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Representations and characters.

. Let G be a compact abelian linear group, and (V, p) be an irreducible complex
representation. Prove that p(G) C S' C Aut(V). What can be said when

(V, p) is an irreducible real representation?

. Prove that the functional defined for real valued functions f on S* by
1 27 0
= — ) do
IRCE=y CS

is the bi-invariant normalized integral for S!.

. Let V and W be two finite dimensional vector spaces. Show that a: V*QW —
Hom (V, W) defined by a(v* @ w)(v) := v*(v)w defines a linear isomorphism;
here V* denotes the dual of V. Now let V= W. Prove that

tr(a(v* ®@v)) =v*(v).

.Let @« : V — Vand 8 : W — W be linear transformations with matrix
representations (a;;) and (b;;) respectively. Find a matrix representation for
a ® (. Prove that tr(a ® §) = tr(a)tr(f). Assume now that V and W are
representations of a linear group G. Deduce that xyvew = xvXxw-

. Let G be a compact linear group and (V,7) and (W, p) be two irreducible
unitary representations. By considering the G-map associated to T' = Ej,

prove that

i . If moe pthen [, mij(g)pri(g) =0.

ii. If 7 = p then fG i (9)pri(9) = ﬁ(sik(;ﬂ.
. Let the standard maximal torus T" of SOs,, act on the complexified Lie algebra
L(SOgn) ®C ~ L(SOQn(C)

via the adjoint action Ad . Find its decompositions into irreducible T-repre-
sentations. Describe the associated character. What can you say about the
character of Ad for the whole group SO, 7 [You may assume here that the
roots of SO2,C are £(\; £ A) for j < k, and that the associated eigenvectors

are Ejk - En+k,n+ja Ej,n—l—k - Ek:,n+j and En—i—j,k: - En—i—k,j-]



