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SYNOPSIS

The relationship between weak and sequential weak continuity for mappings between Banach spaces
and semigroups on Banach space is studied.

1. INTRODUCTION

In this paper we discuss weak and sequential weak continuity for mappings between
Banach spaces, and for semigroups on Banach space. To facilitate discussion we
make the following definitions. Let X, Y be Banach spaces and f: X— Y. We use
— and — to denote strong and weak convergence of sequences respectively.

Definition 1.1
(@) £ is (strongly) continuous iff x,>x implies £(x,)>f(x).

(b) f is weakly continuous iff f is continuous with respect to the weak topologies
on X and Y.

(¢) f is sequentially weakly continuous iff x,,ix implies f (x,)-l;f (x).

It is clear that (b) implies (). If f is linear then (a), (b) and (c) are equivalent, as
can be seen from the proof of the equivalence of (@) and (b) given in Dunford and
Schwartz [8, p. 422]. In section 2 we present examples to show that (i) for arbitrary
non-zero Y there exists functions f satisfying (a) and (c) but not (), if and only if
X is infinite-dimensional; (ii) if H denotes infinite-dimensional separable real Hilbert
spaceand X = Y = H then there exist functions f satisfying the remaining possibilities
{(a), not (b), not (c)}, {not (a), (b), (¢)} and {not (a), not (b), (c)}. Although the distinc-
tion between properties (@), (b), (¢) underlies the hypotheses of many theorems in
non-linear functional analysis, there seem to be no references in the literature to the
relevant counter-examples—this is particularly unfortunate in case (i) above, since
it is common practice to define ‘weak continuity’ to be our ‘sequential weak con-
tinuity’. We cannot expect analogous results to (ii) for arbitrary Banach spaces
X, Y since in the space /; strong and weak convergence of sequences coincide (Dunford
and Schwartz [8, p. 296)).

In section 3 we consider semigroups. Let R* denote the non-negative reals. By a
semigroup on a topological space S we mean a family of maps 7(#): S-S, t€ R*
satisfying (i) 7(0) = identity and (i) T(s+7) = T(s)T(?), 5, € R*. Among abstract
formulations of semigroup theory various choices of continuity axioms are current.

* This paper was assisted in publication by a grant from the Carnegie Trust for the Universities
of Scotland.
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280 J. M. Ball

we remark that the result in [11] referred to above enables one to (i) drop the
separability assumption in the ‘weak’ invariance principles of Slemrod [10] and Ball
[2] and (ii) prove that any sequentially weakly continuous map f from a reflexive
Banach space X to a Banach space Y which satisfies | f()|=0 as [| x |»o0 is
identically zero. To prove (ii) note that for any x € X and R> 0 there exists a sequence
{x,} = X with || x,—x || = R each n such that x,=x. The result follows by letting
R—00 in the inequality || f(x)|| £ lim inf || £(x,)].

n=co

ACKNOWLEDGMENTS

The author would like to acknowledge a useful discussion with Professor P. R.
Halmos. The paper was written while the author held a Science Research Council
research fellowship at Heriot-Watt University.

REFERENCES TO LITERATURE

(1] BALL, J. M., 1973. Initial-boundary value problems for an extensible beam. J. Math. Analysis
Applic., 42, 61-90,

[2] ——, 1973. Stability theory for an extensible beam. J. Diff. Eqns, 14, 399-418.

[3] ——, 1973. Saddle-point analysis for an ordinary differential equation in a Banach space and
an application to dynamic buckling of a beam. Proc. Symp. Nonlinear Elasticity (Ed. R. W.
Dickey). London: Academic Press.

[4] ——, 1974. Continuity properties of nonlinear semigroups. J. Funct. Analysis, 17, 91-103.

[5] BrATIA, N. P. and Szico, G. P., 1970. Stability Theory of Dynamical Systems. Berlin:
Springer.

[6] Darermos, C. M., 1974. Semiflows associated with compact and uniform processes. (To

appear.)
[7] DiEUDONNE, J., 1950, Natural homomorphisms on Banach spaces. Proc. Am. Math. Soc.,1, 54-59.
[8] Dunrorp, N. and ScHWARTZ, J. T., 1958. Linear Operators, Pt. 1. New York: Interscience.
[9] Lions, J. L. and Macknes, E., 1968. Problémes aux limites non homogénes et applications, 1.
Paris: Dunod.
[10] SLemroD, M., 1970. Asymptotic behaviour of a class of abstract dynamical systems. J. Diff.
Egns, 7, 584-600.
[11] WiLaNskY, A., 1970. Topology for Analysis. Waltham: Ginn.

(Issued 23 June 1975)




