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A characterization of plane strain
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A new characterization of plane strain is given that holds even under weak regularity
hypotheses on the deformation.

1. Introduction

In this paper we present a new characterization of plane strain that holds even under
weak regularity hypotheses.

Let 2 < R*, n> 1, be a bounded, connected, strongly Lipschitz, open set. A
mapping y€ WH1(2; R") is a plane strain (with respect to z,) if it has the form

y(@) = Qzy(x), ..., 2,1 (%), Az, +p), a.exef, (1.1)
where @eSO(n), A,xeR, and 2, , =0 for 1 <¢<n—1. Thus 2,,...,2, ; have
representatives that are functions only of x;, ..., z,_; in any open subset of £ which

is convex in the x, direction. In a plane strain, apart from the rotation @, the planes
perpendicular to the x, direction all experience the same plane deformations, while
the lines in the x, direction experience a given pure stretch in that direction.

If y is a plane strain then

211 N 0
Dy(x) =@ : ; (1.2)
zn—l,l zn—l,n—l 0
0 0 A
and so - Dy(x)*Dy(x)e, = A%,, a.e.xef. (1.3)

Furthermore, we have formally that

~§—det Dy(x) = 0. (1.4)
0,

The aim of this paper is to show that the necessary conditions (1.3), (1.4) are also
sufficient for y to be a plane strain. We consider the case det Dy(x) > 0 which is of
interest in continuum mechanics. In fact the example

Y(ay, x) = (0,0(x,)), 0 (x,) = sgn (x,) (1.5)

shows that if det Dy(x) = 0 then conditions (1.3), (1.4) are not sufficient for y to be
a plane strain. With det Dy(x) > 0 both (1.3) and (1.4) are restrictions on the strain
matrix Dy(x)* Dy(x). Condition (1.3) says that there exists a constant principal axis
of strain e, with a corresponding constant principal stretch, while (1.4) says that the
specific volume is locally independent of x,,.
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94 J. M. Ball and R. D. James

The need for such a result arose in a study of the macroscopic deformations that
can be obtained by compatibly mixing two variants of martensite (the two-well
problem). In this case the variants are specified by the 3 x 3 matrices

SO3)8* U SOB)S™, St=110e,®e¢, (1.6)
where § > 0 is constant, and the macroscopic deformation gradient Dy satisfies (Ball
€I 00 Dy Dy ey = e, detDyta) = 1, (17)

as well as certain other constraints. It follows from our result that y is a plane strain
with respect to ,.

2. Invertibility

We make the following hypotheses:
(A1) yeW ?(Q;R") for some p > n,
(A2) detDy(z) >0 fora.e xze, and
Yo = Yoloo (2.1)
for some mapping y,€C(£2; R") which is 1 —1 in Q.
_In (2.1) and below we choose the representative of y that is Holder continuous in
€2; this representative exists thanks to (A1) and Morrey (1966, p. 83). The

assumption (A 2) is made to ensure that y is invertible almost everywhere ; in fact we
have the following result.

Theorem 2.1. If (A 1), (A 2) hold, then

(i) y(2) = yo(g) = ¥o(£2); _
(ii) y maps measurable sets in £ to measurable sets in y,(£2), and the change of
variables formula

J Sfy(x))det Dy(x)dx = fw)dv (2.2)
y(4)
holds for any measurable subset A = Q and any measurable function f :R" — R, provided
only that one of the integrals in (2.2) exists;
(iii) y ts 1—1 almost everywhere, that is the sets

S = {vey,():y 1 (v) contains more than one point}

and y~1(S) are of measure zero;

(iv) Ifveyy(R) then y~1(v) is a continuum contained in L, while if v e dyy(Q) then each
connected component of y~'(v) intersects 0€2;

(v) Let &:y,(Q) > Q with &(v) ey~ (v) for each vey,(Q).
Then Fy(x) =a forae xe, (2.3)
and FeWh(y,(Q); R") with D#(v) = Dy(Z(v)) ™ a.e.vey,(Q).

Proof. Parts (i)—(iv) are the statement of Ball (1981, Theorem 1); the only extra
remark is that measy~'(S) = 0, which follows from (2.2) with f =1 and 4 = y™(S).

Part (v) is essentially due to Sverdk (1988, Theorem 8); for the reader’s
convenience we give a proof based on his ideas. We first note that, since y maps

measurable sets to measurable sets, & is measurable. Hence, by (iii), Dy(&(*)) is also
measurable. Also, (2.3) follows from (iii). Next, since

d .
5%— (a‘dJ Dy)'yz = O>

Y
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A characterization of plane strain 95
the identity J (adj Dy),; ¢ dex = —f x,(adj Dy)yi%-dx (2.4)
o a O,

holds for any y € C*(2; R"), ¢ € C(£2). Since p > n, by approximation (2.4) holds also
for ye W-?(Q, R"), g W ?(2). Now let 1 € Cf (y,(£2)) and define ¢ = (y()). Since
y is continuous on Q, and

0g(x) a¢ a?/j x) a.e

o, ayj Oz,

it is easily proved that ¢e Wi 2(Q).
Applying (2.2) with f(v) ID Z(w))™| we deduce using (2.3) that

j |Dy(&(v))" Y do = f ladj Dy(x)| dz < 0. (2.5)
Re) Q

In particular, Dy(Z(-))~' () is integrable over y,(£2). Thus from (2.4) and (2.2)

Q )

- azﬁ
f yg(g)x ol )a%

Together with (2.5) this proves (v). O

f (Dy(E(©) p ¥ (v) do = —f xagiﬁ—(y(x))detl?y(w) dx
Yo(R) _ Y

3. Main result

Theorem 3.1. Assume (A 1), (A 2). Then y is a plane strain if and only if (1.3) holds
Sfor some constant A # 0 and (1.4) holds in Q in the sense of distributions.

Proof. Necessity. The calculation leading to (1.2), (1.3) given above is rigorous,
while det Dy(x) > Oa.e. implies A # 0. Let ¢ € C3(£2). Mollifying z,, ..., 2,_, we obtain

sequences 27, ..., 27 of smooth functions converging to z,,...,2,_, respectlvely in
Wt P(E), for some open set K containing supp ¢, and 2{”, = ... =2  =0in K.
Thus

(2(7) . ’Zglj)l)dx _

@ n,det Dydx = lim ¢ A
Q

oo (X ey ®Xpyy)

and so (1.4) holds in 2'(Q2).

Sufficiency. Let & be the inverse of y given by Theorem 2.1 (iii), (v). We first
show that &, is harmonic in y,(Q). Let reCP(y,(L2)). Then since &e W (y,(2)),
&, ¥ €L (y,(Q)) and from (2.2)

f T, (V)Y y(v) do =f (Dy(x)7: ¥ i(y(x)) det Dy(z) da. (3.1)
Yo(2) Q

From (1.3) we have
Yi n(®) = A%(Dy(x)),; forae xef. (3.2)

Let ¢ = ¥ (y()), so that (cf. the proof of Theorem 2.1) g Wi ?(L2). From (3.2) we

deduce that
2(Dy())ui ¥, (y(x)) = ¢ 4(x) ae.,
Proc. R. Soc. Lond. A (1991)



96 J. M. Ball and R. D. James
and so by (3.1), ¢ , det Dye L'(2) and

/\zf &, ()Y (v)dv = J ¢ ,(x)det Dy(x) da. (3.3)
Yo(2) Q

We now use the following lemmas.
Lemma 3.2. Let geLX(2), g ,, = 0 in Z'(Q). Then g has a representative which is
constant on every open interval in the set
def
Q) ={x,eR: (2, x,)eR}
Sfor every ¥’ e R" 1.

Proof. Mollifying g it is easily shown that for any open cube ¢ = = © with edges
parallel to the axes there is a representative independent of x, in @. The argument
is completed by covering

01-—Eif{ace.Q:dist (x,00) > 1/5}
by a finite family of such cubes, for each j. O
Lemma 3.3. Let e Wy (). Then ¢(x, -)e Wil(82(x')) for a.e. &’ € R" ™ with (x')
non-empty.
Proof. Let ¢ eCP(Q), ¢ ¢ in Wh1(2). Then

lim [ (169 — |+ 1Dg9 — D[] d = lim f f (169 — g
R™J Q)

j>o0 JQ j>00
+|D¢p?P — D¢l da,, da’ = 0.

The proof is completed by choosing a representative of ¢ in W1(Q2(z’)) for a.e.a’,
extracting a subsequence such that the inner integral converges to zero for a.e. 2’, and
noting that ¢@(a’, -) e CX(2(x)). O

Lemma 3.4, Let ge LX), g , =0 in 2'(Q), pec Wy (2) and ¢ ,ge L' (). Then

J ¢ p9de=0
Q

J ¢, ngda = j P n (@, 2,) g2, 2y) dav,, Ao’
Q R J Qa)

Pick " such that the conclusion of Lemma 3.3 holds. Now Q(z') is a union of
countably many maximal disjoint open intervals. For any such interval I we have
that ¢(2’, -)e Wi H(I), while by Lemma 3.2 we have g(«’, x,,) independent of x,,. Hence

Proof. We have that

J ¢,n(x/7xn)g(x/a xn)dxn = O’
I

and the result follows. O

Lemma 3.5. Let Q' < R” be a bounded domain, u be harmonic in Q' and |Du| =
const. a.e. in Q. Then Du is constant a.e. in .

Proc. R. Soc. Lond. A (1991)



A characterization of plane strain 97

Proof. Since u is harmonic, uwe C*(2’). The result follows from the identity

1
gy = (U U ) 55— U U g 0

Continuation of proof of Theorem 3.1. Applying Lemma 3.4 with g = det Dy,
we deduce from (1.4), (3.3) that

| =0 woran peciig
Yo()

so that &, is harmonic in y,(€2). Furthermore, from (3.2) and Theorem 2.1 (iii), (v)
&, (V) T, ;(v) = A7 a.e.veY(Q).

Thus by Lemma 3.5, D& ,(v) = aa.e. in y,(£2) for some a € R" with |a| = A~'. Therefore

x,=aylx)+k ae xel, (3.4)

for some constant k.
Let @ eSO(n) satisfy Qe,, = a/|a|. Then

Q"y(x) e, =A(x,—k) a.e xeQ, (3.5)
while for ¢ # n, using (3.2), (3.4),
(QT?/(x) 'ei),n = jS y]n(x)

= Qi A*%,, ;(y())
=A%Qa;, =0 ae.xel.
Thus y has the form (1.1) with g = —kA. O

Remark 3.6. The key point in the proof of sufficiency in Theorem 3.1 is to show
that &, is harmonic. This is reminiscent of the technique of Reshetnyak (1967). For
the convenience of those readers content with proving the result for smooth
diffeomorphisms y we give a quick proof of this fact. In fact, from (3.2) and

0 .
3y, (80 D)y = 0

1

we deduce that
N 0
/\gxn,ii =53 Yin
1

y.

= 2 {(ad] Dy, det D)

@ (det Dy)

= (adj D)y, éz

1 )
= Jot Dyyi,na—%(detDy)

= (Indet Dy) , = 0,

as required.

Proc. B. Soc. Lond. A (1991)
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98 J. M. Ball and R. D. James

Remark 3.7. Theorem 3.1 remains valid if (A1), (A2) are replaced by the
hypotheses of Sverdk (1988, §5), namely that £ is of class C* and

def

(A1) yed, (Q)={ze WhP(Q;R"):adj Dze LYQ; M"*")}
for some p >n—1,qg=p/(p—1).
(A2) detDy(x) >0 fora.e xe,and

Yloo = Yoloe

for some y, €., ,(£,), where Q, is a bounded open subset of R” containing Q and y,
is a homeomorphism of @, onto ¥,(£2,) with det Dy,(x) > 0a.e. in Q; and y|q€
o, ,(0Q). (For the analogous definition of <7, ,(0€2) see Sverdk (1988, p. 109).)
While (A 1') is weaker than (A 1), (A 2') is stronger than (A 2). The proof follows
the same pattern, with Theorem 2.1 (v) being replaced by Sverdk (1988, Theorem 8).
In the proof of Sverdk (1988, Theorem 8) and to apply Lemma 3.4, it is necessary to
show that ¢ = (y(*) e WyH(Q) if Y eCP(y,(R2)). This follows by considering the
mapping 7:2,-> R” given by
f yx) if xze,
1y0(x) if xeQ)\LQ,
and noting that ¢ = ¥ (7()) e W-?(Q,) with ¢(x) = 0 for a.e. x€ Q,)\Q. If pP € C*(Q2,)
with ¢ — ¢ in W' ?(Q,) then by trace theory applied to W' ?(Q) we have ¢ — trace
¢ in LP(0Q). On the other hand, the sequence ¢ interlaced with zero converges
to zero in Wh?(Q,\Q), so that by trace theory applied to W"?(Q,\Q) it converges
in L?(0Q2) with limit zero. Hence trace ¢ =0 and hence by a standard result

peWyr(Q).

Remark 3.8. Ball (1977, p. 399) has remarked that the constraint of inextensibility
m a giwen direction is not weakly continuous in Wh?(Q, R?) for any p > 2. This
constraint is written in the form

e Dy(x)* Dy(x)e =1, (3.6)

where e€ R, |¢| = 1. This can be seen by noting that the left hand side of (3.6) is not
a null lagrangian or, more directly, by observing that each member of the sequence
y®(x): = k™ ly(kx), where

ylx) =

[F*x, t<we, <1413,

11*"99, i+i<we,<t+1, ¢=12, ..
Fri=e ®e +f"®e,,
Fi=e,@e+f Qe,,

e,, e, orthonormal,

=1 =(=1+2¢,®e,)f"

ylx) = (3.7)

*
satisfies the constraint of inextensibility in the e, direction. However, y* —z in
Wt (R? R?) where z(x) = (¢, ®e,+ (e f7)e; ®ey)x, and z does not satisfy the
constraint of inextensibility in the e, direction if f~ 5 +e¢,. On the other hand, the
conditions (1.3) and (1.4) for a plane strain are weakly continuous in W'?(Q2, R"*) for
functions satisfying (A 1) and (A 2). This follows immediately by using Theorem 3.1.

Proc. R. Soc. Lond. A (1991)



A characterization of plane strain 99

It does not appear possible to obtain this result directly by applying weak continuity
results to (1.3) and (1.4). In fact, any such proof would have to use something like
det Dy®(x) > Oa.e., as the following example shows. Let

y(k)(xv x,): = (0, 0(")(952)),

d 1 x, >0
gy = ; 2~ U
ar,” ) {x%cz), 7y <0,

with y* periodic of period k™ on R satisfying

C[+1 on [0,1/2k),
XW)‘{_1 on [1/2k, 1/k).

*
Then, y® satisfies the conditions (1.3) and (1.4) but y® —y = (0, ) in W' (R?, R?)
where
_ fx, for x,>0,
Ple) = {O for x, <0,

so that y does not satisfy (1.3).
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