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Summary. It is well known that a necessary condition for the Lax-stability
of the method of lines is that the eigenvalues of the spatial discretization opera-
tor, scaled by the time step k, lie within a distance O(k) of the stability region
of the time integration formula as k — 0. In this paper we show that a necessary
and sufficient condition for stability, except for an algebraic factor, is that the
e-pseudo-eigenvalues of the same operator lie within a distance O(g)+ O(k) of
the stability region as k, ¢ - 0. Our results generalize those of an earlier paper
by considering: (a) Runge-Kutta and other one-step formulas, (b) implicit as
well as explicit linear multistep formulas, (¢) weighted norms, (d) algebraic stabili-
ty, (e) finite and infinite time intervals, and (f) stability regions with cusps.

In summary, the theory presented in this paper amounts to a transplantation
of the Kreiss matrix theorem from the unit disk (for simple power iterations)
to an arbitrary stability region (for method of lines calculations).

Mathematics Subject Classification (1991): 65M20, 15A18

1 Introduction

Since the early work of von Neumann, Lax, and Richtmyer, it has been recog-
nized that analysis of eigenvalues gives necessary but not sufficient conditions
for the (Lax-) stability of discretizations of linear initial-value problems [30].
Eigenvalue analysis is so convenient, however, that the tendency among engi-
neers has been to ignore this pitfall and assume that a discretization is stable
if it passes an eigenvalue test, with results usually more or less correct but
sometimes considerably in error [3, 11, 24, 25, 36]. Theoretical numerical ana-
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lysts, on the other hand, too mathematically conscientious to gloss over a gap
in the theory, have tended to dismiss eigenvalue analysis as of merely heuristic
value except in the well-known special case where the operators involved are
normal.

The purpose of this paper is to show that this gap between necessary and
sufficient — or between theory and practice — can be eliminated if one restates
the usual arguments in terms of e-pseudo-eigenvalues instead of eigenvalues.
For each £¢z0, the e-pseudospectrum of a matrix A4 is the set of all numbers
zeC that are eigenvalues of A+ E for some perturbation matrix E with |E{ Le.
Such numbers z are called e-pseudo-eigenvalues. Our main result gives necessary
and sufficient conditions for stability in terms of pseudospectra, and can be
roughly stated as follows: a linear method of lines calculation with time step
k, spatial discretization operators {L,}, and stability region S is Lax-stable,
except for an algebraic factor, if and only if all the e-pseudo-eigenvalues of
the operators {k L} lic within a distance O(g)+O(k) of S as ¢, k — 0.

Any statement about the pseudospectra of a matrix A is equivalent to a
statement about the norm of its resolvent (zI— A4) !, for as is readily shown,
a number zeC is an e-pseudo-eigenvalue if and only if ||(zI—A4) " || =&"! [38].
The use of resolvents has a long history in stability theory. Mathematically,
what is at issue here is the transplantation of the Kreiss matrix theorem, in
a sharpened form established in [21] and [33], from the unit disk to an arbitrary
stability region.

In an earlier paper [28], our pseudo-eigenvalue stability criterion was proved
for the special case of method of lines calculations on an infinite time interval
based on explicit linear multistep formulas with cusp-free stability regions, in
the 12 norm. This paper amounts to an extension of that result to:

(a) Runge-Kutta and other one-step time integration formulas,
(b) implicit as well as explicit linear multistep formulas,

(c) weighted norms,

(d) algebraic stability,

(¢) finite and infinite time intervals,

(f) stability regions with cusps.

The paper is organized as follows. Section 2 formulates the problem and defines
the notation. Section 3 presents the definition of pseudospectra. Section 4 pres-
ents an example which illustrates our main results. Section 5 states a theorem
for stability of semidiscrete evolution equations. Section 6 reviews the Kreiss
matrix theorem, which gives conditions for power-boundedness of families of
matrices, and presents generalizations for algebraic stability and for stability
on finite time intervals. Section 7 proves our main stability result for one-step
methods. This result is generalized in Sect. 8. Section 9 states our main results
for linear multistep methods. The proofs are just sketched, since most of the
details are presented already in Sect. 7 and [28]. It is also shown that a modified
criterion based on pseudospectra applies to linear multistep methods whose
stability regions have cusps. In Sect. 10, the theory is applied to two finite differ-
ence discretizations. Section 11 reviews previous and current related work. Our
results are reasonably complete for time integration formulas with bounded
stability regions and we present partial results for unbounded stability regions.
As the above summary suggests, this paper is rather long. However, we
would like to emphasize that the main points of our stability theory are not
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difficult to follow. The main ideas and results can be understood by first looking
at Sects. 2, 3, and 4, which define the notation and illustrate the theory with
an example, and then proceeding to the Kreiss matrix theorem in Sect. 6 and
to our main results, Theorems 7.1 and 9.1.

The availability of a new stability criterion based on pseudospectra does
not imply that analyzing stability will necessarily be easy in particular cases.
Like spectra, pseudospectra must often be estimated numerically. Indeed, our
theorems suggest that for practical work, a reasonable way to test for stability
is to calculate eigenvalues in the usual way after modifying the matrix by one
or two random perturbations of size, say, 10~ or 1076,

The application of the results of this paper to questions of stability and
stiffness of numerical methods for ordinary differential equations is discussed
in [12].

2 Notation

Here is the formulation of the problem [30]. We consider the method of lines
approximation of an autonomous linear evolution equation

2.1) u=%u ulx,0=f(x), te[0,T],

where & is a time-independent linear differential operator, which may incorpor-
ate boundary conditions, and u is a scalar or vector function of ¢ and of one
or more space variables x. Equation (2.1) is first approximated with respect
to the space variables by finite differences, finite elements or spectral methods
on a discrete grid, transforming the p.d.e. into the system of o.d.e.’s

(2.2) v=Lyv, v(0)=f,

where v(f) is a vector of dimension N,<co and L, is a matrix or bounded
linear operator. At this stage the subscript k is an arbitrary positive real parame-
ter that determines the spatial grid in an unspecified manner. The semidiscretiza-
tion (2.2) is then approximated with respect to t by a linear multistep, Runge-
Kutta, or more general one-step formula with time step k. If we write v"xv(nk),
then the resulting full discretization becomes

(2.3) Vil = A, v = G(k L) V",

with appropriate initial conditions. For a one-step time integration formula,
v"=v", while for an s-step formula we define

(2.4) Vi=

The function G(w) characterizes the time integration formula. For a linear mult-
istep method, G(w) is a companion matrix. Its entries are affine and rational
functions of w for explicit and implicit multistep methods, respectively. For



238 S.C. Reddy and L.N. Trefethen

Runge-Kutta or one-step methods, G(w) is a polynomial or rational function
that approximates ¢* for wa0.
The full discretization (2.3) is defined to be Lax-stable if

(2.5) ARl £C forallmand k with 0Znk<T,

for some constant C and all sufficiently small k. The Lax Equivalence Theorem
states that (2.5) is a necessary and sufficient condition for convergence of the
discrete approximation as k — 0, assuming that the initial-value problem (2.1)
is well-posed and that the discretization (2.3) is consistent [30].

Throughout this paper, {|-|] denotes the weighted 2-norm defined by a non-
singular weight matrix W.! The matrix W depends on the grid, and hence on
k, in a fashion that in principle is arbitrary. In applications, if W is not the
identity, it will typically be a discrete diagonal approximation to a smooth
weight function such as a Jacobi or Laguerre weight.

3 Pseudospectra

Let A be a real or complex square matrix of dimension N. Here is the definition
of pseudospectra.

Definition. Given £=0, a number zeC is an e-pseudo-eigenvalue of 4 if any
of the following equivalent conditions is satisfied:

(i) zis an eigenvalue of 4+ E for some E with |E| Ze¢;

(i) JueC¥ with ||uj|=1 such that |(4—z)ul| Ze;

(ii)) (zI-4)" "z

The ¢-pseudospectrum of A, denoted by A,(A), is the set of all e-pseudo-eigen-
values of 4.

The vector u in (ii) is called a normalized e-pseudo-eigenvector. The function
(zI—A)~! is the resolvent. The proof of the equivalence of the three conditions
is given in [38].

If # is a Hilbert space and 4: # — # is a bounded linear operator, then
conditions (i}(iii) are not quite equivalent. Let A(A) denote the spectrum of
A. In this case, z is defined to be a ¢-pseudo-eigenvalue if ze A(A) or if ze C\ A(A4)
and |[(zI—A)" | =e" L.

For a normal? matrix or operator A, A,(A) is simply the union of the
closed ¢-balls around the spectrum of A. On the other hand, if 4 is non-normal,
then 4,(A) may be much larger than the spectrum, even if ¢<1. It is in these
cases that considering the spectrum alone may be misleading. Highly non-normal
matrices arise in many areas in numerical analysis. In previous work we have
examined the pseudospectra of non-normal matrices arising in spectral discreti-
zations of partial differential equations [28] and have also obtained results
on pseudospectra of Toeplitz matrices [29]. An introduction to the idea of
pseudospectra can be found in [37], and a longer survey is in preparation

[38].

! This norm is defined by |x|=|x|lw=|Wx|, and |E|=||E|y=|WEW |, for vectors x
and matrices E, respectively

2 An operator A4 is normal if A*A=AA", where A* is the adjoint of A. If ||-|| is the usual
2-norm, then A* is simply the Hermitian conjugate 4*. For our weighted 2-norm the adjoint
is given by the more complicated expression A =W~} (W~ )* A* W*W
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Fig. 1. Powers of 4,=G(k L,) for the problem (4.1) with k=0.25/(N—1)

Our stability theorems are based on resolvents and make frequent use of
the following result. Let V< C be an open set with boundary 0V and closure
V.If A, (A) < V for some £>0, then

(3.1) lzI—A) ' <e™!  VzedV

For zeC\ V, the same estimate holds with a strict inequality. In general the
set V will depend on &.

Our stability analysis via pseudospectra and resolvents is related to previous
work by Bakhvalov, Godunov and Ryabenkii, Di Lena and Trigiante, Lenferink
and Spijker, Lubich and Nevanlinna, Kreiss and Wu, and others (see Sect. 11).

4 An example

Our analysis of stability via pseudospectra was originally motivated by investiga-
tions of spectral methods on bounded domains [36, 39]. Before proceeding
to our results we present an example of this type which illustrates the main
points of our theory.

We consider a discretization of the initial boundary value problem

4.1) = —xu, —12x21, u(x,0)=f(x).

The method combines collocation at the Chebyshev points for the spatial discre-
tization with the third-order Adams-Bashforth formula (AB3) for time integra-
tion (see [28, 36, 39] for the details).

The standard eigenvalue criterion for stability requires the eigenvalues of
the operators {k L,} to lie in the stability region of the time integration formula.
It is straightforward to show that the eigenvalues of L, are the integers —(N
—1), =(N=2),...,0, where N=N,. Hence, a necessary condition for stability
is that k < C/(N —1), where C~0.6 for AB3.

In actuality, the above stability condition leads to an exponential instability.
To show this numerically, we set k==0.25/(N — 1) and attempt to verify the defini-
tion of stability (2.5). Figure 1 plots the powers || A%]| for the unweighted 2-norm
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(a) N =32 (b) N =64

Fig. 2. Pscudospectra of the Chebyshev spectral discretization matrix for problem (4.1). The

striped region is the stability region. The solid line on the negative real axis marks the spectrum

A(k L,). The shaded region is the e-pseudospectrum for e=1072 and the curves (from outer
to inner) are boundaries of the e-pseudospectra for e=1072, 1073, 1074, 1075,107%,107"

for several values of N. For fixed dimension N, and therefore fixed k, || A}
is bounded as a function of n. Thus, the discretization is time-stable. However,

as the plot indicates, sup |A4}| grows exponentially with the dimension N;
O<nksT

the discretization is not Lax-stable. This exponential instability exists for any
choice of time step of the form k=C/N. In practical calculations, it can lead
to large errors in the computed values of u(x, f).

The reason for the instability becomes apparent upon examining the pseu-
dospectra for this problem. Figure 2 compare the pseudospectra of the operators
k L, for N=32 and N =64. The thick solid line on the negative real axis marks
the spectrum. The shaded region is the e-pseudospectrum for ¢=10"3, and the
curves are the boundaries of the pseudospectra for this and various other values
of & The plots show that the spectrum lies comfortably within the stability
region, regardless of N. However, for each fixed £>0, 4,(k L,) grows as k—0
and N — o0; it has radius approximately O(N), violating our stability criterion
(Theorem 9.1). A quantitative investigation of the resolvent shows that for every
fixed ueC, the resolvent norm ||(uI —k L,) ™ !|| grows exponentially with N. This
accounts for the exponential growth seen in Fig. 1.

In [28] we showed that a sufficient condition for algebraic stability for this
spectral discretization is k=0 (N ~2). For any choice of time step satisfying this
condition, the e-pseudospectra of the operators {k L,} remain bounded as k — 0,
ensuring stability.

5 Stability of semidiscretizations

Before examining the stability of the full discretization (2.3), we first present
a stability (or well-posedness) result for the semidiscretization (2.2).
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The solution of (2.2) is
(5.1 v(t)=e" £,

where e™’ can be defined by a Taylor series. The family of semidiscretizations
{e"'} is defined to be stable if

(5.2) le"<C(®)  Viz0,

where C(t) is some function independent of k [10, Chapter 5]. The fundamental
result for stability of the family of semidiscretizations is the continuous version
of the Kreiss matrix theorem [35, Lemma 4.1]. The following result is a restate-
ment of a sharpened version of one part of this theorem [21, 33].

Theorem 5.1. Let {L,} be a family of matrices or bounded linear operators of
dimensions N, < oo. If

(5.3) et | <Ce® V20

Jor some constants C and w, then the e-pseudo-eigenvalues {u.} of the operators
{Ly} satisfy

(5.4) Repy.sw+Ce  Vez0.

Conversely, (5.4) implies

(5.5) et | <eCNe® Vi=0.

Proof. The relationship between pseudospectra and resolvents presented in
Sect. 3 implies that (5.4) is equivalent to the condition

C

Hg=—""— R .
H_Re#_w, ep>w

(5.6) It — Ly)

If (5.3) holds, then (5.6) follows readily from the Laplace transform formula
(5.7 (uI-L) '=[e™eldt Reu>w.
0

Conversely, a more complicated argument based on a resolvent integral shows
that (5.6) implies (5.5) [21, 33]. [

If C=1 in (5.4), then |el'|| <e® for all =0 by the Hille-Yosida theorem
(13].

6 The Kreiss matrix theorem

Now we turn to fully discrete problems. Our Lax-stability results for method
of lines discretizations are based on a sharpened version of the resolvent condi-
tion of the Kreiss matrix theorem [21, 33]. This theorem gives necessary and
sufficient conditions for the power-boundedness of a family of matrices in terms
of the pseudospectra of these matrices. In the present section we review this
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result and give three generalizations which give conditions for algebraic stability
and for stability on finite time intervals.

Let {A,} denote a family of matrices or bounded linear operators of dimen-
sions N, < co. Let D denote the open unit disk and D its closure. The following
result is the same as Theorem 1 in [28], except that since the publication of
that paper, Spijker has sharpened the result by eliminating a troublesome factor
of 2 [33]. For a simple derivation of Spijker’s result see [41].

Theorem 6.1. If the operators {A,} satisfy

(6.1) I4%l=C  ¥Ynz0

Jor some constant C, then the e-pseudo-eigenvalues {1} of these operators satisfy
(6.2) dist{4,, D)<Ce Vez0.

Conversely, (6.2) implies

(6.3) A3 <eCmin{N,,n+1} Vn20.

Proof. The relationship between pseudospectra and resolvents implies that (6.2)
is equivalent to

(6.4) {(AI—-4,) v 2eC\D.

N
= dist(4, D)

With (6.2) replaced by (6.4), the theorem becomes the sharp form of the Kreiss
matrix theorem proved in [33]. O

It is well known that the resolvent condition (6.4) is necessary for power-
boundedness. The sufficiency of this condition for power-boundedness with an
additional factor of only O(N,) was first proved by Tadmor [34] and appears
to be less well known. The question of to what extent the factors N, and n
in (6.3) are sharp has not yet been fully settled. McCarthy and Schwartz [23]
showed that (6.4) does not imply power-boundedness by constructing a family
of operators {A,} satisfying (6.4) for a fixed C with sup ||4%(|,=C log?N,, for

nz0

some constant C’ and f<1/4. On the other hand the results of LeVeque and
Trefethen [21] and Spijker [33] show that the factor e N, is sharp if one requires
uniformity over all constants C>0.

If C=1 in (6.2), then the algebraic factors in (6.3) can be deleted. In this
case, the pseudo-eigenvalue condition implies that the field of values & (4,)
lies in the closed unit disk [38], which in turn implies that |4} <2 for all
n=0 [26, 30]. This result is analogous to the Hille-Yosida theorem in the semi-
discrete case.

The simple relationships between the conditions (6.1), (6.2) and (6.3) immedi-
ately yield the following corollary, which gives conditions for algebraic stability
with respect to the dimension N,

Corollary 6.2. If the operators {A,} satisfy
(6.5) |43 SCNf vnz0
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for some constants C and >0, then the e-pseudo-eigenvalues {4,} of these opera-
tors satisfy

(6.6) dist(4,, D)SCNFfe Ve=0.
Conversely, (6.6) implies
(6.7) |AY SeCNf min{N,, n+1} Vn=0.

Results for algebraic stability with respect to the power n can be derived
by modifying the pseudo-eigenvalue condition (6.2). The following theorem is
a restatement, in the language of pseudospectra, of results in [8] and [34].

Theorem 6.3. If the operators {A,} satisfy
(6.8) AN SCyn* ¥Yn>0

for some constants C| and o.>0, then the e-pseudo-eigenvalues {1,} of these opera-
tors satisfy

(6.9) dist(4,, D)§C2(8“—J§T+e) Ve=0.

Conversely, (6.9) implies

{6.10) |42l £Csn*min{N,,n} VYn>0.

The relationships between the constants C; depend only on «.

Proof. It can readily be shown that (6.9) is equivalent to the condition

C,(1 +dist(4, D))
dist(4, D)**!

(6.11) IAI—A) Y < VieC\D

for some constant C,. The proof that (6.8) implies (6.11) is given in [8]. Converse-
ly, it can be shown that (6.11) implies (6.10) by using a resolvent integral as
in[21]or [34]. I

The crucial feature of the estimate (6.9) is the behavior of the ¢-pseudospectra
as ¢ 0. Theorem 6.3 is still true if (6.9) is replaced by the condition that the
e-pseudo-eigenvalues satisfy

A
6.12) dist(A, D)SCy ™l 0<e=<e

for some ¢4 < oo. The O(g) behavior of the e-pseudospectra for large ¢ implied
in (6.9) follows as a corollary of (6.12), as is shown below in Lemma 7.2.

We now establish conditions for power-boundedness of the operators {4,}
when the powers satisfy 0<nv< T for some T>0. The following result is an
extension of Theorem 6.1. The mathematics of such an extension is straightfor-
ward [30, Sect. 4.9]. For this result we assume that 0 <v<v, for some vy < c0.

Theorem 6.4. If the operators {A,} satisfy
(6.13) IAsCy OsnvsT
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for some constant C,, then the g-pseudo-eigenvalues {1,} of these operators satisfy
6.14) dist(A,, D)SC,e+C3v  Ve20.

Conversely, (6.14) implies

(6.15) (A S Cy(T)min{N,, n} O0<nv<T

The relationships between the constants C; depend only on vy and T.

Proof. It is convenient to rewrite (6.14) in the equivalent form

(6.16) A(A)EDcrrc,y V20,

where D; denotes the closed disk of radius 1+J centered at the origin. First
assume that (6.16) holds. Scaling both sets by ¢~ 3*, we obtain

(617) e_cavAs(Av)Ee_CsvDC25+C3v§DC28e*03V VSgO,

sincee ©"(1+C,e+ C3v) <14 C,ee” . It is easily shown that the e-pseudosp-
ectra of an operator L satisfy the scaling identity [38]

(6.18) Apelal)=aAd, (L) VaeC
Applying this result to (6.17) with a=e~ 3", we obtain
(6.19) Ao eu(e™ S A)EDgype eye V20,

Condition (6.19) is equivalent to the power-boundedness condition (6.2) for the
family of operators {e”“*" 4,}. Hence, by Theorem 6.1, (6.15) holds with C,
=¢ Cz CC3 T.

Conversely, suppose that (6.13) holds. It is easily shown that the family
{e7%" 4,}, with C5=10g(C,)/T, is power-bounded by C, [30, Sect. 4.9]. Hence,
Theorem 6.1 implies

(6.20) A=Y A)sDe,, VezO.

We now proceed by reversing the steps in the first part of the proof. Applying
the scaling identity with a=e~¢*" to (6.20) we obtain

(6.21) e Y A, cq(d)S Do, V0.

Multiplying both sets in (6.21) by €3” and applying the inequality >’ <1+ Cyv
with C;=(e%*"°—1)/v, yields (6.16) with C,=C,. [

7 Stability of one-step time integration formulas

We now prove our main stability result for method of lines discretizations based
upon one-step time integration formulas.
It is convenient to rewrite the full discretization (2.3) in the standard form

(7.1) =gk L)v"=A, 0", °=f,,
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where ¢ (w)=p(w)/q(w) is a rational function of type (r, s). (We will assume that
the polynomial g(w) is monic.) Following the spectral theory for bounded linear
operators described, for example, in [7] and [14], we assume that ¢ (w) is analytic
in some neighborhood of the spectrum of kL,. This condition ensures that
¢k L) is well defined. The spectral mapping theorem states that the spectra
of A, and kL,, which we denote by A(A4;) and A(k L,), are related by A(A,)
= ¢ (A(k Ly)).
The stability region S of the time integration formula is defined by

S={weC: ¢(w)eDj}.

If A(kL)<S, and k L, has no defective eigenvalues on 48, then A(4,)=D and
A has no defective eigenvalues of unit modulus. This condition implies that
A, is power-bounded and is the well-known eigenvalue condition for stability.
We make the following assumption about the stability region:

(A.1) S is bounded and ¢’ (w)=0 for wedS.

This condition excludes A-stable and other common implicit formulas with
unbounded stability regions. Note that the boundedness of S implies that r=s.
The derivative condition is equivalent to the statement that | ¢ (w)] has no saddle
points on ¢ 8S.

Our main result for stability of one-step formulas on the infinite time interval
is analogous to our earlier stability result for multistep formulas [28, Theo-
rem 2]. The family of operators {4,} is stable, except for an algebraic factor,
if the e-pseudo-eigenvalues of the operators {kL,} lie within a distance O(g)
of § as ¢ = 0. For one-step methods, however, the converse need not hold unless
the operators {k L,} satisfy an additional hypothesis, as demonstrated by an
example below. The hypothesis we shall make is the following:

(A.2) There exists a non-empty domain V<€ and a constant M < oo such that
I(uI —k L)~ ') <M for all ueV and all k.

For their necessary condition for stability of the method of lines, Di Lena and
Trigiante [6] assume that the family {k L} satisfies a uniform boundedness
condition [k L,J| £C. This uniform boundedness assumption implies (A.2) (take
V to be a set sufficiently far from the origin).

Here is our main result for stability on the infinite time interval.

Theorem 7.1. Let (7.1) be the method of lines discretization of (2.1) based upon
a one-step time integration formula satisfying Assumptions (A.1) and (A.2). If

(7.2) I4il=Cy Vn20,

then the e-pseudo-eigenvalues {y,} of the operators {k L} satisfy
(7.3) dist(u,, S)=C,e  VYez0.
Conversely, (1.3) implies

(74) A2 £Cymin{N,n} V¥n>0.

The relationship between the constants C; can be chosen to depend only on the
one-step formula and on the constant M and the set V of Assumption (A.2).
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Before proving this theorem we give the contrived example mentioned above
to show that if Assumption (A.2) is omitted, then (7.2) does not imply (7.3).
Suppose that the second-order Runge-Kutta formula, defined by the polynomial
dpw)=3w?+w+1,is applied to the family of matrices {k L,} defined by

5 kLk=[—1+c(k) 1/e (k) ]

0 —1+ck))’

for 0<k=<1. Here c(k) is any function satisfying 0<|c(k)]£1 and lim c(k)=0.
A simple calculation shows that k=0

[H+e) 2
(70 S

The family {4,} satisfies (7.2) but not (7.3), and it can be shown that for any
fixed u¢S, [(ul —kL) ' —>co as k—0.

Theorem 7.1 can be proved by the same arguments used in the proof of
Theorem 2 in [28]. Here we take a more general approach and introduce three
lemmas which can also be applied to our subsequent results for algebraic stability
and for stability on finite time intervals. First, however, we simplify the statement
of the theorem by an application of the Kreiss matrix theorem. Theorem 6.1
implies that Theorem 7.1 holds if (7.3) is replaced by the condition that the
e-pseudo-eigenvalues {1} of the operators {4,} satisfy

(1.7) dist(1,, D)SChe Vez0

for some constant C’,. Hence, it is enough to show the equivalence of (7.3)
and (7.7). That is to say, it is enough to show the equivalence of

(7.8) (uI—kLy) 1”§W VueC\S
and

_ C, _
(7.9) (AT —Ay) 1|}§m Y ieC\D.

This will be our goal for the next few pages.

The first lemma encapsulates the following observation. Suppose, say, that
A(4,)< D and that (7.9) is known to hold for A satisfying 0 <dist(4, D)<t for
some t>0. Then (7.9) must hold for all Ae@\D. The reason is that for / with
dist(4, D)=, the resolvent (AI — 4,) ! can be expressed by the integral

(7.10) (}J——Ak)—1=2—1“ﬁ j(l—z)'l(zI—Ak)"‘dz,
r
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where I' is any closed contour enclosing the spectrum of A, [7]. To be precise,
let us define I'={zeC: dist(4, D)=4t}. On this contour [[(z/—A4,) ' £2C,/t
by (7.9) and |1 —z|~ ' £ 2/dist(4, D). These last two estimates and (7.10) imply

1y <460 +47)

(7.11) I A) =g

since the length of I" is 27(1 +1 1). This bound in fact holds for all A¢D.
Analogously, it is enough to consider the estimate (7.8) for u near S. These

observations can be generalized by the following lemma, which is similar to

[7, Lemma VII.6.11]. Let A be a matrix or bounded linear operator and let

the set U< € be the union of a finite number of bounded connected domains.

Define I' to be the contour I'={ze C: dist(z, U)=4%1}. The proof of the following

lemma follows from the resolvent integral (7.10).

Lemma 7.2. If I encloses A(A) and |(zI— A)™ || < B uniformly for all zeT, then

CB
AT isfvi i >
(7.12) [(AT—-A)" ' < St ) Y 4 satisfying dist(4, U)=r.

The constant C depends only on the set U and on 1.

As a consequence of Lemma 7.2, we need only show that (7.8) implies (7.9)
for AeC\ D satisfying 0 <dist(4, D)<, for some 7,>0 and conversely, that (7.9)
implies (7.8) for ueC\S satisfying 0 <dist(y, S)<t,, for some 1,,>0. We can
define appropriate constants t,, and 7, depending only on the one-step formula.
Let {41;} be the roots of ¢(w)=1 and define the annulus

(7.13) Q. ={zeC: 0<dist(z, D)<1,},

where 7,<cc is chosen so that if AleQ,, then |u;| is bounded and ¢’ {u;)=0.
This is possible by Assumption (A.1). Define a corresponding set

(7.14) Q,={weC: 0<dist(w, S)<1,},

where 1,,>0 is chosen so that if ueQ,, then ¢(weQ..
The next two lemmas are the key results which relate the resolvents (41
_Ak)— 1 aﬂd (HI—kLk)— 1.

Lemma 7.3. Suppose that A(A)<D. Choose .€Q, and let {u;} denote the roots
of ¢(w)y=A. Then

(7.15) IAT—A) ™ =My Y I =k L) ™ + Mo,

i=1

where the constants M, and M, depend only on the one-step formula.

Proof. If A(A,)<D, then A(k L)< S by the spectral mapping theorem. Therefore
any number A€Q, lies in the resolvent set of A4, and thus (41— 4,)~" is well
defined. The roots {y;} lie outside of S and hence in the resolvent set of k L,
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Fig. 3. Lemma 7.3 relates the resolvent (A1 — A,)~ ! to the resolvents (; F —k L) ! {case r=3)

so (u;1—kL)™ ' is well defined also (see Fig. 3). We start with the relation (11
—A) " t=(A1—¢(k L))" '. The resolvent (A1~ A4;) ' can be related to the resol-
vent (ul —k L)~ ! by using the partial fraction decomposition

(7.16) (A—pw) ™ '= i(qﬁ'(ui))_l(urW)"+(/1—p)“‘,

i=1

where p= lim ¢(w) [22]. The last term in (7.16) is 0 if p=o0. Equation (7.16)
can be derived by an appropriate contour integral. The relation (7.16) still holds
if the scalar w is replaced by the operator k L,. We then obtain

(7.17) (AI—A,‘)“=§ (uilq;ic”ﬁk)_ +,1ip'

(This last result can also be derived by expressing (AI—A4,)” ' in terms of a
resolvent integral of (wI—kL,)~! as in [28].) Taking the norm of (7.17) yields
(7.15) with M, and M, defined by

(7.18) M,=[ inf |¢' (W'
ued ~1(82;)

and

(7.19) M,=[inf |A—p|]™!.
A€l

The definitions of 2, and Q, guarantee that M, and M, are finite. []

The converse result is similar to Lemma 7.3 but is more difficult to derive.
To show that (ul—kL,) ' can be bounded in terms of (A]—A4,)" !, we rely
on the additional Assumption (A.2). (If ¢(w) is affine or rational of type (1, 1),
then Assumption (A.2) is not required.) The proof of the following lemma makes
use of several lemmas proved in Appendix A and can possibly be simplified.
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Lemma 7.4. Suppose that A(k L,)<S. Choose ueQ,, and let J.= ¢(u). Then
(7.20) Il —k L)~ S M3 [I(AT— 407,

where the constant My depends on the one-step formula, on ||A.l, and on the
constant M and the set V in Assumption (A.2).

Proof. If A(kL)<S, then A(A,)=D. Therefore if ueQ, lies in the resolvent
set of kL, A=¢(u) lies in the resolvent set of A,. For the proof of the lemma
we start with the expression AI— A, =AI—¢(k L,). The function A—¢(w) has
the factorization

(=W B(w)
(7.21) A=pw =,

where p and q are relatively prime polynomials of degrees r— 1 and s, respective-
ly. The polynomial p depends on the choice of g, and the family of these polyno-
mials for ueQ,, is bounded in the sense that if K< C is a compact set, then
|p(w)| < C for all weK for some constant C independent of u. Now Eq. (7.21)
is valid if w is replaced by kL,. The operators (AI—A,) and (ul—kL,) are
both invertible, so we obtain

(7.22) (ul—kL) '=pkLyq ' (kLA —4)"".
Taking the norm of this last expression gives
(7.23) Il —kL) " <lp(kLo g™ (k Lol (AT~ A~

First, suppose that r>s. Lemma A.1 shows that Assumption (A.2) implies
Ik L,| <M,, where the constant M, depends on the one-step formula, on ||4,],
on M, and on the set V. Since |p(w)| is bounded, it follows that ||p(k L))l is
also bounded by a constant which depends on the same factors. Lemma A.2
shows that if w; is a root of g(w), then {(w;] —kL,)~'| is bounded by a constant
which again depends on the same factors. Combining these last results yields
(7.20) with

(7.24) My=[p(kLy)q " (kL.

Now suppose that r=s. In this case, the function p/q can be written as a product
of terms of the form (w,]—kL,)™ ! and (&I—kL)(w,I—kL,)™ ", where {; is
a root of p. Using Lemmas A.1 and A.2, it can be shown that ||(g,I—k L)(w,;I
~k L) ' €M, where the constant M depends on the same factors as the
constant M,. This last result and Lemma A.2 imply (7.20) with M defined
in(7.24). O

We now complete the proof of Theorem 7.1, making use of the Lemmas 7.2,
7.3, and 7.4.

Proof of Theorem 7.1. As mentioned above, we must show the equivalence of
the resolvent conditions (7.8) and (7.9).
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We first show that (7.8) implies (7.9). Condition (7.8) implies that A(k L)<= S.
The spectral mapping theorem implies that 4(A4,)<D. Now choose 1eQ,. The
estimate (7.15) in Lemma 7.3 and (7.8} imply that

_ r C
(7.25) MAT—A) " YEM, Y w2+ M,
= dist

(.ui: S)
By Assumption (A.1), there is a constant E, such that
(7.26) dist(4, D)< E, dist(u;, S) VieQ,.

Multiplying (7.25) by dist(4, D) and applying this last bound yields (7.9) with
C,=rME,C,+1,M,. Finally, Lemma 7.2 extends this conclusion from 1€,
to arbitrary AeC\ D.

The converse implication is proved in a similar manner. Condition (7.9)
implies that A(4,)<D. The spectral mapping theorem implies A(k L)< S. Now
choose uef,, and define 1=¢(n). Lemma 7.4 and (7.9) yield the bound

M;C;
- g 372
The constant M; depends on {|A,]| and hence on C, by (7.2). Assumption (A.1)
implies that there is a constant E, such that

(7.28) dist(s, S)<E, dist(1, D) VpueQ,.

Condition (7.27) and this last result yield (7.8) with C, =M E, C,. Again, Lem-
ma 7.2 extends this conclusion from peQ,, to arbitrary ue C\S. [

The relationship between Theorem 7.1 and the Kreiss matrix theorem is
similar to the relationship between a method of lines stability result proved
by Di Lena and Trigiante [5] and the Godunov-Ryabenkii criterion [9, 30].
The Godunov-Ryabenkii criterion states that a family of matrices {4,} can
be stable only if the spectrum of the family?, denoted by P({A4,}), satisfies
P({A,})=D. The Di Lena/Trigiante result states that a method of lines calcula-
tion with a bounded family of scaled discretization matrices {k L,} can be stable
only if P({kL})<=S. This result is proved by demonstrating that P({4,})

=¢(P({k Ly})).

8 Generalizations of Theorem 7.1

Theorem 7.1 can be generalized to give necessary and sufficient conditions for
algebraic stability and for stability on finite time intervals.

First, let us consider algebraic stability with respect to the dimension Nj.
Suppose that the e-pseudo-eigenvalues {y,} of the operators {k L,} satisfy

8.1 dist(u,, )SC,Nfe Vez0

3 Let {4,} be a family of matrices. A number zeC is in the spectrum of the family if and
only if (A —A4,)"*| is unbounded with respect to v [9] (see Sect. 11)
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for some f>0. Then Lemmas 7.2 and 7.3 imply that the ¢-pseudo-eigenvalues
{A.} of the operators {4,} satisfy

8.2) dist(4, D)SCyNfe V&0,

where the ratio C3/C, depends only on the one-step formula. By Corollary 6.2,
this last condition yields the stability estimate

(8.3) ALl £eCy Nf min{N,, n+1}  Vn20.

A converse result cannot be deduced from the results of the previous section.
Algebraic stability with respect to the power n follows from Theorem 6.3.
Theorem 8.1. Let (7.1) be the method of lines discretization of (2.1) based upon
a one-step time integration formula satisfying Assumptions (A.1) and (A.2). If

AR £Cin* Vn>0

for some >0, then the ¢-pseudo-eigenvalues {p,} of the operators {k L} satisfy
1
(8.4) dist(y,, S)SC,(e* T4+e)  Ve=0.

Conversely, (8.4) implies
(8.5) [A7| £Csn*min{N,, n} Vn>0.

The relationships between the constants C; depend only on the one step formula,
on o, and on the constant M and the set V of Assumption (A.2).

Proof. By Theorem 6.3, the result holds if (8.4) is replaced by the estimate that
the e-pseudo-eigenvalues {4,} of the operators {4,} satisfy
i

(8.6) dist(4,, D)SCy(e* T+e) Ve=0
for some constant C5. Hence, the theorem can be proved by showing the equiva-

lence of (8.4) and (8.6). The relationship between pseudospectra and resolvents
implies that it is enough to show the equivalence of the resolvent conditions

C,(1 +dist(u, S))*

(8.7) I(uI—kL) I dist(z, S VueC\§
and
(8.8) (01— -1 < 2UFdStE D) o

dist(4, Dy**!

The proof of the equivalence of (8.7) and (8.8) is similar to the proof of Theo-
rem7.1. [

We now consider stability on finite time intervals. Theorem 8.2 differs from
Theorem 8.1 in that A(kL,) need not lie in the stability region. However, if
u lies in the spectrum of k L,, then we must have dist(y, S)=0(k) as k— 0.
For this result we assume that A(kL,) lies sufficiently close to the stability
region, and this implies an upper bound on the maximum time step k.
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Theorem 8.2. Let (7.1) be the method of lines discretization of (2.1) based upon
a one-step time integration formula satisfying Assumptions (A.1) and (A.2) and
having a sufficiently small time step k. If

(89 [4z=Cy  0=nk=T

then the e-pseudo-eigenvalues {u.} of the operators {k L,} satisfy
(8.10) dist(y,, S)<Cre4+Csk V0.
Conversely, (8.10) implies

@8.11) AN SCymin{N,n} O<nk<T

The relationships between the constants C; depend only on the one-step formula,
on T, and on the constant M and the set V of Assumption (A.2).

Proof. First we rewrite the pseudo-eigenvalue condition (8.10) in the form
(8.12) dist(p,c,, S)Se+C3k  Vez0.

By Theorem 6.4 the result holds if (8.12) is replaced by the statement that the
pseudo-eigenvalues {4, ,} of the operators {4,} satisfy

(8.13) dist(Zyc,, D)Se+Cik V20

for some constants C, and C5. Therefore it is enough to show the equivalence
of (8.12) and (8.13). The proof of this equivalence is similar to the proof of
Theorem 7.1. Suppose that ue A(k L) and Ae A(A,). First, the spectral mapping
theorem and Assumption (A.1) are used to show that

dist(y, S)S Csk < dist(4, D)< Ch k.

Then, Lemma 7.2 and slightly modified versions of Lemmas 7.3 and 7.4 are
used to relate the resolvents (uI—kL,)~! for u satisfying dist(u, S)>C, k and
(AI—A,)~ ! for A satisfying dist(4, D)> C, k. We omit the details. [

We have been able to extend the above stability results to one-step formulas
with unbounded stability regions in some special cases. It can be shown that
Lemma 7.3 is also valid for the class of one-step formulas with unbounded
S and bounded JS. The extension of this lemma follows since ,, is bounded
for this class of formulas. Using this result the sufficiency parts of Theorems 7.1,
8.1, and 8.2 can be extended to this restricted class of one-step formulas. Also,
it can be shown that Theorem 7.1 is valid for the trapezoid formula defined
by ¢(w)=(1+1w)/(1—%w), which has the left half-plane as a stability region
[27, Sect. 5.5]. The generalization of our results to arbitrary unbounded stability
regions, however, has not been worked out yet.

9 Stability of linear multistep formulas

We now turn our attention to Lax-stability for method of lines discretizations
based upon linear multistep time integration formulas. Our previous paper [28]
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presented a result on the infinite time interval for explicit formulas whose stabili-
ty regions do not have cusps. In the present section we generalize that result
to implicit formulas, to algebraic stability, to finite time intervals, and, with
a suitable modification of the pseudo-cigenvalue condition, to stability regions
with cusps.

An s-step linear multistep method approximation to the semidiscretization
(2.2) can be written in the form

9.1 a " —k
=0

i

ﬂijv"+j=0
j=0

J

and is characterized by the polynomials
9.2) p@=Yu, o)=Y 2,
j=0 i=o0

with the convention a,=1 and |ag|+]|fo|%+0. By introducing the vector v in
(2.4), the full discretization (9.1) can be written in the compact form (2.3) with

gy ... Ay dg
9.3) A, =Gk Ly)=
1

Here a;=(I—B,k L))" " (B;k Ly—o;I) for 05j<s—1 and I=1y, is the identity
operator of dimension N,.*

The stability region S of the linear multistep formula is the set of numbers
weC for which all roots z of the stability polynomial n,,(z)= p(z) —wa(z) satisfy
|z;| <1, with only simple roots for |z|=1. If ueA(kL,), then each root A of
m, lies in the spectrum of A,. Conversely, ueA(k L,) only if there is a AeA(4,)
such that n,(2)=0. This result follows trivially for matrices. See [27, Sect. 5.10]
for a proof of this result for bounded linear operators. If A(k L,)< S and there
are no defective eigenvalues on 08, then A(A4,)< D with no defective eigenvalues
of unit modulus. This is the familiar eigenvalue criterion for power-boundedness.
As described in [28], the stability region can be characterized in terms of the
image of the unit circle under the rational function

9.4 r(z)="—=.

We restrict our attention to multistep formulas satisfying:

(B.1) S is bounded, with r(z)=* oo for zed D;

(B.2) ¥(z)*0for zedD.

* The weighted norm for vectors of length s N, is defined in terms of the block diagonal matrix

W,=I1,® W, where W is the weight matrix for vectors of length N,. If B and L are sx s and
N, x N, matrices, respectively, and 4 =B ® L, then it can be shown that | A|w_ < Bli, I|L|lw
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For explicit formulas the condition r(z)=+ oo for zed D implies that S is bounded,
but this does not hold for implicit methods. Condition (B.2) implies that the
stability region does not have cusps” and is necessary for Theorems 9.1, 9.5
and 9.6 below. A stability theorem for multistep formulas with cusps is given
at the end of this section.

Here is our fundamental result for stability on infinite time intervals. The
statement of this theorem is precisely the same as Theorem 2 in [28], but applies
here to implicit as well as explicit methods.

Theorem 9.1. Let (9.1) be the method of lines discretization of (2.1) based upon
a multistep formula satisfying (B.1) and (B.2). If

(9.5) [4kI =€, Vnz20,

then the e-pseudo-eigenvalues {y1,} of the operators {k L,} satisfy

(9.6) dist(p,, S)<C,e  VezO0.

Conversely, (9.6) implies

9.7) A2 SCymin{N, n}  Yn>0.

The constants C; are independent of k and the ratios C,/C, and C5/C, can be

chosen to depend only on the multistep formula.

Theorem 9.1 differs from the corresponding Theorem 7.1 for one-step meth-
ods in two respects. First, no additional condition analogous to (A.2) needs
to be imposed on the operators {k L,}. This is a consequence of the fact that
each entry of G(w) is either affine or a rational function of type (1, 1). (See
the remarks preceding Lemma 7.4.) Second, the relationship between the con-
stants C; is particularly simple in this case. This fact implies the following corol-
lary, which gives a pseudo-eigenvalue condition that is both necessary and suffi-
cient for algebraic stability.

Corollary 9.2. Let (9.1) be the method of lines discretization of (2.1) based upon
a multistep formula satisfying (B.1) and (B.2). If

(9.8) I =C,NE Vnz0

for some B> 0, then the s-pseudo-eiéenvalues {1} of the operators {k L,} satisfy
9.9) dist(p,, )SC, Nfe Ve=O0.

Conversely, (9.9) implies

(9.10) | A5 £C3 N min{N,,n} Vn>0.

The constants C; are independent of k, and the ratios C,/C, and C;/C, can
be chosen to depend only on the multistep formula.

We will only sketch the proof of Theorem 9.1 since it is given in [28] and
is similar to the proof of Theorem 7.1. Theorem 6.1 and the relationship between

5 Let S be a region in € with boundary 8S. A point wyed$ is a cusp if at most one ray
from w,, leads into S [4]
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pseudospectra and resolvents imply that the theorem can be proved by showing
the equivalence of the resolvent conditions (7.8) and (7.9). The proof of this
equivalence is similar to the corresponding proof for one-step methods. The
only difference is that we require multistep analogs of Lemmas 7.3 and 74 to
relate the resolvents (A1 —A4,)~ ! and (u7 —kL,)~* for 1 near D and p near §.

First, let us define the appropriate sets Q, and Q,,. Let . be the annulus
defined in (7.13), where 7,< o0 is now chosen so that r(z)# oo for all ze@,.
Let Q,, be the set defined in (7.14) with 1,<oo chosen so that for all ueg2,,,
the number 4 with maximum modulus satisfying r(1)=u satisfies 1€€,. The
following two results relate the resolvents.

Lemma 9.3. Suppose that A(4,)SD. Choosing 1€Q, and defining yu=r(}) yields
the estimate

0.11) AT =A™ I sMy M-k L)~ [+ M.

The constants M| and M, are finite and depend only on the multistep formula,
which is assumed to satisfy (B.1).

Proof. This estimate (9.11) can be derived using the contour integral

9.12) (U—Ak)"=2—1~ fA-GwW) '@ WI—kL) ' dw,
r

where the symbol ® denotes a tensor product and I' is any closed contour
enclosing A(kL,). The details are given in [28]. Alternatively, (9.11) can be
verified by directly expressing (11— 4,)” " interms of (ul ~k L)~ ' [27]. O

Lemma 9.4. Suppose that A(k L,))<S. Choose ne,, and let A, denote the root
of r(z)=p of maximum modulus. We then have the estimate

(9.13) Il —k L)~ IS M3 {l(An] — A~ + M,

The constants M5 and M, are finite and depend only on the multistep formula,
which is assumed to satisfy (B.1).

Proof. The resolvent bound (9.13) also follows from the integral (9.12) [28]
(see also [27]). O

These results differ slightly from the corresponding lemmas for one-step
methods. In contrast to Lemma 7.3, (A1~4,)" " is related to (u/—k L)™' at
only one point in Lemma 9.3. The result in Lemma 9.4 does not require any
additional assumptions analogous to {A.2) about the operator & ;.

The proof of the equivalence of (7.8) and (7.9) for multistep methods is accom-
plished using Lemmas 7.2,9.3, and 9.4 and is similar to the proof of Theorem 7.1.

Theorem 9.1 can be extended to give conditions for algebraic stability and
for stability on finite time intervals. The following theorems are similar to Theo-
rems 8.1 and 8.2 for one-step formylas. For stability on finite time intervals
we once again assume that k is sufficiently small so that A(kL) and 4(A4y)
are close to S and D, respectively. The proofs of these theorems are similar
to the proofs of the corresponding results for one-step formulas.
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Theorem 9.5. Let (9.1) be the method of lines discretization of (2.1) based upon
a multistep formula satisfying (B.1) and (B.2). If

[ =Cin* ¥n>0

Jor some a>0, then the e-pseudo-eigenvalues {p,} of the operators {k L,} satisfy
_1_
(9.14) dist(u, ISC,(e* 1+ Vez0.

Conversely, (9.14) implies
fALl S Cyn*min{N,, n} Vn>0.

The constants C; are independent of k.

Theorem 9.6. Let (9.1) be the method of lines discretization of (2.1) based upon
a multistep formula satisfying (B.1) and (B.2) and having a sufficiently small time
step k. If

(9.15) [Aill=Cy  O0=nk=T

then the e-pseudo-eigenvalues {u,} of the operators {k L,} satisfy
9.16) dist(u,, S)Cre+C3k  Vez0.
Conversely, (9.16) implies

9.17) |Af] £C4(T)min{N,,n} O<nk=T

The constants C; are independent of k.

These above stability theorems do not apply to linear multistep formulas
whose stability regions have cusps. If woe A(k L,) for some cusp wyeS, then
A has a defective eigenvalue of unit modulus and hence is not power-bounded.
Suppose on the other hand that the pseudo-eigenvalue condition (9.6) is satisfied
and wo¢A(k L) for any k, but that w, is an accumulation point of [ ) A(k L).

k

In this case, each operator 4, is individually power-bounded but the family
{4;} is not uniformly power-bounded. If (9.6) is satisfied and the spectra of
the operators {k L;} are bounded away from w,, then the operators {A4,} are
power bounded. A theorem to this effect is proved in [4] for the special case
in which the operators {k L,} are scalars.

The following example illustrates these ideas. Consider the midpoint rule,
vitl=y""t 42k L, v", in the special case where L,=I; is a scalar. The stability
region is the complex interval (—i, i), and the two endpoints +i are cusps.
Suppose that one of the cusps is an accumulation point of the family {k[}.
For example, let k[, =i(1 —k) for 0<k £ 1. Since L, =k L, is a scalar, the pseudo-
eigenvalues of these matrices lie within a distance £ of S. If applicable, Theo-
rem 9.1 would imply that the powers of the matrices {4,} are uniformly bounded
since N, = 1. It can be shown that this family of matrices is not uniformly power-
bounded; for each power n>0 there is a k, such that || Af[|,=n for all k<k,.
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To adapt our theorems to stability regions with cusps, it is convenient to
work with the sets defined by

Ss={weC: all roots of n,,(z) lie in D,},

where D;, defined in Sect. 6, is the closed disk of radius 146 centered at the
origin. These sets have the property that if wg is a cusp, then dist(wq, 05;)=0(52)
as 6 -0, whereas if wedS is not a cusp, then 48§, lies within a distance O(9)
of w as 6 » 0. The stability result for the infinite time interval can be roughly
stated as follows: the method of lines discretization is stable if and only if
A (kL) S S0 as e > 0 for 0<e<e,. The following theorem is a modified version
of Theorem 9.1.

Theorem 9.7. Let (9.1) be the method of lines discretization of (2.1) based upon
a linear multistep formula satisfying (B.1). If

(9.18) I4xl=Cy Vn20,

then the pseudospectra of the operators {k L,} satisfy
(9.19) A(KLYSSc,,, 0<e<e,
Sor some &, < c0. Conversely, (9.19) implies

(9.20) IAil < Cymin{N,, n} Vn>0.

The constants C; are independent of k. The ratios C,/C, and C5/C, and &, can
be chosen to depend only on the multistep formula.

Proof. The proof of Theorem 9.7 is slightly different from the proofs of the
corresponding results for multistep formulas without cusps since these previous
theorems are stated in terms of distances. First, it is convenient to rewrite (9.19)
in the form

9.21) Ay, kL)SS,, 0<e<é,.

By Theorem 6.1 and Lemma 7.2, the above result is true if the pseudospectra
of the operators {4, } satisfy

(9.22) Aye,(4)ED,,  0<e<iy

for some constants C’, and &;. The theorem is proved by showing the equivalence
of (9.21) and (9.22), which can be accomplished using Lemmas 9.3 and 9.4. [

This result holds for all linear multistep formulas with bounded stability
regions. If Assumption (B.2) holds, then dist(w, 0S;}=0(5) as é —0 uniformly
for all wedS. In this case, the condition on the pseudospectra (9.21) can be
expressed in terms of the distance to the stability region as in Theorem 9.1.
It is straightforward to extend Theorem 9.7 to algebraic stability and to stability
for finite time intervals; see [27] for the precise statements of these theorems.

Finally, as in the case of one-step formulas, the above results can be partially
extended to formulas with unbounded stability regions. In fact, Theorem 9.7
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and its generalizations are also valid for multistep formulas with unbounded
S and bounded 0S. This follows from the fact that Lemmas 9.3 and 9.4 can
both be extended to this class of multistep formulas.

10 Applications

In this section we reexamine, from the point of view of pseudospectra, two
stability results for finite difference approximations that fit into the method
of lines framework. First, we consider discretizations of systems of constant-
coefficient partial differential equations on infinite or periodic domains. By com-
bining the theory of the previous sections with Fourier analysis we obtain neces-
sary and sufficient conditions for stability that apply even when the amplification
matrices involved are not normal. We next consider a specific example: an
upwind approximation to the wave equation on a bounded interval. For this
problem, analysis based on pseudospectra correctly predicts the stability condi-
tion, whereas it is well known that standard analysis, based on eigenvalues
alone, gives an incorrect condition.

10.1 Finite difference approximations with constant coefficients

Finite difference approximations of constant-coefficient initial-value problems
have been studied extensively. We present a general stability result for approxi-
mations fitting into the method of lines framework. The following analysis closely
parallels [30, Chapter 4].

Assume that (2.1) is a constant-coefficient initial-value problem, where u(x, t)
is a vector function with p components of ¢t and of a single space variable
x on an unbounded or periodic domain. The operator % is a p x p matrix
whose entries .%; are linear differential operators. This system is first discretized
in space at the equally spaced points x;=jh. The spatial discretization operator
L, is a p x p matrix whose elements I;; are biinfinite Toeplitz operators. Approxi-
mating in t with a one-step or multistep formula satisfying our usual assump-
tions, we obtain the full discretization, which is often written in the form

(10.1) G (kL) V"t ' =Go(k L) V",

where in our notation G(w)= G }(w) Gy (w).
Many common finite difference formulas can be derived in the above manner.
For the first-order wave equation u,=u,, the leap frog formula

., k
(10.2) it =0T ‘+ﬁ(v7+1—v;’-l)

combines a centered difference in space with the midpoint formula in time.
Similarly, the upwind approximation given below as (10.6) combines upwind
differences in space and the Euler formula in time.
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The stability of the approximation (10.1) is determined by examining the

behavior of each Fourier mode e!**/ for ée[ ] Let 9"(¢) and L, (&) denote

Wk

the Fourier transforms of v" and Ly, respectively. The entries of the p x p matrix
L, (&) are the Fourier transforms l,j(f) of the Toeplitz operators [;;. Taking the
Fourier transform of (10.1) and employing the solvability assumptlon that
G, (k L,(¢)) is invertible, we obtain

(10.3) VU= 61 (k Li(©) Golk Li(£) ¥"(O)= Gk L () ¥(2).

The operator G(k L,(¢)) is the so-called amplification matrix. The approximation
(10.1) is Lax-stable if

(10.4) IG" (kLI SC  0=nk

A

T

uniformly for all fe[ B h] where here ||*| denotes the unweighted 2-norm.

The von Neumann condition is necessary for stability: the spectra of the
amplification matrices, 4(G(k L(&))), must lie within a distance O(k) of the unit
disk. The resolvent condition of the Kreiss matrix theorem, Theorem 6.1, streng-
thens this eigenvalue condition by giving both necessary and sufficient conditions
for stability in terms of the pseudospectra of the amplification matrices. On
the other hand, the following result, an application of Theorems 8.2 and 9.6,
gives conditions for stability in terms of the pseudospectra of the spatial discreti-
zation operators {k L,(£)} themselves.

Theorem 10.1. The approximation (10.1) is Lax-stable if and only if the e-pseudo-
eigenvalues of the operators {k L, (&)} lie within a distance O(e)+0(k) of S as

&, k — 0, uniformly for all ée[—-%, %]

In contrast to the theorems in the previous sections, the above result does
not contain any additional algebraic factors. The reason is that Fourier analysis
has reduced the stability analysis to the examination of matrices {L,(¢)} of
fixed dimension p.

10.2 Upwind difference approximation of the wave equation
Our second application is a much more specific example in which the presence

of boundary conditions precludes the use of Fourier analysis. The upwind finite-
difference approximation to the first-order wave equation

(105) U, =uy, XE[O, 1)’ u(xa O) =f(X), u(l’ t)=0

on the infinite time interval is a well-known example of the failure of eigenvalue
analysis to predict correctly the stability condition for method of lines discretiza-
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tions [3, 9, 11, 30].¢ Stability analysis of the discretization via pseudospectra
is straightforward and predicts the correct condition.
The upwind discretization of (10.5) is

k
(10.6) vj-'“=v;f-+-ﬁ(v§+1—v;?), 0Zj<N, n>0,

where v} is an approximation to u(jh,nk) and h=1/N,. Setting V"
=}, v}, ..., Uh,—1)", we can put (10.6) into the form (2.3) with G(w)=1+w
and

—1

(10.7) kL,F% .
~1

For simplicity we assume that y=k/h is a constant and that ||+|| denotes the
unweighted 2-norm.

Eigenvalue stability analysis of the full discretization requires that
Ak L)) S=D(—1, 1), where D(a, b) denotes the closed disk of radius b centered
at a. Since A(kL,)={—y}, this in turn implies y<2. This inequality is strict
since A, has a defective eigenvalue of unit modulus if y=2. As mentioned in
Sect. 4, the eigenvalue stability condition ensures that [[4;|| < C for all n>0,
for fixed k and therefore fixed dimension N,. In general the constant C depends
on k, so we must write C=C(k). The discretization is Lax-stable if C(k) is
bounded for all k. If 1<y<2, then the discretization is time-stable but not
Lax-stable. In fact, for such a choice of y the discretization is exponentially
unstable; it can readily be shown that

(10.8) max || Az Zy™ !
n>0

See [ 3, Sect. 10.5] for numerical results.

Where does the above analysis fail? Roughly speaking, eigenvalue analysis
is valid only if the spatial discretization operators are normal or close to normal.
The operators {k Lk7} for the upwind approximation are Jordan blocks and are
highly non-normal.  For these operators A (k L) is the single point { —y}. Stabili-
ty is determined by the pseudospectra, which for these operators are much
larger than the spectra. The e-pseudospectra A,(k L,) are disks about —y of
radius approximately y. In particular, any zeQ interior to D(—y,y) is an &-
pseudo-eigenvalue of kL, for a value of & decreasing exponentially as k—0
[291.

These properties of the pseudospectra of the operators {k L,} have the follow-
ing implications for stability. If y>1, then D(—v, y) is not contained inside

8 Other examples of the failure of eigenvalue analysis of finite difference discretizations are
described, for example, in [11, 24, 25]
7 The non-normality of these matrices is also pointed out in [3]
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3 ' 0 ' 3 ) ' ’ 0 ‘ 3
(a) unstable: v > 1 (b) stable: ¥ < 1

Fig. 4a, b. Upwind finite difference example (10.7). The shaded disk is the set D{(—7,y) and

the striped region is the stability region S. For any £> 0, the e-pseudospectra of the operators

{k L,} approximately fill the disk D(—7, y). If y>1 the ¢-pseudo-eigenvalues lie a finite distance,

independent of ¢, outside of S and the calculation is unstable. If y < 1, the ¢-pseudo-eigenvalues
lie within a distance ¢ of S and the calculation is stable

the stability region, as shown in Fig. 4a. A number zeD{—y, y)\S, is an e&-
pseudo-eigenvalue for a value of ¢ which goes to 0 as k— 0. This violates the
pseudo-eigenvalue condition of Theorem 9.1, and therefore the condition

(10.9) y<1

is necessary for stability. This condition is sufficient for stability also. It can
be shown that the e-pseudo-eigenvalues of the operators {kL,} lie within a
distance ¢ of the disk D(—vy,y) for all ¢=0 [29]. As shown in Fig. 4b this
last property implies that the e-pseudo-eigenvalues lie within a distance ¢ of
the stability region. Hence, condition (10.9) gives a necessary and sufficient condi-
tion for stability on the infinite time interval. This result can also be proved
by directly examining the resolvent (uI —k L,)~ ', which is easy to compute.

The figure suggests another way of stating the stability condition for the
upwind discretization: (10.6) is stable, except for an algebraic factor, if and
only if the disk D(—7y, y) lies in the stability region. It is clear from our results
in the previous sections that this result is also valid if we replace Euler’s method
with an arbitrary time-integration formula satisfying our usual assumptions.
This fact is summarized by the following theorem, which is valid for finite and
infinite time intervals.

Theorem 10.2. Let (2.1) be the full discretization of (10.5) with an upwind discretiza-
tion (10.7) in space such that y=k/h is a constant. Then the discretization is
stable, except for an algebraic factor, if and only if the disk D(—y,y) lies in
the stability region.

For one-step methods, the disk condition in Theorem 10.2 implies stability
without any additional algebraic factors. This result holds because of the remark
after Theorem 6.1: if the e-pseudo-eigenvalues of the operators {4,} lie within
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a distance ¢ of the unit disk, then || A} <2 for all n>0. It can be shown that
the disk condition imposed on the pseudospectra of the operators {k L,} implies
that the pseudospectra of the operators {4,} satisfy the condition above by
using standard properties of Toeplitz matrices (see [27] for the details).

The upwind example (10.6) can be correctly analyzed by many alternative
methods, as is well known. For example, it can be shown that (10.9) is necessary
for stability via the Courant-Friedrichs-Lewy condition [30], the Godunov-
Ryabenkii criterion [9, 30], or its transplanted version [5]. It can be shown
that (10.9) implies ||A7| <1 for all n=0 by using the contractivity results in
[32]. Furthermore, for this example it is straightforward to verify that (10.9)
is sufficient for stability by directly examining the powers of the operators {4,}.
For more complicated examples, however, the alternative methods for stability
analysis are not always applicable.

11 Previous stability results

There have been many previous stability results for method of lines discretiza-
tions of linear evolution equations. The majority of these focus on conditions
for algebraic stability on the infinite time interval, defined by

(11.1) JA <SCr*Nf ¥Yn>0

for some constants «, =0, and apply to one-step time integration formulas
with general norms. For the most part, these results are limited to sufficient
conditions for Lax-stability, or, when both necessary and sufficient conditions
are obtained, to a restricted class of discretization operators {L,}.

In one of the early papers [2], Brenner and Thomée prove a stability result
for A-stable one-step formulas on finite as well as infinite time intervals. They
assume that the operators {L,} satisfy

(11.2) el <C, et Vt20

for some constants C, and w=0, and show that if w=0, then (11.1) holds
with a=% and f=0. If >0 then this same result only holds on the finite
time interval. These results are obtained using the Hille-Phillips operational
calculus.

Spijker, Lenferink and Kraaijevanger consider more general one-step time
integration formulas [15, 17, 32]. They restrict attention to operators satisfying
the circle condition:

(11.3) Ik L+ pl =p,

for some p>0. They estimate | 4| directly by using a series expansion and
show that (11.3) implies (11.1) with a=4 and f=0 if D(—p, p)<S, where D(a, b)
denotes the disk of radius b centered at a. If this disk intersects the boundary
of the stability region only at the origin, then (11.1) holds with a=0 and =0.
A more restrictive condition on k related to the absolute monotonicity of ¢(w)
implies contractivity — that is, (11.1) with =0, =0, and C=1. Their results
are applied to convection-diffusion equations.
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Sanz-Serna and Verwer derive sufficient conditions for stability with «=0
and p=0 based on contractivity and C-stability for more general p.d.e.s, nonlin-
ear as well as linear [31, 40]. Their results are applied to a nonlinear parabolic
equation and a cubic Schrodinger equation.

Our theory is most closely related to the results of Di Lena and Trigiante,
Lenferink and Spijker, Lubich and Nevanlinna, and Kreiss and Wu, which are
also based on resolvents. These stability results are obtained directly by estimat-
ing || A%| using the resolvent integral

1
(11.4) Ap=g— [ "I~k L) dw,
r

where I' is a simple closed curve enclosing A (k Ly).

Di Lena and Trigiante’s results [5, 6] are based on the notion of the spectrum
of a family of matrices, an idea that goes back to Godunov and Ryabenkii
[9] and is also described in [1] and [30]. Let {4,} be a family of matrices
of dimension N,<oo. The spectrum of the family {4,}, denoted P({4,}), is a
set in the complex plane which can be related to pseudospectra as follows:
zeP({4,}) if and only if for each ¢>0, zeA,(4,) for some v. If z¢ P({k L,}),
then |(AI—A,)~'| is bounded uniformly as a function of v. Stability results
for one-step formulas with bounded stability regions are obtained by using
this idea. Di Lena and Trigiante show that the condition P({k L,})<S is neces-
sary for (11.1). This result is a corollary of Theorem 7.1 if ||-|| is a weighted
2-norm. They also show that the condition

(11.5) P({k L,})<int(S)

is sufficient for (11.1) with «=0 and f=0. This last result is limited since in
virtually any application the origin belongs to P({kL,}) and to @S, and not
to the interior of S.

Lenferink and Spijker [20] obtain several stability results based on the con-
cept of the M-numerical range [18]. The M-numerical range of a matrix A4,
denoted by t,(A), generalizes the usual numerical range in many directions.
It is related to the resolvent as follows: if V= is any set with the property
that 7,,(4)<V, then

M

(11.6) |1(zI—A)“"II§W

VzeC\V

for all integers k>0. The set 7,,(A4) is the smallest closed convex set satisfying
(11.6). Their first stability results states that if

(11.7) ty(kL)S WSS,

where W is a bounded sector in the left half-plane, then (11.1) holds witha==0.
If, on the hand, W is an arbitrary compact convex set, then (11.7) implies stability
with =1 and f=0. A more complicated argument based on a generalization
of Theorem 6.1 to arbitrary compact convex sets [19] shows that (11.7) implies
stability with & =0 and f=1. These last two results can be considered as corollar-
ies of Theorem 7.1 if ||+ || is a weighted 2-norm.
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Lubich and Nevanlinna [22] have obtained several results similar to Theo-
rems 7.1 and 9.1 for A-stable one-step and multistep formulas. They show that
if the e-pseudo-eigenvalues of the operators {kL,} lic within a distance O(g)
of the left half-plane, then (11.1) holds with «=0 and f=1 or with «=1 and
B=0.% For one-step methods this result is obtained via Theorem 6.1, while
for multistep formulas it is proved using a modified version of (11.4). They
also prove additional stability resuits for more restricted classes of time integra-
tion formulas.

Finally and most recently, Kreiss and Wu [16] have obtained sufficient
conditions for stability of one-step and multistep formulas in exponentially
weighted norms. They show that the full discretization is stable on the finite
time interval with a=0 and =0 if the semidiscretization is stable and the
full discretization is locally stable. A discretization is defined to be locally stable
if the open half-disk

(11.8) H={w:Rew<0, |w|<|kL]}

is a subset of the stability region. The proofs of their results are similar in
spirit to the proof of our theorems. Using Parseval’s relation, they first relate
stability to a bound on the resolvent (Al — A4,)”'. They complete the proof by
bounding (A1 — 4,)" ' in terms of bounds on (ul —k L,)™".

A. Appendix

In this appendix we prove two lemmas that are used in the proof of Lemma 7.4.
Let ¢(w)=p(w)/q(w) be a rational function of type (r,s) and let {kL,} be a
family of bounded linear operators satisfying Assumptions (A.1) and (A.2) in
Sect. 7. Denote the family of functions that are analytic in a neighborhood
of the spectrum of k L, by £

Lemma A.l1. Suppose that A,= ¢k L), where ¢peF is a rational function with
r>s and k L, is a bounded linear operator. Then

(A1) ke Lyl = Cy | Al + C3,

where the constants C, and C, depend only on the function ¢, and on the constant
M and the set V of Assumption (A.2).

Proof. The proof is by induction. The estimate (A.1) follows trivially if ¢ (w)
is a polynomial of degree 1.

8 The result proved by Brenner and Thomée is different from this second result. It can be
shown that (11.2) with =0 implies that

(ul~kL) IS Co/(Repy  YReu>0 Vj>0;

this is the Hille-Yosida theorem. The pseudo-eigenvalue condition assumed by Lubich and
Nevanlinna is equivalent to this last expression for j=1 only
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(1) Suppose that fe# is a rational function of type (r, s) with r=s. We show
that there is a rational function fe # of type (r — 1, s) such that

(A.2) 1f(k Lo = C3 (1l f (k Ll + Ca),

where the constants C; and C, depend only on f, the set V and the constant
M. Choose AeV and let y=f(4). Define the functions g(w)=(A—w)~ ! and h(w)
=y~f(w). The function f(w)=g(w) h(w) is a rational function of type (r—1, s)
and is analytic in a neighborhood of A(kL,). We can replace w in this last
expression with k L,. Taking the norm gives (A.2).

(i) Suppose that fe# is a rational function of type (r, s) with r=s and s> 1.
We show that there is a rational function fe # of type (r— 1, s— 1) such that

(A.3) IF (e Lo £ Cs 1 f (k L)l +Cs,

where the constants Cs and Cg depend only on f, and on the set V and the
constant M. First, we apply the procedure (i) to construct a ratlonal function
feZF of type (r—1,s) that satisfies (A.2). If f(w)=f,(w)/f;(w), then f(w)
=f1(w)/f>(w), where f, is a polynomlal of degree (r—1). Suppose that w, is
a root of f,. Define~a so that f;(wo)+afi(wo)=0. The function f=f+oaf is
a rational function of type (r—1,s—1) and is analytic in a neighborhood of
the spectrum of k L,. We can replace w by k L. Taking the norm, we obtain

(A.4) 17k Ll =1 f (e LIl + o f (k Ly

This last bound and (A.2) imply (A.3).
If ¢(w) is a rational function of type (r, s) with r>s, then (A.1) follows after
applying (ii) s times and (i) r —s—1 times. [

The next result gives a bound for the resolvent (woI—k L)~ !, where wg
1s a root of q.

Lemma A.2. Suppose that A,=¢(k L), where k L, is a bounded linear operator
and ¢peF is a rational function. If wq is a root of q(w), then

(A.5) lwo I—k L)™' SCy Al +C;.

The constants C, and C, depend only on the function ¢, and on the set V and
the constant M of Assumption (A.2).

Proof. By using procedure (ii) of Lemma A.1 it can be shown that there is
a rational function fe# of type (v, 1) such that f=f; (w)/(wo—w) and

(A.6) 1f (k Ll = Cs [ Akl + Cy.-

The result (A.5) follows after ¢ applications of procedure (i) of Lemma A.l. [
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