
23. Gray{Scott equationsPatterns are everywhere in nature. Examples include spots on butteries, stripes on zebras, tri-angles on seashells, ripples on sand dunes, clouds in the sky, waves in the ocean, chemical waves,�ngerprints, convection cells in uids, and pulses in a neuron. Patterns may be regular or quasi-regular or random; they may be stationary or quasi-stationary or rapidly moving. Where do thesestructures come from? In many cases, they arise as solutions to reaction-di�usion equations, thatis, systems of PDEs that combine linear di�usion with nonlinear interactions.In this book we consider seven pattern-forming equations individually: the Fisher, Allen{Cahn,Cahn{Hilliard, Field{Noyes, Fitzhugh{Nagumo, Hodgkin{Huxley, and XXX equations (! refs). Ineach case we discuss the details of how di�usion and reaction interact to generate certain behaviours.Yet in examining these special cases, there is a risk of losing sight of the great variety of furtherbehaviours that reaction-di�usion equations may also give rise to. With this in mind, we presenthere �rst a relatively complicated example in which the point is precisely to exhibit variety.The Gray{Scott equations were formulated originally by Gray and Scott in 1983; we shall not discusstheir original chemical motivation:ut = �1�u� uv2 + F (1� u); vt = �2�v + uv2 � (k + F )v: (1)These are a coupled pair of equations in two independent variables, u and v. Each variable di�usesindependently, and we �x the di�usion constants at �1 = 2� 10�5 and �2 = 10�5. Each also growsor decays independently according to the linear term F (1�u) or �(k+F )v. The coupling betweenthe two equations is provided by the third term, �uv2, which transfers energy nonlinearly from uto v. The parameters k and F are arbitrary positive numbers that we will adjust.The constant state u = 1, v = 0 is a steady solution to (1), and for any k; F > 0, this state is stablewith respect to in�nitesimal perturbations. A back-of-the-envelope calculation shows that there isalso a second constant steady state u = F=(k + 2F ), v = pk + F , which is stable for some valuesof k and F and unstable for others. The question is, how do non-constant solutions evolve? Themost interesting answers appear for parameter choices where the second steady solution is close toneutrally stable. Figure 1a illustrates a typical pattern gen-erated by (1) for one choice of param-eters. The snapshot shows values of u,with white corresponding to u = 1. Wesee regular dots in a hexagonal array in-terrupted by occasional dislocations. InFigure 1b, with di�erent parameters, thefavoured structures are interlocking blackand white channels. Both of these pat-terns move in time.Fig. 1a. k = 0:65, F = 0:3 Fig. 1b. k = 0:65, F = 0:6Figure 2 shows a whole range of parameter choices all at once, indicating the typical patternsexhibited for each choice. This beautiful image was generated by Roy Williams of the California4 March 2001: Lloyd N. Trefethen

stripes and spots, waves and rollsInstitute of Technology with the aid of many hours of supercomputer time, based on a 1993 paperof Pearson. One can interpret it as a map of the zoo, showing what fauna inhabit each region ofk-F space. Mathematically, it is a solution at large t of the equation (1), except that k and F arechosen to vary gradually in space. The red and yellow dots correspond to still and movie imagesavailable online at Williams' `Xmorphia' Web site.
Fig. 2. Dependenceon k and F .

To change the structures generated by a PDE, you may not have to change the form of the PDE,just the parameters in it. Evolution by natural selection takes advantage of this principle.ReferencesP. Gray and S. K. Scott, papers in Chem. Eng. Sci. 38 (1983), 29{?, Chem. Eng. Sci. 39 (1984), 1087{?, J.Phys. Chem. 89 (1985), 22{?. [selection to be made]P. Grindrod, Patterns and waves: the theory and applications of reaction-di�usion equations, 2nd ed., Oxford U.Press.H. Meinhardt, The algorithmic beauty of sea shells, Springer-Verlag, 1995.J. D. Murray, Mathematical biology, Springer-Verlag, 1993.J. E. Pearson, Complex patterns in a simple system, Science, 261 (1993), 189{192.A. M. Turing, The chemical basis of morphogenesis, Phil. Trans. Roy. Soc. Lond. B, 237, 37{72. c1999



R. Williams, Xmoprhia World Wide Web site, http://www.cacr.caltech.edu/ismap/image.html.
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