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Statistical Description of Nematic LC

@ Nematic LC in the simplest case ~ long cylindrical molecules

@ Phase transition isotropic liquid ~» nematic phase:
no positional order (fluid) but long-range orientational order
molecules tend to be aligned along the director n € S?

@ We assume n constant (homogeneous system)

@ Statistical theory: start with the molecular interactions
Average ~~ free energy functional F[f(Q)]
where f : S — R is the distribution of orientations

@ The order parameter P, := (P>(cosf))s measures the
anisotropy of the system
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The Hard Rods Model

@ Colloidal particles in an electrolytic solution ~ lyotropic LC
Phase transition parameter p = N /V= concentration (small)

@ Anisotropic, (very) long cylindrical particles ~» nematic LC
@ Interactions only due to steric (short-range repulsive) forces

@ Very abrupt isotropic-nematic phase transition predicted:
order parameter too large, jump in concentration too high

@ Athermal model: the critical concentration at phase transition
is temperature independent
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Free Energy

Free energy of the colloidal particles: F = —3 1log Z(N, V, 3)
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Free Energy

Free energy of the colloidal particles: F = —3 1log Z(N, V, 3)

B=(kgT)™! the inverse temperature

Z=Z(N,V,p3) = % /exp(—ﬂU) dr  the partition function

where dr = dX1 . dXN, X,' = (X,', Q,)
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Free Energy

Free energy of the colloidal particles: F = —3 1log Z(N, V, 3)

B=(kgT)™! the inverse temperature

Z=Z(N,V,p3) = % /exp(—ﬂU) dr  the partition function

where dr=dX;...dXy, X;=(x, Q) and U=)> W
i<j

with

oo if particle 7 intersects particle j

VVU = W(XI7)<_I) = { 0 otherwise
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Free Energy

Free energy of the colloidal particles: F = —3 1log Z(N, V, 3)

B=(kgT)™! the inverse temperature
1
Z=Z(N,V,p3) = N /exp(—ﬂU) dr  the partition function

where dr=dX;...dXy, X;=(x, Q) and U=)> W
i<j
with
- vy J oo if particle i intersects particle j
Wij = W(Xi, X;) = { 0 otherwise

It is convenient to introduce

—1 if particle i intersects particle j
G = exp(—fWy) — 1= { 0 i P /

otherwise

Frangois Genoud Oxford, 28 January 2010 Statistical Theories of Liquid Crystals



Cluster Expansion

Cluster expansion for N (spherical) particles of the same type:

o8 Z = N{1 + log(V/N) + %bl(N/V) + %bg(N/V)2 v
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1 1
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Cluster Expansion

Cluster expansion for N (spherical) particles of the same type:

o8 Z = N{1 + log(V/N) + %bl(N/V) + %bg(N/V)2 v
where

1 1
b1 = V/q)lz Xm dX2 and b2 = 2\//¢12¢23¢31 Xm dX2 dX3

For Ni,..., N, particles of different species 1,..., n:

1
log Z = " Ni{1+log(V/Ni)} + o > bi(k, K)NiNper + ..
k k, k'

where now by (k, k') is computed only on particles of types k and k’
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A Clever Trick

Particles of different orientations ~~ particles of different species
Solid angles AQq, ..., AQ, surrounding directions Q1,...,Q,

Populations of particles: AN, = N f(Q,)AQ, with () the
(discrete) distribution of orientations: >, f(Qx)AQ, =1

Then
VAQ,

log Z — ZANk{l + Iog<47rANk>} + % S b ANAN + .
K K, k!
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A Clever Trick

Particles of different orientations ~~ particles of different species
Solid angles AQq, ..., AQ, surrounding directions Q1,...,Q,

Populations of particles: AN, = N f(Q,)AQ, with () the
(discrete) distribution of orientations: >, f(Qx)AQ, =1
Then

log Z — ZANk{l + |og(4‘;i%i)} + % S b ANAN + .
K P

where  VAQ, /41w  volume authorized for orientation in AQy
and
by = b1(Qxk, Q) = — mutually excluded volume

l

~ —2[%dsin(a))  for very long cylinders (L/d — o)
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From Sums to Integrals

For a continuous distribution of orientations du(Q2) = f(2)d<2:

log Z =~ /Sz Nf(Q){l + Iog(M)}dQ

+1/ / by(Q, Q)N F(Q)N F() dQ QY
2\/ SZ §2
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From Sums to Integrals

For a continuous distribution of orientations du(Q2) = f(2)d<2:

IogZ:/SZNf(Q){1+Iog(M>}dQ
+ 21\//32 /S2 by (S, Q)N F(Q)N £() dQ QY

. /v/ F(Q) loglanF(Q)N/V]dQ ([ F(Q)dQ = 1)
S2

L / / b (Q, Q) F(Q)F(Q) dQ
2 V SQ SQ
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From Sums to Integrals

For a continuous distribution of orientations du(Q2) = f(2)d<2:
%
+ 1/ / b1 (Q, Q)N F(Q)N F(Q')dQdQ’
2\/ S2 JS§2

. /v/ F(Q) loglanF(Q)N/V]dQ ([ F(Q)dQ = 1)
S2

L / / b (Q, Q) F(Q)F(Q) dQ
2 V SQ SQ

— N7IBF ~ —1+/ f(Q) log[4nf(Q) p]dQ
S2

_L / b (Q, Q) F(Q)F () dQ
2 Js Js2
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individual interactions with all its neighbours (mean-field)
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Molecular Field

The Molecular Field Approximation

@ Each particle in an average molecular field instead of
individual interactions with all its neighbours (mean-field)

@ Good for dispersion (long-range attractive) forces as those
considered by Maier and Saupe

@ Appropriate for thermotropic LC: phase transitions depend on
temperature

@ Maier-Saupe interactions:
good prediction of order parameter at phase transition
no short-range forces taken into account
inconsistency of physical parameters dependence (volume)
with experiment/thermodynamic principles
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Molecular Field

Distribution Functions

Notations: N rod-like particles in A € R3, X; = (xi, Qi) € A\ x S?
[k = (A x S?)¥ the k-particle configuration space
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Molecular Field

Distribution Functions

Notations: N rod-like particles in A € R3, X; = (xi, Qi) € A\ x S2
[k = (A x S?)¥ the k-particle configuration space

XK= (X, X)) XN =X, ..., Xn)
dXf=dXy...dX dXN :=dX,...dXy

Gibbs’ distribution and the partition function:

exp[—BU(X]")]

Gy = TP

. Z- / expl—BU(XI)] dXN
|—N
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Molecular Field

Distribution Functions

Notations: N rod-like particles in A € R3, X; = (xi, Qi) € A\ x S2
[k = (A x S?)¥ the k-particle configuration space

XK= (X, X)) XN =X, ..., Xn)
dXf=dXy...dX dXN :=dX,...dXy

Gibbs’ distribution and the partition function:

exp[—BU(X]")]

Gy = TP

. Z- / expl—BU(XI)] dXN
|—N

k-particle distribution functions:

PR (Xf) :/ GXMydxN,, k=1,...,N-1, PNM=¢

N—k
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Molecular Field

Hierarchy of Integro-Differential Equations

Pairwise interactions  U(X{V) = i W(Xi, Xj) ~
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Molecular Field

Hierarchy of Integro-Differential Equations

Pairwise interactions  U(X{V) = i W(Xi, Xj) ~

viPD(X;) = _ﬁ/ ViUuXM) G (XN dx
rN—l

N
:_ﬂZ/N 15’1W(X1,Xj)G(XlN)dX2...d)(j...dXN
j=2 7T
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Molecular Field

Hierarchy of Integro-Differential Equations

Pairwise interactions  U(X{V) = i W(Xi, Xj) ~
ViPOOG) = -5 [ 91U 60 axf
[N-1

N
:_ﬂZ/N 15’1W(X1,Xj)G(XlN)dX2...d)(j...dXN
j=2 7T

X _g(/v_1)/ W (X1, X2)G(X{M)dXad XY (by symmetry of G)
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Molecular Field

Hierarchy of Integro-Differential Equations

Pairwise interactions  U(X{V) = i W(Xi, Xj) ~
ViPOOG) = -5 [ 91U 60 axf
[N-1

N
:_ﬂZ/N 15’1W(X1,Xj)G(XlN)dX2...d)(j...dXN
j=2 7T

X _g(/v_1)/ W (X1, X2)G(X{M)dXad XY (by symmetry of G)
rN—1

—-a-1) [awoax) [ 604 axd ax

N-2
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Molecular Field

Hierarchy of Integro-Differential Equations

Pairwise interactions  U(X{V) = i W(Xi, Xj) ~

viPD(X;) = _ﬁ/ ViUuXM) G (XN dx
rN—l

N
:_ﬂZ/N 15’1W(X1,Xj)G(XlN)dX2...d)(j...dXN
j=2 7T

X _g(/v_1)/ W (X1, X2)G(X{M)dXad XY (by symmetry of G)
rN—1

—-a-1) [awoax) [ 604 axd ax

N-2

— V,PO(X) = —B(N - 1)/81W(X1,X2)P(2)(X1,Xz)dxz
r
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Molecular Field

This generalizes to the k-particle distributions:

k
ViPR(XE) = =83 oW (X1, X)) PR (XF)
j=2

—6(N — k) / AW (X1, X1 ) PEFI(XE, Xii1) dXirt
r
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Molecular Field

This generalizes to the k-particle distributions:

k
ViPR(XE) = =83 oW (X1, X)) PR (XF)
j=2

—6(N — k) / AW (X1, X1 ) PEFI(XE, Xii1) dXirt
r
To solve for P(1), Ansatz:

PO (x1, Q1) = p (1)
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Molecular Field

This generalizes to the k-particle distributions:

k
ViPR(XE) = =83 oW (X1, X)) PR (XF)
j=2

—6(N — k) / AW (X1, X1 ) PEFI(XE, Xii1) dXirt
r
To solve for P(1), Ansatz:
PM(x1, Q1) = pf(Q1) and

PP (x1,Q1, %0, 2) = p2F (1) F()g(x12), X12 = x0 — x1

where the correlation function g does not depend on 1,5
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Molecular Field

This generalizes to the k-particle distributions:

k
ViPR(XE) = =83 oW (X1, X)) PR (XF)
j=2

—B(N — k)/ral W (X1, Xiey1) PETD(XE, Xieyr) d X
To solve for P, Ansatz:
PM(x1, Q1) = pf(Q1) and
P(2)(X1,Ql,X2,QQ) = pzf(Ql)f(QQ)g(X12), X129 1= Xo — X1
where the correlation function g does not depend on 1,5

This is the molecular field approximation.
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Molecular Field

Self-Consistant Equation for the Orientational Distribution

Using this Ansatz in

vlp(l)(XI) — _/6(/\/ _ 1)/81 W(Xl,Xg)P(2)(X1,X2)dX2 >
r
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Molecular Field

Self-Consistant Equation for the Orientational Distribution

Using this Ansatz in

vlp(l)(XI) — _/6(/\/ _ 1)/81 W(Xl,Xg)P(2)(X1,X2)dX2 >
r

pVa,f(Q) = —B(N-1) /r Doy W (X0, X2 )P F () F(R2)g (x12) AXe

Frangois Genoud Oxford, 28 January 2010 Statistical Theories of Liquid Crystals



Molecular Field

Self-Consistant Equation for the Orientational Distribution

Using this Ansatz in

ViPO(X) = -8 (N — 1)/81 W (X1, X2) PP (Xy, Xo) dXp ~-
r
pVa,f(Q)=-B(N-1) /r Aoy W(X1, X2)p*F (1) F(Q2)g(x12) dXo

VQl In f(Ql) = —B(N—l) pVQ1 / W(X;[7 Ql,XQ,Qz)f(QQ)g(Xlz) dX2 sz
r
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Molecular Field

Self-Consistant Equation for the Orientational Distribution

Using this Ansatz in

ViPO(X) = -8 (N — 1)/81 W (X1, X2) PP (Xy, Xo) dXp ~-
r
pVa,f(Q1)=—-B(N-1) /r D, W (X1, X2)p* F (1) F(QR2)g(x12) dXo
VQl In f(Ql) = —B(N—l) pVQ1 /r W(X;[7 Ql,XQ,Qz)f(QQ)g(Xlz) dX2 sz

f(Q) =z texp [—[3 (N-1) ,o/r W(0,Q,x", Q") ()g(x) dx'dQ’

where we have set x; = 0 and z is chosen so that [ f(Q)dQ =1

Frangois Genoud Oxford, 28 January 2010 Statistical Theories of Liquid Crystals



Molecular Field

Interpretation

Hence we see that  f(Q) = z L exp[—Bu(Q)]
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Molecular Field

Interpretation

Hence we see that  7(Q) = z texp[—Bu(R2)]  where
u(Q2) == (N — 1)p/ W(0,Q,x", Q") g(x") f(') dx'd’
r

is the effective potential acting on each particle
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Molecular Field

Interpretation

Hence we see that  7(Q) = z texp[—Bu(R2)]  where
u(Q2) == (N — 1)p/ W(0,Q,x", Q") g(x") f(') dx'd’
r
is the effective potential acting on each particle

and z= / exp[—fu(2)]dQ2  the 1-particle partition function
Js2
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Maier-Saupe

Maier-Saupe Interactions

Pair potential consistent with the Maier-Saupe theory:

W(Xl,Xz) = —W(X12)P2(COS 0412), w >0
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Maier-Saupe

Maier-Saupe Interactions

Pair potential consistent with the Maier-Saupe theory:
W(Xl,Xz) = —W(X12)P2(COS 0412), w >0
where  P(t) = (3t> —1)/2 and ap = £(1,2)
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Maier-Saupe

Maier-Saupe Interactions

Pair potential consistent with the Maier-Saupe theory:
W(Xl,Xz) = —W(X12)P2(COS 0412), w >0

where  P(t) = (3t> —1)/2 and ap = £(1,2)
Then

u(Q) = —(N—l)p/r w(x)g(x")Pa(cosa)f()dx' dQ  (a = £(2,Q))

Frangois Genoud Oxford, 28 January 2010 Statistical Theories of Liquid Crystals



Maier-Saupe

Maier-Saupe Interactions

Pair potential consistent with the Maier-Saupe theory:
W(Xl,Xz) = —W(X12)P2(COS 0412), w >0

where  P(t) = (3t> —1)/2 and ap = £(1,2)
Then

u(Q) = —(N—l)p/r w(x)g(x")Pa(cosa)f()dx' dQ  (a = £(2,Q))

Spherical harmonics addition theorem:

P5(cos «) Z Y5 () Y2,n(2)
n=-2
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Maier-Saupe

Maier-Saupe Interactions

Pair potential consistent with the Maier-Saupe theory:
W(Xl,Xz) = —W(X12)P2(COS 0412), w >0

where  P(t) = (3t> —1)/2 and ap = £(1,2)
Then

u(Q) = —(N—l)p/r w(x)g(x")Pa(cosa)f()dx' dQ  (a = £(2,Q))

Spherical harmonics addition theorem:

P5(cos «) Z an Y2,,Q’) —
n=-2
2
4
(@) = ~(N-1)p 4T 3 /r w(x)g(x') V() V(@) F() dx’ A
n=-2
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Maier-Saupe

With e, =n the director
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With y e, =n the director
and f(0) =f(2)/2r  the reduced distribution
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With y e, =n the director
and f(0) =f(2)/2r  the reduced distribution
47 2
u()=—-(N-1)p = Z / w(x")g(x") Y2,n(Q)F(2) dx' dQ' Y5 ,(Q)
ne—o v AXS?
becomes
Ar S~ 1 [T 2m
(0 < / /! / ! \/*
u(®) = —¢ 5 nz_:z 27r/0 F(0')sind /O Yon(0',¢") de’ d0' Y5 (8, )

Frangois Genoud Oxford, 28 January 2010 Statistical Theories of Liquid Crystals



With y e, =n the director
and f(0) =f(2)/2r  the reduced distribution
4
u(Q) = —(N—l)pg Z / w(x)g(x") Y2,n(Q)F() dx' dQ' Y5 ,(Q)
ne—o v AXS?
becomes
47 2 1 & 2
0\ ~: / / / / ! \/*
u(f) = —652_:2% i F(0')sind /O Yon(0',¢") de’ d0' Y5 (8, )

:—e— Z 60,0 Y2,0 Y500, ) ——e\/47r/5Y20\/47r/5Y20( )
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With y e, =n the director
and f(0) =f(2)/2r  the reduced distribution
4
u(Q) = —(N-1) p?” Z / w(x)g(x") Y2,n(Q)F() dx' dQ' Y5 ,(Q)
ne—o v AXS?
becomes
47 2 1 & 2
0\ ~: / / / / ! \/*

u(f) = —e— nz_:z o J, F(0')sind /O Yon(0',¢") de’ d0' Y5 (8, )

:—e— Z 60,0 Y2,0 Y500, ) ——e\/47r/5Y20\/47r/5Y20( )
n=-2

= —€ Py Py(cos) where ¢:= (N — l)p/ w(x)g(x")dx >0
A
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Maier-Saupe

Literature

Development, predictions and discussions can be found in:

o P.G. de Gennes & J. Prost, The Physics of Liquid Crystals,
Oxford University Press (1993)
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