
59. Klein{Gordon equationThe Klein{Gordon equation dates to the legendary early period of development of quantum me-chanics in the 1920s. Though physically problematic, it is mathematically intriguing as an equationthat is both hyperbolic and dispersive.The equation originated with attempts to combine relativity theory and quantum mechanics forthe description of high energy particles. Toward this end, Oskar Klein and Walter Gordon indepen-dently proposed a model for motion of a charged spinless particle in an electromagnetic �eld. Startwith the energy relation of special relativity, E2 = m2+ p2, where E is energy, m is mass, and p ismomentum. Following the �rst postulate of quantum mechanics, make the operator substitutionsE ! i@=@t, p! �ir, and set m = 1 for simplicity. The result is the Klein{Gordon equation,utt = r2u� u; (1)where u = u(x; t) is the quantum mechanical state function (usually denoted  ).In the limit of vanishing mass, the undi�erentiated term of (1) would be zero and we would havethe standard wave equation (! ref ). Even for nonzero mass, the Klein{Gordon equation can betackled by a number of analytical techniques. It is a linear second-order hyperbolic equation, andit can be solved explicitly through separation of variables or Fourier integrals, and Green's functionmethods lead to solutions in appropriate geometries in terms of Bessel functions. Such approachesgenerally do not lead to closed-form solutions, however, and asymptotic or numerical techniquesmust be used to glean an understanding of the equation's behaviour.
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Fig. 1: Dispersion relation

For simplicity let us restrict our attention to one spacedimension. Then (1) becomesutt = uxx � u; (2)and Fourier analysis shows that for any k 2 IR, theequation admits the wave solution exp(i(!t+kx)) pro-vided that ! satis�es! = �p1 + k2: (3)This dispersion relation is illustrated in Figure 1, to becompared with Figure 3 of (! Wave1D). In the limitk ! 1, the behaviour is that of the wave equation,but for �nite k the behaviour is dispersive, with wavecrests traveling at a phase velocity that depends on k,c = �!k = �p1 + k�2:Note that as k ! 0, the phase velocity c diverges to 1. How can this be, since the equationis hyperbolic, with characteristics at slopes �1 and thus no information propagating faster thanspeed 1?4 March 2001: Embree/Loghin
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Fig. 1: Klein{Gordon (left) and wave equations (right)The answer is that under a dispersive wave equation, the energy or information associated witheach wave number k propagates not at the phase velocity but at the group velocity, de�ned bycg = �d!dk = �1p1 + k�2 :This formula shows that like c, cg depends on k, but it is never greater than 1. The signi�canceof cg can be seen in Figure 1, which compares the evolution of an initial pulse u(x; 0) = sech(x)under the Klein{Gordon equation to the evolution of the same pulse under the wave equation. Thehigh wave numbers propagate at velocities � �1, but lower wave numbers move more slowly. Forexample, along the lines corresponding to cg = �1=2 we �nd wave forms with local wave numberk = �1=p3.Though the Klein{Gordon equation turned out not to play the central role in quantum mechanicsthat its originators had hoped for, it appears occasionally in other applications. For example, itcan be utilised as a model of a wave moving in an elastic medium|a string embedded in a thinrubber sheet, for instance. The dispersive behaviour on the left half of Figure 1 can be interpretedin this light.
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