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Abstract

We show that any continuous path of finite p-variation can be lifted
to a geometric g-rough path, ¢ > p.

1 Introduction

Let

(1(t), ..., zn(2))

be a continuous function of bounded variation, and Vi,...,V, some smooth
functions from R? into itself (vector fields). Then there exists a (unique) solution
to the control differential equation

{ dy(t) = 2, Vi(y(t))da(t) (1)
y(0) = yo.

But without the smoothness assumption on x (which is for example almost
surely not satisfied by Brownian motion), classical theory fails to give a meaning
to the above equation. Rough path theory [11, 12, 10] gives a meaning to
equation (1), assuming that x is a continuous path of finite p-variation lifted to
a “p-rough path”. A informal way of seeing a p-rough path is the following one:
one assigns values to the iterated integrals

/ dx (85,) .. .dx (ss,),
§<Si <...<Sik <t

1<Ek<]Ip],0<s<t<1. Suchintegrals are not derived from x using classical
integration theory, as = is not smooth enough; a rough path is a continuous path
x together with choices for the above objects, The choices have to be internally
consistent, respecting the algebraic relationship that iterated integrals of smooth
paths and satisfying a particular “p-variation” constraint.

Rough path’s theory gives much more than a meaning to equations of the
type of equation (1). From the lift of x to a p-rough path, one can solve equation



(1) and obtain y lifted to a p-rough path. Moreover, the map from the lift of x to
a p-rough path to the lift of y to a p-rough path is continuous, in an appropriate
topology. Canonical lifts from continuous paths of finite p-variation to p-rough
paths have been constructed for Brownian motion [12, 9], fractional Brownian
motion with Hurst parameter greater than 1/4 [3, 12], free Brownian motion
[2, 16], and a large class of random paths on fractals [1, 7]. This lift of a path
z in R” with finite p-variation to G[P! (R™) might not exist for every path (the
theorems refer to almost every path), and if it does, it will never be unique
(although the lift to G™ (R") from a p-rough path in GI?) (R") will always exist
and will be unique if m > [p]).

A very natural question is the following: can a given continuous path of finite

p be lifted to a p-rough path? We will see that any path of finite p-variation
can be lifted to a g-rough path, for ¢ > p. Actually, any V-valued path of finite
p-variation can be lifted to a GP!/(V)-valued path of finite p-variation, whenever
p is not an integer. This is not true for integer valued p; a counter-example for
p = 2 was provided in [16].
The theorem we prove is actually more general. We are going to show that if x
is a path of finite p-variation with values in a group GP! (R") /K, where K is a
normal subgroup of G/ (R™), then one can lift = to a path of finite p-variation
with values in GI!! (R") (providing that p is not an integer greater than or equal
to 2).

Given a signal z of finite p-variation with values in GI?! (R™) /K, there always
exists a non-unique lift of x to X as a ¢g-rough path, ¢ > p. The last part of the
paper answers the following question: which solutions of differential equations
depend explicitely on the lift X of 7 In general, it is obvious that it does depend
on the lift. We will see that if the Lie algebra generated by the vector fields
(Vi),<i<,, in (1) is isomorphic to the Lie algebra of a quotient of G”I (R") /K,
the first level of the rough path solution of equation (1) does not depend on the
lift, while, in general, the higher levels will depend on this lift.

2 Algebraic Preliminaries

2.1 Carnot Groups

If G is a simply connected nilpotent Lie group with Lie algebra G, then the Lie
group exponential map exp : G —G is a diffeomorphism [14, 15]. In this case
we let In : G — G denote the inverse of the exponential function. We start with
a couple definitions.

Definition 1 A Carnot group' is a connected nilpotent Lie group G, such that
its Lie algebra G can be written as

G=W,&...0W,,

In most definitions of a Carnot group, G is assumed to be finite dimensional. We do not
make such an assumption here.




where for all i, W1 = [Wy1, W;]. For an element g = exp(wy + ...+ w,) € G,
with w; € Wy, we let, fort € R,

69 = exp(twy + ... + t"wy,).
6 is called the dilation operator.

Definition 2 A (symmetric sub-additive) homogeneous norm [4] on a Carnot
group G is a function ||.||s : G — RT such that

(i) gl if and only if g =1,

(i) N6l = [t llglle »

(iir)  forall g,h € G, lg@hlg <lgle+ lhlq,

(iv)  forall g, |gllg =g~ -
Such a norm define a left invariant distance on the group by dg(g,h) = Hlf1 ® g||G.
We will say that (G, ||.||s) is a normed Carnot group.

If G is a fixed Carnot group with finite dimensional Lie algebra, all ho-
mogeneous norms on G are equivalent. The Carnot-Caratheodory norm is an
example of a homogeneous norm on a Carnot group [6].

Let G be a normed Carnot group with Lie algebra G, K a Lie subgroup of G,
with Lie algebra IC. If K is a closed normal Lie subgroup of G, or equivalently if
K is closed ideal of G, then G/K is then a Carnot group with Lie algebra G/K
[14]. If G is equipped with a homogeneous norm ||.||;, then we equip G/K with
the quotient homogeneous norm on G/K

H~HG/K5G/K - R
9K — il gk

We will denote by 7 ¢ x the canonical homomorphism from G onto G/K.
Sometimes, it will be more convenient to write gK for 7¢,q/x(9)-

Proposition 3 Let (G,|.|;) be a normed Carnot group, K a closed normal
Lie subgroup of G. There exists an injection ic k. : G/K — G such that

(i)  7a,a/k °ia K, is the identity map of G/K,

(id) Forallt e RY, gK € G/K, & (ic k¢ (9K)) = ic/Kx.c (6: (9K)),

(iii) For all gK € G/K, HgKHG/K < |r

ick.c(9K)| g < 219Kl )k -

Proof. Let Bg i (exp(0), 1) be the unit ball of (G/K, H.HG/K) centered around

the neutral element of G/K. By definition of the homogeneous norm on G/K,
for all g € 71'&1(;”{(BGv/K(exp(O)7 1)), there exists k € K such that

19K llg/x <llg @kl <llgKllg/x +1-
Hence for all g € WEIG/K(Bg/K(eXp(O), 1)), the set

My ={g®Fk such that k € K and 1 < ||g® k|5 <2}



is non-empty. iq/x,¢ on Ba/k(exp(0),1) is just any function which at gK €

Beg/k (exp(0),1) associates an element of Umewg}G/K(gK)Mm; such function ex-

ists by definition of the axiom of choice. We then extend ig k¢ to G/K with
the help of the formula i,k q(6:9K) = étic/k,c(gK). ®

2.2 Free Nilpotent Groups

We now introduce a fundamental example of a Carnot group.

We fix (for the rest of the paper) a normed vector space (V,||.||;). We let
T(V) =,—, V®" be the tensor algebra over V. T(V') equipped with standard
addition 4+, tensor multiplication ® and scalar product is an associative algebra.
T™(V), the quotient algebra of T(V) by the ideal 5 V®m inherits this

m=n+1
algebra structure. One can define on 7" (V) a Lie bracket by the formula

[a,b)) =a®b—b®a,

which makes 70" (V) into a Lie algebra. We let G (V) be the Lie subalgebra
of T (V) generated by elements in V. Note that

GM(V) ~ @ Vi,
i=1

where
Vi=V and Viyy = [V, Vi]. (2)

G (V) is the free nilpotent Lie algebra of step n [11, 12, 13]. The exponen-
tial, logarithm and inverse function are defined on 7 (V') by mean of their
power series. We denote by G (V) = exp (Q(") (V)) By the Baker-Campbell-
Hausdorff formula, (G(”)(V), ®) is a connected nilpotent Lie group, called the
free nilpotent Lie group of step n over V. By construction, (G(”)(V), ®) is a
Carnot group, with Lie algebra G(™ (V).

We are now going to equip G(")(V) with a homogeneous norm. We first let
[I.||; be some norms on V' such that for all (a;,a;) € VE' <V, [la; @ 4, ; <
laill; + [las||;- To simplify notations, we will write [|.|| for all these norms. Now
define

, 1/i
lgll oy =  max (i gl
where g = 14+ g1+...4 gn, gi € V®, is an element of the group G (V). Then
[l (1) defines a homogeneous norm on G (V). We also let
dam vy (9,h) = [P @ gll o 1y -
Proposition 4 Let g =exp(ly + ...+ 1), with l; € V;. Then,

1/i 1/i

cn max " < llgllgen vy < Cn max 1],

for some constants ¢, and C,, which depends only on n.



Proof. Let us fix i € {1,...,n} and write g = 1 + g1 + ...+ gn, with g; € Vi
By definition of the exponential function,

k
ngZi—l' Z ), ®...91;.
i=1

J1s--5Ji

Jit..+ji=k
Hence,
1/k
kgl
1/k :
Flgel )™ < |5 D0 Ml
i=1 J1se-05Ji
Jit...+ji=k

< (K (exphk— D))" max )7

veey

Similarly, by definition of the logarithm function,

= (1)
lkzz ; Z 91 @ .. @ gy,
i=1

C J1seenJi
Jit...+ji=k

which gives that for all 1 < k < n,

Il < ezt gl gem v

for a constant ¢, > 0. ®m
Corollary 5 Let K = exp(K) be a closed normal subgroup of G (V). Then,
ifg=exp(lh +...+1,) withl; € V,

HQKHG<n>(v)/K <
li + ki”)l/l B
Corollary 6 Let C(G™ (V) be the centre of G™ (V) and @ the canonical iso-
morphism between G~ (V) and G™ (V) /C(G™ (V). Then the homogeneous

norm ||| g1 vy and [|0C)][go vy /caom vy are equivalent. We will therefore
not distinguish between them.

Cn > n

max;—1,..n (infx,exnv;

3 Geometric Rough Paths

In this paper, by E-valued path, we mean a function from [0, 1] into E.

3.1 On p-variation

Definition 7 Let (E,d) be a metric space. A (E,d)-valued path x is said to
have finite p-variation if for all subdivisions D = (0 <ty < ...<t, <1) of the
interval [0,1], 3207 d(x¢;, ¢, )P < 00.



Note that x is continuous and of finite regular p-variation if and only if for
all s <t, d(zs,xt) < w(s,t), where

(i)  w:{(s1),0<s<t<1} — RT is continuous.
(i)  w is super-additive, i.e. V s <t < u, w(s,t) +w(t,u) <w(t,u). (3)
(i) w(t,t) =0 for all ¢t € [0,1]

We will say in such case that x has finite p-variation controlled by w.
We are going to show that a continuous (F,d)-valued path of finite p-
variation is, up to reparametrisation of time, ;—)-Hélder continuous. If w satisfies

(3), then (s,t) — w(0,1) (% - %) is a continuous additive map, equal
to zero on the diagonal, and w(0,t) — w(0, s) > w(s,t) (by the super-additivity
of w). Therefore, a path is of finite p-variation if and only if there exists an
non-decreasing and continuous surjection « from [0, 1] onto [0, 1] and a positive

constant C' such that
for all s <t, d(xs,z)? < C|y(t) —v(s)].
For such a «, we define
v = [0,1]
t — inf{u,y(u) =t}.
The following is straightforward to check.

Lemma 8 Let x be a continuous (E,d)-valued path of finite p-variation con-
trolled by (s,t) — C|y(t) — v(s)|, where v is a continuous increasing surjection
from [0,1] onto [0,1]. Define
y:[00,1] — FE
t — Yy=1(t)-
Then, y is a 1/p-Hélder (E,d)-valued path
Reciprocally, if y is a 1/p-Holder (E,d)-valued path then
z:[0,1] — E
= X0

is a continuous path of finite p-variation controlled by (s,t) — C|y(t) — v(s)|.

When z is a path with values in a group (G,®), we will use the notation
Tsp = x;l & 2.

Definition 9 A geometric p-rough path in V is the closure in the p-variation
metric of the canonical lift of smooth V -valued paths to G[p](V)-valued paths.

In particular, a geometric p-rough path is a GP!(V)-valued path of finite
p-variation. The set of GIP)(V)-valued path of finite p-variation strictly contains
the set of geometric p-rough path, and is strictly included in the set of geometric
g-rough path, ¢ > p. We refer to [5] for a precise discussion on the subject. We
will deal exclusively with G/ (V')-valued path of finite p-variation, and use the
fact that such paths are geometric g-rough path, ¢ > p.



4 The Extension Theorem

We first need an important lemma.
Lemma 10 Let (G, ||.||;) be a normed Carnot group with Lie algebra
Q:W169W2®...@Wn,

Define K to be a closed subgroup of exp(W,,), which gives us a normed Carnot
group (G/K, ||.HG/K>. Let x© be a 1/p-Hélder (G/K,H.HG/K)-valued path.
Then, if p > n, there exists a 1/p-Holder (G,||.||;)-valued path T such that
TG,6/K (T) = .

Proof. Observe first that K is a subgroup of the center of G. In particular, K
is a closed normal subgroup of Gi. To construct our path z, we are first going to
construct its increments Z,; when s,t € Dy, = {5%,j € {0,...,2"71}} with
t —s =27, doing this for all m. z,; will be constructed in such a way that
1Zstll o < Ct— 5|1/p for a given C' < co. Multiplying the increments, we will
then have defined z on all dyadics, and we will (classically) check that for all s
and ¢ dyadics, [T, < C"|t — s|1/p, for a given C" < co. This will allows us
to extend by continuity the definition of Z over the whole interval [0, 1].

So we define recursively on m some elements ka%,g_,}, jeq0,...,2m — 1},

m € N, in the aim of defining the elements T_; ;1 with the formula
i, S

T it =ig/K,G (x_.L m) ®k i1

PRI PUCRRYID PUCRRYID

where ik is the injection of proposition 3. This will ensure that 7, ¢/ (T) =
x. First, we let, ko1 = exp(0). Then, we assume that kg it (and hence

T %) has been constructed for all 0 < j7 < 2™ — 1 and a fixed m, and we let

2mM 5 2

621/71,( 2 21'+1) = 621/n(k 25+ 21+2)
omF1gmT1 +1’2m+1

~ - -1 : -1
T_i it Dla/r,G | T2t 2i42 ®ra/r,c | T_ 25 2541 | -
21 2 2m+1 s ym1 om+1omF1

We easily check that 7¢ q/x (k 2 241 ) = exp(0), i.e. that k_2; 2;41 =

ML omFl

k2 2141 242 € K. As elements of K commute with elements of G, and with
2m+172m

the help of the formula 51/ (j) = j®2 for j € K, we check that this choice for

k 2j 2541 and k21+1 2542 gives
om—+12om+1 om—+179om+1

i i+l = T _2j5 2j+1 ® T 254+1 2542 .
2m 5 2m om+129m+1 om+17gm+1

We then define a,, = 2"™/Psup;cry  am-1y Hk%% o By the assumption

that x is 1/p-Holder and by the definition of ig/x g,

; —m/p
HZG/K’G(Q% g )H <2H T =202 '

G/K




Hence, from the previous inequality, we obtain that

ol/mg=(mil)/pg < q,,27™/P 4 2= (mH)/po2H1/pC

i.e.
Amt1 < ol/p=1/ng 4 9241/p=1l/ncy,
As n < p, we have 21/P~1/" < 1 which forces the sequence a,, to be bounded.
So we have constructed for every m > 0, j € {0,...,2™ — 1} some elements
T i1 =ig/K,G ($L M) ®k_; ;+1 € G, such that
PUCENYID ’ PUCRNTID PRI
Hﬂ?_Lm < 2H£.L& +‘k_Lm
2 || 31T 5 3T G/K 2 ||
< <QC + sup am> 27mP = (O, 27 m/P, 4)
m

Remember also that for all dyadic 2%,

T j j+1 = X _2j 241 Q@ X 2j+1  2j42 .
PRI uCE om+1 1 om+1 om+1°om+1

That allows us to define

-1

.

= z

L
27T 5y Mm

+1.

2

From this point, the proof is similar to the end of Kolmogorov-Centsov
criteria’s proof [8]. We fix » € N, and show by induction on m that for all
s,t € Dy, such that 0 <t —s <277,

Bl < 2Cpm 3 27907, (5)
J=r+1

When m = r+1, necessarily, (s,t) is of the form (2%, 2&,”1), jed{o,...,2m —1},
and so (5) is exactly formula (4). Suppose now that formula (5) is valid for
m=r+1,...,M — 1. Take s,t € Dj; such that 0 <t —s < 27", and consider
t; = max{u € Dy;_1;u < t} and s = max{u € Dy;_1;u > s}. Notice that
|Zs,s || and ||Z¢, 4[|, are both bounded by Cp, 2~ /P and, by the induction
assumption, that

M-1

||%‘517t1 || <— C;Uﬂl j/p
G
Jj= 1

Therefore, as
xs,t - xs,sl ® xsl,tl ® ‘rtl,t,



M-1

|Zoile < 2Cpn2 Y7420, Y 279/
J=r+1
M
= 20, Y, 2797,
j=r+1

which concludes the induction.
Now let us consider (s,t) € UU,,>9 Dm, and let n be the natural number such
that 2=("t1) < ¢t — s < 277, From the induction, we obtain

[Zsell < 2Cpn Z 27i/P < C, 27+ 1/p (6)
Jj=r+1

< Cynlt—s"?.
We finally define z5; for 0 < s <t <1 by

Tsy = lim Zprg ry.
) r—oo 2T T ar

1/p.

From (6), the limit exists and Z, ; satisfies ||Z5¢|| < C~'p7n [t — s ]

We are now ready for our main theorem.

Theorem 11 We fix p € [1,400). Let K be a closed normal subgroup of
GV, If x is a (G([p])(V)/K, |\.\|G([p])(v)/K) continuous path of finite p-

variation, with p ¢ N\{0, 1}, then there exists a continuous (G([p]) (V), H.||G([pl)(v)) -

valued path x of finite p variation such that

TGe) (V)G (v K (T) = .

Proof. As noticed in section 3.1, we assume without loss of generalities that =
is 1/p-Holder. We denote by IC1 @ ... @ Ky, the Lie algebra of K, with IC; C V;.
We define for k =1,...,n,

H® = G® (V) /exp(Ky)
and

M® = GOV exp (K1 @ ... 3 Ky)
H(k)/exp(/Cl@...GBKk—l)~

We are going to construct recursively some H*)-valued paths y*) and G*)-
valued paths #(F) which are 1/p-Holder and such that

TE ) M) (y(k)> = TpeD Mk (l')v (7)

TGR) N(R) (l’(k)> = TpdeD, M k) (). (8)



Using lemma 10, (¥ is easily constructed from y*), so we only need to construct
the paths y*).

For k=1, yM =7y yo () isa HY = G (V) /exp (K1) valued path,
which is 1/p-Holder.

We now assume that we have a G*)-valued path (*) which is 1 /p-Holder
and which satisfies equality (8).

Zk+) = {(g,m) e G x M*+D guch that Tao m (9) = 7TM(k+1)’M(k)(m)}
with the product
(91,m1) ® (92,m2) = (91 ® g2, M1 ® M2)
is a group. The application
v . gD g0
gexp(Kry1) — (gexp (Vir1),gexp (Ko ® ... D Ky)).

is easily seen to be an isomorphism. ¥ can also be described by the following
formula: if £, € V1 & ... 8V}, and [+l ¢ Vk+1,

T (exp(lr) exp (Vig1) ,exp(fr + F Y exp (Ko @ ... ® Kig1))
= exp({y) exp(IF) exp(Kit1)-

Hence, using proposition 4 corollary 5, we see that there exists a constant Cj1
such that for all (g,m) € Z*++1),

127" (g m)|| gy < C (llgllga + lImllppasen) -

For all ¢ € [0, 1], (ajgk),ﬂ'M([p])’M(kle) (z)) € Z* D hence we can define

YD — gt ( gk),wM([pn,M(kH) (l‘t)) :

Note first that **+1) satisfies the equality (7). Because ¥~ is an isomorphism,

k+1 _ k
y(t ) _p-1 ($g,t)7ﬂM([PJ>,M(k+1> (7s¢)) and hence

v (|l

- o

(k)

s,t

(k+1)
s,t

IN

+ || 7 ara aroern (ffs,t)||M(k+1>)

M([p])) :

G (k)

-

A\

k
Py P o

[

By hypothesis and induction hypothesis, :vglft) o st ppen < Ct— s\l/p,
(k+1) _op
hence ’ Yot ‘H(Hl) <Clt-s|"".

Using the induction step until we reach the level [p], we obtain a GP)(V)-
valued path z(P) which is 1 /p-Holder and such that

TG, M () (x([p])) = TpreD), m(eh (T) = .

]
We ought to make a couple comments on our main theorem.

10



Remark 12 Note that we could have considered a continuous path of finite p-
variation with values in a quotient space of G™(V), with n > [p]. If K™ is
a closed normal subgroup of G (V) and = is a 1/p-Hélder path with values

in (G(")(V)/K("), H‘HG("')(V)/K(M); with p ¢ N\{0, 1}, then there exists a 1/p-
Hélder G (V)-valued path T such that

Tam vy, vy km (T) = .

To prove this, first let KD = 7rg<n>’G([p])(K(")). The canonical projection of

into GPI(V) /K P) is a 1/p-Hélder path. Hence, by the previous theorem, there
exists a 1/p-Holder GPY(V)-valued path zP) such that

T (vy,c v/ k) (T ) = T vy awl(v) ) (T).-
Then, by the first main theorem in [11], ") can be (uniquely) extended to
a 1/p-Hélder (G(”)(V), H.Hg(m(v))—valued path (™). By the uniqueness state-

ment, ™ must satisfy

TG (V),GM) (V)/K (™) (:p(")) = .

Remark 13 As already pointed out in [11, 12], if p > 2 and if there exists one
(G([p])(V), H‘HG([PD(V)) -valued path T of finite p variation such that

7TG<[pJ>(v),(;([pn(v)/K(f) =7,
then there exists uncountably many such paths.

Remark 14 The condition p ¢ N\{0, 1} is necessary. In [16], a counter exam-
ple was given for the free Brownian motion, which is a path of finite 2 variation
(being %—Hdlder) living in a non-commutative L?-space. It was proven that,
when L? @ L? is equipped with the projective tensor product, there does not exist
a path of finite 2-variation with values in the nilpotent group of step 2 over L.

Remark 15 If p is a natural number greater than or equal to 2, keeping the
notation of the previous theorem, we can find, for any fixed ¢ > p, a geometric
q-rough path T such that

Wg(m(v),(;(p)(v)/}(@) =z
This is obtained just by noticing that a path of finite p-variation has finite (p+¢)-
variation, for all € > 0.

We end up with a corollary, which was the motivation of this paper.

Corollary 16 Ifp € [1,00)\{2,3,...}, a continuous V-valued path of finite p-
variation can be lifted to a path of finite p-variation, with values in G[p](V) For
any p, a continuous path of finite p-variation can be lifted to a geometric q-rough
path, ¢ > p.

11



Proof. Apply theorem 11 to K = exp (EBE’;] " V;) and use the previous remark.
]

That means, in particular, that one can always define a notion of solution
to differential equations controlled by a continuous path of finite p-variation,
whatever the p is.

5 Rough Differential Equations for which the
Extension does not Matter
We fix a real p > 1. X**+¢(R?) denotes the class of k times differentiables vector
fields with the k*"-derivatives being e-Holder and with all the first k-derivatives
being bounded. We consider Ay, -- - , A, some elements of X7 (R%), with v > p.
We fix a basis e, --- , e, of R™, and extend the linear application
R™ — X7(RY
e; — A;.
to an algebra homomorphism / ﬁ] from T(PD(R?) into the space of continu-
ous differential operators. Note that F f;‘)] restricted to the free Lie algebra

(D (R™). i A
g p (R )7 1.e. (F[p])w([l’])(]Rm)’
Recall that if x is a p-geometric rough path, a solution of the differential
equation

is a Lie homomorphism into X°(R%).

dy; = A(yt)dxt
Yo = a

is an extension of x to z €GQ(R™*?) that projects onto (x,y), (zo,y0) = (0, a),
and such that

t
zsyt:/ W zy)dz,,

where

h : R™®R'— Hom (R™® R R"™ & RY)
(z,y) — ((dX,dY) — (dX, A(y)dX)).

The map x — z is called the Ito map, and denoted I4 : GQR™) — GQR™ &
R%). We also let 7 denote the projection from G(P)(R™ @ R?) onto R%.

Theorem 17 Let z be a 1/p-Holder path in GP)(R™) /K , where K is a normal
subgroup of GPD(R™) with Lie algebra K and x an extension of = to a 1/p-
Holder path in GIPD(R™) (1/(p+¢) if p is an integer). Assume that the kernel

A
[p] |G([PD) (R™)

1/p-Holder path in GPD(R™+4) which, in general depends on the extension of
x to a geometric p-rough path x. Nevertheless, mo I4(x) depends only on x.

of the Lie algebra homomorphism (F contains K. Then I4(x) is a

12



Proof. To see that I4(x) depends on general of the extension of x to a p-rough
path x, just consider the Ito map which is the identity. m o I4(x) is easily seen,
using similar techniques as in [11, 12], to be the only 1/p-Holder path associated
to the almost additive functional
st = Fip (%) (Us) = s
Yo = a.

We then see that y,; only depends on x, which proves our result. m
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