last integral must be finite for

a.e. (t,x) ∈ Q and for all r ∈ (0,
√
b). As, by hypothesis, g(t,x) > 0 for a.e. (t,x) ∈

Q, it then follows that u(t,x, r) must be finite for a.e. (t,x) ∈ Q and for all r ∈
(0,

√
b). This means that u(t,x, r) is well-defined for a.e. (t,x) ∈ Q and for all

r ∈ (0,
√
b). Then, from the definition of u and (3.4), it follows that∫ √

b

0
U ′(r2/2)u(t,x, r) dr =

∫
D

φ(t,x, q)[U ′(|q|2/2)]2 dq < ∞ (3.7)

for almost all (t,x) ∈ Q. In addition, since φU ′ ∈ W 1,1(D;R≥0) for almost all
(t,x) ∈ Q, we have u(t,x, ·) ∈ C([0,

√
b];R≥0) for almost all (t,x) ∈ Q. Clearly, u is a

nonnegative function of its arguments. Assume for a moment that, for some (t,x) ∈
Q, limr→(

√
b)−

u(t,x, r) > 0. Then, thanks to the continuity of u with respect to its
third argument, there exist ε > 0 and r0 ∈ (0,

√
b) such that u(t,x, r) ≥ ε for all

r ∈ [r0,
√
b]. Consequently,

+∞ >

∫ √
b

0
U ′(r2/2)u(t,x, r) dr ≥ ε

∫ √
b

r0

U ′(r2/2) dr = ε√
2

∫ b/2

r2
0/2

U ′(s) ds√
s

≥ ε√
b

(
lim

s→(b/2)−
U(s) − U(r2

0/2)
)

= +∞.

Thus, we have arrived at a contradiction, which then implies that, contrary to our
supposition that limr→(

√
b)−

u(t,x, r) > 0 for some (t,x) ∈ Q, in fact,

lim
r→(

√
b)−

u(t,x, r) = 0 for a.e. (t,x) ∈ Q.

This implies that, for a.e. (t,x) ∈ Q,

lim
r→(

√
b)−

∫
∂Br

φ(t,x, q)U ′(r2/2) dS(q) = 0.
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Thanks to the assumed nonnegativity of φ and U ′ this means that
φ(t,x, q)U ′(|q|2/2) = 0 for a.e. (t,x, q) ∈ Q × ∂D. That completes the proof of
(3.6).

To complete the proof of (3.5), we need to show that the trace of gφ is equal to
0 a.e. on Q× ∂D. Similarly as in the case of gφU ′ above, we now define

u(t,x, r) :=
∫

∂Br

φ(t,x, q) dS(q), 0 < r <
√
b,

where, again, Br := B(0, r). Instead of (3.7), we then have∫ √
b

0
U ′(r2/2)u(t,x, r) dr =

∫
D

φ(t,x, q)U ′(|q|2/2)

≤ 1
2

∫
D

φ(t,x, q)(1 + [U ′(|q|2/2)]2) dq < ∞.

By an argument based on contradiction, identical to the one in the case of (3.6),
we deduce that

lim
r→(

√
b)−

u(t,x, r) = 0 for a.e. (t,x) ∈ Q.

This implies that, for a.e. (t,x) ∈ Q,

lim
r→(

√
b)−

∫
∂Br

φ(t,x, q) dS(q) = 0.

Thanks to the assumed nonnegativity of φ this means that φ(t,x, q) = 0 for
a.e. (t,x, q) ∈ Q× ∂D. That completes the proof of (3.5). □

Remark 3.1. In order to illustrate the relevance of Lemma 3.1 suppose that θ and
φ are such that, for each positive real number θmax,∫

Qθmax

∫
D

(
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

)
dq ≤ C(θmax),

where Qθmax := {(t,x) ∈ Q : 0 ≤ θ(t,x) ≤ θmax} and C(θmax) is a positive
constant depending on θmax. It then follows from Lemma 3.1 with Q there replaced
by Qθmax and g chosen to be identically equal to 1, that the terms φ(∇xv)q · nq

and φ(∇q Ue) · nq, involved in the zero normal flux boundary condition (2.33), i.e.,
in the boundary condition

0 =
(
(∇xv)qφ+ jφ,q

)
· nq =

(
φ(∇xv)q − 4φ(∇q Ue + θ∇q Uη) − 4θ∇qφ

)
· nq,

that was imposed for φ on (0, T ) × Ω × ∂D, both vanish on Qθmax × ∂D, and
therefore by passing to the limit θmax → +∞, also on Q×∂D = (0, T )×Ω×∂D. In
fact, the term φ(θ∇q Uη) also vanishes on (0, T ) × Ω × ∂D, because by hypothesis
Uη ∈ C1(D) and the function φ vanishes on (0, T ) × Ω × ∂D. Thus, the boundary
condition (2.33) reduces to θ∇qφ · nq = 0 on (0, T ) × Ω × ∂D, which is of a similar
form as the boundary condition (2.32) imposed for φ on (0, T )×∂Ω×D. For related
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considerations in the isothermal setting, we refer Zhang & Zhang48, Liu & Liu34 and
Masmoudi37; see in particular Theorem 1.1 in Ref. 34 and Remark 3.6 in Ref. 37.

Motivated by Lemma 3.1, in the formal calculations that follow we shall therefore
assume that φ vanishes on (0, T )×Ω×∂D, and that φ(·, ·, q) decays to 0 sufficiently
fast as q → ∂D to ensure that integrals over ∂D are well defined; moreover, if in the
course of our calculations boundary integrals over ∂D happen to disappear after
partial integration over D, then it will be understood that this is either because of
the boundary condition (2.33) or because φ(·, ·, q) decays to 0 sufficiently fast as
q → ∂D to annihilate the boundary integral over ∂D in question. In particular, we
shall suppose that

φ ∈ L1(Q;W 1,1
0 (D;R)) and φU ′

e(|q|2/2) ∈ L1(Q;W 1,1
0 (D;R)). (3.8)

Because, by hypothesis, φ ∈ C1,2,2([0, T ] × Ω × D)) and q 7→ U ′
e(|q|2/2) ∈ C1(D),

and so it follows that φU ′
e(|q|2/2) ∈ C([0, T ]×Ω×D)) and limq→∂D φU ′

e(|q|2/2) =
0. Therefore, φU ′

e(|q|2/2) is uniformly continuous on [0, T ] × Ω ×D, and thereby it
is also bounded on [0, T ] × Ω ×D; that is,

max
(t,x,q)∈[0,T ]×Ω×D

|φ(t,x, q)|U ′
e(|q|2/2) =: C0 < ∞.

We are now ready to embark on the derivation of the required (formal) a priori
bounds. For the sake of clarity of the exposition, we split the process into sixteen
separate steps.

As φ is a probability density function, it is required to be nonnegative. However,
the nonnegativity of φ is a property that should be deduced from the nonnegativity
of the initial datum φ0 for the Fokker–Planck equation (using a parabolic minimum
principle, for example,) instead of assuming, a priori, that it holds. Unfortunately,
the parabolicity of the Fokker–Planck equation is not automatically guaranteed, as
it hinges on the positivity of the absolute temperature θ. The absolute tempera-
ture is, for physical reasons, positive; however, this property should again not be
assumed, but should be inferred from the positivity of the initial temperature θ0.
However, to deduce the positivity of θ from the positivity of θ0, one needs nonneg-
ativity of φ.

To break this vicious circle, for z ∈ R let [z]+ := max{z, 0} (≥ 0), [z]− :=
min{z, 0} (≤ 0), and replace for the moment the initial-boundary-value problem
(2.28), (2.32), (2.33), (2.34) for the Fokker–Planck equation with the following:

∂tφ+ divx (vφ− [θ]+∇xφ)
+ divq ((∇xv)qφ− 4F [φ]+ − 4[θ]+∇qφ) = 0 in (0, T ) × Ω ×D, (3.9)

with F := ∇q Ue +θ∇q Uη, subject to the following boundary and initial conditions:

[θ]+∇xφ · nx = 0 on (0, T ) × ∂Ω ×D, (3.10)

where nx is the unit outward normal vector to ∂Ω, and

((∇xv)qφ− 4F [φ]+ − 4[θ]+∇qφ) · nq = 0 on (0, T ) × Ω × ∂D, (3.11)
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where nq := q/|q| is the unit outward normal vector to ∂D, and we impose the
initial condition

φ(0,x, q) = φ0(x, q) for (x, q) ∈ Ω ×D, (3.12)

where φ0 ≥ 0 a.e. on Ω ×D. From the perspective of mathematical modelling, this
initial-boundary-value problem is equivalent to (2.28), (2.32), (2.33), (2.34) because,
as noted above, the probability density function φ is by definition nonnegative and
the absolute temperature θ is, for physical reasons, positive.

In our initial step, Step 0, of the analysis that follows we shall prove that the
assumed nonnegativity of φ0 on Ω × D implies nonnegativity of φ, viewed as a
solution of the problem (3.9)–(3.12), on [0, T ] × Ω × D. Using the nonnegativity
of φ thus proved, we shall then prove in Step 1 that the positivity of the initial
temperature θ0 on Ω guarantees positivity of θ on [0, T ] × Ω. Having proved the
nonnegativity of φ and the positivity of θ, the initial-boundary-value problem (3.9)–
(3.12) will then collapse to its original form (2.28), (2.32), (2.33), (2.34), and in the
remaining steps of the analysis we shall therefore continue working with that original
form.

Step 0. In this step we shall prove that the assumed nonnegativity of φ0 implies the
nonnegativity of φ, viewed as a solution of the problem (3.9)–(3.12) on [0, T ]×Ω×D.
To this end, we multiply the partial differential equation (3.9) by [φ]−, integrate
the resulting equality over Ω ×D, and perform partial integration in all terms that
involve divx and divq using the homogeneous boundary conditions (3.10) and (3.11).
As divx v = 0 and divq((∇xv)q) = 0, it follows by decomposing φ as [φ]+ + [φ]−
that, for all t ∈ (0, T ),
1
2

d
dt

∫
Ω×D

|[φ]−|2 dq dx +
∫

Ω×D

[θ]+|∇x[φ]−|2 dq dx + 4
∫

Ω×D

[θ]+|∇q[φ]−|2 dq dx

= 0,

thanks to the fact that the interiors of the supports supp([φ]+) and supp([φ]−) of
the functions [φ]+ and [φ]− are disjoint sets. Hence,∫

Ω×D

|[φ(t,x, q)]−|2 dq dx ≤
∫

Ω×D

[φ(0,x, q)]−|2 dq dx

=
∫

Ω×D

[φ0(x, q)]−|2 dq dx = 0

for all t ∈ [0, T ]. Consequently φ ≥ 0 on [0, T ] × Ω ×D.

Step 1. Having proved the nonnegativity of φ, we next establish a minimum prin-
ciple for the absolute temperature, θ. To this end, we choose θmin ∈ (0, 1) such that
θmin ≤ ess.infx∈Ω θ0(x) and consider the function H defined by

H(t,x) := θ(t,x) − θmine−αt for t ∈ [0, T ] and x ∈ Ω, (3.13)
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with α > 0 to be fixed below. For future reference, we also note that, thanks to our
assumptions concerning the functions Ue and Uη (cf. equations (2.35) and (2.38)),
we have the following:

|∇q Uη||q| = U ′
η

(
|q|2

2

)
|q|2 ≤ C for all q ∈ D

and

0 ≤ ∇q Uη · ∇q Ue = |q|2U ′
η

(
|q|2

2

)
U ′

e

(
|q|2

2

)
≤ C|q|2

(
1 +

[
U ′

e

(
|q|2

2

)]2)
≤ C(1 + |∇q Ue|2) for all q ∈ D.

Furthermore, because

∆q Ue = dU ′
e

(
|q|2

2

)
+ |q|2U ′′

e

(
|q|2

2

)
,

and Ue ∈ C2([0, b/4]), it follows from (2.35) that

0 ≤ ∆q Ue ≤ C for |q|2 ≤ b
2 ,

where C is a positive constant, independent of q, and

0 ≤ ∆q Ue ≤ d

2

(
1 + 2

b
|q|2

∣∣∣∣U ′
e

(
|q|2

2

)∣∣∣∣2
)

+ |q|2U ′′
e

(
|q|2

2

)

= d

2

(
1 + 2

b
|∇q Ue|2

)
+ |q|2

[
U ′

e

(
|q|2

2

)]2{[
U ′

e

(
|q|2

2

)]−2

U ′′
e

(
|q|2

2

)}

= d

2

(
1 + 2

b
|∇q Ue|2

)
+ |∇q Ue|2

{[
U ′

e

(
|q|2

2

)]−2

U ′′
e

(
|q|2

2

)}

for b
2 ≤ |q|2 < b. Thanks to (2.35), the (nonnegative) expression appearing in the

curly brackets in the last line is, for all q ∈ D such that b
2 ≤ |q|2 < b, bounded

by a positive constant independent of q. In summary, then, writing C for a generic
positive constant independent of q, we have shown that

|∇q Uη||q| ≤ C for all q ∈ D,

0 ≤ ∇q Uη · ∇q Ue ≤ C(1 + |∇q Ue|2) for all q ∈ D,

0 ≤ ∆q Ue ≤ C(1 + |∇q Ue|2) for all q ∈ D.

(3.14)

With these preparations, we return to the temperature equation (2.27) subject to the
boundary and initial conditions (2.31), multiply equation (2.27) by (H(t,x))− :=
min{H(t,x), 0} (≤ 0), where H is the function defined by (3.13), integrate the
resulting equality over x ∈ Ω and perform partial integration over D in the first
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term of the first integral on the right-hand side of (2.27). Hence,∫
Ω
∂tθH− dx +

∫
{x∈Ω : H(t,x)≤0}

κ(θ)|∇xθ|2 dx +
∫

Ω
2ν(θ)|H−||D(v)|2 dx

+ 4
∫

Ω
|H−|

∫
D

|∇q Ue|2φdq + 4
∫

Ω
θ|H−|

∫
∂D

φ∇q Ue · nq dS(q)

= 4
∫

Ω
θ |H−|

∫
D

(∆q Ue)φdq dx + 4
∫

Ω
θH−

∫
D

(∇q Uη · ∇q Ue)φdq dx

+
∫

Ω
θH− D(v) :

∫
D

(∇q Uη ⊗ q)φdq =: T1 + T2 + T3,

(3.15)

where we have used the trivial equality H− = −|H−|. We proceed by bounding
the three terms on the right-hand side of this equality. Clearly, θ|H−| = (H +
θmine−αt)|H−| ≤ θmine−αt|H−| ≤ |H−| for all (t,x) ∈ [0, T ] × Ω. Therefore, by
(3.14)3,

T1 :=4
∫

Ω
θ |H−|

∫
D

(∆q Ue)φdq dx ≤ 4
∫

{x∈Ω : θ≥0}
θ |H−|

∫
D

(∆q Ue)φdq dx

≤ 4C
∫

{x∈Ω : θ≥0}
θ |H−|

∫
D

(1 + |∇q Ue|2)φdq dx

≤ 4Cθmin

∫
{x∈Ω : θ≥0}

|H−| e−αt

∫
D

φdq dx

+ 4Cθmin

∫
{x∈Ω : θ≥0}

|H−|
∫

D

|∇q Ue|2φdq dx

≤ 4C1θmin

∫
Ω

|H−| e−αt dx + 4Cθmin

∫
Ω

|H−|
∫

D

|∇q Ue|2φdq dx,

where C here is the constant from inequality (3.14)3 and

C1 := C max
(t,x)∈[0,T ]×Ω

∫
D

φdq.

Next, we consider the second term on the right-hand side of the inequality (3.15).
Clearly,

T2 := 4
∫

Ω
θH−

∫
D

(∇q Uη · ∇q Ue)φdq dx

≤ 1
θmin

∫
Ω

|H−| θ2
∫

D

|∇q Uη|2φdq dx + 4θmin

∫
Ω

|H−|
∫

D

|∇q Ue|2φdq dx

≤ C2

θmin

∫
Ω

|H−| θ2 dx + 4θmin

∫
Ω

|H−|
∫

D

|∇q Ue|2φdq dx,

where

C2 := max
(t,x)∈[0,T ]×Ω

∫
D

|∇q Uη|2φdq.
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Finally, we consider the third term on the right-hand side of (3.15):

T3 :=
∫

Ω
θH− D(v) :

∫
D

(∇q Uη ⊗ q)φdq

≤ C3

θmin

∫
Ω

|H−| θ2 dx + θmin

∫
Ω

2ν(θ)|H−||D(v)|2 dx,

where

C3 := 1
8 |D| max

(t,x)∈[0,T ]×Ω

1
ν(θ)

∫
D

|(∇q Uη ⊗ q))φ|2 dq.

We then substitute these bounds on T1,T2 and T3 in (3.15) and choose θmin ∈
(0, 1) so small that (C + 1)θmin ≤ 1. This enables us to absorb the second term
of the bound on T1 and the second term of the bound on T2 into the fourth term
on the left-hand side of (3.15); it also enables us to absorb the second term in the
bound on T3 into the third term on the left-hand side of (3.15). We note further
that the final term on the left-hand side vanishes thanks to (3.8).

Hence, recalling the definition (3.13) of the function H, we have from (3.15) the
inequality∫

Ω
∂tθ
(
θ − θmine−αt

)
− dx ≤ 4C1θmin

∫
Ω

|H−| e−αt dx + C2 + C3

θmin

∫
Ω

|H−| θ2 dx.

Equivalently, we have the following inequality:
1
2

d
dt

∫
Ω

[(
θ − θmine−αt

)
−

]2
dx − αθmin

∫
Ω

(
θ − θmine−αt

)
− e−αt dx

≤ 4C1θmin

∫
Ω

|H−| e−αt dx + C2 + C3

θmin

∫
Ω

|H−| θ2 dx,

whereby, because

−
(
θ − θmine−αt

)
− = −H− = |H−|,

also
1
2

d
dt

∫
Ω

(H−)2 dx

≤ 4C1θmin

∫
Ω

|H−| e−αt dx + C2 + C3

θmin

∫
Ω

|H−| θ2 dx − αθmin

∫
Ω

|H−| e−αt dx

= (4C1 − α) θmin

∫
Ω

|H−| e−αt dx + C2 + C3

θmin

∫
Ω

|H−| θ2 dx.

We shall now focus our attention on the last term on the right-hand side of this
inequality.

If θ(t,x) ≥ 0 at a point (t,x) ∈ [0, T ] × Ω, then

0 ≤ θ(t,x) = θ(t,x) − θmine−αt + θmine−αt = H(t,x) + θmine−αt.

Consequently, because |H−|H ≤ 0,

|H−(t,x)| θ(t,x) ≤ θmine−αt |H−(t,x)|,
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whereby also

|H−(t,x)| θ2(t,x) ≤ θmine−αt |H−(t,x)| θ(t,x)
≤ θ2

mine−2αt |H−(t,x)|
≤ θ2

mine−αt |H−(t,x)|,

with a strict inequality when H(t,x) < 0 and equality when H(t,x) ≥ 0.
If on the other hand θ(t,x) < 0, then lettingf

C∗ := 1
θmin

eαT max
(t,x)∈[0,T ]×Ω

|θ(t,x)|2

we have

θ2(t,x) ≤ max
(t,x)∈[0,T ]×Ω

|θ(t,x)|2 ≤ C∗θmine−αt,

whereby also

θ2(t,x) + C∗θ(t,x) < C∗θmine−αt.

Thus,

θ2(t,x) < C∗(θmine−αt − θ(t,x))
= C∗(−H(t,x))
= C∗ |H−(t,x)|,

and therefore also

|H−(t,x)| θ2(t,x) ≤ C∗|H−(t,x)|2,

with a strict inequality when H(t,x) < 0 and equality when H(t,x) ≥ 0. Hence,

fRecall that θ has been assumed to be a ‘smooth’ solution (cf. the first sentence of the second
paragraph of Section 3 for the precise statement of the assumed regularity); therefore the constant
C∗ is well-defined. If, however, we were to construct a solution to the temperature equation by a
suitable approximation scheme, then we would need to do so in a way that a priori ensures the
nonnegativity of θ, or indeed that the approximation scheme produces a sequence of temperatures
that are (uniformly over Q) bounded from below by a positive constant. As the construction of
such an approximation scheme is beyond the scope of this paper, we shall not discuss this question
any further here.
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for each t ∈ (0, T ),

1
2

d
dt

∫
Ω

|H−(t,x)|2 dx

≤ (4C1 − α) θmin

∫
Ω

|H−(t,x)| e−αt dx + C2 + C3

θmin

∫
Ω

|H−(t,x)| θ2(t,x) dx

= (4C1 − α) θmin

∫
Ω

|H−(t,x)| e−αt dx

+ C2 + C3

θmin

∫
{x∈Ω : θ(t,x)≥0}

|H−(t,x)| θ2(t,x) dx

+ C2 + C3

θmin

∫
{x∈Ω : θ(t,x)<0}

|H−(t,x)| θ2(t,x) dx

≤ (4C1 − α) θmin

∫
Ω

|H−(t,x)| e−αt dx

+ (C2 + C3) θmin

∫
{x∈Ω : θ(t,x)≥0}

|H−(t,x)| e−αt dx

+ C2 + C3

θmin
C∗

∫
{x∈Ω : θ(t,x)<0}

|H−(t,x)|2 dx

≤ (4C1 + C2 + C3 − α) θmin

∫
Ω

|H−(t,x)| e−αt dx

+ C2 + C3

θmin
C∗

∫
Ω

|H−(t,x)|2 dx.

Now we fix the value of the constant α by setting α = 2(4C1 + C2 + C3) > 0.
Thus,

1
2

d
dt

∫
Ω

|H−|2 dx ≤ −α

2 θmin

∫
Ω

|H−| e−αt dx + C2 + C3

θmin
C∗

∫
Ω

|H−|2 dx

≤ C2 + C3

θmin
C∗

∫
Ω

|H−|2 dx.

As |H−(0,x)|2 = ((θ(0,x) − θmin)−)2 = ((θ0(x) − θmin)−)2 = 0 for all x ∈ Ω, it
follows by Gronwall’s lemma that∫

Ω
|H−(t,x)|2 dx ≤ 0

for all t ∈ [0, T ]. Thus, we deduce that

H−(t,x) = 0 for all (t,x) ∈ Q.

In other words, H ≥ 0 on Q, i.e.,

θ(t,x) ≥ θmine−αt ≥ θmine−αT (> 0) for all (t,x) ∈ Q, (3.16)

with θmin ∈ (0, 1) and α = 2(4C1 + C2 + C3), where C1, C2, C3 > 0 are as above.
Thus, we have established a strictly positive lower bound on θ over [0, T ] × Ω.



Nonisothermal kinetic model: weak sequential stability 27

Step 2. Next, we bound the polymer number density nP =
∫

D
φdq (cf. (2.19)

and (2.29)). We integrate the Fokker–Planck equation (2.28) over D and use the
assumed zero normal flux boundary condition (2.33) on (0, T ) × Ω × ∂D to deduce
that

∂t

(∫
D

φdq

)
+ divx

(
v

(∫
D

φdq

))
− divx

(
θ∇x

(∫
D

φdq

))
= 0

in (0, T ) × Ω ×D,

(3.17)

subject to the following zero normal flux boundary condition for the function∫
D
φdq (which arises from integrating over the set D the zero normal flux boundary

condition (2.32) for φ, imposed on (0, T ) × ∂Ω ×D):(
v

(∫
D

φdq

)
− θ∇x

(∫
D

φdq

))
· nx = 0 on (0, T ) × ∂Ω ×D (3.18)

and the initial condition(∫
D

φdq

)
(0,x) =

∫
D

φ0(x, q) dq for x ∈ Ω,

obtained by integrating the initial condition (2.34) imposed on φ over the set D.
By the parabolic maximum principle applied to the function (t,x) ∈ [0, T ] × Ω 7→∫

D
φ(t,x, q) dq (recall from Step 1 that θ is strictly positive on [0, T ] × Ω, which

guarantees parabolicity of the partial differential equation (3.17) as an evolution
equation for the function (t,x) →

∫
D
φ(t,x, q) dq), we then deduce the following

inequality for all t ∈ [0, T ]:

ess.inf
x∈Ω

∫
D

φ0(x, q) dq ≤
∫

D

φ(t,x, q) dq ≤ ess.sup
x∈Ω

∫
D

φ0(x, q) dq. (3.19)

Thanks to the nonnegativity of φ (cf. Step 0), it follows from (3.19) that

∥φ∥L∞(Q;L1(D)) ≤ ∥φ0∥L∞(Ω;L1(D)) (3.20)

where, as previously, Q := (0, T ) × Ω.

Step 3. As a first step towards deriving evolution equations for the internal energy
e and the specific entropy η, defined, respectively, by

e := θ +
∫

D

Ue(q)φdq and η := log θ −
∫

D

[ Uη(q)φ+ φ logφ] dq,

(cf. (2.8) and (2.7)) recall from (2.27) that the evolution equation for θ is

∂tθ + divx(vθ) − divx(κ(θ)∇xθ)
= 2ν(θ)|D(v)|2

+ 4
∫

D

(
θ∇qφ · ∇q Ue + θ(∇q Uη · ∇q Ue)φ+ |∇q Ue|2φ

)
dq

+ D(v) :
∫

D

θ(∇q Uη ⊗ q)φdq.

(3.21)
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Dividing (3.21) by θ (note that Step 1 guarantees that θ is bounded from below by
a positive constant throughout [0, T ] × Ω) then gives

∂t log θ + divx(v log θ) − divx(κ(θ)∇x log θ) = 2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

+ D(v) :
∫

D

(∇q Uη ⊗ q)φdq

+ 4
∫

D

(
∇qφ · ∇q Ue + φ(∇q Uη · ∇q Ue) + φ|∇q Ue|2

θ

)
dq.

(3.22)

Step 4. As a second step towards deriving an evolution equation for the internal
energy we multiply the Fokker–Planck equation (2.28) by Ue(q) and integrate the
resulting equality over D. Partial integration with respect to q in the final term
then gives

∂t

(∫
D

Ueφdq

)
+ divx

(
v

∫
D

Ueφdq

)
− divx

(
θ∇x

∫
D

Ueφdq

)
−
∫

D

(
(∇xv)qφ+ jφ,q

)
· ∇q Ue(q) dq = 0,

(3.23)

where

jφ,q := −4Fφ− 4θ∇qφ = −4φ(∇q Ue + θ∇q Uη) − 4θ∇qφ.

Because e := θ+
∫

D
Ue(q)φdq, summing (3.21) and (3.23) and recalling the defini-

tion (2.20) of the Cauchy stress tensor, we find that e satisfies the partial differential
equation (2.1)3; that is,

∂te+divx(ve)+divx

(
−κ(θ)∇xθ − θ∇x

∫
D

Ue(q)φdq

)
= T : D(v) in (0, T ) × Ω,

where the expression in parentheses in the last term on the left-hand side is what
was defined in (2.18) as the energy flux je = je(t,x).

Step 5. As a second step towards deriving an evolution equation for the specific
entropy, we return to the Fokker–Planck equation (2.28), but this time we multiply
it by Uη and again integrate the resulting equality over D and perform partial
integration; hence, we deduce that

∂t

(∫
D

Uηφdq

)
+ divx

(
v

∫
D

Uηφdq

)
− divx

(
θ∇x

∫
D

Uηφdq

)
=
∫

D

D(v) : (q ⊗ ∇q Uη)φdq − 4
∫

D

(Fφ+ θ∇qφ) · ∇q Uη dq

=
∫

D

[
D(v) : (q ⊗ ∇q Uη)φ− 4φ(∇q Ue · ∇q Uη) − 4θφ|∇q Uη|2

− 4θ(∇qφ · ∇q Uη)
]
dq,

(3.24)



Nonisothermal kinetic model: weak sequential stability 29

by recalling the definition (2.2) of the spring force F . We observe in passing that
q ⊗ ∇q Uη = U ′

η(|q|2/2)(q ⊗ q) ∈ Rd×d
sym for all q ∈ D.

Step 6. As a third step towards deriving an evolution equation for the specific
entropy, we multiply the Fokker–Planck equation by (1 + log(φ+ σ))ζ, where σ >
0 and ζ ∈ C∞

0 (Q), integrate the resulting equality over Q × D, perform partial
integrations with respect to t and x using that ζ is smooth with compact support,
and also with respect to q using the zero normal flux boundary conditions imposed
on φ. We then pass to the limit σ → 0+ in the resulting equality, term by term,
using the monotone/dominated convergence theorem. Having passed to the limit
σ → 0+, we reverse the partial integrations with respect to t and x using the
assumed smoothness of φ. Since the resulting equality holds for all test functions
ζ ∈ C∞

0 (Q), it follows that

∂t

(∫
D

φ logφdq

)
+ divx

(
v

∫
D

φ logφdq

)
− divx

(
θ∇x

∫
D

φ logφdq

)
=
∫

D

[
∇xv : (q ⊗ ∇qφ) − 4∇q Ue · ∇qφ− 4θ∇q Uη · ∇qφ

− 4θ|∇qφ|2

φ
− θ|∇xφ|2

φ

]
dq

=
∫

D

[
−4∇q Ue · ∇qφ− 4θ∇q Uη · ∇qφ− 4θ|∇qφ|2

φ
− θ|∇xφ|2

φ

]
dq,

(3.25)

where in the transition to the last line we made use of the fact that

∫
D

∇xv : (q ⊗ ∇qφ) dq = ∇xv :
∫

D

(q ⊗ ∇qφ) dq = −(∇xv : I)
∫

D

φdq

= −(divxv)
∫

D

φdq = 0,

by partial integration with respect to q, using the implicitly imposed boundary
condition (3.2), and recalling the divergence-free property (2.25) of the velocity
field v.

Step 7. We shall now combine Steps 3, 5 and 6 to infer the evolution equation for
the specific entropy η. Subtracting (3.24) and (3.25) from (3.22) and recalling the
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definition (2.7) of the specific entropy η, it follows that

∂tη + divx(vη) + divx

(
θ

∫
D

Uη∇xφdq + θ∇x

∫
D

φ logφdq

)
− divx

(
κ(θ)∇xθ

θ

)
= 2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2 + θ

∫
D

|∇xφ|2

φ
dq + 4θ

∫
D

|∇qφ|2

φ
dq

+ 4
∫

D

[ |∇q Ue|2φ
θ

+ 2(∇qφ · ∇q Ue) + 2φ(∇q Uη · ∇q Ue)

+ 2θ(∇qφ · ∇q Uη) + θφ|∇q Uη|2
]
dq

= 2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2 + θ

∫
D

|∇xφ|2

φ
dq

+
∫

D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq.

(3.26)

Step 8. Next, we shall establish the balance of total energy. We take the scalar
product of (2.26) with v, integrate the resulting equality over (0, t) × Ω, where
t ∈ (0, T ), and perform partial integration with respect to x using (2.30). We
then combine this with (3.21) integrated over (0, t) × Ω after performing partial
integration using the boundary condition (2.31), and with (3.23) integrated over
(0, t) × Ω after performing partial integration using the boundary condition (2.32),
to deduce that∫

Ω

1
2 |v(t)|2 dx +

∫
Ω
θ(t) dx +

∫
Ω×D

Ueφ(t) dq dx

=
∫

Ω

1
2 |v0|2 dx +

∫
Ω
θ0 dx +

∫
Ω×D

Ueφ0 dq dx +
∫ t

0

∫
Ω

f(s) · v(s) dx ds.

(3.27)

Looking back at the definition (2.8) of the internal energy e = e(t,x) and of the
total energy E defined in (2.9), i.e.,

E(t,x) = 1
2 |v(t,x)|2 + e(t,x) = 1

2 |v(t,x)|2 + θ(t,x) +
∫

D

Ue(q)φ(t,x, q) dq,

one sees that the process leading to (3.27) coincides with the integration of the
evolution equation (2.10) for the total energy E, first over Ω in conjunction with
the use of the divergence theorem and the relevant boundary conditions to deduce
(2.12), and then the integration of (2.12) over t, which yields∫

Ω
E(t,x) dx =

∫
Ω
E(0,x) dx +

∫ t

0

∫
Ω

f(s,x) · v(s,x) dx ds.

Comparing this with (3.27), we see that the equality (3.27) derived above expresses
the balance of total energy, in fact.
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Applying Gronwall’s inequality to (3.27), we have

ess.sup
t∈(0,T )

(
1
2∥v(t)∥2

L2(Ω) + ∥θ(t)∥L1(Ω) + ∥ Ueφ∥L1(Ω×D)

)
≤ eT

(
1
2∥v0∥2

L2(Ω) + ∥θ0∥L1(Ω) + ∥ Ueφ0∥L1(Ω×D) + 1
2∥f∥2

L2(Q)

)
≤ C.

(3.28)

Here and hereafter C signifies a generic positive constant that depends only on the
data.

Step 9. In this crucial step, we derive the formal energy equality that lies at the
heart of the compactness argument presented in Section 4. We multiply (3.26) by −1
and integrate the resulting equality over Ω. Using the boundary condition (2.30) to
eliminate the boundary integral originating from the second term on the left-hand
side of (3.26) upon integration over Ω, the boundary condition (2.32) to eliminate
the boundary integral that comes from integrating the third term on the left-hand
side of (3.26) over Ω, and the boundary condition (2.31) to eliminate the boundary
integral that stems from integrating the fourth term on the left-hand side of (3.26)
over Ω, we have

d
dt

∫
Ω

−η dx +
∫

Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

]
dx

+
∫

Ω

[
θ

∫
D

|∇xφ|2

φ
dq +

∫
D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx = 0.

(3.29)

We note that because the second and third terms on the left-hand side of (3.29) are
nonnegative, the total entropy, t ∈ [0, T ] 7→

∫
Ω η(t,x) dx, is an increasing function

of t, as is physically expected.
Thanks to the definition (2.7) of the specific entropy η we have

−η = − log θ +
∫

D

[ Uηφ+ φ logφ] dq.

By substituting this into (3.29) it follows that

d
dt

∫
Ω

[
− log θ +

∫
D

[ Uηφ+ φ logφ] dq

]
dx +

∫
Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

]
dx

+
∫

Ω

[
θ

∫
D

|∇xφ|2

φ
dq +

∫
D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx = 0.

By integrating equation (3.17) over the domain Ω and using the boundary condition
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(3.18), it follows that d
dt

∫
Ω×D

(−φ+ 1) dq dx = 0; therefore,

d
dt

∫
Ω

[
− log θ +

∫
D

[
Uηφ+ [φ(logφ− 1) + 1]

]
dq

]
dx

+
∫

Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

]
dx

+
∫

Ω

[
θ

∫
D

|∇xφ|2

φ
dq +

∫
D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx = 0.

Defining

H(s) := s− 1 − log s for s > 0,

F(s) :=
{
s(log s− 1) + 1 for s > 0,
1 for s = 0,

(3.30)

we then have

d
dt

∫
Ω

[
H(θ) +

∫
D

[ Uηφ+ F(φ)] dq

]
dx +

∫
Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

]
dx

+
∫

Ω

[
θ

∫
D

|∇xφ|2

φ
dq +

∫
D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx

= d
dt

∫
Ω

(θ − 1) dx = d
dt

∫
Ω
θ dx.

Note that s 7→ H(s) and s 7→ F(s) are strictly convex nonnegative functions of s,
which only vanish at s = 1. By integrating this equality with respect to t, it follows
that

∫
Ω

[
H(θ(t)) +

∫
D

[ Uηφ(t) + F(φ(t))] dq

]
dx

+
∫ t

0

∫
Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

]
dx ds

+
∫ t

0

∫
Ω

[
θ

∫
D

|∇xφ|2

φ
dq +

∫
D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx ds

=
∫

Ω

[
H(θ0) +

∫
D

[ Uηφ0 + F(φ0)] dq

]
dx +

∫
Ω
θ(t) dx −

∫
Ω
θ0 dx.

Adding this to the balance of total energy stated in (3.27) then yields the following
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energy equality:∫
Ω

[
1
2 |v(t)|2 + H(θ(t))

]
dx +

∫
Ω×D

[ Ueφ(t) + Uηφ(t) + F(φ(t))] dq dx

+
∫ t

0

∫
Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

]
dx ds

+
∫ t

0

∫
Ω

[
θ

∫
D

|∇xφ|2

φ
dq +

∫
D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx ds

=
∫

Ω

[
1
2 |v0|2 + H(θ0)

]
dx +

∫
Ω×D

[ Ueφ0 + Uηφ0 + F(φ0)] dq dx

+
∫ t

0

∫
Ω

f(s) · v(s) dx ds.

(3.31)

This formal energy equality will play a crucial role in Section 4. In particular, once
a solution is known to satisfy (3.31) (or a weaker version of (3.31), with the equality
sign replaced by the symbol ≤), it will automatically follow that one can meet the
hypotheses of Lemma 3.1, as a consequence of which the functions φ and φUe will
be forced to have zero trace on (0, T ) × Ω × ∂D. In other words, instead of being
explicitly imposed, these homogeneous boundary conditions for φ and φUe will be
implied by the energy equality (or an energy inequality, where the equality sign in
(3.31) is replaced by the symbol ≤).

The energy equality (3.31) further implies that

ess.sup
t∈(0,T )

(1
2∥v(t)∥2

L2(Ω) + ∥H(θ(t))∥L1(Ω) + ∥ Ueφ(t)∥L1(Ω×D)

+ ∥ Uηφ(t)∥L1(Ω×D) + ∥F(φ(t))∥L1(Ω×D)

)
+
∫ T

0
∥ log θ∥2

W 1,2(Ω) + ∥θβ/2∥2
W 1,2(Ω) dt+

∫
Q

2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2 dx dt

+
∫

Q

[
θ

∫
D

|∇xφ|2

φ
dq +

∫
D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx dt

≤ C

(
1
2∥v0∥2

L2(Ω) + ∥H(θ0)∥L1(Ω) + ∥ Ueφ0∥L1(Ω×D) + ∥ Uηφ0∥L1(Ω×D)

+ ∥F(φ0)∥L1(Ω×D) + ∥f∥2
L2(Q)

)
≤ C, (3.32)

where β > 5
6 , as was assumed in (2.39). In connection with the final integral on the

left-hand side of (3.32) we note that∫
Q×D

1
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq dx dt

=
∫

Q×D

1
θφ

∣∣∣θ e− Ue+θ Uη
θ ∇q

(
φ e

Ue+θ Uη
θ

)∣∣∣2 dq dx dt.
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Hence, by defining the rescaled probability density function

φ̂ := φ e
Ue+θ Uη

θ , (3.33)

we then have from (3.32) that

∫
Q×D

1
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq dx dt

=
∫

Q×D

θ e− Ue+θ Uη
θ

|∇qφ̂|2

φ̂
dq dx dt ≤ C.

(3.34)

Furthermore, recalling the definition of jφ,q from (2.16), we have from (3.34) that

∫
Q×D

1
θφ

| jφ,q|2 dq dx dt ≤ C. (3.35)

We also note that by adding
∫

Ω 1 dx = |Ω| to both sides of the energy equality (3.32),
the norm ∥H(θ(t))∥L1(Ω) on the left-hand side of (3.32) is replaced by

∫
Ω(θ(t) −

log θ(t)) dx and ∥H(θ0)∥L1(Ω) on the right-hand side is replaced by
∫

Ω(θ0−log θ0) dx.
Because

|θ0 − log θ0| ≤ θ0 + | log θ0| ≤ θ0 + max{θ0, | log θmin|}

(cf. Step 1 for the choice of θmin ∈ (0, 1)), and

θ(t) − log θ(t) ≥ 1
4(θ(t) + | log(θ(t))|) ≥ 0,

it follows in particular that

ess.sup
t∈(0,T )

(
∥θ(t)∥L1(Ω) + ∥ log θ(t)∥L1(Ω)

)
≤ C.

Step 10. We note at this point in relation to the integral

∫
D

(F ⊗ q)φdq

appearing in the definition of the Cauchy stress tensor T that because the function
θ is independent of the configuration space variable q ∈ D, recalling the definition
(3.33) of the rescaled probability density function φ̂, this integral can be rewritten
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in an equivalent form as follows:∫
D

(F ⊗ q)φdq = θ

∫
D

e− Ue+θ Uη
θ

(
∇q

Ue + θ Uη

θ
⊗ q

)
φ e

Ue+θ Uη
θ dq

= −θ
∫

D

(
∇qe− Ue+θ Uη

θ

)
⊗
(

q φ e
Ue+θ Uη

θ

)
dq

= d θ

(∫
D

e− Ue+θ Uη
θ φ e

Ue+θ Uη
θ dq

)
I + θ

∫
D

e− Ue+θ Uη
θ

(
q ⊗ ∇q

(
φ e

Ue+θ Uη
θ

))
dq

= d θ np I + θ

∫
D

e− Ue+θ Uη
θ (q ⊗ ∇qφ̂) dq

= d θ np I + θ

∫
D

√
φ̂ e− Ue+θ Uη

θ

(
q ⊗ ∇qφ̂√

φ̂

)
dq

= d θ np I +
∫

D

√
θ e− Ue+θ Uη

2θ

√
φ̂

(
q ⊗

√
θ e− Ue+θ Uη

2θ
∇qφ̂√
φ̂

)
dq

= d θ np I +
∫

D

√
θ

√
φ

(
q ⊗

√
θ e− Ue+θ Uη

2θ
∇qφ̂√
φ̂

)
dq.

(3.36)

In the transition from the second displayed line to the third displayed line we
performed partial integration with respect to q and made use of the implicitly
imposed homogeneous Dirichlet boundary condition (3.2). Since, by the Cauchy–
Schwarz inequality and the bound (3.34),∫

Q

∫
D

∣∣∣∣∣√θ√
φ

(
q ⊗

√
θ e− Ue+θ Uη

2θ
∇qφ̂√
φ̂

)∣∣∣∣∣dq dx dt ≤
(∫

Q

θ

(∫
D

φdq

)
dx dt

) 1
2

×

∫
Q×D

∣∣∣∣∣q ⊗
√
θ e− Ue+θ Uη

2θ
∇qφ̂√
φ̂

∣∣∣∣∣
2

dq dx dt

 1
2

≤
√
b

(∫
Q

θ np dx dt
) 1

2
(∫

Q×D

θ e− Ue+θ Uη
θ

|∇qφ̂|2

φ̂
dq dx dt

) 1
2

≤ C
√
b

(∫
Q

θ np dx dt
) 1

2

,

where, as before, np(t,x) :=
∫

D
φ(t,x, q) dq and, by (3.20),(∫

Q

θ np dx dt
) 1

2

≤ ∥φ0∥
1
2
L∞(Q;L1(D))

(∫
Q

θ dx dt
) 1

2

,

it follows from the bound on the second term on the left-hand side of inequality
(3.28) that

√
θ

√
φ

(
q ⊗

√
θ e− Ue+θ Uη

2θ
∇qφ̂√
φ̂

)
∈ L1(0, T ;L1(Ω ×D;Rd×d)).
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Similarly,

d θ np I ∈ L∞(0, T ;L1(Ω;Rd×d)).

Thus, the polymeric contributions to the Cauchy stress tensor T, that is, the tensors

d θ np I and
∫

D

(F ⊗ q)φdq,

belong to L1(0, T ;L1(Ω;Rd×d)), and therefore they are well-defined under the stated
assumptions on the data in the sense that they have finite Frobenius norm, a.e. on
Q. We note in passing that the right-hand side of (3.36) can be further transformed
as follows: ∫

D

(F ⊗ q)φdq = d θ np I + θ

∫
D

(∇q log φ̂⊗ q)φdq. (3.37)

Step 11. To proceed, we require a bound on θ in the norm of Lr(Q) =
Lr(0, T ;Lr(Ω)), for a suitable r > 1. We begin by noting that the bounds (3.28)
and (3.32) yield

∥θ∥L∞(0,T ;L1(Ω)) ≤ C and ∥θβ/2∥L2(0,T ;W 1,2(Ω)) ≤ C, (3.38)

where C is a positive constant that depends only on the data, and β > 5
6 . As

β > 5
6 > 1

3 , it follows that 1 < 2
3 + β < 3β, so we can interpolate between L1(Ω)

and L3β(Ω) to obtain the following bound in L
2
3 +β(Q) = L

2
3 +β(0, T ;L 2

3 +β(Ω)):∫ T

0
∥θ∥

2
3 +β

L
2
3 +β(Ω)

dt ≤
∫ T

0
∥θ∥

2
3
L1(Ω)∥θ∥

β
L3β(Ω) dt

≤ ∥θ∥
2
3
L∞(0,T ;L1(Ω))

∫ T

0
∥θ∥β

L3β(Ω) dt

= ∥θ∥
2
3
L∞(0,T ;L1(Ω))

∫ T

0
∥θ

β
2 ∥2

L6(Ω) dt

≤ C∥θ∥
2
3
L∞(0,T ;L1(Ω))

∫ T

0
∥θ

β
2 ∥2

W 1,2(Ω) dt ≤ C,

(3.39)

where in the transition to the last inequality, we have used the bounds of (3.38).

Step 12. Next, we derive an additional bound on the velocity field v. To this end,
we define

p := 2 − 6
5 + 3β .

Again, because β > 5
6 >

1
3 , it follows that p ∈ (1, 2). Hence, by Young’s inequality,

the bound (3.32), and the assumed strict positivity of the shear viscosity coeffi-
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cient ν(θ),∫
Q

|D(v)|p dx dt =
∫

Q

(
|D(v)|2

θ

) p
2

θ
p
2 dx dt

≤ p

2

∫
Q

|D(v)|2

θ
dx dt+ 2 − p

2

∫
Q

θ
p

2−p dx dt

≤ C + 3
5 + 3β

∫
Q

θ

2− 6
5+3β

2−2+ 6
5+3β dx dt

= C + 3
5 + 3β

∫
Q

θ
2
3 +β dx dt ≤ C,

(3.40)

where the last inequality follows from the bound (3.39).
Our assumption that β > 5

6 guarantees that, with p defined as above,
v ∈ L

5p
3 (Q;Rd) with 5p

3 > 2. Indeed, because v ∈ Lp(0, T ;W 1,p(Ω;Rd)) ∩
L∞(0, T ;L2(Ω;Rd)) by parabolic interpolationg we have that∫

Q

|v|
5p
3 dx dt ≤ C,

where 5p
3 = 10

3
2+3β
5+3β > 2 thanks to our assumption that β > 5

6 .

Step 13. We proceed by deriving a bound on T. Because by hypothesis ν(·) is
bounded from below and from above by positive constants, (3.40) implies that the
term ν(θ)D(v) is bounded in Lp(Q;Rd×d) with p as defined above. Next, we bound
the polymeric part of the stress tensor. Recall from (3.36) that∫

D

(F ⊗ q)φdq = d θ nP I +
∫

D

√
θ

√
φ

(
q ⊗

√
θ e− Ue+θUη

2θ
∇qφ̂√
φ̂

)
dq

= d θ nP I +
∫

D

(
∇qφ̂√
φ̂

√
θ e− Ue+θUη

θ ⊗ q

)
︸ ︷︷ ︸

z1

√
φ̂ θ e− Ue+θUη

θ︸ ︷︷ ︸
z2

dq,

gLemma (Parabolic Interpolation, cf. Thm. 2.1 in Ref. 20). Suppose that Ω is a bounded open
Lipschitz domain in Rd, d ≥ 2. Let p, q ∈ [1, ∞), s ∈ [p, ∞), and suppose that

γ :=
1
p

− 1
s

1
d

− 1
q

+ 1
p

∈ [0, 1].

Then, there exists a constant c > 0 such that

∥v∥Lr(0,T ;Ls(Ω)) ≤ c∥∇v∥γ
Lq(Q)∥v∥1−γ

L∞(0,T ;Lp(Ω))

for all v ∈ Lq(0, T ; W 1,q(Ω)) ∩ L∞(0, T ; Lp(Ω)), with

r := s(q(p + d) − dp)
(s − p)d

∈ (1, ∞].
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where φ̂ is the rescaled probability density function defined in (3.33). Thanks to
(3.34), the term z1 belongs to L2(Q×D;Rd×d). Also,∫

Q×D

z2
2 dx dq dt =

∫
Q×D

φθ dx dq dt

=
∫

Q

θ

(∫
D

φdq

)
dx dt

=
∫

Q

θ nP dx dt

≤ ∥nP∥L∞(Q)

∫
Q

θ dx dt ≤ C,

whereby z2 ∈ L2(Q×D). Hence, for a suitable q ∈ (1, 2), to be fixed below,∫
Q

∣∣∣∣θ ∫
D

e− Ue+θUη
θ q ⊗ ∇qφ̂dq

∣∣∣∣q dx dt =
∫

Q

∣∣∣∣∫
D

z1z2 dq

∣∣∣∣q dx dt

≤
∫

Q

(∫
D

z2
1 dq

) q
2
(∫

D

z2
2 dq

) q
2

dx dt

=
∫

Q

(∫
D

z2
1 dq

) q
2

(nP θ)
q
2 dx dt

≤
(∫

Q×D

z2
1 dq dx dt

) q
2
(∫

Q

(nP θ)
q

2−q dx dt
) 2−q

2

≤
(∫

Q×D

z2
1 dq dx dt

) q
2

∥nP∥
q
2
L∞(Q)

(∫
Q

θ
q

2−q dx dt
) 2−q

2

≤ C

(∫
Q

θ
q

2−q dx dt
) 2−q

2

.

Because, thanks to (3.39), θ ∈ L
2
3 +β(Q), we choose q ∈ (1, 2) by setting

q

2 − q
= 2

3 + β.

Expressing q in terms of β from this equality, it follows that

q = 4 + 6β
5 + 3β = 2 − 6

5 + 3β = p.

Consequently,∫
D

(F ⊗ q)φdq ∈ Lp(Q;Rd×d) with p = 2 − 6
5 + 3β , β >

5
6 .

Recall that

T := −pI + 2ν(θ)D(v) − 2θnPI +
∫

D

(F ⊗ q)φdq.
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Hence, the sum of the second and fourth terms of T belongs to Lp(Q;Rd×d). That
is,∫

Q

|S|p dx dt =
∫

Q

|T + pI + 2θnPI|p dx dt ≤ C for p = 2 − 6
5 + 3β with β >

5
6 .

Furthermore, since for β > 1
3 (which holds in our case, since it was assumed that

β > 5
6 ) one has

2
3 + β > 2 − 6

5 + 3β = p,

it follows that

2θnPI ∈ L
2
3 +β(Q;Rd×d) ⊂ Lp(Q;Rd×d),

and therefore also∫
Q

|T + pI|p dx dt ≤ C for p = 2 − 6
5 + 3β with β >

5
6 .

Step 14. Next, we derive bounds on the probability density function φ. We begin
by noting that, thanks to (3.20), (3.28), (3.32) and (3.35) we have that

∥φ∥L∞(Q;L1(D)) + ∥Ueφ∥L∞(0,T ;L1(Ω×D)) + ∥Uηφ∥L∞(0,T ;L1(Ω×D))

+ ∥φ logφ∥L∞(0,T ;L1(Ω×D)) +
∥∥∥∥ jφ,q√

θφ

∥∥∥∥
L2(Q×D)

+

∥∥∥∥∥
√
θ

φ
∇xφ

∥∥∥∥∥
L2(Q×D)

≤ C.

(3.41)

Suppose that D̃ is an arbitrary open subset of D such that D̃ ⊂⊂ D (that is, the
closure of D̃ is contained in the open ball D). Let us define

K
D̃

:= max{sup
q∈D̃

|∇q Ue(q)|, sup
q∈D̃

|∇q Uη(q)|} (< ∞)

and note the elementary inequality |a+b+c|2 ≥ 1
2 |a|2 −2(|b|2 + |c|2) for a, b, c ∈ Rd.

Then∫
Q×D̃

1
θφ

|θ∇qφ+ θφ(∇q Uη) + φ(∇q Ue)|2 dq dx dt

≥ 1
2

∫
Q×D̃

θ|∇qφ|2

φ
dq dx dt− 2K2

D̃

∫
Q×D̃

φ

(
θ + 1

θ

)
dq dx dt.

(3.42)

Now,

0 ≤
∫

Q×D̃

φ

(
θ + 1

θ

)
dq dx dt =

∫
Q

(
θ + 1

θ

)(∫
D̃

φdq

)
dx dt

≤
∫

Q

(
θ + 1

θ

)(∫
D

φdq

)
dx dt =

∫
Q

(
θ + 1

θ

)
nP dx dt

≤ ∥nP∥L∞(Q)

∫
Q

(
θ + 1

θ

)
dx dt.
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Using (3.20), (3.16) and (3.38) it follows that

0 ≤
∫

Q×D̃

φ

(
θ + 1

θ

)
dq dx dt ≤ C.

Substituting this bound into the right-hand side of inequality (3.42) and recalling
that thanks to (3.34) the expression on the left-hand side of (3.42) is bounded by
a constant, it then follows from (3.32) that there exists a positive constant C

D̃
,

dependent on D̃, such that
1
2

∫
Q×D̃

θ|∇qφ|2

φ
dq dx dt ≤ C

D̃
.

In addition, it trivially follows from the bound on the last term on the left-hand
side of (3.41) that ∫

Q×D̃

θ|∇xφ|2

φ
dq dx dt ≤ C.

Thus, by combining the last two bounds, we have the following bound:∫
Q×D̃

θ
(
|∇x

√
φ|2 + |∇q

√
φ|2
)

dq dx dt ≤ C
D̃
. (3.43)

Thanks to (3.16), the function θ (which is independent of q ∈ D̃) is bounded from
below by a positive constant on Q. In addition, (3.20) implies that∫

Q×D̃

|√φ|2 dq dx dt ≤ C.

Combining this with (3.43), it follows that

∥√
φ∥

L2(0,T ;W 1,2(Ω×D̃)) ≤ C
D̃
. (3.44)

By parabolic interpolation between this inequality and the inequality

∥√
φ∥

L∞(0,T ;L2(Ω×D̃)) ≤ C
D̃

implied by (3.20), it follows that∫
Q×D̃

|φ|1+δ dx dt ≤ C
D̃

for some δ > 0. (3.45)

A simple calculation yields 1 + δ = 1 + 1
d ∈ (1, 2) for d = 2, 3, independently of D̃.

Step 15. In this final step, we derive bounds on φ up to the boundary of D. To do
this, suppose that G ∈ L∞([0,∞);R≥0). It follows from the bound stated in (3.34)
that

C ≥
∫

Q×D

G(θ)
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq dx dt

=
∫

Q×D

[
θ|∇qφ|2

φ
+ θφ|∇q Uη|2 + φ|∇q Ue|2

θ

+ 2θ∇qφ · ∇q Uη + 2∇qφ · ∇q Ue + 2φ∇q Uη · ∇q Ue

]
G(θ) dq dx dt.

(3.46)
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We proceed by considering, for (t,x) ∈ Q, the integral over D of the expression
appearing in the square brackets on the right-hand side of (3.46), that is,

A(t,x) :=
∫

D

[
θ|∇qφ|2

φ
+ θφ|∇q Uη|2 + φ|∇q Ue|2

θ

+ 2θ∇qφ · ∇q Uη + 2∇qφ · ∇q Ue + 2φ∇q Uη · ∇q Ue

]
dq.

We shall use the elementary inequality 2a · b ≥ − 1
2 |a|2 − 2|b|2, with a, b ∈ Rd, to

partially absorb the fourth term into the first term and the sixth term into the third
term. Indeed, because∫

D

2θ∇qφ · ∇q Uη dq ≥ −1
2

∫
D

θ|∇qφ|2

φ
dq − 2

∫
D

θφ|∇q Uη|2 dq

and ∫
D

2φ∇q Uη · ∇q Ue dq ≥ −1
2

∫
D

φ|∇q Ue|2

θ
dq − 2

∫
D

θφ|∇q Uη|2 dq,

it follows (by dropping the nonnegative second term appearing in the square brack-
ets in the definition of A(t,x) above) that

A(t,x) ≥ 1
2

∫
D

[
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

]
dq − 4

∫
D

θφ|∇q Uη|2 dq

+ 2
∫

D

∇qφ · ∇q Ue dq.

Next, we perform partial integration in the last term on the right-hand side of this
inequality using the implicitly imposed boundary condition φ|Q×∂D = 0 (cf. (3.2))
to deduce that

A(t,x) ≥ 1
2

∫
D

[
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

]
dq−4

∫
D

θφ|∇q Uη|2 dq−2
∫

D

φ ·∆q Ue dq.

As |∇q Uη(q)| ≤ C for all q ∈ D, and θ is independent of q, it follows from (3.20)
that

A(t,x) ≥ −Cθ + 1
2

∫
D

[
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

]
dq − 2

∫
D

φ · ∆q Ue dq

= −Cθ + 1
2

∫
D

θ|∇qφ|2

φ
dq + 1

2

∫
D

φ

θ

(
|∇q Ue|2 − 4θ∆q Ue

)
dq.

Now, let θmax (> θmin) be an arbitrary positive constant, and let

Qθmax := {(t,x) ∈ Q : 0 < θ(t,x) ≤ θmax}.

Importantly, as indicated in the previous section, at this point we need to demand
that Ue satisfies (2.36) rather than the weaker hypothesis (2.35). Then, because by
(2.36)

lim
|q|→(

√
b)−

∆q Ue(q)
|∇q Ue(q)|2 = 0,
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it follows that there exists a δ = δ(θmax) ∈ (0, 1) sufficiently small such that

|∇q Ue|2 − 4θmax∆q Ue = |∇q Ue|2
(

1 − 4θmax
∆q Ue

|∇q Ue|2

)
≥ 1

2 |∇q Ue|2

for all q ∈ D \ (1 − δ)D. Hence, for any (t,x) ∈ Qθmax , we have that

A(t,x) ≥ −Cθ + 1
2

∫
D

θ|∇qφ|2

φ
dq + 1

2

∫
(1−δ)D

φ

θ

(
|∇q Ue|2 − 4θ∆q Ue

)
dq

+ 1
2

∫
D\(1−δ)D

φ

θ

(
|∇q Ue|2 − 4θ∆q Ue

)
dq

≥ −Cθ + 1
2

∫
D

θ|∇qφ|2

φ
dq + 1

2

∫
(1−δ)D

φ|∇q Ue|2

θ
dq

− 2
∫

(1−δ)D

φ∆q Ue dq + 1
4

∫
D\(1−δ)D

φ|∇q Ue|2

θ
dq

≥ −Cθ + 1
2

∫
D

θ|∇qφ|2

φ
dq + 1

4

∫
D

φ|∇q Ue|2

θ
dq − 2

∫
(1−δ)D

φ∆q Ue dq

≥ −Cθ + 1
4

∫
D

(
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

)
dq − 2K(θmax)

∫
(1−δ)D

φdq,

where

K(θmax) := max
q∈(1−δ)D

∆q Ue(q) < ∞,

thanks to the uniform continuity of ∆q Ue on compact subsets of D. Because, by
(3.20),

0 ≤
∫

(1−δ)D

φdq ≤
∫

D

φdq ≤ ∥φ0∥L∞(Ω;L1(D))

and the constant K(θmax) is positive, we have that

A(t,x) ≥ −(Cθ + 2K(θmax)∥φ0∥L∞(Ω;L1(D))) + 1
4

∫
D

(
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

)
dq

≥ −(Cθmax + 2K(θmax)∥φ0∥L∞(Ω;L1(D))) + 1
4

∫
D

(
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

)
dq

for all (t,x) ∈ Qθmax . In other words,

1
4

∫
D

(
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

)
dq ≤ A(t,x) + C(θmax), (3.47)

where C(θmax) is a positive constant which depends on θmax. We return with this
bound to the inequality (3.46) and take

G(θ) := 11[0,θmax](θ) for θ ∈ [0,∞)
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there. Clearly, G(θ(t,x)) = 11[0,θmax](θ(t,x)) = 11Qθmax
(t,x) for all (t,x) ∈ Q, and

therefore (3.46) and (3.47) imply that∫
Q×D

11Qθmax

(
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

)
dq dx dt

=
∫

Q×D

G(θ)
(
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

)
dq dx dt

≤ C + C(θmax)|Q|,

In other words,∫
Qθmax ×D

(
θ|∇qφ|2

φ
+ φ|∇q Ue|2

θ

)
dq dx dt ≤ C + C(θmax)|Q|. (3.48)

Applying Lemma 3.1 with Q there replaced by Qθmax and g(t,x) := 1 for all
(t,x) ∈ Qθmax , we deduce that φ(t,x, ·) and φ(t,x, ·)U ′

e(| · |2/2) have well-defined
traces in L1(∂D) which are equal to zero for a.e. (t,x) ∈ Qθmax . Because, by (3.28),

∥θ∥L∞(0,T ;L1(Ω)) ≤ eT

(
1
2∥v0∥2

L2(Ω) + ∥θ0∥L1(Ω) + ∥ Ueφ0∥L1(Ω×D) + 1
2∥f∥2

L2(Q)

)
< ∞,

whereby θ is finite a.e. on Q, in the limit of θmax → +∞ the increasing nested
family of sets {Qθmax} exhausts Q. Therefore, φ(t,x, ·) has a well-defined trace
φ(t,x, ·)|∂D ∈ L1(∂D) for a.e. (t,x) ∈ Q and φ|∂D is equal to 0 a.e. on Q×∂D; also,
φ(t,x, ·)∇q Ue(·) · nq|∂D ∈ L1(∂D) for a.e. (t,x) ∈ Q, and it, too, vanishes on ∂D

for a.e. (t,x) ∈ Q. We draw the reader’s attention to the fact that, although ∇q Ue ∈
C1(D;Rd), the second assertion in the previous sentence does not directly follow
from the fact that φ|∂D = 0, as ∇q Ue(q) · nq = U ′

e(|q|2/2)|q| =
√
b U ′

e(|q|2/2) = ∞
when q ∈ ∂D.

4. Weak sequential stability

We begin by stating the definition of weak solution to the problem under consider-
ation.

Definition 4.1 (Weak solution). Suppose that Ω ⊂ Rd is a bounded, open,
simply connected set in Rd, d ∈ {2, 3}, with Lipschitz continuous boundary ∂Ω,
and T > 0. Assume that the initial data v0, θ0, φ0 and the source term f satisfy
the following properties:

• v0 ∈ L2(Ω;Rd), divxv0 = 0 in the sense of distributions on Ω and v0 ·
nx|∂Ω = 0 in W−1/2,2(∂Ω);

• θ0 ∈ L1(Ω), θ0 ≥ θmin > 0;
• φ0 ∈ L1 logL1(Ω ×D) ∩ L∞(Ω;L1(D)), Ueφ0 ∈ L1(Ω ×D), φ0 ≥ 0;
• f ∈ L2(Q).
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Let
F := ∇q Ue + θ∇q Uη and jφ,q := −4Fφ− 4θ∇qφ.

Suppose further that β > 5/6 and p := 2 − 6
5+3β . We shall say that a triple of

functions (v, θ, φ) is a weak solution to the problem under consideration provided
that:

• v ∈ L∞(0, T ;L2
0,div(Ω;Rd)) ∩ Lp(0, T ;W 1,p

0,div(Ω;Rd)),
∂tv ∈ Ls(0, T ;W−1,s′

0,div (Ω;Rd)) for some s > 1, where s′ := s/(s − 1) is
the Hölder conjugate of s;

• θ ∈ L∞(0, T ;L1(Ω;R>0)) ∩L 2
3 +β(Q), θβ/2 ∈ L2(0, T ;W 1,2(Ω)) and log θ ∈

L∞(0, T ;L1(Ω)) ∩ L2(0, T ;W 1,2(Ω));
•

ν(θ)|D(v)|2

θ
∈ L1(Q), κ(θ)|∇xθ|2

θ2 ∈ L1(Q),

θ

φ
|∇xφ|2 ∈ L1(Q×D), 1

θφ
|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 ∈ L1(Q×D),

2ν(θ)D(v) − 2θnPI +
∫

D

(F ⊗ q)φdq ∈ Lp(Q;Rd×d);

• φ ∈ L∞(0, T ;L1 logL1(Ω × D;R≥0)), Ueφ ∈ L∞(0, T ;L1(Ω × D)), ∂tφ ∈
[C([0, T ];C1(Ω ×D))]∗;

furthermore, the velocity field v satisfies the balance of linear momentum equation
in the following weak sense:

−
∫

Q

v · ∂tw dx dt−
∫

Q

(v ⊗ v) : ∇xw dx dt+
∫

Q

S : D(w) dx dt

=
∫

Ω
v0 · w(0) dx +

∫
Q

f · w dx dt

for all test functions w ∈ C1
0 ([0, T );W 1,s

0,div(Ω;Rd)), where

S = 2ν(θ)D(v) +
∫

D

(F ⊗ q)φdq;

for all positive integers k the temperature θ satisfies the following renormalized
variational inequality:

−
∫

Q

Tk(θ) ∂tψ dx dt−
∫

Q

v Tk(θ) · ∇xψ dx dt+
∫

Q

κ(θ)∇xTk(θ) · ∇xψ dx dt

≥
∫

Ω
Tk(θ0)ψ(0) dx +

∫
Q

2ν(θ)T ′
k(θ)|D(v)|2ψ dx dt

+
∫

Q

(
T ′

k(θ)D(v) :
∫

D

θ(∇q Uη ⊗ q)φdq

)
ψ dx dt

+
∫

Q

(
T ′

k(θ)
∫

D

θ∇qφ · ∇q Ue + θφ∇q Uη · ∇q Ue + |∇q Ue|2φdq

)
ψ dx dt
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for all test functions ψ ∈ C1
0 ([0, T );W 1,z(Ω)) with z > d such that ψ ≥ 0 on Q,

where

Tk(s) :=
{

s
|s| max{k, |s|} for s ̸= 0,

0 for s = 0;

and the probability density function φ satisfies the Fokker–Planck equation in the
following weak sense:

−
∫

Q×D

φ∂tζ dq dx dt−
∫

Q×D

vφ · ∇xζ dq dx dt+
∫

Q×D

θ∇xφ · ∇xζ dq dx dt

−
∫

Q×D

((∇xv)qφ+ jφ,q) · ∇qζ dq dx dt =
∫

Ω×D

φ0 ζ(0) dq dx

for all ζ ∈ C1
0 ([0, T );C1(Ω ×D)). Finally, a weak solution is understood to be

energy-dissipative in the sense that for a.e. t ∈ (0, T ) it satisfies the following energy
inequality, with H and F as defined in (3.30):∫

Ω

[
1
2 |v(t)|2 + H(θ(t))

]
dx +

∫
Ω×D

[ Ueφ(t) + Uηφ(t) + F(φ(t))] dq dx

+
∫ t

0

∫
Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

]
dx ds

+
∫ t

0

∫
Ω

[
θ

∫
D

|∇xφ|2

φ
dq +

∫
D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx ds

≤
∫

Ω

[
1
2 |v0|2 + H(θ0)

]
dx +

∫
Ω×D

[ Ueφ0 + Uηφ0 + F(φ0)] dq dx

+
∫ t

0

∫
Ω

f(s) · v(s) dx ds.

(4.1)

The central result of the paper is the following theorem, which guarantees weak
sequential stability of the nonisothermal kinetic model under consideration.

Theorem 4.1. Under the stated assumptions on the data, sequences of smooth
solutions to the initial-boundary-value problem (2.26)–(2.31) for the system of non-
linear partial differential equations under consideration, which satisfy the energy
equality (3.31), converge to an energy-dissipative weak solution of the problem.

The rest of the paper is devoted to the proof of this theorem. Because the proof
is long, we draw the reader’s attention to the fact that, even though the argument
is seemingly interrupted by titles of subsections, the proof runs through several
subsections and ends at the end of Section 4.

Proof. Suppose that we have a sequence of functions ((vn, θn, φn))∞
n=1 with vn ∈

C1,2([0, T ]×Ω;Rd), θn ∈ C1,2([0, T ]×Ω) and φn ∈ C1,2,2([0, T ]×Ω×D), satisfying
the inequality (4.1), the equations (2.26), (2.25), (3.9) and (2.27) subject to the
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boundary and initial conditions (2.30), (3.10), (3.11), (2.34), and (2.31), i.e., for all
n = 1, 2, . . .,

vn = 0 on (0, T ) × ∂Ω, vn(0,x) = vn
0 (x) for x ∈ Ω,

κ(θn)∇xθ
n · nx = 0, on (0, T ) × ∂Ω, θn(0,x) = θn

0 (x) for x ∈ Ω,

(vnφn − [θn]+∇xφ
n) · nx = 0 on (0, T ) × ∂Ω ×D,

((∇xvn)qφn + jn
φ,q) · nq = 0 on (0, T ) × Ω × ∂D,

φn(0,x, q) = φn
0 (x, q) for (x, q) ∈ Ω ×D,

where (vn
0 )∞

n=1, (θn
0 )∞

n=1, (φn
0 )∞

n=1 are sequences of functions defined on Ω, Ω and
Ω × D, respectively, such that vn

0 ∈ C2(Ω;Rd), θn
0 ∈ C2(Ω), φn

0 ∈ C2,2(Ω × D),
divxvn

0 = 0 on Ω and vn
0 · nx = 0 on ∂Ω, θn

0 ≥ θmin > 0 on Ω, and φn
0 ≥ 0 on Ω ×D

for all n = 1, 2, . . .; with vn
0 → v0 in L2(Ω;Rd), θn

0 → θ0 in L1(Ω), φn
0 → φ0 in

L1(Ω ×D), Ueφ
n
0 → Ueφ0 in L1(Ω ×D), F(φn

0 ) → F(φ0) in L1(Ω ×D), as n → ∞,
and

jn
φ,q := −4F n[φn]+ − 4[θn]+∇qφ

n with F n := ∇q Ue + θn∇q Uη.

As in Step 0 in the previous section, the assumed nonnegativity of φn
0 on Ω ×D

implies the nonnegativity of φn on [0, T ] × Ω × D and, as in Step 1, the assumed
positive lower bound on θn

0 on Ω implies the positivity of θn on [0, T ] × Ω. Conse-
quently, [φn]+ and [θn]+ appearing in the equations above can be replaced by φn

and θn; therefore, we shall remove the now redundant symbol [·]+ in what follows.
Because vn = 0 on ∂Ω and θn is strictly positive on [0, T ] × Ω, it follows that

the zero normal flux boundary condition for φn on (0, T ) × ∂Ω ×D collapses to the
following homogeneous Neumann boundary condition:

∇xφ
n · nx = 0 on (0, T ) × ∂Ω ×D.

We note further that because

jn
φ,q := −4F nφn − 4θn∇qφ

n = −4(∇q Ue + θn∇q Uη)φn − 4θn∇qφ
n

= −4θn

[
φn∇q

(
Ue + θnUη

θn

)
+ ∇qφ

n

]
= −4θn

(
∇q

(
e

Ue+θnUη
θn φn

)
e− Ue+θnUη

θn

)
,

(4.2)

the zero normal flux boundary condition (2.33) imposed for φn on (0, T ) × Ω × ∂D

can be restated as follows:[
(∇xvn)qφn − 4θn

(
∇q

(
e

Ue+θnUη
θn φn

)
e− Ue+θnUη

θn

)]
·nq = 0 on (0, T ) × Ω × ∂D.

We shall use the bounds established in Steps 0–15 in Section 3 to pass to the
respective limits in the sequences (vn)∞

n=1, (θn)∞
n=1 and (φn)∞

n=1.
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4.1. Limit passage in the balance of linear momentum equation

The a priori bounds (3.20)–(3.41) and (3.43) imply the existence of weakly conver-
gent subsequences (not indicated) such that, as n → ∞,

vn ⇀∗ v weakly-∗ in L∞(0, T ;L2(Ω;Rd)),

vn ⇀ v weakly in L
5p
3 (Q;Rd)),

∇xvn ⇀ ∇xv weakly in L
4+6β
5+3β (Q;Rd×d),

Sn ⇀ S weakly in Lp(Q;Rd×d), p := 2 − 6
5 + 3β = 4 + 6β

5 + 3β ,

(4.3)

with β > 5
6 , where

Sn := 2ν(θn)D(vn) +
∫

D

(F n ⊗ q)φn dq

= ν(θn)D(vn) +
∫

D

((∇q Ue + θn∇q Uη) ⊗ q)φn dq,

and S is a weak limit, to be identified. From the balance of linear momen-
tum equation (2.26) with solution vn one has a uniform bound on ∂tv

n in
Ls(0, T ;W−1,s′

0,div (Ω;Rd)) for some s > 1, where s′ := s
s−1 , which then implies the

existence of a subsequence (not indicated) such that, as n → ∞,

∂tv
n ⇀ ∂tv weakly in Ls(0, T ;W−1,s′

0,div (Ω;Rd)) for some s > 1.

Thanks to the compact embedding of W 1, 4+6β
5+3β (Ω;Rd)) in Lr(Ω;Rd) with 1 ≤ r <

6(2+3β)
11+3β for d = 2, 3, and noting that 6 > 6(2+3β)

11+3β > 10
3

2+3β
5+3β > 2 for β > 5

6 , the
Aubin–Lions lemma implies that, as n → ∞,

vn → v strongly in Lr(Q;Rd) for 1 ≤ r ≤ 10
3

2+3β
5+3β (4.4)

for d = 2, 3 and β > 5
6 , and in particular, as n → ∞,

vn → v strongly in L2(Q;Rd) for d = 2, 3. (4.5)

These convergence results then enable us to pass to the limit in the sequence of
balance of linear momentum equations as n → ∞ to deduce that, for a.e. t ∈ (0, T ),

−
∫

Q

v · ∂tw dx dt−
∫

Q

(v ⊗ v) : ∇xw dx dt+
∫

Q

S : D(w) dx dt

=
∫

Ω
v0 · w(0) dx +

∫
Q

f · w dx dt
(4.6)

for all test functions w ∈ C1
0 ([0, T );W 1,s

0,div(Ω;Rd)), for some s > 1, where the weak
limit S is yet to be identified.
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4.2. Limit passage in the sequence of absolute temperatures

For the sequence (θn)∞
n=1, we have from (3.39), (3.32) and (3.38) that, as n → ∞,

θn ⇀ θ weakly in L
2
3 +β(Q),

log θn ⇀ log θ weakly in L2(0, T ;W 1,2(Ω)),

(θn)
β
2 ⇀ θ

β
2 weakly in L2(0, T ;W 1,2(Ω)),

(4.7)

where log θ and θ
β
2 are weak limits, to be identified.

For k ≥ 1 we introduce the real-valued continuous piecewise-linear cutoff func-
tion Tk ∈ C0,1(R) defined by

Tk(s) :=
{

s
|s| max{k, |s|} for s ̸= 0,

0 for s = 0.

Clearly, Tk(s) = s for s ∈ [−k, k] and Tk(s) = k sign(s) for |s| ≥ k. Let Tk,ε ∈ C2(R)
be a mollification of Tk, with ε ∈ (0, 1), such that

Tk,ε(s) = s for |s| ≤ k,

Tk,ε(s) = s

|s|

(
k + 1

2ε
)

for |s| ≥ k + ε,

Tk,ε(s) = − s

2ε|s|

(
s2 − 2 s

|s|
(k + ε)s+ k2

)
for k ≤ |s| ≤ k + ε.

Thus,

0 ≤ T ′
k,ε(s) ≤ 1, sT ′′

k,ε(s) ≤ 0 and |T ′′
k,ε(s)| ≤ 1

ε
for all s ∈ R.

We multiply by T ′
k,ε the temperature equation satisfied by θn to obtain a renor-

malized version of the equation; hence,

∂tTk,ε(θn) + divx(vn Tk,ε(θn)) − divx(κ(θn)∇xTk,ε(θn)) = 2ν(θn)T ′
k,ε(θn)|D(vn)|2

+ T ′
k,ε(θn)D(vn) :

∫
D

θn(∇q Uη ⊗ q)φn dq − T ′′
k,ε(θn)κ(θn)|∇xθ

n|2

+ T ′
k,ε(θn)

∫
D

θn∇qφ
n · ∇q Ue + θnφn∇q Uη · ∇q Ue + |∇q Ue|2φn dq.

(4.8)

Since T ′
k,ε has compact support [−k − ε, k + ε] ⊂ R, we deduce from (4.8) that

∥∂tTk,ε(θn)∥M(0,T ;(W 1,z(Ω))∗) ≤ C(k, ε) for all z ∈ (d,∞), (4.9)

where, for a Banach space X, M(0, T ;X∗) denotes the continuous dual space of
C([0, T ];X), that is, the Banach space of X∗-valued (finite, signed) Radon measures
on [0, T ].
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To show that the bound (4.9) holds, we test (4.8) with χ ∈ C([0, T ];W 1,z(Ω)),
where z > d, and move the second and third term from the left-hand side of the
resulting equality to the right-hand side. Hence,

⟨∂tTk,ε(θn), χ⟩ =
∫

Q

vn Tk,ε(θn) · ∇xχdx dt

−
∫

Q

κ(θn)∇xTk,ε(θn) · ∇xχdx dt

+
∫

Q

2ν(θn)T ′
k,ε(θn)|D(vn)|2χdx dt

+
∫

Q

T ′
k,ε(θn)D(vn) :

(∫
D

θn(∇q Uη ⊗ q)φn dq

)
χdx dt

−
∫

Q

T ′′
k,ε(θn)κ(θn)|∇xθ

n|2χdx dt

+
∫

Q

T ′
k,ε(θn)

(∫
D

θn∇qφ
n · ∇q Ue + θnφn∇q Uη · ∇q Ue

+ |∇q Ue|2φn dq
)
χdx dt

=: T1 + T2 + T3 + T4 + T5 + T6.

Then, by (4.3)1 and since |Tk,ε(s)| ≤ k + 1
2ε < k + 1 for all s ∈ R, we have

|T1| ≤ ∥vn∥L∞(0,T ;L2(Ω))∥Tk,ε(θn)∥L∞(Q)∥∇xχ∥L1(0,T ;L2(Ω))

≤ C(k)∥∇xχ∥L1(0,T ;L2(Ω)).

To bound the term T2, we note that κ(θn)∇xTk,ε(θn) = κ(θn)θnT ′
k,ε(θn)∇x log θn.

Thus, by (4.7)2 and because T ′
k,ε has compact support [−k − ε, k + ε], we have the

following:

|T2| ≤ C(k)∥∇xχ∥L2(0,T ;L2(Ω)).

To deal with the term T3, we note that

ν(θn)T ′
k,ε(θn)|D(vn)|2 =

(
T ′

k,ε(θn)θn
) ν(θn)|D(vn)|2

θn
.

Thus, again using that T ′
k,ε has compact support in conjunction with the bound on

the third term from the second line of (3.32), with v and θ there replaced by vn

and θn, we have

|T3| ≤ C(k)∥χ∥C([0,T ];L∞(Ω)).

To bound the term T4, we write T ′
k,ε(θn)D(vn)θn = (T ′

k,ε(θn)(θn) 3
2 )(D(vn)/

√
θn),

use that T ′
k,ε has compact support and ∇q Uη ⊗ q ∈ C(D;Rd×d), together with the

bound on the third term of the second line of (3.32), with v and θ replaced by vn

and θn, and the bound on the first term on the left-hand side of inequality (3.41),
with φ replaced by φn; thus,

|T4| ≤ C(k)∥χ∥L2(0,T ;L2(Ω)).
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For the term T5, we rewrite

T ′′
k,ε(θn)κ(θn)|∇xθ

n|2 = T ′′
k,ε(θn)κ(θn)(θn)2|∇x log θn|2

and use (4.7)2 to find that

|T5| ≤ C(k)
ε

∥χ∥C([0,T ];L∞(Ω)).

Finally, to deal with the term T6, we note that

T ′
k,ε(θn)

(∫
D

θn∇qφ
n · ∇q Ue + θnφn∇q Uη · ∇q Ue + |∇q Ue|2φn dq

)
χ

= T ′
k,ε(θn)θn

(∫
D

√
φn ∇q Ue√

θn
· θ

n∇qφ
n + θnφn∇q Uη + ∇q Ueφ

n

√
θn

√
φn

dq

)
χ.

(4.10)

We recall the bound that appears in the third line of (3.32) with θ and φ replaced
by θn and φn, the bound (3.48) with θ and φ replaced by θn and φn and θmax
chosen to be equal to k + ε, and note that for (t,x) ∈ Q \ Qθmax = Q \ Qk+ε the
expression appearing in the last line above is equal to zero because T ′

k,ε(θn(t,x)) = 0
for all such (t,x), whereby the integral of the expression (4.10) over Q is equal to
its integral over Qθmax = Qk+ε. Therefore, integrating (4.10) over Q and applying
Hölder’s inequality, we find that

|T6| ≤ C(k)∥χ∥C([0,T ];L∞(Ω)).

It remains to collect the bounds on the terms T1, . . . ,T6 and note that
C([0, T ];W 1,z(Ω)) is, for z > d, continuously embedded in L1(0, T ;W 1,2(Ω)),
L2(0, T ;W 1,2(Ω)), C([0, T ];L∞(Ω)), and L2(0, T ;L2(Ω)), and therefore we have

|⟨∂tTk,ε(θn), χ⟩| ≤ |T1|+ |T2|+ |T3|+ |T4|+ |T5|+ |T6| ≤ C(k, ε)∥χ∥C([0,T ];W 1,z(Ω)),

which directly implies (4.9).
In addition,∫

Q

|∇xTk,ε(θn)|2 dx dt ≤ C(k)
∫

Q

|∇xθ
n|2

(θn)2 dx dt ≤ C(k).

Hence,

∇xTk,ε(θn) ⇀ ∇xTk,ε(θ) weakly in L2(0, T ;L2(Ω;Rd)), (4.11)

where ∇xTk,ε(θ) is a weak limit, to be identified.
Now, (4.9) and (4.11), via a generalization of the Aubin–Lions lemma (cf. Corol-

lary 7.9 in Ref. 45), imply that as n → ∞,

Tk,ε(θn) → Tk,ε(θ) strongly in L2(0, T ;L2(Ω)), (4.12)

where Tk,ε(θ) is a strong limit, to be identified.
We note that∫

Q

|θn−Tk,ε(θn)| dx dt ≤
∫

{(t,x)∈Q : θn(t,x)≥k}
|θn| dx dt ≤ C

kα
with α := β − 1

3 > 0,
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where the second inequality is a consequence of (3.39) applied to θn (recall that
2
3 + β > 1). Therefore, by the triangle inequality,∫

Q

|θm − θn| dx dt ≤
∫

Q

|Tk,ε(θm) − Tk,ε(θn)| dx dt+ C

kα
for all m,n ∈ N.

Let us now choose a real number δ > 0 and then fix k = k(δ) such that

C

kα
≤ δ

2 ,

where C is the positive constant from the above inequality. According to (4.12) the
sequence (Tk,ε(θn))∞

n=1 is (strongly) convergent in L2(0, T ;L2(Ω)) = L2(Q) and,
therefore, because Q = (0, T ) × Ω is a bounded set, it is also strongly convergent
in L1(Q). Thus, with k = k(δ) fixed as above, there exists a positive integer N0 =
N0(δ) such that ∫

Q

|Tk,ε(θm) − Tk,ε(θn)| dx dt ≤ δ

2 ∀m,n ≥ N0.

Hence, we have shown that for any δ > 0 there exists a positive integer N0 = N0(δ)
such that ∫

Q

|θm − θn| dx dt ≤ δ ∀m,n ≥ N0.

In other words, (θn)∞
n=1 is a Cauchy sequence in L1(Q), and therefore, thanks to

the completeness of L1(Q), as n → ∞,

θn → θ strongly in L1(Q). (4.13)

Hence, for a subsequence (not indicated),

θn → θ a.e. on Q. (4.14)

This then implies that log θn → log θ a.e. on Q and (θn)
β
2 → θ

β
2 a.e. on Q. Thanks

to the bound appearing in the second line of inequality (3.32), with θ replaced by
θn there, we find that the sequences (log θn)∞

n=1 and ((θn)
β
2 )∞

n=1 are equi-integrable
in L1(Q). Thus, by Vitali’s convergence theorem, we have the following strong
convergence results:

log θn → log θ strongly in L1(Q),

(θn)
β
2 → θ

β
2 strongly in L1(Q),

as n → ∞. Therefore, by the uniqueness of the weak limit, from (4.7) we have that,
as n → ∞,

log θn ⇀ log θ weakly in L2(0, T ;W 1,2(Ω)),

(θn)
β
2 ⇀ θ

β
2 weakly in L2(0, T ;W 1,2(Ω)).

(4.15)
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In addition, since Tk,ε ∈ C0,1(R) with Lipschitz constant equal to 1, it follows from
(4.13) that, as n → ∞,

∥Tk,ε(θn) − Tk,ε(θ)∥L1(Q) ≤ ∥θn − θ∥L1(Q) → 0,

and therefore, thanks to the uniqueness of the strong limit, Tk,ε(θ) = Tk,ε(θ). Thus,
we have identified Tk,ε(θ); that is, as n → ∞,

Tk,ε(θn) → Tk,ε(θ) strongly in L2(0, T ;L2(Ω)). (4.16)

Now, (4.16), (4.11) and the uniqueness of the weak limit yield that ∇xTk,ε(θ) =
∇xTk,ε(θ), and therefore

∇xTk,ε(θn) ⇀ ∇xTk,ε(θ) weakly in L2(0, T ;L2(Ω;Rd)).

Further, we have from (4.9) that

∂tTk,ε(θn) ⇀∗ ∂tTk,ε(θ) weakly-∗ in M(0, T ; (W 1,z(Ω))∗) for all z > d. (4.17)

Since the (distributional) time derivative of Tk,ε(θ) is a (finite signed) Radon mea-
sure, which then implies that Tk,ε(θ) ∈ BV (0, T ; (W 1,z(Ω))∗) for all z > d, it makes
sense to define, for all t ∈ (0, T ),

Tk,ε(θ(t+, ·)) := lim
s→t+

Tk,ε(θ(s, ·))

and

Tk,ε(θ(t−, ·)) := lim
s→t−

Tk,ε(θ(s, ·)),

where both limits are considered in the space (W 1,z(Ω))∗, z > d.h
In addition, we also have, for all k ≥ 1 and ε ∈ (0, 1) that, as n → ∞,

κ(θn)∇xTk,ε(θn) = κ(θn)T ′
k,ε(θn)∇xθ

n

⇀ κ(θ)T ′
k,ε(θ)∇xθ = κ(θ)∇xTk,ε(θ) weakly in L2(Q;Rd).

(4.18)

Using (4.17), (4.4) (with r = 2), (4.16) and (4.18) we can now pass to the limit
on the left-hand side of the weak formulation of (4.8) as n → ∞. Since the right-
hand side of (4.8) also involves φn, we need to establish suitable convergence results
for φn to be able to pass to the limit there.

Therefore, in the next subsection we explore the convergence properties of the
sequence of probability density functions (φn)∞

n=1.

hSee, for example, Proposition 4.2 in Ref. 42, which is also available from https://hal.science/hal-
01363799v1, concerning the existence of one-sided limits of functions contained in BV (0, T ; E),
where E is a complete metric space.

https://hal.science/hal-01363799v1
https://hal.science/hal-01363799v1
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4.3. Limit passage in the sequence of probability density functions

Thanks to (3.35), we have that∫
Q×D

1
θnφn

|jn
φ,q|2 dq dx dt ≤ C.

Therefore, as n → ∞,

1√
θnφn

jn
φ,q ⇀

1√
θφ

jφ,q weakly in L2(Q×D;Rd), (4.19)

where 1√
θφ

jφ,q is a weak limit, to be identified.
Further, from (3.34), we have∫

Q×D

θn e− Ue+θn Uη
θn

∣∣∣∣∇q

√
φn e

Ue+θn Uη
θn

∣∣∣∣2 dq dx dt

= 1
4

∫
Q×D

θn e− Ue+θn Uη
θn

|∇qφ̂n|2

φ̂n
dq dx dt ≤ C,

(4.20)

and therefore, as n → ∞,√
θn e− Ue+θn Uη

θn ∇q

√
φn e

Ue+θn Uη
θn ⇀

√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ (4.21)

weakly in L2(Q×D;Rd), where√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ

is a weak limit, to be identified.
It follows from (3.41) that, for all n ≥ 1,

∥φn logφn∥L∞(0,T ;L1(Ω×D)) ≤ C. (4.22)

Thus, by de la Vallée Poussin’s criterion,

φn ⇀ φ weakly in Lp(0, T ;L1(Ω ×D)) for all p ∈ [1,∞), (4.23)

as n → ∞. It further follows from the last bound in (3.43) that, for all n ≥ 1,

∥
√
θn∇x

√
φn∥L2(Q×D) ≤ C.

Therefore, as n → ∞,
√
θn∇x

√
φn ⇀

√
θ∇x

√
φ weakly in L2(Q×D;Rd),

where
√
θ∇x

√
φ is a weak limit, to be identified.

We recall that we have already shown above that θn → θ a.e. on Q as n → ∞. In
order to identify the various unidentified weak limits listed above that involve the
sequences (θn)∞

n=1 and (φn)∞
n=1, it therefore remains to be shown that, as n → ∞,

φn → φ a.e. on Q×D.
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We shall do so via a compensated compactness argument based on the div-curl
lemma. To this end, however, we need to establish additional estimates on expres-
sions entering in the Fokker–Planck equation satisfied by φn. For ease of writing,
suppose that d = 3 (for d = 2 the argument is identical). We begin by noting that
the Fokker–Planck equation satisfied by φn is, in fact, the divergence with respect
to the variables (t,x, q) ∈ (0, T ) × Ω ×D ⊂ R7 of the vector function

Hn := (φn,vnφn − θn∇xφ
n, (∇xvn)qφn + jn

φ,q).

In terms of this notation, the Fokker–Planck equation satisfied by φn is simply

divt,x,q(Hn) = 0 for all n ≥ 1.

Next, in a succession of steps we shall bound, for some r ∈ (1, 2), φn in the norm
of Lr(Q × D̃) and each of vnφn, θn∇xφ

n, (∇xvn)qφn and jn
φ,q in the norm of

Lr(Q×D̃;R3), independently of n. This will then imply that the sequence (Hn)∞
n=]1

is bounded in Lr(Q× D̃;R7) for some r ∈ (1, 2).
According to (3.45), for any open subset D̃ of D such that D̃ ⊂⊂ D,

∥φn∥
L1+δ(Q×D̃) ≤ C

D̃
(4.24)

for some δ > 0 (independent of D̃) and all n ≥ 1. Hence,

φn ⇀ φ weakly in L1+δ(Q× D̃) (4.25)

as n → ∞.

It follows from (3.43) and the fact that θ is bounded from below by a positive
constant on Q (cf. (3.16)) that∫

Q

∥∇q

√
φn∥2

L2(D̃)
≤ C

D̃
.

Because ∥φn∥L∞(Q;L1(D)) ≤ C, also ∥
√
φn∥L∞(Q;L2(D)) ≤ C, by which

∥
√
φn∥

L2(Q;W 1,2(D̃)) ≤ C
D̃

. Hence, by Sobolev embedding, ∥φn∥
L1(Q;L3(D̃)) =

∥
√
φn∥2

L2(Q;L6(D̃))
≤ C

D̃
.

Let r ∈ (1, 25p
15p+12 ] with p = 2 − 6

5+3β = 2(2+3β)
5+3β . We note that 25p

15p+12 =
25(2+3β)
60+63β > 1 for all β > 5

6 , and therefore the interval (1, 25p
15p+12 ] is not empty. For

such r, we then define γ := 5p
6r and λ := 3−r

2r . Hence, rγ = 5p
6 = 5

3
2+3β
5+3β > 1 and

0 < (1 − λ)r γ

γ − 1 ≤ 1.
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Thus, by function space interpolation and Hölder’s inequality,∫
Q×D̃

|vnφn|r dq dx dt =
∫

Q

|vn|r
(∫

D̃

|φn|r dq

)
dx dt

=
∫

Q

|vn|r∥φn∥r

Lr(D̃)
dx dt

≤
∫

Q

|vn|r∥φn∥λr

L1(D̃)
∥φn∥(1−λ)r

L3(D̃)
dx dt

≤ ∥φn∥λr
L∞(Q;L1(D))

(∫
Q

|vn|rγ dx dt
) 1

γ
(∫

Q

∥φn∥(1−λ)r γ
γ−1

L3(D̃)
dx dt

) γ−1
γ

.

Because 0 < (1−λ)r γ
γ−1 ≤ 1 and the sequence (φn)∞

n=1 is bounded in L1(Q;L3(D̃)),
it then follows that∫

Q×D̃

|vnφn|r dq dx dt

≤ ∥φn∥λr
L∞(Q;L1(D))∥vn∥r

L
5p
6 (Q)

(∫
Q

∥φn∥(1−λ)r γ
γ−1

L3(D̃)
dx dt

) γ−1
γ

≤ C
D̃
.

(4.26)

Next, with δ as in (4.25), let r ∈
(

1, 2+2δ
2+δ

)
; thus r < 2 and 1 < r

2−r < 1 + δ.
Then, it follows by (3.43) that∫

Q×D̃

|θn∇x,qφ
n|r dq dx dt = 2r

∫
Q×D̃

|
√
θn∇x,q

√
φn|r|

√
θnφn|r dq dx dt

≤ 2r

(∫
Q×D̃

θn|∇x,q

√
φn|2 dq dx dt

) r
2
(∫

Q×D̃

|θnφn|
r

2−r dq dx dt
) 2−r

r

≤ C

(∫
Q

|θn|
r

2−r

(∫
D̃

|φn|
r

2−r dq

)
dx dt

) 2−r
2

.

By interpolation,

∥φn∥
r

2−r

L
r

2−r (D̃)
≤ ∥φn∥

(1−λ)r
2−r

L1(D̃)
∥φn∥

λr
2−r

L1+δ(D̃)
,

where
2 − r

r
= 1 − λ

1 + λ

1 + δ
⇔ 2(1 − r)

r
= −λ δ

1 + δ
⇔ λ = 2(1 + δ)(r − 1)

δr
.

Clearly, λ ∈ (0, 1). Hence,∫
Q×D̃

|θn∇x,qφ
n|r dq dx dt ≤ C

(∫
Q

|θn|
r

2−r ∥φn∥
λr

2−r

L1+δ(D̃)
dx dt

) 2−r
2

= C

(∫
Q

|θn|
r

2−r ∥φn∥
2(1+δ)(r−1)

δ(2−r)

L1+δ(D̃)
dx dt

) 2−r
2

.
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Now, let γ = δ(2−r)
2(r−1) and let γ′ = γ

γ−1 ; evidently, γ, γ′ > 1. Hence, by Hölder’s
inequality,∫

Q×D̃

|θn∇x,qφ
n|r dq dx dt

≤ C

(∫
Q

|θn|
rγ′
2−r dx dt

) 2−r

2γ′
(∫

Q

∥φn∥
2(1+δ)(r−1)

δ(2−r) γ

L1+δ(D̃)
dx dt

) 2−r
2γ

= C

(∫
Q

|θn|
rγ′
2−r dx dt

) 2−r

2γ′
(∫

Q

∥φn∥1+δ

L1+δ(D̃)
dx dt

) 2−r
2γ

= C

(∫
Q

|θn|
rγ′
2−r dx dt

) 2−r

2γ′

∥φn∥
(1+δ)(2−r)

2γ

L1+δ(Q×D̃)

≤ C
D̃

(∫
Q

|θn|
rγ′
2−r dx dt

) 2−r

2γ′

,

where the last inequality follows from (3.45). According to (3.39) the right-hand side
of the last inequality will be bounded by a constant, independent of n, provided
that
rγ′

2 − r
≤ 2

3 + β ⇔ r

2 − r

δ(2 − r)
δ(2 − r) − 2(r − 1) ≤ 2

3 + β

⇔ δr

δ(2 − r) − 2(r − 1) ≤ 2
3 + β

⇔ 3δr ≤ (2 + 3β)(2δ + 2) − (2 + 3β)(δ + 2)r ⇔ r ≤ 2(2 + 3β)(δ + 1)
3δ + (2 + 3β)(δ + 2) ;

that is, if

1 < r ≤ 2(2 + 3β)(δ + 1)
3δ + (2 + 3β)(δ + 2) .

We note that the fraction on the right-hand side of this inequality is > 1 thanks
to our assumption that β > 5

6 (> 1
3 ) and is < 2+2δ

2+δ < 2, so if this inequality is
satisfied, then automatically r ∈

(
1, 2+2δ

2+δ

)
. In particular, we can set

r = 2(2 + 3β)(δ + 1)
3δ + (2 + 3β)(δ + 2) .

With this choice of r we then have that∫
Q×D̃

|θn∇x,qφ
n|r dq dx dt ≤ C

D̃
. (4.27)

It remains to derive a bound on the final component of Hn, which is
(∇xvn)qφn + jn

φ,q. For any r ∈ (1, p), where p = 2 − 6
5+3β , by Hölder’s inequality

and interpolation with λ := 3−r
2r ∈ (0, 1), recalling that |q|2 ≤ b for all q ∈ D, we
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have∫
Q×D̃

|(∇xvn)qφn|r dq dx dt ≤ b
r
2

∫
Q

|∇xvn|r∥φn∥r

Lr(D̃)
dx dt

≤ b
r
2

(∫
Q

|∇xvn|p dx dt
) r

p
(∫

Q

∥φn∥
pr

p−r

Lr(D̃)
dx dt

) p−r
p

≤ b
r
2

(∫
Q

|∇xvn|p dx dt
) r

p
(∫

Q

∥φn∥
λpr
p−r

L1(D̃)
∥φn∥

(1−λ)pr
p−r

L3(D̃)
dx dt

) p−r
p

≤ b
r
2 ∥∇xvn∥r

Lp(Q)∥φ
n∥λr

L∞(Q;L1(D))

(∫
D

∥φn∥
3p(r−1)
2(p−r)

L3(D̃)
dx dt

) p−r
p

≤ C
D̃

(4.28)

for all n ≥ 1, provided that r ∈ (1, p) is such that

0 < 3p(r − 1)
2(p− r) ≤ 1 ⇔ 1 < r ≤ 5p

3p+ 2(< p).

For example, we can take (again, because by assumption β > 5
6 (> 1

3 ))

r = 5p
3p+ 2 = 5(2 + 3β)

11 + 12β ∈ (1, 2).

We move on to bound jn
φ,q := −4F nφn − 4θn∇qφ

n and recall that F n = ∇q Ue +
θn∇q Uη; hence we need to bound jn

φ,q := −4(∇q Ue + θn∇q Uη)φn − 4θn∇qφ
n.

Thanks to (4.27) we already have a bound on the final summand in jn
φ,q; therefore,

it remains to deal with the first two summands of jn
φ,q. Since ∇q Ue and ∇q Uη are

uniformly continuous and therefore bounded functions on D̃, we only need to derive
bounds on φn and θnφn in the norm of Lr(Q× D̃) for some r ∈ (1, 2).

For any r ∈ (1, 5
3 ] and λ := 3−r

2r ∈ (0, 1), we have∫
Q×D̃

|φn|r dq dx dt =
∫

Q

∥φn∥r

Lr(D̃)
dx dt ≤

∫
Q

∥φn∥λr

L1(D̃)
∥φn∥(1−λ)r

L3(D̃)
dx dt

≤ ∥φn∥λr
L∞(Q;L1(D))

∫
D

∥φn∥(1−λ)r

L3(D̃)
dx dt ≤ C

D̃
,

because

(1 − λ)r = 3(r − 1)
2 ≤ 1 for r ∈ (1, 5

3 ].

Similarly, for any r ∈ (1, 3
2 ] and λ := 3−r

2r , we have r < β+ 2
3 for β > 5

6 ; therefore,
γ := 2+3β

3r > 1. Since 2
3r−1 < 1, it follows that

0 < (1 − λ)r γ

γ − 1 < 1.
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Hence,∫
Q×D̃

|θnφn|r dq dx dt =
∫

Q

|θn|r∥φ∥r

Lr(D̃)
dx dt

≤
∫

Q

|θn|r∥φn∥λr

L1(D̃)
∥φn∥(1−λ)r

L3(D̃)
dx dt

≤ ∥φn∥λr

L∞(Q;L1(D̃))

(∫
Q

|θn|γr dx dt
) 1

γ
(∫

Q

∥φn∥(1−λ)r γ
γ−1

L3(D̃)
dx dt

) γ−1
γ

= ∥φn∥λr

L∞(Q;L1(D̃))
∥θn∥r

L
2
3 +β(Q)

(∫
Q

∥φn∥(1−λ)r γ
γ−1

L3(D̃)
dx dt

) γ−1
γ

≤ C
D̃
.

These bounds on (∇xvn)qφn, φn and θnφn, together with (4.27), imply that, for
some r ∈ (1, 2), independent of D̃ and n,∫

Q×D̃

|(∇xvn)qφn + jn
φ,q|r dq dx dt ≤ C

D̃
for all n ≥ 1. (4.29)

Combining the bounds (4.24), (4.26), (4.27), (4.28) and (4.29) it then follows
that, for some δ ∈ (0, 1),

∥Hn∥
L1+δ((0,T )×Ω×D̃) ≤ C

D̃
for all n ≥ 1.

Recall further that divt,x,q(Hn) = 0.

In preparation for the application of the div-curl lemma, we consider another
7-component vector-function:

Qn := (Tk,ε(φn),0,0),

where 0 ∈ R3, and we note that ∥Qn∥L∞(Q×D) ≤ k for each k ≥ 1 and every
ε ∈ (0, 1). Next, we bound curlt,x,q(Qn) := ∇t,x,qQn − (∇t,x,qQn)T. Clearly,

∥curlt,x,q(Qn)∥
L2(Q×D̃) ≤ 2∥∇x,qTk,ε(φn)∥

L2(Q×D̃) = 2∥T ′
k,ε(φn)∇x,qφ

n∥
L2(Q×D̃)

= 4∥T ′
k,ε(φn)

√
φn∇x,q

√
φn∥

L2(Q×D̃)

≤ C
√
k + ε∥∇x,q

√
φn∥

L2(Q×D̃) ≤ 2
√
k + εC

D̃
,

where the last inequality follows from (3.44).
In summary then, (Hn)∞

n=1 is a bounded sequence in L1+δ((0, T )×Ω×D̃;R7) for
some δ ∈ (0, 1) and divt,x,q(Hn) = 0, whereby divt,x,q(Hn) is, trivially, precompact
in W−1,2((0, T ) × Ω × D̃) := [W 1,2

0 ((0, T ) × Ω × D̃)]∗. Furthermore, (Qn)∞
n=1 is a

bounded sequence in L∞((0, T ) × Ω × D̃;R7) and curlt,x,q(Qn), is precompact in
W−1,2((0, T )×Ω×D̃;R7×7) := [W 1,2

0 ((0, T )×Ω×D̃;R7×7)]∗ thanks to the compact
embedding of L2((0, T ) × Ω × D̃;R7×7) into W−1,2((0, T ) × Ω × D̃;R7×7).

Thus, by the div-curl lemma, for each k ≥ 1 and ε ∈ (0, 1), as n → ∞,

Hn · Qn = φnTk,ε(φn) ⇀ φTk,ε(φ) weakly in L1+δ′((0, T ) × Ω × D̃;R7), (4.30)
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where 0 < δ′ < δ and Tk,ε(φ) ∈ L∞((0, T ) × Ω × D̃) = L∞(Q × D̃) is the weak-∗
limit of the bounded sequence (Tk,ε(φn))∞

n=1 ⊂ L∞(Q × D̃), to be identified. In
order to identify Tk,ε(φ) we note that, thanks to the monotonicity of the function
Tk,ε, one has that

(Tk,ε(a) − Tk,ε(b))2 ≤ (Tk,ε(a) − Tk,ε(b))(a− b) ∀ a, b ∈ R.

Hence, ∫
Q×D̃

(Tk,ε(φn) − Tk,ε(φm))2 dq dx dt

≤
∫

Q×D̃

(Tk,ε(φn) − Tk,ε(φm))(φn − φm) dq dx dt.

Passing to the limit m → ∞, with n ≥ 1, k ≥ 1 and ε ∈ (0, 1) fixed, using the weak
lower-semicontinuity of the L2(Q× D̃) norm, it then follows that∫

Q×D̃

(Tk,ε(φn) − Tk,ε(φ))2 dq dx dt

≤ lim.infm→∞

∫
Q×D̃

(Tk,ε(φn) − Tk,ε(φm))(φn − φm) dq dx dt

=
∫

Q×D̃

(Tk,ε(φn) − Tk,ε(φ))(φn − φ) dq dx dt

=
∫

Q×D̃

(Tk,ε(φn)φn − Tk,ε(φ)(φn − φ) − Tk,ε(φn)φ) dq dx dt,

where in the transition to the second line we have used (4.25) and (4.30). Now we
pass to the limit n → ∞ using (4.30) in the first term on the right-hand side, (4.25)
in the second term on the right-hand side and the definition of Tk,ε(φ) in the final
term on the right-hand side. Hence,

lim
n→∞

∫
Q×D̃

(Tk,ε(φn) − Tk,ε(φ))2 dq dx dt

≤
∫

Q×D̃

(Tk,ε(φ)φ− 0 − Tk,ε(φ)φ) dq dx dt = 0.

Thus we have shown that, as n → ∞,

Tk,ε(φn) → Tk,ε(φ) strongly in L2(Q× D̃)

for each k ≥ 1 and ε ∈ (0, 1), and therefore also

Tk,ε(φn) → Tk,ε(φ) strongly in L1(Q× D̃). (4.31)

Now, by the triangle inequality,∫
Ω×D̃

|φn − φm| dq dx dt

≤
∫

Q×D̃

|Tk,ε(φn) − Tk,ε(φm)| + |φn − Tk,ε(φn)| + |φm − Tk,ε(φm)| dq dx dt.
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Hence, using (4.23) and weak lower-semicontinuity in the L1(Q×D) norm in con-
junction with (4.31), it follows by passing to the lim.infm→∞ that∫

Q×D̃

|φn − φ| dq dx dt

≤
∫

Q×D̃

|Tk,ε(φn) − Tk,ε(φ)| dq dx dt+
∫

Q×D̃

|φn| 11{|φn|>k} dq dx dt

+ lim.infm→∞

∫
Q×D̃

|φm − Tk,ε(φm)| dq dx dt

≤
∫

Q×D̃

|Tk,ε(φn) − Tk,ε(φ)| dq dx dt+
∫

Q×D̃

|φn logφn|
11{|φn|>k}

| logφn|
dq dx dt

+ lim.infm→∞

∫
Q×D̃

|φm − Tk,ε(φm)| dq dx dt

≤
∫

Q×D̃

|Tk,ε(φn) − Tk,ε(φ)| dq dx dt+ C

log k

+ lim.infm→∞

∫
Q×D̃

|φm − Tk,ε(φm)| dq dx dt

≤
∫

Q×D̃

|Tk,ε(φn) − Tk,ε(φ)| dq dx dt+ C

log k

+ lim.supm→∞

∫
Q×D̃

|φm logφm|
11{|φm|>k}

| logφm|
dq dx dt

≤
∫

Q×D̃

|Tk,ε(φn) − Tk,ε(φ)| dq dx dt+ 2C
log k ,

for all k > 1 and all ε ∈ (0, 1), where we have used (4.22) in transitioning from the
second inequality to the third inequality and from the fourth inequality to the fifth
inequality. Hence, by first passing to the limit n → ∞ using (4.31) with k > 1 held
fixed, and then by passing to the limit k → ∞, we deduce that

φn → φ strongly in L1(Q× D̃). (4.32)

This then implies that, for a subsequence, not indicated,

φn → φ a.e. in Q× D̃.

By selecting a sequence of nested sets (D̃ℓ)∞
ℓ=1 such that D̃ℓ ⊂⊂ D and

⋃∞
ℓ=1 D̃ℓ = D,

and using that φn → φ a.e. in Ω × D̃ℓ for each ℓ ≥ 1, the application of a diagonal
procedure then produces a subsequence (that is, once again, not relabelled) such
that, as n → ∞,

φn → φ a.e. in Q×D. (4.33)

Thanks to Vitali’s convergence theorem, (4.23) and (4.33) finally imply that

φn → φ strongly in L1(Q×D). (4.34)

By extracting a subsequence (not indicated) such that φn → φ a.e. on Q× D̃, this
then finally enables us to identify the limit in (4.31) as Tk,ε(φ).
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4.4. Limit passage in the sequence of stress tensors

The pointwise convergence results (4.14) and (4.33) now enable us to identify the
still unidentified weak limit S of the sequence (Sn)∞

n=1 ⊂ Lp(Q;Rd×d), with p =
2 − 6

5+3β and β > 5
6 , which appeared above:

Sn = 2ν(θn)D(vn) +
∫

D

(F n ⊗ q)φn dq,

We begin by considering the first summand in Sn. As ν ∈ BC([0,∞);R≥0) and
θn → θ a.e. on Q, the sequence of measurable functions (ν(θn))∞

n=1 converges to
ν(θ) a.e. on Q and ∥ν(θn)∥L∞(Q) ≤ C for all n ≥ 1. Furthermore, because of (4.3),
we have that, as n → ∞,

D(vn) ⇀ D(v) weakly in L
4+6β
5+3β (Q;Rd×d), β >

5
6 ,

and therefore also D(vn) ⇀ D(v) weakly in L1(Q;Rd×d), as n → ∞. Hence, by
Proposition 2.61 on p.183 in Ref. 25, ν(θn)D(vn) ⇀ ν(θ)D(v) in L1(Q;Rd×d) as
n → ∞. Since (ν(θn)D(vn))∞

n=1 is a bounded sequence in L
4+6β
5+3β (Q;Rd×d) with

β > 5
6 , and 4+6β

5+3β > 1, there exists a weakly convergent subsequence (not indicated)
such that ν(θn)D(vn) ⇀ ν(θ)D(v) in L

4+6β
5+3β (Q;Rd×d) ⊂ L1(Q;Rd×d) as n → ∞. By

the uniqueness of the weak limit, ν(θ)D(v) = ν(θ)D(v), and therefore as n → ∞,

ν(θn)D(vn) ⇀ ν(θ)D(v) weakly in L
4+6β
5+3β (Q;Rd×d) with β > 5

6 . (4.35)

We continue by considering the weak limit of the second summand of Sn. Let us
suppose to this end that w ∈ C([0, T ];C1

0 (Ω;Rd)) and that divxw = 0 on Q. Then∫
Q

(∫
D

(F n ⊗ q)φn dq

)
: ∇xw dx dt

=
∫

Q

(∫
D

((∇q Ue + θn∇q Uη) ⊗ q)φn dq

)
: ∇xw dx dt

=
∫

Q

(∫
D

√
θn

√
φn

(
q ⊗

√
θn e− Ue+θn Uη

2θn
∇qφ̂n√
φ̂n

)
dq

)
: ∇xw dx dt

= 2
∫

Q

(∫
D

√
θn

√
φn

(
q ⊗

√
θn e− Ue+θn Uη

θn ∇q

√
φn e

Ue+θn Uη
θn

)
dq

)
: ∇xw dx dt,

(4.36)

where in the transition to the second line we used (3.36) together with the fact that
divxw = 0 in order to eliminate the first term on the right-hand side of (3.36).

Motivated by the form of the expression in the last line of (4.36), we begin by
showing that

√
θn

√
φn →

√
θ

√
φ strongly in L2(Q×D) (4.37)
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and

q ⊗
√
θn e− Ue+θn Uη

θn ∇q

√
φn e

Ue+θn Uη
θn ⇀ q ⊗

√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ

weakly in L2(Q×D;Rd×d).
(4.38)

as n → ∞.
Because |

√
a−

√
b| ≤

√
|a− b| for all a, b ∈ R≥0, it follows that

∥
√
θn

√
φn −

√
θ

√
φ∥2

L2(Q×D) ≤ ∥θnφn − θφ∥L1(Q×D).

We will show that the right-hand side of this inequality tends to 0 as n → ∞.
Recall that θnφn → θφ a.e. on Q × D. Thus, to prove using Vitali’s theorem that
θnφn → θφ in L1(Q×D), it suffices to show that the sequence (θnφn)∞

n=1 is equi-
integrable. We begin by noting that, for α ∈ (0, 1), Hölder’s inequality implies that∫

D

φn| logφn|α dq =
∫

D

(φn)1−α(φn| logφn|)α dq

≤ ∥φn∥1−α
L1(D)

(∫
D

φn| logφn| dq

)α

.

Hence, by Young’s inequality,∫
Q×D

|θn|1+αφn| logφn|α dq dx dt

≤ ∥φn∥1−α
L∞(Q;L1(D))

∫
Q

|θn|1+α

(∫
D

φn| logφn| dq

)α

dx dt

≤ ∥φn∥1−α
L∞(Q;L1(D))

∫
Q

(
(1 − α)|θn|

1+α
1−α + α

∫
D

φn| logφn| dq

)
dx dt

≤ ∥φn∥1−α
L∞(Q;L1(D))

(
∥θn∥

1+α
1−α

L
1+α
1−α (Q)

+ ∥φn logφn∥L1(Q×D)

)
.

We set 1+α
1−α = 2

3 + β with β > 5
6 , whereby α = 3β−1

3β+5 ∈ (0, 1). Then it follows that,
for all n ≥ 1, ∫

Q×D

|θn|1+αφn| logφn|α dq dx dt ≤ C,

where C is a positive constant independent of n, which then implies that the se-
quence (θnφn)∞

n=1 is equi-integrable. That completes the proof of (4.37).
Concerning (4.38), it directly follows from (4.21) that the weak limit exists, and

therefore

q ⊗
√
θn e− Ue+θn Uη

θn ∇q

√
φn e

Ue+θn Uη
θn ⇀ q ⊗

√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ

weakly in L2(Q×D;Rd×d)
(4.39)

as n → ∞. Therefore, also

q ⊗
√
θn e− Ue+θn Uη

θn ∇q

√
φn e

Ue+θn Uη
θn ⇀ q ⊗

√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ
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weakly in L2(Q × D̃;Rd×d) as n → ∞ for any D̃ ⊂⊂ D, and the weak limit is
independent of the choice of D̃. We shall identify the weak limit by proving that,
as n → ∞,

q ⊗
√
θn e− Ue+θn Uη

θn ∇q

√
φn e

Ue+θn Uη
θn ⇀ q ⊗

√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ

weakly in L1(Q× D̃;Rd×d).

By the uniqueness of the weak limit it will then follow that, as n → ∞,√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ =

√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ ,

as required.
To this end, we shall prove that√

θn e− Ue+θn Uη
θn →

√
θ e− Ue+θ Uη

θ strongly in L2(Q× D̃) (4.40)

and that

∇q

√
φn e

Ue+θn Uη
θn ⇀ ∇q

√
φ e

Ue+θ Uη
θ weakly in L2(Q× D̃;Rd) (4.41)

as n → ∞.
To prove (4.40), we begin by noting that, by (4.13), θn → θ strongly in L1(Q);

also, by (4.7)1, θn ⇀ θ weakly in L 2
3 +β(Q) with β > 5

6 . Therefore, θn → θ strongly
in Lr(Q) for all r ∈ [1, 2

3 + β). For a subsequence (not indicated) θn → θ a.e. on Q.
Because θn ≥ θmin > 0 on Q, we have

Ue + θnUη

θn
= Ue

θn
+ Uη ∈ C(Q× D̃),

e− Ue+θnUη
θn → e− Ue+θUη

θ a.e. on Q× D̃

and

0 < e− Ue+θnUη
θn ≤ 1 a.e. on Q× D̃.

Thus, by the dominated convergence theorem,

e− Ue+θnUη
θn → e− Ue+θUη

θ strongly in L1(Q× D̃).

However, since e− Ue+θnUη
θn ∈ L∞(Q × D̃) and e− Ue+θUη

θ ∈ L∞(Q × D̃), this implies
that

e− Ue+θnUη
θn → e− Ue+θUη

θ strongly in Ls(Q× D̃) for all s ∈ [1,∞),

and, in particular, for s ∈ ( 3β+2
3β−1 ,∞) (where 3β+2

3β−1 is the Hölder conjugate of 2
3 + β,

with β > 5
6 ). It therefore follows that the product

θn e− Ue+θn Uη
θn → θ e− Ue+θ Uη

θ strongly in L1(Q× D̃).
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This directly implies (4.40) using the elementary inequality |
√
a −

√
b| ≤

√
|a− b|

for a, b ∈ R≥0.
The proof of (4.41) is similar. According to (4.32), φn → φ strongly in L1(Q×D̃)

and, by (4.25) (cf. also (3.45)), φn → φ weakly in L1+δ(Q × D̃); it follows that
φn → φ strongly in Lr(Q × D̃) for all r ∈ [1, 1 + δ) as n → ∞. Also, by the same
reasoning as above,

e
Ue+θnUη

θn → e
Ue+θUη

θ strongly in Ls(Q× D̃) for all s ∈ [1,∞),

and in particular for s ∈ (1 + 1
δ ,∞) (where 1 + 1

δ is the Hölder conjugate of 1 + δ).
Therefore,

φn e
Ue+θn Uη

θn → φ e
Ue+θ Uη

θ strongly in L1(Q× D̃),

whereby

√
φn e

Ue+θn Uη
θn →

√
φ e

Ue+θ Uη
θ strongly in L2(Q× D̃) (4.42)

as n → ∞. It follows from (4.20) and the lower bound

θn e− Ue+θn Uη
θn ≥ θmine− Ue

θmin
−Uη ≥ C

D̃
> 0 on Q× D̃,

guaranteed by the uniform continuity of Ue and Uη on D̃, that

∫
Q×D̃

∣∣∣∣∇q

√
φn e

Ue+θn Uη
θn

∣∣∣∣2 dq dx dt ≤ C
D̃

for all n ≥ 1. Hence, for a subsequence (not indicated),

∇q

√
φn e

Ue+θn Uη
θn → ∇q

√
φn e

Ue+θn Uη
θn weakly in L2(Q× D̃;Rd)

as n → ∞. The uniqueness of the weak limit and (4.42) then imply that (4.41)
holds.

Having shown both (4.40) and (4.41), the assertion (4.38) follows thanks to the
argument described in the paragraph between equations (4.39) and (4.40).

This then completes the proofs of (4.37) and (4.38). Using (4.37) and (4.38), we
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can now pass to the limit in (4.36); the argument proceeds as follows:

lim
n→∞

∫
Q

(∫
D

(F n ⊗ q)φn dq

)
: ∇xw dx dt

= 2
∫

Q

(∫
D

√
θ

√
φ

(
q ⊗

√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ

)
dq

)
: ∇xw dx dt

= 2
∫

Q

(∫
D

√
θ

√
φ

(√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ ⊗ q

)
dq

)
: ∇xw dx dt

= 2
∫

Q

(∫
D

√
θ

φ

(√
θ e− Ue+θ Uη

θ ∇q

√
φ e

Ue+θ Uη
θ ⊗ q

)
φdq

)
: ∇xw dx dt

= 2
∫

Q

(∫
D

θ

(
∇q

√
φ̂√

φ̂
⊗ q

)
φdq

)
: ∇xw dx dt

=
∫

Q

(
θ

∫
D

(
∇qφ̂

φ̂
⊗ q

)
φdq

)
: ∇xw dx dt

=
∫

Q

(
θ

∫
D

(∇q log φ̂⊗ q)φdq

)
: ∇xw dx dt.

Comparing the expression on the right-hand side of this equality with the right-
hand side of (3.37) and recalling that, by hypothesis, I : ∇xw = divxw = 0, it
follows that

lim
n→∞

∫
Q

(∫
D

(F n ⊗ q)φn dq

)
: ∇xw dx dt

=
∫

Q

(
θ

∫
D

(∇q log φ̂⊗ q)φdq

)
: ∇xw dx dt

=
∫

Q

(∫
D

(F ⊗ q)φdq

)
: ∇xw dx dt

for all w ∈ C([0, T ];C1
0 (Ω;Rd)) such that divxw = 0 on Q. Thus, we have shown

that

S = 2ν(θ)D(v) +
∫

D

(F ⊗ q)φdq = S,

whereby, thanks to the density of the set of all divergence-free C1
0 (Ω;Rd) functions

in W 1,s
0,div(Ω;Rd), s > 1, we have from (4.6) that, for a.e. t ∈ (0, T ),

−
∫

Q

v · ∂tw dx dt−
∫

Q

(v ⊗ v) : ∇xw dx dt+
∫

Q

S : D(w) dx dt

=
∫

Ω
v0 · w(0) dx +

∫
Q

f · w dx dt

for all test functions w ∈ C1
0 ([0, T );W 1,s

0,div(Ω;Rd)), for some s > 1.
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4.5. Limit passage in the Fokker–Planck equation

Next we consider passing to the limit in the Fokker–Planck equation (2.28) satisfied
by φn (and with v, θ and jφ,q there replaced by vn, θn and jn

φ,q, respectively). To
this end, we need to pass to the respective limits in the sequences

vnφn, θn∇xφ
n, (∇xvn)qφn, and jn

φ,q.

We begin by considering the term in the Fokker–Planck equation involving vnφn.
Let ζ ∈ C([0, T ];C1(Ω × D)) = C([0, T ];C1(Ω ×D)). Thanks to (4.34), we have
that

zn :=
∫

D

φn∇xζ dq →
∫

D

φ∇xζ dq =: z strongly in L1(Q;Rd)

as n → ∞. Because

∥zn∥L∞(Q) ≤ ∥∇xζ∥L∞(Q×D)∥φn∥L∞(Q;L1(D)) ≤ C

and

∥z∥L∞(Q) ≤ ∥∇xζ∥L∞(Q×D)∥φ∥L∞(Q;L1(D)) ≤ C,

it follows from Hölder’s inequality that zn → z strongly in Ls(Q;Rd) for all s ∈
[1,∞), and in particular for s = r

r−1 where r = 10
3

2+3β
5+3β and β > 5

6 . Then it follows
further from (4.4) that vn · zn → v · z strongly in L1(Q). Therefore,

lim
n→∞

∫
Q×D

vnφn · ∇xζ dq dx dt =
∫

Q×D

vφ · ∇xζ dq dx dt

for all ζ ∈ C([0, T ];C1(Ω ×D)).

To pass to the limit in the term that involves θn∇xφ
n, we note that

θn∇xφ
n =

(√
θn

√
φn
) (

2
√
θn∇x

√
φn
)
.

According to (4.37), the first factor strongly converges to
√
θ
√
φ in L2(Q×D). By

virtue of (3.41),

∥2
√
θn∇x

√
φn∥L2(Q×D) =

∥∥∥∥∥
√
θn

φn
∇xφ

n

∥∥∥∥∥
L2(Q×D)

≤ C

for all n ≥ 1, with C independent of n, and therefore, for a subsequence (not
indicated),

2
√
θn∇x

√
φn ⇀ 2

√
θ∇x

√
φ weakly in L2(Q×D;Rd)

as n → ∞, where
√
θ∇x

√
φ ∈ L2(Q × D) is a weak limit to be identified. Hence,

also

2
√
θn∇x

√
φn ⇀ 2

√
θ∇x

√
φ weakly in L1(Q× D̃;Rd)
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as n → ∞ for any D̃ ⊂⊂ D, and the weak limit on the right-hand side is independent
of the choice of D̃. By (4.13), θn → θ strongly in L1(Q) and therefore

√
θn →

√
θ

strongly in L2(Q) as n → ∞. Also, thanks to (3.44) applied to φn,

∥∇x

√
φn∥

L2(Q×D̃) ≤ C
D̃

for all n ≥ 1 and for any D̃ ⊂⊂ D. Therefore, there exists a subsequence (not
indicated) such that ∇x

√
φn is weakly convergent in L2(Q × D̃;Rd). Because by

(4.34) φn → φ strongly in L1(Q×D) and therefore
√
φn → √

φ strongly in L2(Q×
D), also

√
φn → √

φ strongly in L2(Q× D̃). The uniqueness of the weak limit then
implies that the weak limit of ∇x

√
φn must be ∇x

√
φ; that is,

∇x

√
φn ⇀ ∇x

√
φ weakly in L2(Q× D̃;Rd)

as n → ∞. Thus, we deduce that

2
√
θn∇x

√
φn ⇀ 2

√
θ∇x

√
φ weakly in L1(Q× D̃;Rd)

as n → ∞ for any D̃ ⊂⊂ D. Therefore, because of the independence of the weak
limit of the choice of D̃,

2
√
θn∇x

√
φn ⇀ 2

√
θ∇x

√
φ weakly in L2(Q×D;Rd). (4.43)

Since
√
θn

√
φn →

√
θ
√
φ strongly in L2(Q×D), it follows that

θn∇xφ
n =

(√
θn

√
φn
) (

2
√
θn∇x

√
φn
)
⇀
(√
θ
√
φ
) (

2
√
θ∇x

√
φ
)

= θ∇xφ

weakly in L1(Q×D;Rd) as n → ∞. Hence,

lim
n→∞

∫
Q×D

θn∇xφ
n · ∇xζ dq dx dt =

∫
Q×D

θ∇xφ · ∇xζ dq dx dt

for all ζ ∈ C([0, T ];C1(Ω ×D)).

Next, we consider the term in the Fokker–Planck equation containing
(∇xvn)qφn. Using an identical argument as in the case of the term vnφn discussed
above, thanks to (4.33) we have the following:

Zn :=
∫

D

(∇xζ ⊗ q)φn dq →
∫

D

(∇xζ ⊗ q)φdq =: Z strongly in Ls(Q;Rd×d)

(4.44)

as n → ∞ for all ζ ∈ C([0, T ];C1(Ω ×D)), for all s ∈ [1,∞), and in particular for
s = r

r−1 , where r = 4+6β
5+3β , β > 5

6 . Hence, thanks to (4.3),

lim
n→∞

∫
Q

∇xvn : Zn dx dt =
∫

Q

∇xv : Zdx dt

as n → ∞. Consequently,

lim
n→∞

∫
Q×D

(∇xvn)qφn · ∇xζ dq dx dt =
∫

Q×D

(∇xv)qφ · ∇xζ dq dx dt
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as n → ∞ for all ζ ∈ C([0, T ];C1(Ω ×D)).

It remains to pass to the limit in the term containing jn
φ,q in the Fokker–Planck

equation. We write

jn
φ,q =

(√
θn

√
φn
)( 1√

θnφn
jn

φ,q

)
. (4.45)

According to (4.37),
√
θn

√
φn →

√
θ
√
φ strongly in L2(Q×D), and, thanks to the

bound (4.19), also,

1√
θnφn

jn
φ,q ⇀

1√
θφ

jφ,q weakly in L2(Q×D;Rd), (4.46)

and therefore also weakly in L2(Q × D̃;Rd) for any D̃ ⊂⊂ D, and the weak limit,
to be identified, is independent of the choice of D̃; we shall use this observation to
identify the weak limit. We begin by noting that, thanks to the definitions of jn

φ,q

and F n, we have

1√
θnφn

jn
φ,q = −4

[√
φn

1√
θn

(∇q Ue) +
√
θn

√
φn (∇q Uη) + 2

√
θn∇q

√
φn

]
.

(4.47)

By (4.43), the final term on the right-hand side of (4.47) satisfies

2
√
θn∇x

√
φn ⇀ 2

√
θ∇x

√
φ weakly in L2(Q×D;Rd)

as n → ∞. Since Uη ∈ C1(D), it follows from (4.38) that for the middle term on
the right-hand side of (4.47) we have

√
θn

√
φn (∇q Uη) →

√
θ

√
φ (∇q Uη) strongly in L2(Q×D;Rd).

Therefore, it remains to consider the first term on the right-hand side of (4.47).
Thanks to (4.34),

√
φn → √

φ strongly in L2(Q × D). Furthermore, since θn ≥
θmin e−αT > 0 with α > 0 for all n ≥ 1 (cf. (3.16)), whereby 0 < 1/θn ≤ eαT /θmin
a.e. on Q, the a.e. convergence of θn to θ on Q asserted in (4.14) implies by the
dominated convergence theorem that 1/θn → 1/θ strongly in L1(Q×D). Therefore,
1/

√
θn → 1/

√
θ strongly in L2(Q × D). Hence, the product

√
φn/

√
θn converges

strongly to √
φ/

√
θ in L1(Q×D). Furthermore, because (1/

√
θn)∞

n=1 is a bounded
sequence in L∞(Q), it has a weakly-∗ convergent subsequence (not indicated), which
by the uniqueness of the weak limit must converge to 1/

√
θ. Therefore,

√
φn

1√
θn

⇀
√
φ

1√
θ

weakly in L2(Q×D).

Because Ue ∈ C1(D̃) for each D̃ ⊂⊂ D, we therefore deduce that

√
φn

1√
θn

(∇q Ue) ⇀ √
φ

1√
θ

(∇q Ue) weakly in L2(Q× D̃;Rd)
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as n → ∞ for each D̃ ⊂⊂ D. We are now ready to pass to the limit in (4.47):

1√
θnφn

jn
φ,q = −4

[√
φn

1√
θn

(∇q Ue) +
√
θn

√
φn (∇q Uη) + 2

√
θn∇q

√
φn

]
⇀ −4

[
√
φ

1√
θ

(∇q Ue) +
√
θ
√
φ (∇q Uη) + 2

√
θ∇q

√
φ

]
= 1√

θφ
jφ,q

weakly in L2(Q × D̃;Rd) as n → ∞ for each D̃ ⊂⊂ D. Hence, because of the
uniqueness of the weak limit, (4.46) implies that

1√
θnφn

jn
φ,q ⇀

1√
θφ

jφ,q weakly in L2(Q×D;Rd) (4.48)

as n → ∞. Returning with this to (4.45) and recalling that
√
θn

√
φn →

√
θ
√
φ

strongly in L2(Q×D), we finally find that

jn
φ,q ⇀ jφ,q weakly in L1(Q×D;Rd)

as n → ∞. Therefore,

lim
n→∞

∫
Q×D

jn
φ,q · ∇xζ dq dx dt =

∫
Q×D

jφ,q · ∇xζ dq dx dt

for all ζ ∈ C([0, T ];C1(Ω ×D)). Having passed to the limits in the sequences

vnφn, θn∇xφ
n, (∇xvn)qφn and jn

φ,q,

one can now pass to the limit n → ∞ in the weak formulation of the Fokker–Planck
equation satisfied by the function φn to obtain:

−
∫

Q×D

φ∂tζ dq dx dt−
∫

Q×D

vφ · ∇xζ dq dx dt+
∫

Q×D

θ∇xφ · ∇xζ dq dx dt

−
∫

Q×D

((∇xv)qφ+ jφ,q) · ∇qζ dq dx dt =
∫

Ω×D

φ0 ζ(0) dq dx

for all ζ ∈ C1
0 ([0, T );C1(Ω ×D)).

4.6. Limit passage in the renormalized temperature equation

Finally, we pass to the limit n → ∞ in the renormalized temperature equation (4.8).
As noted in the paragraph following (4.18), we already have in place the required
convergence results to pass to the limit n → ∞ in the weak form of the left-hand
side

∂tTk,ε(θn) + divx(vn Tk,ε(θn)) − divx(κ(θn)∇xTk,ε(θn))

of (4.8). Therefore, it remains to deal with the various terms on the right-hand
side of (4.8). Motivated by the analysis in Ref. 13, we shall pass to the limit in
those terms from one side; this will result in a renormalized variational inequality
satisfied by the absolute temperature. To this end, we take ψ ∈ C([0, T ];W 1,z(Ω))
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as a test function for (4.8) with z > d (whereby, thanks to the Sobolev embedding
W 1,z(Ω) ↪→ C(Ω), ψ ∈ C(Q)), and assume that ψ ≥ 0 on Q. We define

T1 :=
∫

Q×D

(
2ν(θn)T ′

k,ε(θn)|D(vn)|2 − T ′′
k,ε(θn)κ(θn)|∇xθ

n|2
)
ψ dq dx dt,

T2 :=
∫

Q×D

(
T ′

k,ε(θn)D(vn) : θn(∇q Uη ⊗ q)φn
)
ψ dq dx dt,

T3 :=
∫

Q×D

(
T ′

k,ε(θn)θnφn∇q Uη · ∇q Ue

)
ψ dq dx dt,

T4 :=
∫

Q×D

T ′
k,ε(θn)

(
θn∇qφ

n · ∇q Ue + |∇q Ue|2φn
)
ψ dq dx dt.

We note that these integrals are well-defined. Specifically, T3 and T4, which involve
the singular potential Ue, are finite thanks to (3.48), with θ and φ replaced there
by θn and φn, respectively.

We start by considering the term T1. As T ′
κ,ε(s) ≥ 0 and T ′′

κ,ε(s) ≤ 0 for all
s ≥ 0, it follows that the integrand of T1 is nonnegative. To pass to the limit in T1
as n → ∞, note that

2ν(θn)T ′
k,ε(θn) |D(vn)|2 ψ

= 2ν(θn)T ′
k,ε(θn) θn

∣∣∣∣D(vn)√
θn

− D(v)√
θ

+ D(v)√
θ

∣∣∣∣2 ψ
= 2ν(θn)T ′

k,ε(θn) θn

∣∣∣∣D(vn)√
θn

− D(v)√
θ

∣∣∣∣2 ψ + 2ν(θn)T ′
k,ε(θn) θn

∣∣∣∣D(v)√
θ

∣∣∣∣2 ψ
+ 4ν(θn)T ′

k,ε(θn) θn

(
D(vn)√
θn

− D(v)√
θ

)
: D(v)√

θ
ψ

≥ 2ν(θn)T ′
k,ε(θn) θn

∣∣∣∣D(v)√
θ

∣∣∣∣2 ψ + 4ν(θn)T ′
k,ε(θn) θn

(
D(vn)√
θn

− D(v)√
θ

)
: D(v)√

θ
ψ.

As n → ∞, the first term on the right-hand side converges to 2ν(θ)T ′
k,ε(θ)|D(v)|2ψ

strongly in L1(Q × D) using (4.14) by the dominated convergence theorem, while
the second term on the right-hand side converges weakly in L1(Q×D) to 0 because
of (4.14), the boundedness of the sequence (4ν(θn)T ′

k,ε(θn) θnψ)∞
n=1 in L∞(Q×D)

and the weak convergence(
D(vn)√
θn

− D(v)√
θ

)
: D(v)√

θ
⇀ 0 in L1(Q×D), (4.49)

using Proposition 2.61 on p.183 in Ref. 25. The weak convergence result (4.49) fol-
lows by recalling (4.14) and the fact that the sequence (θn)∞

n=1 is equi-bounded
from below by a positive constant, which, by the dominated convergence theorem,
together guarantee that the sequence (1/

√
θn)∞

n=1 converges strongly to (1/
√
θ)

in Ls(Q) for all s ∈ [1,∞), and in particular for s = 4+6β
3β−1 , where β > 1/3. On

the other hand, by (4.3)3, D(vn) ⇀ D(v) weakly in L
4+6β
5+3β (Q;Rd×d), and there-

fore D(vn)/
√
θn ⇀ D(v)/

√
θ weakly in L1(Q;Rd×d). However, (D(vn)/

√
θn)∞

n=1 is
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a bounded sequence in L2(Q;Rd×d) and therefore has a weakly convergent subse-
quence in L2(Q;Rd×d); by the uniqueness of the weak limit (for a subsequence, not
indicated), D(vn)/

√
θn ⇀ D(v)/

√
θ weakly in L2(Q;Rd×d). This then implies the

weak convergence result (4.49) asserted above.
Therefore, by the weak lower-semicontinuity of the L1(Q×D) norm,

lim.infn→∞

∫
Q×D

2ν(θn)T ′
k,ε(θn) |D(vn)|2 ψ dq dx dt

≥
∫

Q×D

2ν(θ)T ′
k,ε(θ) |D(v)|2 ψ dq dx dt

which completes the passage to the limit in the first term of T1.
Passage to the limit in the second term of T1 proceeds analogously, by writing

− T ′′
k,ε(θn)κ(θn)|∇xθ

n|2ψ = −T ′′
k,ε(θn)κ(θn) (θn)2

∣∣∣∣∇xθ
n

θn
− ∇xθ

θ
+ ∇xθ

θ

∣∣∣∣2 ψ
= −T ′′

k,ε(θn)κ(θn) (θn)2 |∇x log θn − ∇x log θ + ∇x log θ|2 ψ

= −T ′′
k,ε(θn)κ(θn) (θn)2|∇x log θn − ∇x log θ|2ψ − T ′′

k,ε(θn)κ(θn) (θn)2 |∇x log θ|2 ψ
− 2T ′′

k,ε(θn)κ(θn) (θn)2 ψ (∇x log θn − ∇x log θ) · ∇x log θ

≥ −T ′′
k,ε(θn)κ(θn) (θn)2 |∇x log θ|2 ψ

− 2T ′′
k,ε(θn)κ(θn) (θn)2 ψ (∇x log θn − ∇x log θ) · ∇x log θ.

As n → ∞, the first term on the right-hand side converges to
−T ′′

k,ε(θ)κ(θ) θ2 |∇x log θ|2 ψ strongly in L1(Q × D) by (4.14) and the dominated
convergence theorem, while the second term converges to 0 weakly in L1(Q × D)
by (4.15). Therefore, by the weak lower-semicontinuity of the L1(Q×D) norm,

lim.infn→∞

∫
Q×D

−T ′′
k,ε(θn)κ(θn)|∇xθ

n|2ψ dq dx dt

≥
∫

Q×D

−T ′′
k,ε(θ)κ(θ)|∇xθ|2ψ dq dx dt.

Because the lim.infn→∞ of the sum of the two terms is greater than the sum of the
two lim.infn→∞ terms, we have that

lim.infn→∞

∫
Q×D

(
2ν(θn)T ′

k,ε(θn)|D(vn)|2 − T ′′
k,ε(θn)κ(θn)|∇xθ

n|2
)
ψ dq dx dt

≥
∫

Q×D

(
2ν(θ)T ′

k,ε(θ)|D(v)|2 − T ′′
k,ε(θ)κ(θ)|∇xθ|2

)
ψ dq dx dt,

which completes the passage to the limit n → ∞ in the term T1.
For the term T2, we use that 0 ≤ T ′

k,ε(s)s ≤ k for all s ≥ 0. We also note that
because Uη ∈ C1(D), we have, analogously as in (4.44),∫

D

(∇q Uη ⊗ q)φnψ dq →
∫

D

(∇q Uη ⊗ q)φψ dq strongly in Ls(Q;Rd×d)
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as n → ∞ for all s ∈ [1,∞), and in particular for s = r
r−1 where r = 4+6β

5+3β with β >
5
6 . Then, it directly follows from (4.3)2 and (4.14), again invoking Proposition 2.61
on p.183 in Ref. 25, that

lim
n→∞

∫
Q×D

(
T ′

k,ε(θn)D(vn) : θn(∇q Uη ⊗ q)φn
)
ψ dq dx dt

=
∫

Q×D

(
T ′

k,ε(θ)D(v) : θ(∇q Uη ⊗ q)φ
)
ψ dq dx dt.

For the term T3 we use that T ′
k,ε(s) ≥ 0 for all s ≥ 0 and ∇q Uη · ∇q Ue ≥ 0 on

D (because Uη and Ue have been assumed to be monotonically increasing functions
on [0, b/2), whereby ∇q Uη · ∇q Ue = |q|2 U ′

η(|q|2/2)U ′
e(|q|2/2) ≥ 0 on D). Also,

thanks to (4.14) and (4.33),

T ′
k,ε(θn) θnφn → T ′

k,ε(θ) θφ as n → ∞ a.e. on Q×D.

Hence, by Fatou’s lemma,

lim
n→∞

∫
Q×D

(
T ′

k,ε(θn) θnφn∇q Uη · ∇q Ue

)
ψ dq dx dt

≥
∫

Q×D

(
T ′

k,ε(θ) θφ∇q Uη · ∇q Ue

)
ψ dq dx dt.

We are left to deal with the term T4. We perform partial integration with respect
to the variable q in the first term in the parentheses using the implicitly imposed
homogeneous Dirichlet boundary condition φn|Q×∂D = 0 (cf. (3.2)). Hence,

T4 =
∫

Q×D

T ′
k,ε(θn)

(
|∇q Ue|2 − θn∆q Ue

)
φn ψ dq dx dt

=
∫

(Q×D)∩{θn≤k+ε}
T ′

k,ε(θn)
(
|∇q Ue|2 − θn∆q Ue

)
φn ψ dq dx dt

=
∫

(Q×D̃)∩{θn≤k+ε}
T ′

k,ε(θn)
(
|∇q Ue|2 − θn∆q Ue

)
φn ψ dq dx dt

+
∫

(Q×(D\D̃))∩{θn≤k+ε}
T ′

k,ε(θn)
(
|∇q Ue|2 − θn∆q Ue

)
φn ψ dq dx dt

=: T4,1 + T4,2,

for any D̃ ⊂⊂ D. The passage to the limit n → ∞ in T4,1 is easy because |∇q Ue|2

and ∆q Ue are uniformly continuous (and therefore bounded) functions on D̃ and
θn ≤ k + ε over the region of integration (Q × D̃) ∩ {θn ≤ k + ε}. Thus, by the
dominated convergence theorem,

lim
n→∞

∫
(Q×D̃)∩{θn≤k+ε}

T ′
k,ε(θn)

(
|∇q Ue|2 − θn∆q Ue

)
φn ψ dq dx dt

=
∫

(Q×D̃)∩{θ≤k+ε}
T ′

k,ε(θ)
(
|∇q Ue|2 − θ∆q Ue

)
φψ dq dx dt
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for any D̃ ⊂⊂ D, and for all k ≥ 1 and ε ∈ (0, 1).
Concerning T4,2, for k ≥ 1 and ε ∈ (0, 1) fixed, we now choose a specific D̃ ⊂⊂ D

such that

|∇q Ue|2 − (k + ε)∆q Ue ≥ 0 on D \ D̃.

As in the argument leading to the bound (3.48), this is always possible to achieve
thanks to (2.36)2 taking, for example, D̃ = (1−δ)D with δ ∈ (0, 1) sufficiently small;
indeed because of the radial symmetry of Ue(q) = Ue( 1

2 |q2) the expression on the
left-hand side of the last inequality is a function of |q| alone and ∆q Ue/|∇q Ue|2
converges to 0 as |q| → (

√
b)− thanks to (2.36)2. Hence, by Fatou’s lemma, we have

lim
n→∞

∫
(Q×(D\D̃))∩{θn≤k+ε}

T ′
k,ε(θn)

(
|∇q Ue|2 − θn∆q Ue

)
φn ψ dq dx dt

≥
∫

(Q×(D\D̃))∩{θ≤k+ε}
T ′

k,ε(θ)
(
|∇q Ue|2 − θ∆q Ue

)
φψ dq dx dt.

Having dealt with both T4,1 and T4,2 we can pass to the limit in T4 to infer that

lim
n→∞

∫
Q×D

T ′
k,ε(θn)

(
θn∇qφ

n · ∇q Ue + |∇q Ue|2φn
)
ψ dq dx dt

≥
∫

Q×D

T ′
k,ε(θ)

(
θ∇qφ · ∇q Ue + |∇q Ue|2φ

)
ψ dq dx dt.

Having passed to the limit n → ∞ in each of the terms T1, T2, T3, T4 that appear
on the right-hand side in the weak formulation of the renormalized temperature
equation (4.8) we can now pass to the limit n → ∞ in the weak formulation of
(4.8) to obtain a renormalized variational inequality involving the mollified cutoff
function Tk,ε and its first two derivatives, T ′

k,ε and T ′′
k,ε:

⟨∂tTk,ε(θ), ψ⟩ −
∫

Q

v Tk,ε(θ) · ∇xψ dx dt+
∫

Q

κ(θ)∇xTk,ε(θ) · ∇xψ dx dt

≥
∫

Q

2ν(θ)T ′
k,ε(θ)|D(v)|2ψ dx dt

+
∫

Q

(
T ′

k,ε(θ)D(v) :
∫

D

θ(∇q Uη ⊗ q)φn dq

)
ψ dx dt

−
∫

Q

T ′′
k,ε(θ)κ(θ)|∇xθ|2ψ dx dt

+
∫

Q

(
T ′

k,ε(θ)
∫

D

θ∇qφ · ∇q Ue + θφ∇q Uη · ∇q Ue + |∇q Ue|2φdq

)
ψ dx dt,

which holds for all test functions ψ ∈ C([0, T ];W 1,z(Ω)) with z > d such that ψ ≥ 0
on Q, and for all k ≥ 1 and all ε ∈ (0, 1).

Alternatively, testing (4.8) with ψ ∈ C1([0, T ];W 1,z(Ω)) where z > d, and where
ψ ≥ 0 on Q and ψ(T, ·) = 0, integrating by parts with respect to t in the time
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derivative term prior to passing to the limit n → ∞, and then letting n → ∞, we
have that

−
∫

Q

Tk,ε(θ)∂tψ dx dt−
∫

Q

v Tk,ε(θ) · ∇xψ dx dt+
∫

Q

κ(θ)∇xTk,ε(θ) · ∇xψ dx dt

≥
∫

Ω
Tk,ε(θ0)ψ(0) dx +

∫
Q

2ν(θ)T ′
k,ε(θ)|D(v)|2ψ dx dt

+
∫

Q

(
T ′

k,ε(θ)D(v) :
∫

D

θ(∇q Uη ⊗ q)φdq

)
ψ dx dt

−
∫

Q

T ′′
k,ε(θ)κ(θ)|∇xθ|2ψ dx dt

+
∫

Q

(
T ′

k,ε(θ)
∫

D

θ∇qφ · ∇q Ue + θφ∇q Uη · ∇q Ue + |∇q Ue|2φdq

)
ψ dx dt,

for all test functions ψ ∈ C1
0 ([0, T );W 1,z(Ω)) with z > d such that ψ ≥ 0 on Q, and

for all k ≥ 1 and all ε ∈ (0, 1).
It remains to remove the ε-mollification from Tk,ε by passing to the limit ε → 0+.

As T ′′
k,ε(θ) ≤ 0 on Q thanks to the positivity of θ, trivially

∇xTk,ε(θ) = T ′
k,ε(θ)∇xθ,

and

Tk,ε(θ) → Tk(θ) and T ′
k,ε(θ) → T ′

k(θ)

strongly in Lp(Q) for p ∈ [1,∞) and weakly-∗ in L∞(Q), we can drop the penulti-
mate term from the right-hand side and then pass to the limit ε → 0+ to deduce
that

−
∫

Q

Tk(θ)∂tψ dx dt−
∫

Q

v Tk(θ) · ∇xψ dx dt+
∫

Q

κ(θ)∇xTk(θ) · ∇xψ dx dt

≥
∫

Ω
Tk(θ0)ψ(0) dx +

∫
Q

2ν(θ)T ′
k(θ)|D(v)|2ψ dx dt

+
∫

Q

(
T ′

k(θ)D(v) :
∫

D

θ(∇q Uη ⊗ q)φdq

)
ψ dx dt

+
∫

Q

(
T ′

k(θ)
∫

D

θ∇qφ · ∇q Ue + θφ∇q Uη · ∇q Ue + |∇q Ue|2φdq

)
ψ dx dt,

(4.50)

for all test functions ψ ∈ C1
0 ([0, T );W 1,z(Ω)) with z > d such that ψ ≥ 0 on Q, and

for all k ≥ 1. This is the renormalized variational inequality satisfied by θ we set
out to derive.

Remark 4.1. In the absence of additional information concerning the functions θ
and φ it does not seem possible to pass to the limit k → ∞ to remove the cutoff
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function Tk in (4.50). In particular, we do not have sufficiently strong a priori
bounds at our disposal to ensure that

I :=
∫

Q×D

[
θ∇qφ · ∇q Ue + θφ∇q Uη · ∇q Ue + |∇q Ue|2φ

]
dq dx dt < ∞.

Looking at this integral, we see that

I =
∫

Q×D

1√
θφ

(θ∇qφ+ θφ∇q Uη + ∇q Ueφ) ·
√
θφ∇q Ue dq dx dt

≤
(∫

Q×D

1
θφ

|θ∇qφ+ θφ∇q Uη + ∇q Ueφ|2 dq dx dt
) 1

2

×

×
(∫

Q×D

θφ|∇q Ue|2 dq dx dt
) 1

2

≤ C

(∫
Q×D

θφ|∇q Ue|2 dq dx dt
) 1

2

,

(4.51)

where in the transition from the second line to the third line we have used (3.34)
to bound the first factor. Unfortunately, because no pointwise upper bound on the
absolute temperature θ is available, we have no means of ensuring that the integral
appearing in the last line is finite. However, if, in addition to the uniform positive
lower bound on θ implied by the assumed positivity of the initial temperature θ0,
one assumes that θ is (as is physically reasonable) also bounded from above, i.e.,
that

∥θ∥L∞(Q) < ∞, (4.52)

then, by revisiting Step 15 in Section 3 under this added assumption, the argument
presented there implies (cf., in particular, (3.48) with Qθmax replaced by Q) that
the integral in the last line of (4.51) is bounded by a constant. Thus, by using test
functions ψ ∈ C1

0 ([0, T );W 1,∞(Ω)) such that ψ ≥ 0 on Q, one can pass to the limit
k → ∞ (using the dominated convergence theorem, for example,) to completely
remove the cutoff function and deduce the conditional variational inequality

−
∫

Q

θ∂tψ dx dt−
∫

Q

v θ · ∇xψ dx dt+
∫

Q

κ(θ)∇xθ · ∇xψ dx dt

≥
∫

Ω
θ0ψ(0) dx +

∫
Q

2ν(θ)|D(v)|2ψ dx dt

+
∫

Q

(
D(v) :

∫
D

θ(∇q Uη ⊗ q)φdq

)
ψ dx dt

+
∫

Q

(∫
D

θ∇qφ · ∇q Ue + θφ∇q Uη · ∇q Ue + |∇q Ue|2φdq

)
ψ dx dt,

(4.53)

for all ψ ∈ C1
0 ([0, T );W 1,∞(Ω)) such that ψ ≥ 0 of Q, the condition being that the

assumption stated in (4.52) holds.
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Remark 4.2. It is a natural question to ask why we chose to work with a renor-
malization of the temperature equation instead of the evolution equation (2.22) for
the entropy η. The reason is that the weak formulation of the equation (2.22) would
involve a term of the form

−
∫

Q

jη · ∇xz dx dt,

where z ∈ C1
0 ([0, T );W 1,∞(Ω)) is a test function and jη is the entropy flux, defined

in (2.21). Unfortunately, the second summand of jη, that is

θ∇x

∫
D

[Uηφ+ φ logφ] dq,

cannot be generally guaranteed to belong to L1(Q), even if the function θ were
replaced in this term by its truncation Tk(θ) ∈ L∞(Q). Indeed, while the energy
inequality (4.1) implies that the function φ logφ is an element of the function space
L∞(0, T ;L1(Ω ×D)), we have no means of ensuring that

∇x

∫
D

φ logφdq

belongs to L1(Q). In contrast, such a difficulty does not occur in the weak formu-
lation of the renormalized temperature equation (4.8), where all the terms involved
in the weak formulation are well-defined.

4.7. Limit passage in the energy inequality

Our objective here is to pass to the limit n → ∞ in the sequence of inequalities∫
Ω

[
1
2 |vn(t)|2 + H(θn(t))

]
dx +

∫
Ω×D

[ Ueφ
n(t) + Uηφ

n(t) + F(φn(t))] dq dx

+
∫ t

0

∫
Ω

[
2ν(θn)|D(vn)|2

θn
+ κ(θn)|∇xθ

n|2

(θn)2

]
dx ds

+
∫ t

0

∫
Ω

[
θn

∫
D

|∇xφ
n|2

φn
dq

+
∫

D

4
θnφn

|θn∇qφ
n + θnφn∇q Uη + φn∇q Ue|2 dq

]
dx ds

≤
∫

Ω

[
1
2 |vn

0 |2 + H(θn
0 )
]

dx +
∫

Ω×D

[ Ueφ
n
0 + Uηφ

n
0 + F(φn

0 )] dq dx

+
∫ t

0

∫
Ω

f(s) · vn(s) dx ds,

(4.54)

where H(s) := s− 1 − log s and F(s) := s(log s− 1) + 1 for s > 0, and F(0) := 1.
We shall do so using a standard argument. We multiply (4.54) by a test function
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ϕ ∈ C∞
0 ((0, T );R≥0) and integrate over t ∈ (0, T ). Hence,

∫ T

0

{∫
Ω

[
1
2 |vn(t)|2 + H(θn(t))

]
dx

+
∫

Ω×D

[ Ueφ
n(t) + Uηφ

n(t) + F(φn(t))] dq dx.

+
∫ t

0

∫
Ω

[
2ν(θn)|D(vn)|2

θn
+ κ(θn)|∇xθ

n|2

(θn)2

]
dx ds

+
∫ t

0

∫
Ω

[
θn

∫
D

|∇xφ
n|2

φn
dq

+
∫

D

4
θnφn

|θn∇qφ
n + θnφn∇q Uη + φn∇q Ue|2 dq

]
dx ds

}
ϕ(t) dt

≤
∫ T

0

{∫
Ω

[
1
2 |vn

0 |2 + H(θn
0 )
]

dx

+
∫

Ω×D

[ Ueφ
n
0 + Uηφ

n
0 + F(φn

0 )] dq dx

+
∫ t

0

∫
Ω

f(s) · vn(s) dx ds
}
ϕ(t) dt ∀ϕ ∈ C∞

0 ((0, T );R≥0). (4.55)

We now pass to the lim.inf as n → ∞ term by term in (4.55).
For the first term in the first pair of square brackets in the first line of (4.55),

we use (4.5) to pass to the limit. For the second term in the first pair of square
brackets in the first line, we make use of (4.14) in conjunction with Fatou’s lemma.
For each of the three terms in the second pair of square brackets in the first line,
we recall (4.33) and again employ Fatou’s lemma.

For the terms in the second line of (4.55) note that, by (4.14), ν(θn) → ν(θ)
and κ(θn) → κ(θ) a.e. on Q × D. By (4.35), ν(θn)D(vn) ⇀ ν(θ)D(v) weakly in
L

4+6β
5+3β (Q;Rd×d) with β > 5

6 . By the dominated convergence theorem and the uni-
form positive lower bound on the sequence θn over the set Q coming from the
minimum principle, we have 1/

√
ν(θn) θn → 1/

√
ν(θ) θ strongly in L1(Q), and

because this sequence is bounded in L∞(Q), we infer its strong convergence in
Ls(Q) for all s ∈ [1,∞), and therefore, in particular, in L( 4+6β

5+3β )′

(Q). Therefore,√
ν(θn)D(vn)/

√
θn ⇀

√
ν(θ)D(v)/

√
θ weakly in L1(Q;Rd×d). However, the energy

inequality (4.55) guarantees the boundedness of this sequence in L2(Q;Rd×d), and
therefore the weak convergence of a subsequence, not indicated, in L2(Q;Rd×d).
By the uniqueness of the weak limit, it then follows that

√
ν(θn)D(vn)/

√
θn ⇀√

ν(θ)D(v)/
√
θ weakly in L2(Q;Rd×d). Using this in conjunction with weak lower-

semicontinuity in the L2(Q;Rd×d) norm and Fatou’s lemma we can pass to the
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lim.inf as n → ∞ in the first term in the square brackets in the second line.i
Concerning the second term in the square brackets in the second line of (4.55),

by (4.15) we have ∇x log θn ⇀ ∇x log θ weakly in L2(Q;Rd) as n → ∞. We
claim that we also have strong convergence of

√
κ(θn) →

√
κ(θ) in L2(Q), and

therefore
√
κ(θn)∇x log θn ⇀

√
κ(θ)∇x log θ weakly in L1(Q;Rd) as n → ∞;

thus, by the upper bound on the sequence coming from the energy inequality and
uniqueness of the weak limit, we also have

√
κ(θn)∇x log θn ⇀

√
κ(θ)∇x log θ

weakly in L2(Q;Rd) as n → ∞. Hence, weak lower-semicontinuity of the L2(Q;Rd)
norm implies the desired lower bound on this term when passing to the lim.inf as
n → ∞ in (4.55). To prove that

√
κ(θn) →

√
κ(θ) in L2(Q) as n → ∞, note that

|
√
κ(θn)−

√
κ(θ)|2 ≤ |κ(θn)−κ(θ)|; it therefore suffices to prove that κ(θn) → κ(θ)

in L1(Q) as n → ∞. To this end, recall that the strong convergence of θn to θ

in L1(Q) stated in (4.13) implies almost everywhere convergence of a subsequence
(not indicated) (cf. (4.14)). Thanks to the assumed continuity of κ, it then follows
that κ(θn) → κ(θ) a.e. on Q as n → ∞. In addition, thanks to the upper bound
in (2.39), with β > 5/6, and (3.39), which guarantees boundedness of the sequence
(θn)n≥1 in L

2
3 +β(Q), it follows with s = 1 + 2

3β that∫
Q

[κ(θn)]s dx dt ≤ C

∫
Q

(1 + (θn)β)s dx dt ≤ C
(
1 +

∫
Q

(θn) 2
3 +β dx dt

)
≤ C.

Because s > 1, this bound guarantees the uniform integrability of the sequence
(κ(θn))n≥1 in L1(Q), which then, together with the a.e. convergence of κ(θn) → κ(θ)
on Q as n → ∞, implies the strong convergence of κ(θn) → κ(θ) in L1(Q) by Vitali’s
theorem. The desired strong convergence of

√
κ(θn) →

√
κ(θ) in L2(Q) as n → ∞

then follows directly.
For the first term in the square brackets in the third line of (4.55), we use

(4.43) in conjunction with weak lower-semicontinuity of the L2(Q × D;Rd) norm
and Fatou’s lemma, while for the second term in the third line we use (4.48) and the
definition (4.2) of jn

φ together with weak lower-semicontinuity of the L2(Q×D;Rd)
norm and Fatou’s lemma.

On the right-hand side, we use the strong convergence of the initial data and

iThe argument proceeds as follows:

lim.infn→∞

∫ T

0

[∫ t

0

∫
Ω

2ν(θn)|D(vn)|2

θn
dx ds

]
ϕ(t) dt

≥
∫ T

0
lim.infn→∞

[∫ t

0

∫
Ω

2ν(θn)|D(vn)|2

θn
dx ds

]
ϕ(t) dt

≥
∫ T

0

[∫ t

0

∫
Ω

2ν(θ)|D(v)|2

θ
dx ds

]
ϕ(t) dt ∀ ϕ ∈ C∞

0 ((0, T );R≥0),

where the first inequality follows by Fatou’s lemma and the second inequality follows by weak
lower-semicontinunity of the L2(Qt) norm for all t ∈ (0, T ), where Qt = (0, t) × Ω.
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the weak convergence of vn to v in L2(0, T ;L2(Ω;Rd)). This yields∫ T

0

{∫
Ω

[
1
2 |v(t)|2 + H(θ(t))

]
dx +

∫
Ω×D

[ Ueφ(t) + Uηφ(t) + F(φ(t))] dq dx

+
∫ t

0

∫
Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

(θ)2

]
dx ds

+
∫ t

0

∫
Ω

[
θ

∫
D

|∇xφ|2

φ
dq

+
∫

D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx ds

}
ϕ(t) dt

≤
∫ T

0

{∫
Ω

[
1
2 |v0|2 + H(θ0)

]
dx +

∫
Ω×D

[ Ueφ0 + Uηφ0 + F(φ0)] dq dx

+
∫ t

0

∫
Ω

f(s) · v(s) dx ds
}
ϕ(t) dt ∀ϕ ∈ C∞

0 ((0, T );R≥0).

This then implies the desired energy inequality∫
Ω

[
1
2 |v(t)|2 + H(θ(t))

]
dx +

∫
Ω×D

[ Ueφ(t) + Uηφ(t) + F(φ(t))] dq dx

+
∫ t

0

∫
Ω

[
2ν(θ)|D(v)|2

θ
+ κ(θ)|∇xθ|2

θ2

]
dx ds

+
∫ t

0

∫
Ω

[
θ

∫
D

|∇xφ|2

φ
dq

+
∫

D

4
θφ

|θ∇qφ+ θφ∇q Uη + φ∇q Ue|2 dq

]
dx ds

≤
∫

Ω

[
1
2 |v0|2 + H(θ0)

]
dx +

∫
Ω×D

[ Ueφ0 + Uηφ0 + F(φ0)] dq dx

+
∫ t

0

∫
Ω

f(s) · v(s) dx ds.

for almost every t ∈ (0, T ). That completes the proof of Theorem 4.1. □

5. Conclusions

Our aim in this paper was to prove the weak sequential stability of solutions to a
thermodynamically consistent kinetic model of nonisothermal flow of a dilute poly-
meric fluid, which involves a system of nonlinear partial differential equations cou-
pling the unsteady incompressible temperature-dependent Navier–Stokes equations
to a temperature-dependent generalization of the classical Fokker–Planck equation
satisfied by a probability density function φ modelling the random configuration
of polymer molecules in the viscous Newtonian solvent, and an evolution equa-
tion for the absolute temperature θ. We showed that sequences of smooth solutions
to the initial-boundary-value problem for the model converge to a global-in-time
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large-data weak solution that satisfies an energy inequality, where the limiting ab-
solute temperature satisfies a renormalized variational inequality. In the absence
of a positive pointwise upper bound on the function θ, it generally does not seem
possible to remove the renormalization. We have also shown that if θ is assumed to
be bounded from above by a positive constant over the space-time domain Q, then
the renormalization can be eliminated from the variational inequality satisfied by
the function θ.
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9. J. W. Barrett and E. Süli, Existence of global weak solutions to the kinetic Hookean
dumbbell model for incompressible dilute polymeric fluids, Nonlinear Anal. Real World
Appl. 39 (2018) 362–395.



Nonisothermal kinetic model: weak sequential stability 81
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23. E. Feireisl and J. Málek, On the Navier-Stokes equations with temperature-dependent
transport coefficients, Differ. Equ. Nonlinear Mech. (2006) Art. ID 90616, 14.
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