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We consider Hdélder regularity for Brownian Motion and Lévy’s Stochastic Area conditional on the Brownian path being

uniformly small. Our motivation comes from the analysis of SDE’s via the theory of “rough paths”.
0 2005 Published by Elsevier SAS.

Résumé

Pour les chemins browniens uniformément petits, nous considérons la régularité hélderiennes de I'aire stochastique € Lévy.

Notre intérét provient de I'analyse des équations differentielles stochastiques par la théorie des «rough paths ».
0 2005 Published by Elsevier SAS.

MSC:60G15; 60H05; 60J65

1. Introduction

Throughout W will denote the space of continuous paths[0, co) — R¢ which start at the origi® € R¢, and

W will be thought of as a Polish space in which convergence means uniform convergence on compacts. Fuyther,

PP will denote Wiener measure on the Borel fiddg, over W, and, for 0< s <t < oo, we define the Lévy aréa
we W A (w) € s0d), the skew symmetric matrices, so that

t 1

A (W) = f (we(0) — we(s)) duwe (1) — / (we () — we(s)) duy (1), )

N s
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2 We omita commonly used fact(%' in the area-definition. This will eliminate the need a Iot%jt and;ll’s in what follows, and, of course,

has no impact otherwise.

0246-0203/$ — see front mattér 2005 Published by Elsevier SAS.
doi:10.1016/j.anihpb.2005.02.003

19
20
21

23
24
25
26
27
28
29
30
31
32

34
35
36
37
38
39
40
41
42

44
45
46
47
48



© 0o N o g b~ W N B

A A B A B B B DA B W W OW W W W W WWWNNRNIDNDNNDRNDNNIDNRNIERERR R B P PP P
© N O 00 R W N R O © © N o b8 ®N P O © O N o0 00 ®N P O © ® N O oA~ W N B O

3 An extension to Cameron—Martin pathss possible.
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More precisely, we mean by this that we have a map> A(w) € C(A; sad)), whereA = {(s, 1) € [0, 00)%: 1
s < t}, such that 2
3

(1) The map(s, t) € A+ A (w) € sO(d) is continuous for each € W. 4
(2) For each(s,t) € A, w € W > A (w) € sod) is l?[s,,]-measurable Wheg[m is the o-algebra which is s
obtained by completing ({w(r) — w(s): 7 € [s, t]}) with respect toP. Moreover, for all 1<k <¢<d, 6

As ¢ (w). ¢ P-almost surely satisfies (A) when the integrals are taken in the sense of Ito. 7

(3) If we W has bounded variation ds, 1], As ;(w)g,¢ iS given by (A) when the integrals there are taken in the
sense of Riemann-Stieltjes. 9

(4) ForalloO<s<t<u<ooandwe W 10

11
12
13
14

lwlo 5.1 =supf{|w(@)|: T €ls, 11} and [Aw) |, =SUB/|Acc)]: s <o < <], 1

16

At (Wk,e = Ao (W)k,e — Ao (Wk,e — wi () (we (1) — we(s)) 4+ we(s) (wi (1) — wi(s)).

Given 0< s <t < o0, set

and, fora > 0, 17
_ 18
lwlle,s,;] = SU M:s<0<rét 19
(t —o)”
20
and 21
|[Ag,z (w 2
40, gy =sup YO s <o <) .
24
Our main result is a quantitative version (cf. (a) in Remarks, (6), (7), (9), and (10) below) of the statement,that,
for eacha € (0, %), e >0,T € (0, 00), and piecewise smoatt € W, 26
m P(lw = hllaor v [AW) = AWy 0.7y > €] lw = Rlloo.11 < 8) = 0. @ 7

Our interest in (1) stems from its application to the analysis of stochastic integral equations via the tif&ory
of “rough paths”. In particular, after combining (1) with the continuity result in [9], one arrives at the staten@nt
that, whenw ~+ X (-, w) is the solution to a Stratonovich stochastic integral equation with sufficiently smoéth

32

coefficienté
33

(!IQ})P(”X(’w)_X(’h)”ot,[OT]>€ ’ ||w_h”0,[O,T]<8)=0 (2) 34

35

Whena = 0 and|lw — &||o,j0.7] iS computed relative to thé> (R¢)-norm onR?, this Lebesgue density type results

is the one proved originally in [15]. The statement in (2) do€ (O, %) was proved for the first time in [2] (cf. [1] 37

as well) by a rather intricate argument. 38

As corollary of the density statement, one gets the “support theorem” for the distributior-of (-, w). AS 39
was shown in [11] (cf. [13] and [14] as well), the conclusion about the support which follows from (2) carude

obtained by a simpler argument than the one in [2]. Furthermore, because it is a much more qualitative than a
density statement, the support theorem has had many extensions, and some of these extensions are unlikely to b

shared by the density statement. For example, it is unlikely that there is a density version of the extension 4f the
support theorem in [16] to diffusion coefficients which do not admit a smooth square root. The idea of deriing
45
46

4 For instanceC3-regular and globally Lipschitz coefficients will do. For precise conditions see [10]. The preprint [7] shows how to incltitie
drift vector fields of minimal regularity. 48
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the support theorem via rough path considerations was discussed several times by the second and third authors

mentioned in [9], and implemented in [5], relative gevariation, in [3] relative to the Holder norm, and in [4] for
more general moduli of continuity.

2
3

Finally, the development of rough path theory itself was started in [8] and completed in [9]. Its applicability to

differential equations driven by Brownian Motion goes back to unpublished thesis work [12]. See also the récent

survey [6] and the monograph [10].

Remarks. (a) Results of the sort in (1) and (2) appear already in [2]. Aside from the fact that our approach Ieaﬂs to

more quantitative statements than theirs, they proved that

ImP(a@) =AW |, o7, > € [ Iw = hllojor) <) =0

only fora € [0, ;11), and for the application to the theory of rough paths it is essential to adlsv%. Thus, although

they too arrive at (2), they could not have done so as an application of rough path theory. On the other hand, b¥cause
our own approach is inextricably tied to the special properties (cf. (e) below) of Brownian motion, the appr&ach

taken in [2], which is more functional analytic, may apply to situations where our own approach fails.
(b) Throughout this article, we will be taking the norm BA and s@d) to be the Euclidean norm. However,

an examination of our argument reveals that there is only one place at which we make essential of this chdfte of

norm. In particular, our proof shows that

imP(lw —hllaor) > € | lw —hlogor) < 8) =0

and, for eachx € (3, 3) andR > 0,

<RS2} | lw — hllojo.ry <8) =0

T B({ Aw) = A, 0.7, > €} N {4 = AW 0.1y <

if%<o/<‘—1

no matter what norm one uses f&f and sad). However, we make critical use of the Euclidean normidnin
our argument that

lim P(||A(w) - RSY2 | Jw —hllofor <8) =0
R—>o0

uniformly in § € (0, 1]. We suspect that even here one should not require the Euclidean norm. In fact, the oridinal

6
7

10
11
12
13

16
17

19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

result in [15] indicates that one can use #i&(R%)-norm, but we do not know at present how to deal with generé?

norms.
(c) By an obvious scaling argument, we need only prove (1) whea 1. More important, an elementary '
application of the Cameron—Martin theorem allows us to restrict our attention to the casé wt@rNamely, if

T T

. 1 .
Ry (T, w) =exp(—/(h(r),dw(t))Rd - E/|h(r)|2dz>,

0 0

then their theorem says that

P(lw = hllao.r V | Aw — h)” 0.7 = > €| lw—hloo,r <)

E[Ry (T, w), {Ilwlla,j0,71 v IAW)la,f0,71 = €} N {llwllo,j0,7] < 6}]
E[Ry (T, w), {llwllo,j0,7] < 8}] ’

38
39
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1 Hence, since 1
2 o o 2
3 . . . . 3
. /(h(rx dw(0))ga | < llwllo 7,721 (!h(n)\ +|(T)| + f|h(r>| dr>, .
5 T Ty 5
® if h e C3([Th, T2); RY), itis clear that we will know that 6
7 7
8 gmp(llw—hlla,lo,n \4 HA(w_h)”oz,[O,T] >e|llw—hlojor <8)=0 () I
9 9
1o for all piecewise smooth € W once we show it foh = 0. At the same time, wheh# ¢, 10
11 t t t 11
E /(wk(f) — wi(s)) dwe(r) — f(hk(f) — hi(s)) dhe(t) — /((wk — hi)(x) — (i — hy) () d(we — he)(T) z
A ) S
14 14
t t
15 15
. = / ((w — h)(2) — (Wi — hi)(5)) g (T) + / ((we = he) (1) = (we = he) (7)) A (2), 16
17 N s 17
18 from which we see that (3) implies (1) for piecewise smadothW . 18
19 Taking these considerations into account, we concentrate in this paper on proving that, f@reaéﬁ;l%) and 1°
20 >0, 20
21 . 21
2 M P(lwleron v [ A@)], 01 > € ooy <8) =0. @
ij (d) Itis instructive to compare the Lévy area with the symmetric part of the second iterated integral. That iéz for
k # ¢, consider
25 25
26 ! ! 26
27 /(wk(f) — wi(s)) dwe () + /(wz(f) —we(s)) dwi (1) = (wi (1) — wie(9)) (we (1) — we(s)) 27
28 e S 28
22 whose size, under the conditionifi@ ||0,j0,1; < 8, is obviously of ordes?. As we will show in the Addendum, this 22
a is in stark contrast with the size a1
2
32 sup{[Ass kel 0<s <1 <1} = AW 0.4 32
zj of the area, which, under the same conditioning, is (cf. (18)) of atder 23
(e) Our proof of (3) relies heavily on Brownian scaling. For example, we make repeated use of the fact that the
35 . . . . . . . 35
. distribution ofw ~ (||w|le.[7y. 751, |A(W)|le,[11,75]) IS the same as the distribution of .
1_
i w s (T2 = T2 ([wlla,jo.1, | AW |4 10.4)) v
3o In order to show that the probability of “bad” behavior on an interval decreases rapidly with the length of the
. Interval. For this reason, the arguments which we have developed are incapable of proving results which woyld say
4 anything so refined as, conditional §w||o,j0,71 being small, the Lévy modulus of | [0, T'] is small. a
42 42
43 . 43
w2 Controlling lw(l a4
45 45

46 If lwlloo,17 <8 and||w|l«,0,17 = €, then there exist & s < ¢ < 1 such that

a7 25\ Y lw(t) — w(s)| a7
48 t—S<<:> and W}é. 48

46



© 0o N o g b~ W N B

AW W W W W W W W WWNNNDNNDNDNDNDNDNRE RBPR RP BPR RPR PR R R
O © 00 N o O B~ W N P O ©W 0 N O O B W N P O O 0 N O 00 b W N B O

41

50246-0203(05)00066-X/FLA AID:2142 Vol.eee(eee) 1 [DTD5] P.5 (1-13)
ANTHPB:m3SC v 1.39 Prn:31/05/2005; 14:37 anlhpb2142 by:PS p. 5

P. Frizetal. / Ann. |. H. Poincaré — PiRee (eeee) ecee—see 5

HenceP(|lwllq,0,1] = € & llwllo.[0,17 < 8) is dominated by the sum of (e/8)Y terms of the form 1
2
P(llwllojo,ra1 V lwllo,7s,1 < 8 & lwlla, (71,751 = €), .
where 0< Ty < T> < 1 andT» — Ty < (28/€) 1/, 4
Now setu(r, x) = P(||x + wllo,j0.,] < D). Then, by scaling, 5
6

X
P(||x+w||o,[oj] <6):u<T82, E) 7
8
Hence, by the Markov property, each of the above terms is dominated by N
E[u((1—T2)87 % w(T2)8™Y), lwllofo.ry) <8 & w70 > €] (5) 1

PR
[N

Lemma 1. Let A be the smallest eigenvalue ef%A with Dirichlet boundary condition on the unit baB(0, 1)
centered at the origin ifR?. Then

eM<u@r,0 and u(r,x)<Ke™,
wherek = e?*\/(4r)~4/2vol(B(0, 1).

B e
a b w

R
N o

Proof. Use p;(x, y) to denote the Dirichlet heat kernel f(%rA on B(0,1). Thenu(z, x) = fB(O,l) pi(x,y)dy. 18

Next, usey to denote thd.?-normalized eigenfunction correspondingitpand recall thai/ can be taken to be *°
smooth and positive. Moreovey; achieves its maximum at the origin. There are various ways to check this &st

statement. One is via explicit expressions for Bessel functions. A softer approach is to realize that, by uniquéness,

¥ is symmetric in each coordinate separately, and therefore, for eadh< d, the partial derivativey ; of v in %

the kth coordinate direction is an odd function of tkiéa coordinate which satisfiesy x + 2Ay x =0 on B(0, 1) z
and is non-positive 08B(0, 1) N {x: x; > 0}. Hence, by the minimum principlg; ; <0onB(0, 1) N{x: x; >0}, *
and so, for eaclt, ¥ (x) < ¥ (x'), wherex;, = x, when( # k andx; = 0. After applying this remark to each %
coordinate, we conclude thétachieves its maximum & Knowing thaty (0) > v, the lower bound becomes the 26

simple observation that i
28

v(0) =& / 20, )Y () dy < €y (Ou(, 0). 2
30
B(0,1)

To get the upper bound, assume that 1 and usef2,; to denote the volume oB(0, 1). By the Chapman—
Kolmogorov equation plus the symmetry pf(x, y) in x andy, one can easily justify

31

u(t,x) = / pi(x,y)dy = / < / pl(x,é)pz—l(é,y)d$>dy 2

B(0.1) B(0.1) B(0.1) 36
2 1/2 37

= / < / pl(x,é)pz_l(y,é)déE) dy<\/9d< / ( / p;_l(y,E)pl(x,s)d€> dy) 38

B(0,1) B(0,1) B(0,1) B(0,1) 39

—A(1—1 —A(r—1 —dj4 40

<VQ2aeM Y| prx | 20,0y < V22 €TV @A), o

since | p1(x, -)||i2(B(0 1y = P2(x,x) < (47)~4/2, In particular, by the lower bound, & < u(1,0) < 4
V(4r)—4/20,, and so ﬁ
¢ /(4m)=4/2vol(B(0, 1)) > 1. 4

5 To get from line 3 from line 2 below, we think ¢f; _1(x, y) as the kernel for an operator whose normig@é=1. 48
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At the same timey (¢, x) < 1, which completes the proof our upper bound fora0. O 1

2
We now use the upper bound in Lemma 1 to estimate the expression in (5) and thereby get that it is doménated

by 4
_2 5
K e T2 p (o 10,731 < 8 & wlla,[73,75] = €) 6

-2 -2

= Ke M1-T)? M(T15_2, O)P(l|lwlle,j0,75—11) =€) < K2 e M1-(T2=T)} P(l|wlla,0,T5—11)] =€) ;
since{||w|lo,j0,7y] < 8} is independent of||w||q.[7y. 751 = €}. We next use the lower bound in Lemma 1 to arrive ab
10

_T5-2
P(llwlla.(71.751 > € | lwllojo.1 < 8) < K2 T2 P(Jlw|,, 10.22¢-15 ) = €)- 1
Finally, we apply Brownian scaling and Gaussian tail estimateg’dl.[0,1) to get 12
13

Pl wlle 011> € | lwllojon <8) < Co(e8™1) Y exp[2r(2e 7 161-2) Ve — g, (e~ s1-22) 71 6) 1

for appropriateC, < oo and g, > 0. In particular, after taking = ", we can say that there exist®a , < oo 1o

such that 10

17

P(llwlla,fo,1y = 8" | lwllo 0,1y < 8) < Ca,y €XP[— o8~ L7227 1/%] 12
for eacho € <O, %) & ne(0,1-2a). (7) 20
Notice that (7) is, at least qualitatively, what one should expect on the basis of the trivial interpolation inequzz;Iity
lwlajoz < Nl w2/, foro<a <. .

Indeed, we know thatw| g 0,1 < oo for eachp < % and so it is not surprising that, givéw||o,j0,1) < §, we find 2

that the size ofjw||«.[0,1] iS N0 greater tha#” for eachy < 1 — 2a. 26

27
28
29

3. Controlling ||All,[0,17 for small & "

In this section we deal with the case wheris small in the sense that it lies in the interyal %1). For this Z;
purpose, write a
Asr(w)12= Ao (w)1,2 — Ags(w)1,2 — wi(s)(wa(t) — wa(s)) + wals) (wi(r) — wi(s)). 34
35
Recall that the conditional distribution af ~ Ag . (w)1,2 [ [0, 1] giveno ({||wlo,0,17 < §}) is that of an indepen- o
dent Brownian motiorB run with the clock 7
! 38
T12(t, w) = /(wl(r)2 + wz(r)z) dr. 39
0 40
Therefore “
42
|As s (w)1,2| 2 43

P( sup “2CERE >58¢ | fwlojoy <6
<O§s<t<l (t _S)Za (0.4 44
B(T1 (¢, — B(T , 45
< P( sup |B(T1,2(t, w)) 2( 1,2(s, w))| S 2 ‘ lwlloon < 8) o
0<s<1<1 (t —s)™ 4

+ 2P(llwll2e 10,11 = €287 | lwllo,o,11 < 8). (8) <
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Because, givetjw||o,f0,1] < 6,

B(T1 (¢, — B(T , B(t)— B
sup |B(T1,2(t, w)) 2( 1,2(s, w))| <5 sup |B(1) 21(;)'
0<s<t<1 (r —s5)= o<s<i<s? (T —9)

which, by Brownian scaling, has the same distribution as
B(t) — B(:
5 sup |B(1) 2(v)l
0<s <<l (t—s5)™
When we combine this with (8), we get
|Ag,r ()]
P( sup ——— > 3¢? ( lwlloo,1 < 5)
0<s<t<1 (t—s)

<P(lwll2o, 10,11 = €287%) + 2P(Jlwll2a,10,11 = €287 | llwllojo,11 < 8),

[DTD5] P.7 (1-13)
by:PS p. 7

7

which, by standard Gaussian estimates plus (6) means that, foeact, %1), there existy, > 0 andC, < o0

such that

1
P(| Alla o) > R8Y2 | llwllofo.yy <) < Ca€ 7K forae (o, Z)’ §<1 andR > 1.

©)

© 0 N o g b~ W N P

N N i T = =
~N o o0~ W N P O

18
19

20
It is interesting to observe that the estimate in (9) is better than the one which is predicted by interpolgtion.
Namely, as we will see in the Addendum, givn||o,j0,1) < 8, llA(w) llo,[0.17 iS Of orders?/2. Atthe same time, (11) ,,
says thaf| A(w)llg,[0,1 is finite for eachs < % Hence, interpolation would lead one to believe th&tw)||«.[0,1)
ought to be of ordes”/? for eachn < 1 — 2«. That we are getting a better conclusion here indicates that the

estimate in (9) is more subtle than interpolation.

4. Controlling [| Ale,[o,1; for large a

We now want to handle large, those fromi 3, 1). Then, for eack’ € [0, ) andR > 0,

P(lAllai0,11 = € | lwllojo,11 < 8) < P(IlAlle,[0,1) = € & 1Allar 0.1 < REY? | wllo < )
+P(I Al 1011 = RSY? | llwllo o1 < 8).

By the estimate in (9), we know that the second term is dominated by a constant titds e
The first term is handled very much the same waywa, j0,1; was. Namely, because

A e and

«,[0,1] 2

1/2\ 1/(@—a’)
||A(w)||a,v[oql] <R$Y?=—=30<r—-s< (R‘S ) V]As )| > et — ),

€

this term is dominated by (¢ "1R§1/2)Y/ @~ terms of the form

P(lwllo,0,711 V llwllo, (72,1 <8 & [[Alle,[71,15] = €)
P(lwllo <6) '

whereT» — Ty < 2(e"1R§Y/2)Y/(@—) "and, just as before, each of these is dominated BexpA(T> — T1)5 2]

times

23

25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
0
42
43
44
45
46
47
48
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P(Allai0,75-111 = €) =PI Alla0,1) = €(T2 — T Y/?)
R31/2)(2al)/(2(aa/))>

< P(nAna,[o,l] > 2a1/2e<
€

which, by the estimate in (11) below, is dominated by

R20-1.2 / psl/2\ Ca—=1)/(@—a")
4d(d —1) ( > }
Hence, we now know thak(||Alle,[0,1) = € | llwllo,[0,1) < 8) is dominated by a constant times

) o p 1/(a—a') o Rs1/2 1/(0(,0/)5_2 2a-1.2 / psl/2\ Ra=1)/(a—a’)
exp—ya K] +{ 5172 P c T Ad@d -1 '

Ky exp[—

€

€
When we takeR = (¢1~2¢' §(2¢~1)/2)1/(1+20—4e") the preceding leads to
P([lAllef0.11 = € | lwllo,j0,1) < 8)
< Ca’a/[l—i- (6871)2/(14»20(740(/)]

/ — ! 1 ’ _ /
% EXp[ZA(eléz(zo‘ 70())2/(1+2a ) <)/a’ A —>(624"‘ 82“’1)2/(“2“ 4o )i|

for eacha € [, 3) ande’ € [0, 7).
Finally, the preceding guarantees the existencEgf ,, < co andyy,,,,. > 0 such that

P(”A”a,[o,l] = 8" | ||w||0,[0,1] < 8) < Ka,n,,u exd_ya,n,ua_ﬂ]

1— 20 —n

11
foralloee[zfi), ne(0,1—2x), and O< u < (20)

Observe that, once again, this is more or less what one would expect on the basis of naive interpolation.

5. Unconditioned estimate on || A[le,[0,1]

In this section we will show that, for eache (0, %), there exists &, < oo such that

_p2 _
P(l|Alla,j0,11 = R) < Ko € K/(44E@=1), (11)

For this purpose, set
s+t
X(s,1)= /(w1(f)—w1(5))dw2(r)-

Wheng > 2,

! q/279Y/q ! /g
E[|X (s, 1)|"]" =Gq]E|:(/w1(r)2dt) } <G, (ﬂ/“/E[]wl(z)rf]dz) <G,

0 0
whereG, is the L4 norm of a standard normal r.v. Thus,

E[|X (s2,1) — X (s1. )| "]"? < 2G21.

© 0 N o g b~ W N P
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Moreover, ift > s — 51, then
so+t
X(s2,1) — X (s1,8) = / (w1(r) — wi(s2)) dwa(t) — (wils2) — wils1)) (w2(s1+ 1) — wa(s2))

s1+t
52

+/(w1(r) — wi(s1)) dwz(v),

S1

and so
1
E[|X (s2.1) = X (s1.0)|"]"" <3G2rM2(s5 — s1)¥/2.
Hence, in any case,

E[|X (s2.1) — X (s, D] "]? < 3G2(t%2 + (s2 — s0Y?) (52 — s V2.

by:PS p. 9

9

(12)

Next, for eachM € N, let X1 x4 (-, 1) and X2 p (s, -) denote the polygonalization of(-,¢) and X (s, -), re-

spectively, between points of the form2~" . Then, since

oM+1
| X1 p41Co0) = Xam Co0[§ 0 < D [X (2 M 1) =X (m — D27, 1)

m=1

q

’

(12) says that

oM+1

1/q
ENXLMH0J>—XLM«JW3mﬂ”q<(EZEHX@Q<M“%ﬁ—X«m—1ﬁ<M“%»VD

m=1

< 6G§ (t1/2 n 27M/2)27M(1/271/q)7

and so, foig > 2,

6G2
E[|X (.00 = Xam (.08 0] < :

1/2 | 5—M/2\0—M(1/2-1/q)
\71_2_1/2+1/q(z +27M/%)2 2

Next note that
1 1/2
E[|X (s, 12) — X s, 1)|"]Y < G213 %12 — 11)Y/2

and, from (13),

E[[X(-.12) = X (. on)]|§ 4]

2
12G 12

s :I_—Z*W(t2 + Z_M/Z)Z_M(l/z_l/q) +E[| Xom (o t2) — Xam (-, 11) ”(q),[o,l]]l/q-

Since
2M
[ X1mCt2) = Xom o) [[§ o0y < D X (M2 12) = X (m27™ 1) |7,
m=0

we can use (14) to arrive at

2
1/2

56G
q 1/q q 1/2-1,

firstfor 22M-1 <, — 11 <27 and then forall 6< 11 < 12 < 1.

(13)

(14)

(15)

© 0 N o g b~ W N P
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Starting from (15) and proceeding in the same way as we passed from (12) to (13), we find that

2
11262

_ q 1/q —N(1-1/q)

Finally, leta € (0, 3) be given. Since for2¥V-1 <r <27V,

1X (-, Do, 0,1

p <22 X — X vl jo.1yxj0,2-v + 2V TV x (-, 27V)

lo.0.2y

we can combine (15) and (16) to get

1 2
E sup IX (-, Dllo.o.1\? /q< AqGy ~NQ-20—2/q)
12 = 1- 271/2+2/q)2 ’

2-N-1r2N

© 0 N o g b~ W N P

NN
N B O

13

whereA, ; < oo forg > (1— 20)~L. Finally, if ¢ > 4 satisfies; > (1 — 2«)~1, we can pass from the preceding toi4

X(. a4 Aq.gG?
]E[ sup <7” ( ’21”0’[0’1]> ] < > - (17)
1€(0,1] t (1 — 22/a-Y/2)2(1 — 22/q+a-1)

To complete the proof of (11) from here, note that
00 o] 2n
G’%n G2n

Z i S Zo T V2

n=0 n=

and use (17) to conclude that, for eack (0, %)

Ko = E[e/414c100] < o0,

from which (11) is a trivial step.
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Addendum
It may be helpful to realize that one cannot substantially improve the dependence of our estindate$3)n
To be precise, we will show here that, for eakhe 0,

fim P52 A)12] 104 < R | Iwllogo1 <8) = F(R), (18)

whereF (R) is the probability that

sup |B(t) — B(s)| < R?
0<s<t<o

whenB(-) is a one-dimensional Brownian motion and (cf. the notation in Lemma 1)

o=2 f Y2y (y)? dy.
B(0,1)

15
16
17
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In particular, this means that, for eagh- 2, 1
. 2
g@)P(HA(w)Ho,[o,u <8" | Jwllofo1 <8) =0. s
A proof of (18) can be based on the following line of reasoning. First, one observes that it Sufiishsw that :
imP(57 sup_ [Ao,(wiz— Aos )iz < R?| [wlojox < 8) = F(R). (19) s
N0 0<s<r<1 .
Second, because, giver({|w(?)|: r > 0}), t ~ Ag,(w)1,2 an independent, one-dimensional Brownian motion
run with the clockt ~ fé(wl(r)2 + wo(1)?) dr, (19) is tantamount to the statement that, for each0, 9
1 10
. 2 2 11
(!@)P(B /(wl(f) +wa(r)?)dr —o | > ‘||w||o 0.1] <5>=0- "
0 13
Moreover, by using Brownian scaling, this is equivalent to proving 14
8’2 15
16

lim B( |52 2 2) dr — ‘ <1)=o.
lim ( / (Wi (D)2 + wa(0)?) dr — 0| > €| wllg 0,-2 < i
0 18
Hence, we need only prove the following ergodic theorem. 19

Proposition. Setyu(dx) = v (x)?dx, wherey is the first Dirichlet eigenfunction f%%A on B(0,1). Then, for 2

any measurable and bounded functign 22
1 T 23
lim IP’( / V(u)(t)) dr — (V)| > € ‘ lwllo.o,r] < 1) =0, 24
T—o0 25
0 26
where(V) = fB(O,l) V (x)p(dx). 27
28
Proof. First note that it suffices to show that 20
1 T 30
Tllm IP’( / V(w(r)) dr — (V)| > ¢ ‘ lwllo,j0,7+2] < 1) =0, 31
— 00 32
1

and apply the Markov property to see that (cf. the notation in the proof of Lemma 1)

1 T+1 35

]P( = / V(w®)de = (V)| > €| lwlojorsz < 1) %
1 37

1 38

= T520 / p1(0, )E[u(L, x +w(T)), I'(T,x,€) N {llx + wllo 0,7 < 1}] dx, 30
B(0,1) 40

where 4
T 42

1 43

I'(T,x,¢e)= ?/Vx—i—w(r))dt—( V[ >eq. "
0 45

6 To be completely kosher, one has to check here that continuous. However, this follows from the fact that the joint distribution of*’
min;¢(o,1) B(t) and maxgq,1) B(t) is absolutely continuous with respect to Lebesgue measuR£on 48
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Next, remember that/ is strictly positive onB(0, 1). Hence, for eachr € (0, 1), there is aK, such that
p1(0, »)u(l, y) < K,y (x)¥ (y) for (x, y) € B(0, r)2. At the same time, we know (cf. Lemma 1) that, fag (0, 1),

p1(0, 0)E[u(L, x +w(T)), I'(T,x,€) N{llx + wlloo7) < 1}]dx
B(0,1)\B(O,r)

+ / pl(O,x)E[u(l, x+ w(T)), r'T,x,e)N {||x + wllo0,7] < 1} N {’x + w(T)’ > r}] dx
B(0,1)
<Ke? f p1(0, x)u(T, x)dx + K e *P({[lwlloo,r+y <1} N {|W(T +1)| >r})
B(0,1)\B(0,r)

K?Q24 _ _
<G - ket [ pon( [ meod)d
B(0,1) B(0,1)\B(0O,r)
2
TN ).
T

Hence, since(T + 2,0) > e *"*+2 we can find for each > 0 we aC, < oo such that

1
(T +2.0 / P10, O)E[u(1, x +w(T)), I'(T, x,€) N{llx + wllo 07 < 1}]

B(0,1)
<n+Cp T / Y OE[ (x + w(T)), I'(T,x,e) N {lx+wloon < 1}]
B(0,1)
for all T > 1. Therefore, all that remains is to show that
Tlim el / YOE[Y (x +w(T)), I'(T,x,€) N {[x +wloy<1}]=0 foreache > 0. (20)
—00
B(0,1)

The proof of (20) requires us to kndwhat there is a Borel probability measu@eon C ([0, co); B(0, 1)) with

31

the property that, for eachi > 0 andI” € C([0, oo); B(0, 1)) which is measurable with respect to the path o

[0, 7],
) =T [ y@EW(+ ). Fo i+ wloan < 1f]ds.
B(0,1)
To see this, all that one has to do is check the consistency statement

& / VOBV (x + w(TD). 7' {Ix + wloor < 1}]
B(0.1)

=2 / Y OE[Y (x +w(T2), I' N {llx +wlloo,71 < 1}]

B(0,1)

for 0 < Th < T> andI"'s which areo ({w(?): t € [0, T1]})-measurable, and this comes down to

7 Those familiar with the term will recognize what we are doing here is as a parabolic/Btahsform.
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E[y (x +w(T2), I' N {llx +wliojo,7;1 < 1]

= E[ f Y (V) pr-1i (x +w(T), y)dy, I' 0 {llx +wlloo.7] < 1}]
B(0,1)
=e MRy (x + w(T). I' N {llx + wllo oz < 1}].
In fact, what this calculation shows is thatis a time-homogeneous Markov process with a transition probability
function given byg, (x, y) dy, whereg, (x, y) = € (x) "1 p; (x, y)¥ (y). Moreover, we have started this process
with initial distribution (dx) = ¥ (x)?dx, and, because (x)%g; (x, y) = €My (x) p; (x, y)¥ (y) is symmetric in o
(x, y), this process is reversible and therefore stationary. Finally, bega(sey) is positive onB(0, 1)2, it follows 10

o o~ W N P

thatu is the only stationary measure and therefore that the process must be ergodic. Hence, since 1
T 12

1 13

e [ w@E[Y(+um). rTx a0 wlopy <War=0( |7 [Ve@)d - ze). L

B(0,1) 0 15

(20) is now a simple application of the ergodic theorerm 16
17

18
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